LECTURE 11: TRANSVERSALITY

Let f : M — N be a smooth map. In the past three lectures, we are mainly
studying the image of f, especially when f is an embedding. Today we would like to
study the pre-image of a smooth map f. In particular, we would like to study the
following question: when will the pre-image of a nice submanifold in N be a smooth
submanifold in M?

A special local model of the problem is as follows. Recall that a submanifold X
inside a smooth manifold M is, at least locally in small coordinate charts in M, defined
by a set of equations of the form ¢y 1 = -+ = ¢, = 0, where each ; is a (locally
defined) smooth function. In other words, X is (locally) the O-level set of the smooth
map ¢ = (Pri1," "+ ,%n), Or the pre-image of the submanifold R* x {0} under the

smooth map ¢ = (901, s ,80n>-

1. SMOOTH SUBMANIFOLDS AS LEVEL SETS

Let f: M — N be a smooth map. Let ¢ € N. We would ask: when will the level
set f~!(¢) a smooth submanifold in M?

Here is a very simple example. Consider the map

R =R, (2,9) 2> — g2 \\
p

Obviously for any ¢ # 0, f~!(¢) is a smooth manifold
in R? (which is a hyperbola), but f~1(0) consist of two
“crossing lines” and thus is not a smooth manifold at all.

7\

Why the value 0 is special? Well, as a 1 x 2 matrix,

So the only critical point of f is the origin (0,0). It follows that 0 = f(0,0) is the only
critical value of f!
In general, we have
Theorem 1.1. If q is a regqular value of a smooth map f: M — N, then S = f~1(q)
18 a smooth submanifold of M of dimension dim M — dim N. Moreover,
T,S = ker(df, : T,M — T,N), Vp e S,
where we have identified T,S with du,(T,S) C T,M.

Proof. Let p € S = f~'(q). Then by the canonical submersion theorem, there are
charts (¢1, Uy, V1) centered at p and (¢, X1,Y7) centered at ¢ such that f(U;) C X,
and m = ¥, o fo ;' Tt follows that ¢; maps Uy N f~(g) onto V4 N 7~1(0). Since
7=1(0) = {0} x R¥, where k = dim M — dim N, the first part of the theorem follows
from the definition of smooth submanifolds.
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Now denote the inclusion by ¢ : S < M. Then for any p € S, foi(p) = ¢q. In
other words, f ot is a constant map on S. So df, o di, = 0, i.e. df, = 0 on the image
of di, : T,,S — T, M, or in other words,

T,S C ker(df,).
Finally by dimension counting,
dim7,S =dim S =dim M —dim N = dim 7T, M — dim T, N = dim ker(df,,),
we conclude that 7,5 = ker(df,). O

Since most points in IV are regular values of f, in most cases we get many smooth
submanifolds in M. Theorem 1.1 is in fact one of the most powerful tool to construct
smooth manifolds.

Example. Consider the map
RS R (2h - 2" e (D)2 4 (2R
Then S™ = f~!(1). Since the differential
df, =2(a*,-- ,a"™) £0

for any a € S™, we conclude that S™ is an n-dimensional submanifold of R"*!. More-

over, for any a = (a',--- ,a"*) € S,

T,S" = ker(df,) = {v € R"" | v-a = 0},

which coincides with our usual understanding of the tangent space of the sphere.

2. TRANSVERSAL INTERSECTION

Now let f: M — N and let X C N be a smooth submanifold. We consider the
following question:

When will f71(X) be a smooth submanifold in M?

Note that “whether f~!(X) is a smooth submanifold in M or not” is a local prob-
lem: it is enough to examine, for each p € f~1(X), whether there is a neighborhood
U of pin M so that U N f~!(X) is a smooth submanifold of M. Since X is a smooth
submanifold of N, locally in a neighborhood V' of ¢ = f(p) in N, one can find a s-
mooth function ¢ : V — R!, where [ = dim N — dim X is the codimension of X in
N, such that g71(0) = X. (In the language of Lec. 8, g can be taking to be the map
g = (Pri1, . ©,).) As a consequence, we can write f~'(X) as the level set of the
composition g o f:

fHX) = fog ' (0) = (g0 /)7H(0).
So according to Theorem 1.1, for f~1(X) to be a smooth submanifold of M, it is enough
to check whether 0 is a regular value of go f.

