
LECTURE 10: THE PARALLEL TRANSPORT

1. The parallel transport

We shall start with the geometric meaning of linear connections. Suppose M is
a smooth manifold with a linear connection ∇. Let γ : [a, b]→M be an embedded
smooth curve in M , and let X be any vector field on M . We will call

E(X, γ) =

∫ b

a

‖∇γ̇(t)X‖2dt.

the energy of X along γ.

Definition 1.1. We say a vector field X is parallel along γ if

∇γ̇(t)X = 0

for all t.

Example. Let M = Rn with the standard Euclidean space, with standard linear
connection ∇ such that ∇XY = X(Y j)∂j. Let γ be any curve and X be a vector
field. Recall that as a vector at γ(t), γ̇(t) = dγ( d

dt
). So for X to be parallel along γ,

we need

0 = ∇γ̇(t)X = γ̇(t)(X i)∂i =
d

dt
(X i ◦ γ)∂i.

It follows that X is parallel along γ if and only if X i’s are constants on γ, i.e. if and
only if X is a constant vector field along γ.

Theorem 1.2. For any curve γ : [a, b]→M , any t0 ∈ [a, b] and any X0 ∈ Tγ(t0)M ,
there exists a unique vector field X along γ which is parallel, such that X(γ(t0)) =
X0.

Proof. [It is enough to prove the theorem for the case when the curve lies in one
coordinate patch, since the general case follows from this local existence/uniqueness
and a standard compactness argument.] Suppose in a local coordinate system,
X0 = Xj

0∂j|γ(t0). To find the parallel vector field X = Xj∂j, we need to solve the
equation

0 = ∇γ̇(t)(X
j∂j) =

dXj(γ(t))

dt
∂j +Xj(γ(t))∇γ̇(t)∂j

If we let fj(t) = Xj(γ(t)) and let aij(t) be such that ∇γ̇(t)∂k =
∑
akj(t)∂j, then we

get a system of linear ODEs

f ′j(t) +
∑

fk(t)akj(t) = 0, 1 ≤ j ≤ m
1



2 LECTURE 10: THE PARALLEL TRANSPORT

with initial conditions fj(t0) = Xj
0 . Now apply the classical existence and uniqueness

results in ODE. �

Definition 1.3. We will call the map

P γ
t0,t : Tγ(t0)M → Tγ(t)M, X0 = X(γ(0)) 7→ X(γ(t))

the parallel transport from γ(t0) to γ(t) along γ, where X is the parallel vector field
along γ such that X(γ(t0)) = X0.

Remark. Any immersed curve can be divided into pieces such that each piece is an
embedded curve. So the parallel transport can be defined along immersed curves.

Lemma 1.4. Any parallel transport P γ
t0,t is a linear isomorphism.

Proof. The linearity comes from the fact that the solution of a homogeneous linear
ODE system depends linearly on initial data (the superposition principle).

P γ
t0,t is invertible since

P γ
t0,tP

−γ
a+b−t,a+b−t0 = Id,

where −γ is the “opposite curve” (−γ)(s) = γ(a+ b− s). �

We just see that from any linear connection one gets families of parallel trans-
ports which are isomorphisms. Conversely, ∇ is totally determined by its parallel
transports.

Proposition 1.5. Let γ : [a, b] → M be a smooth curve on M such that γ(t0) = p
and γ̇(t0) = X0 ∈ TpM . Then for any vector field Y ∈ Γ(TM),

∇X0Y (p) = lim
t→t0

(P γ
t0,t)

−1(Y (γ(t)))− Y (γ(t0))

t− t0
Proof. Let {e1, · · · , em} be a basis of TpM . Let ei(t) = P γ

t0,t(ei). Then by the
previous lemma, {e1(t), · · · , em(t)} is a basis of Tγ(t)M . So there exist functions
X i(t) along curve γ so that Y (γ(t)) = Y i(t)ei(t). It follows that

(P γ
t0,t)

−1(Y (γ(t))) = Y i(t)ei.

So

lim
t→t0

(P γ
t0,t)

−1(Y (γ(t)))− Y (p)

t− t0
= lim

t→t0

Y i(t)ei − Y (p)

t− t0
= Ẏ i(t0)ei.

On the other hand side,

∇X0Y (p) = (∇X0Y
i)(p)ei + Y i(t0)∇X0ei(t0) = Ẏ i(t0)ei,

so the conclusion follows. �

Remark. We used linear connection to define parallel transport. One could also
use parallel transport to define its linear connection, i.e. one can define a parallel
transport to be a family of linear isomorphisms {P γ} that satisfies several axioms:
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(1) P γ1γ2 = P γ1 ◦ P γ2 .
(2) P−γ = (P γ)−1.
(3) P γ depends smoothly on γ.
(4) If γ1(0) = γ2(0), γ̇1(0) = γ̇2(0), then for any X0 ∈ Tγ1(0),

d

dt
|t=0P

γ1
0,t(X0) =

d

dt
|t=0P

γ2
0,t(X0).

and then define linear connection via the formula in proposition above. One can
check that the parallel transport of a linear connection satisfies the above four ax-
ioms, and conversely a set of parallel transport satisfying the previous four axioms
does define a linear connection.

Still let M be a smooth manifold, and ∇ a linear connection on M . Let γ be
a loop based at p ∈ M , i.e. γ : [0, 1] → M is a piecewise smooth curve in M with
γ(0) = γ(1) = p. Then we have already seen that the map

P γ = P γ
0,1 : TpM → TpM

is invertible, i.e. P γ ∈ GL(TpM). Moreover, if γ1, γ2 are two loops based at p, then
γ = γ1γ2 defined by jointing γ1 and γ2 is also a loop, and P γ = P γ2 ◦P γ1 . Obviously
if we take γ be the constant loop, then P γ is the identity map in TpM . So the set
of all P γ’s form a subgroup of GL(TpM).

