LECTURE 14: FLOWS

1. FLows

Now suppose M is a smooth manifold and X is a complete vector field on M. By
definition, for any p € M, there is a unique integral curve v, : R — M such that
7(0) = p. From this one can, for any ¢ € R, define a map

G M — M, p— ,(t).

By definition, ¢;(p) is smooth in ¢ for any fixed p. In fact, the family of maps {¢; | t € R}
satisfies the following very important group law:

Proposition 1.1. For any t,s € R, we have ¢; 0 ps = Ppis.

Proof. Notice that for any p € M and any fixed s € R, the two curves
Y(t) = ¢ro¢s(p) and a(t) = dris(p)
are both integral curves for X starting at the same point
M(0) = és(p) = 72(0).
By uniqueness of integral curves, we have

10 s = Prys.

Since ¢g = Id, we conclude that
Corollary 1.2. ¢, : M — M is bijective, and ¢;* = ¢_,.
In what follows we will prove that each ¢;, as a map from M to M, is smooth, and
thus is a diffeomorphism. As a consequence, the map
t— ¢y

is a group homomorphism from R to Diff(M). We will call the family {¢; | t € R} a
one-parameter subgroup of diffeomorphisms.

In fact, the result we are going to prove below is a bit stronger: if we let ® be the
collection of all ¢;’s, then ® is smooth as a map on joint variables (¢, p). It follows that
each ¢, is smooth, since it can be written as a composition of smooth maps

M—RxM-2M
p = (t,p) = @(,p)
Theorem 1.3. The map
O:RxM— M, (tp) — ép)

18 smooth.
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Proof. According to the fundamental theorem, for any p € M, there is a neighborhood
U, of p and an interval I, = (—¢p,&,) 3 0 such that ®|; .y, : [, x U, — M is smooth.
We need to prove that ® is smooth near a point (t9,p) € R x M for larger t,.

Here is the idea: By group law we know 7,(to 4+ t) = 74,(,)(t). Since “joint
smoothness” holds for small ¢, we can try to connect p to v, (p) by a sequence of
points, so that each point can be joint to the next point by a “short” integral curve
on which the smoothness holds uniformly for small ¢. To get such a finite sequence of
points, we apply our favorite compactness argument.

Since 7, : R — M is smooth, the set K = v,([—¢,, to +&p]) is compact. So one can
find finitely many points pi,--- ,py in K so that the open sets U,,,--- ,U,, cover K.
As last time, we denote

U= U Uy, and I = (—¢p,0) := ﬂ[pk.
k k

Then U is an open neighborhood of K, I is an open interval containing 0, and the map
(I)|[><U I xU—-M

is smooth. In particular, for any sy € I, the map ¢5, = ®(s¢,) : U = M is smooth.
Now we take N large enough so that sy := to/N € I. We set U; = U and define
iteratively
Ups1 = ¢, (Ux) N U, k=1,---,N—1.
Then for any £ = 1,--- , N, Uy is open, and ¢4, : U, — Ui_; is smooth. Finally we
consider the open set ®|;},(Uy). Since
D (s, D(s0, -+, P50, P(0,p)) - -+)) = P(to,p) = Yp(to) € K C U,

we see (0,p) € @7}, (Uy). So there exists a neighborhood Iy x Uy of (0,p) so that
Iy x Uy C ¢|I_X1U(UN), ie. @l xvy, : lo X Uy — Uy is smooth. It follows that & is
smooth on (tg + Iy) X Up, since it can be written as a composition

(t0+]0)XU0—>]0XUoi>UNﬁ)"'ﬁ)UlﬂUo
(t,p) = (t —to,p) = ©(t, p)
of smooth maps. This completes the proof. O

Notice that the group law can also be rewritten in terms of the map ® as
O(t +s,p) = B(t, D(s, p)).
Definition 1.4. We will call & : R x M — M, (t,p) — ¢(p) the flow of X.

Remark. In the definition above we assume that X is complete. If X is not complete,
one can still develop a similar theory of local flow generated by X. More precisely,
there exists an open subset M of the form

{0} xMcM=A{(tp | —t,<t<t,} CRxM

and a smooth map
S M—->M

such that if we write ¢;(p) = ®(¢, p), then
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(1) ¢ =1d.
(2) ¢t+8 = ¢t © ¢8 if t787t +ts€ (_tpvtp)'

Moreover, if we write ~,(t) = ®(t,p) for t € (—t,,t,), then -, is the unique integral
curve of X passing p.

Ezxample. The flow generated by the vector field X = % is the translation

d:RxR"—=R" (t,z', 2% - 2") = (t+at 2% - 2").

o)
ox

d:RxR*" =R (t,z',2? - 2") = (ct+at,--- "t +a").

More generally, the flow generated by a constant vector field X = > ¢'-% is

Ezample. If we identify R? with C, then the flow generated by the vector field
0 0
X=x——y—
xay Y or
is the counterclockwise rotation
d:RxC—C, (tz)r etz

Note that this vector field is tangent to circles centered at the origin. We will denote
the induced vector fields on such circles by d%.