Now we would like to find conditions on f and S so that 0 is a regular value of
go f. (Since given f and X, the map g is not unique, we would like to find conditions
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that is independent of ¢.) In other words, we need to figure out conditions so that for
any p € (go f)71(0) = f~H(X), d(g o f), is surjective. By chain rule,

d(go f)p = dgy o dfy.
Note that by definition, dg, is already surjective, with kernel ker(dg,) = T,X. So for

d(g o f), to be surjective, it is enough to assume that Im(df,) contains some “comple-
mentary subspace” of T, X in T, N.

To be more precise, we will need the following linear algebra lemma:

Lemma 2.1. Let L : V. — W be any surjective linear map, and Vi CV be any vector
subspace. Then L(Vy) =W if and only if Vi +ker(L) =V

Proof. It Vi + ker(L) =V, then L(V;) = L(Vi + ker(L)) = L(V) = W.

If Vi 4+ ker(L) # V, we pick any v € V but v ¢ Vj 4+ ker(L). Then L(v) ¢ L(V1),
since if there is v; € V; such that L(vy) = L(v), then v — v; € ker(L), i.e.

v=uv;+ (v—11) € V] +ker(L),
a contradiction. It follows that L(V;) # W. O

According to this lemma, 0 is a regular value of g o f if and only if
(1) m(dfy) + Ty X =TypN,  Vpe fH(X).
Note that this condition depends only on f and X, and does not depend on g.

Definition 2.2. Let f : M — N be a smooth map, and X C N be a smooth subman-
ifold. We say f intersect X transversally, and denote by f M X, if (1) holds.

We remark that if f(M)NX =0, i.e. if f~1(X) =0, then f intersects X transver-
sally, since there is no condition to check at all.

As another special case, we may consider a smooth map f : M — N and a smooth
submanifold X C N so that any ¢ € X is a regular value of f. Then f is a submersion at
any p € f~1(X), and thus the transversality condition (1) holds trivially. In particular,

Proposition 2.3. If f : M — N s a submersion, then f intersects with any smooth
submanifold X in N transversally.

Now we can answer the question proposed above.

Theorem 2.4. Let f: M — N be a smooth map, and let X C N be a smooth subman-
ifold so that f M X. Then f~1(X) is a smooth submanifold in M whose codimension
equals to the codimension of X (in N), and

T,(f (X)) =df, (TypX),  Vpe fH(X).

Proof. The argument above shows that if f M X, then 0 is a regular value of g o f.
So f71(X) = (go f)7*(0) is a smooth submanifold in M. The dimension of f~1(X) is
dim M — [, where [ = dim N — dim X. So dim M — dim f~!(X) = dim N — dim X, i.e.

codimf~(X) = codimX.
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Finally, by Theorem 1.1, the tangent space of f~}(X) at p is
T,(f (X)) = ker(d(g o f)p) = (dgsp) © df,) 7 (0) = df ;" (dg,(0) = dfy, (T X)-
This completes the proof. 0

Of course if we take X = {p}, we will get Theorem 1.1.

Here is another interesting special case. Let X, X5 be two smooth submanifolds
of M and let ¢ : X; < M be the canonical embedding. Then :™'(X;) = X; N Xy.
Moreover, since we have the identification 7, X; = di,(7,X1), the condition ¢ M X5 is
equivalent to say 7,X; + 1,Xs = T,M for any p € X; N Xo.

Definition 2.5. We say two smooth submanifolds X; and X5 in M intersect transver-
sally if for any p € X; N Xo,
T,X1 +T1T,Xy =T,M.