Definition 1.6. The holonomy group of ∇ based at p ∈M is

Holp(M,∇) = {P γ | γ is a loop based at p} ⊂ GL(TpM).

Here are some basic properties of the holonomy groups which we will not prove
in this course:

Proposition 1.7. Let ∇ be a linear connection on M , p, q ∈M , and γ a piecewise
smooth curve from p to q.
(1) Holp(M,∇) is a Lie subgroup of GL(TpM).
(2) Holq(M,∇) = P γHolp(M,∇)(P γ)−1.
(3) If M is simply connected, then Holp(M,∇) is connected.

As a first application of parallel transport, we can prove the following result that
was used last time:

Proposition 1.8. Let M be a smooth manifold, ∇ be a linear connection whose
curvature tensor R = 0. Then near any point p, one can find a flat frame, i.e. find
a set of vector fields X1, · · · , Xm on a neighborhood U of p such that

(1) [frame] {Xi(q) | 1 ≤ i ≤ m} form a basis of TqM for every q ∈ U ,
(2) [flatness] ∇YXi = 0 for all i and for all vector field Y .

Proof. Without loss of generality, we may take U to be a coordinate neighbor-
hood and p = (0, · · · , 0) the origin. We let Xi(p) = ∂i|p. Then they form a
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basis of TpM . We extend X i to the “line” {(a, 0, · · · , 0)} by parallelly transport-
ing the vector Xi(p) along the curve γ0(t) = (t, 0, · · · , 0). Then we extend fur-
ther to the “plane” {(a, b, 0, · · · , 0)} by parallelly transporting each Xi(γ0(a)) along
γa(t) = (a, t, 0, · · · , 0). Repeat this procedure, we get a set of smooth vector fields
{X1, · · · , Xm} on the whole of U . By construction, they are a frame. It remains to
prove the flatness.

First by construction, we have

• ∇∂1Xi = 0 at any point on the line (a, 0, · · · , 0).
• ∇∂2Xi = 0 at any point on the plane (a, b, 0, · · · , 0).

Moreover, since R = 0 and [∂1, ∂2] = 0, we get

∇∂2∇∂1Xi = ∇∂1∇∂2Xi = 0

on the plane (a, b, 0, · · · , 0). As a consequence, ∇∂1Xi is parallel along each line
γa(t) = (a, t, 0, · · · , 0), with initial condition (∇∂1Xi)(a, 0, · · · , 0) = 0. By unique-
ness, one must have ∇∂1Xi = 0 along each γa. In other words, we get

• ∇∂1Xi = 0,∇∂2Xi = 0 at any point on the plane (a, b, 0, · · · , 0).

By the same argument, we get

• ∇∂1Xi = 0,∇∂2Xi = 0,∇∂3Xi = 0 at any point of the form (a, b, c, 0, · · · , 0).

Continue this argument, one can see that ∇∂jXi = 0 for all i, j, at all points in U .
As a consequence, X1, · · · , Xm are flat. �

Note: in proposition 1.8 don’t require M to be a Riemannian manifold!

2. The parallel transport on Riemannian manifolds

Now suppose (M, g) is a Riemannian manifold, and∇ a metric-compatible linear
connection. In other words, for all X, Y, Z ∈ Γ(TM),

X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉.
So if X, Y are vector fields parallel along a curve γ, then

d

dt
〈X(γ(t)), Y (γ(t))〉 = γ̇(t)(〈X, Y 〉) = 〈∇γ̇(t)X, Y 〉+ 〈X,∇γ̇(t)Y 〉 = 0.

Thus we get

Lemma 2.1. If X, Y are both parallel along γ, then 〈X, Y 〉 is a constant on γ.

As an immediate consequence, we see that if (M, g) is a flat Riemannian mani-
fold, then the flat local frame in proposition 1.8 can be taken to be a flat orthonormal
local frame.

For a Riemannian manifold, each tangent space TpM is not only a linear space,
but a linear space with inner product. So for a linear map like P γ, we would be
interested in the question that whether it preserves the inner product structure.
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Proposition 2.2. A linear connection ∇ on M is a compatible with g if and only
if all of its parallel transports P γ

t0,t are isometries between Tγ(t0)M and Tγ(t)M .

Proof. Let ∇ be a metric-compatible linear connection, γ a curve, and {ei} an
orthonormal basis at γ(t0), then

〈P γ
t0,t(ei), P

γ
t0,t(ej)〉 = 〈ei, ej〉.

So P γ
t0,t is an isometry.

Conversely, suppose ∇ is a linear connection such that P γ
t0,t are isometries. For

any vector fields X, Y, Z ∈ Γ(TM), and any p ∈ M , take a curve γ such that
γ(t0) = p and γ̇(t0) = Xp. Take an orthonormal basis {ei} at TpM . Along γ we
denote Y = Y i(t)ei(t) and Z = Zi(t)ei(t). Then

〈Y, Z〉 =
∑

Y i(t)Zi(t)

along γ. So

∇Xp〈Y, Z〉 =
∑

(∇XpY
i(t))Zi(0) + Y i(0)Xp(Z

i(t)) = 〈∇XpY, Zp〉+ 〈Yp,∇XpZ〉.

This completes the proof. �

As a corollary, we get

Corollary 2.3. If (M, g) is a Riemannian manifold and ∇ is a linear connection
that is compatible with g, then Holp(M,∇) ⊂ O(TpM).