2. LIE DERIVATIVES

A smooth manifold M together with a flow ® is called a dynamical system. In
what follows we study the dynamical system generated by the flow of a vector field X.

For simplicity we assume X is complete, so that we have a family of diffeomorphisms
¢ M — M. Now let f € C*°(M) be any smooth function. (In physics, M represents
the phase space, and [ represents an observable.) We would like to calculate “the rate
of change of f” along the flow.

Proposition 2.1. Let X € I'°(T'M) be complete. Then

W gr=x(),  viece).

t=0

dt

Proof. Let 7,(t) be the integral curve of X with 7,(0) = p, then
¢ f(p) = f(0:(p)) = f((1))-

Thus
d X _d M = d d g old d v x
% t:ftf(p) = E t:{;(’yp( )) = (fO'Yp)(% tz)o_ fp0< Vp)o(a t:)()— fp( p) = f(p)

O

Remark. The proposition holds for any smooth vector field X. To see this, one just
need to notice that for any p € M, there is a neighborhood U of p and a uniform ¢,
so that ¢.(q) = ,(t) makes sense for all ¢ € U and all |t| < ty,. Then repeat the proof
above.
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Definition 2.2. The Lie derivative of a f € C°°(M) with respect to X € I'°(T'M) is

d f—
Lx(f) = 5| oif (:g%d)’fft f).
t=0

So the Lie derivative Lx f measures “the rate of change of a smooth function f
along the direction of X”. Now let Y € I'*(T'M) be another smooth vector field. We
would like to measure “the rate of change of a Y along the direction of X”. One way
to do so is to embed M into some Euclidian space and measure the rate of change of
“coordinates components” of Y. In what follows we will take an intrinsic way. Naively
one would like to compute the limit “lim;_,q M”, where ¢, is the flow generated by
X. Unfortunately Yy ;) is not a tangent vector at p and thus the expression “Yy, ) —Y,”
makes no sense at all. To fix the problem, we need to “push-forward” the tangent vector
Yy, ») at ¢:(p) to a tangent vector at p. This can be done via the so-called “push-
forward” operation for vector fields, which is an analogy of the “pull-back” operation
on smooth functions.

In general, given a smooth vector field X € T'*°(T'M), one cannot “push-forward”
X to get a smooth vector field on N: for any p € M, we know dy,(X,) € Ty, N.
However, “Y,y 1= dp,(X,)” does not define a smooth vector field on NV, since

e There may exists ¢ € N which is not in the image of .
e There may exists p1, ps € M such that ¢(p1) = p(p2) but dy,, (X,,) # dp, (Xp,)-

However, if ¢ : M — N is a diffeomorphism, then the two issues above do not exist
and thus the formula Y, := dy,(X,) does define a smooth vector field on N.

Definition 2.3. If ¢ : M — N is a diffeomorphism, and X € I'*°(T'M), then the
push-forward of X is the smooth vector field ¢, X on N defined by

(0 X)o = dipp(X),  Vpe M.
More generally, we define

Definition 2.4. Suppose ¢ : M — N is a smooth map. We say that X € I'°(T'M)
and Y € I'°(T'N) are ¢-related if

dpy(Xyp) = Yop), Vpe M.

Lemma 2.5. Suppose ¢ : M — N is smooth and X € I'(TM),Y € T°(T'N) are
p-related. Then for any g € C*(N), X(¢*g) = ¢*(Yg).

Proof. Suppose ¢ = ¢(p), then

" (Yg)(p) = (Yg)(q) = Yog = dpp(X,)g = Xp(g o ) = Xp(¢"g9) = X (¢ 9)(p)-
O

By definition, if ¢ : M — N is a diffeomorphism, then any vector field X is
p-related to its push-forward ¢, X. According to Lemma 2.5, we immediately get

Corollary 2.6. If o : M — N is a diffeomorphism, (0. X)g = (p~1)* X ¢*g.
Now we define the “rate of change of Y € I'°(T'M) with respect to X € I'*°(TM).
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Definition 2.7. The Lie derivative of Y € I'*°(T'M) with respect to X € I'*(T'M) is

_d e (-0 — Y
ﬁX(Y) = % o (Qb—t)*y <— 11_1;% ! .
Theorem 2.8. Let XY € I'°(T'M) and suppose X is complete. Then

Lx(Y)=[XY]
Proof. Since each ¢; is a diffeomorphism,
(p—1)Y = ¢; Y97,
So for any f € C*(M),
d d

% t:ggb—t)*yf: dt

Sl ovre S vor = xvi-vxy

oY QL f =
: ' t=0 dt|,—g

t=0

O

Remark. Again one can remove the completeness assumption on X, since the differen-
tiation above is local.

So roughly speaking, X f can be think of as “the derivative of f along the direction
of X7, and [X,Y] can be think of as “the derivative of Y along the direction of X”.
Later on we will define Lie derivatives for differential forms.