In this case we write X; M Xo.
Remark. Note: By definition, if X; N X, = (), then X; M X,.

So if X; M Xs, then ¢ M X5, So X; N Xy, = +7}(Xy) is a smooth submanifold of
M Moreover, the dimension of X; N X5 is given by

dim(X; N X3) = dim X; — (dim M — dim X5) = dim X; + dim X5 — dim M.

Moreover, the tangent space of X1 N Xy at p equals dL;I(TpXQ) =T,X1 NT,X,. We
conclude

Corollary 2.6. Let X; and X5 be two smooth submanifolds in M which intersect
transversally, then X1 N X5 is a smooth submanifold whose dimension equals dim X, +
dim Xy, — dim M, and for any p € X; N Xs,

T, (X1 NXy) =T,X1NT,Xs.
Remark. Note that if X; M X, then the codimensions of X, Xy and X; N Xy in M
satisfy the simple relation
codimX; N X5 = codimX; + codimX5.
Finally we prove the following transversality theorem which is useful in finding

transversal maps: (In general M could be a manifold with boundary, but we will not
discuss that here.)

Theorem 2.7 (The Transversality Theorem). Let F': S x M — N be a smooth map,
X C N be a smooth submanifold. For each s € S, we let f,: M — N be the map

fs(p) = F(s,p).
Suppose F' M X . Then for every reqular value s € S of the projection map *
T FHX)CSxM—S, x(s,p)=s,
one has fs M X. (So by Sard’s theorem, for most s € S, we have f; M X.)

!Note that since F' i X, the pre-image F~1(X) is a smooth submanifold in S x M. So the projection
map 7 is a smooth map.
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Proof. Let s be any regular value of . For any p € f;}(X), we need to show
Im(dfs), + T,X = T,N,
where ¢ = f,(p). Since F' M X, for any Y, € T; N, there exists (Z,, Z,) € Tis)(S x M)
and Z, € T, X such that
Yy = (dF)(S,p)(ZSa Zp) + Zg.

But since s is a regular value of m, for Z, € T,S, there exists Z, € T,M so that
(Zs,Z)) € T(sp)F~1(X). So we can write

Yy = (dF)(s)(0, Z, — Z)) + (dF ) (s )(Zs, Z,) + Zy.
The conclusion follows since

(dF)(S,p)(Ov Zy — Z;/)) = (dfs)p(Zp — Z;) € Im(dfs)y,
and

(AF)sp)(Zs, Z) € dFsp) (Tisp (X)) C T,X.

As a corollary, we can show that transversal maps are generic:

Corollary 2.8. Let f : M — RX be any smooth map and X C RE be any smooth
submanifold. Then for a.e. v € RE | the “v-shifted” map
for M =RY, pe folp) = f(p) +v

18 transversal to X .

Proof. Define a smooth map F' by
F: M xRE - RE, (p,v) — f(p) +v.

Then for any fixed p € M, F(p,-) is a submersion (a diffeomorphism in fact). It follows
that I is a submersion from M x R¥ onto R¥X. So by Proposition 2.3, F intersects
with any smooth submanifold X in R¥ transversally. Now the conclusion follows from
the transversality theorem above. 0

In particular, if we take f to be the inclusion map, we have

Corollary 2.9. Let M, N be smooth submanifolds of REX. Then for a.e. a € RX,
M + a intersects N transversally.

(To get a better understanding of the previous two corollaries, think of the following
problem: Let M and N be two spheres in RX. When will M +a i N? )

By using tubular neighborhoods, one can easily prove

Corollary 2.10 (Transversality Homotopy Theorem). Let f : M — N be any smooth
map, and X C N be any smooth submanifold. Then f is homotopic to a smooth map
g : M — N which intersects X transversally.

Proof. Exercise. Hint: Embed N into R¥. Let 7. : N°* — N be the e-neighborhood of
N. Now define F': Bx M — N as F(s,p) = n.(f(p) + se(f(p))), where B is the open
unit ball in R¥. 0J



