LECTURE 16: LIE GROUPS AND THEIR LIE ALGEBRAS

1. LIE GROUPS

A Lie group is a special smooth manifold on which there is a group structure, and
moreover, the two structures are compatible. Lie groups are not just special examples of
smooth manifolds with nice properties. They represent smooth families of symmetries
and play very important roles in various places in geometry and physics.

Definition 1.1. A Lie group G is a smooth manifold equipped with a group structure
so that the group multiplication

p:GxG—=G, (g1,92) — g1 g2
is a smooth map.

Ezrample. Here are some basic examples:

e R" considered as a group under addition.

e R* =R — {0}, considered as a group under multiplication.
e S! considered as a group under multiplication.

e Linear Lie groups with matrix multiplications

GL(n,R) ={X € M(n,R) | det X # 0}, (the general linear group)
SL(n,R) ={X € M(n,R) | det X =1}, (the special linear group)
O(n)={X € M(n,R) | XX" =1,}, (the orthogonal group).

(GL(n,R) is a smooth manifold since it is an open set in M(n,R) =~ R™,
SL(n,R) is a smooth manifold according to PSet 3 Part 2 Problem 4, O(n) is
a smooth manifold by PSet 2 Problem 10.)

e If G; and G5 are Lie groups, so is their product Gy x Gy. (So T" = St ... x !
is a Lie group.)

Remarks. (1) (Hilbert’s 5 problem, [Gleason and Montgomery-Zippin, 1950’s]): Let
G be any topological group whose underlying space is a topological manifold, then G
admits a smooth structure to make it a Lie group.

(2) Not every smooth manifold admits a Lie group structure. For example, the only
spheres that admit a Lie group structure are S°, S* and S3; (Can you write down a Lie
group structure on S?7) among all the compact 2 dimensional surfaces the only one
that admits a Lie group structure is 7?2 = S! x S'. A simple topological obstruction
of the existence of Lie group structure is that m(G) is always abelian. (Left as an
exercise. )
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Now suppose G is a Lie group. For any elements a,b € G, there are two natural
maps, the left multiplication

L,:G—G, g—a-g
and the right multiplication
Ry:G—G, g+—g-b.
L, is smooth since it can be viewed as a composition of smooth maps,
LG5 ax6 25 a,
g— (a,9) —a-g.

Similarly R, = p o i is smooth, where i, : G <— G X G is the smooth inclusion map
ir(g) = (g,b). It is obviously that L;! = L,-1 and R, ' = Ry-1. So both L, and Ry are
diffeomorphisms. Moreover, L, and R, commutes with each other: L,R, = RyL,.

Lemma 1.2. The differential of the multiplication map p: G X G — G s given by
d/JJa,b(Xaa Sfb) = (de)a(Xa> + (dLa>b<Y2>)
for any (X,o,Ys) € ToG x T,G ~ Tio ) (G x G).

Proof. For any function f € C*(G), we have
(dpap(Xa, ¥))(f) = (Xa, Vo) (f 0 1)
= Xo(fopoiy) +Yy(fopoja)
= Xa(f o Ry) + Y3(f 0 La)
= (dRy)a(Xa)(f) + (dLa)s(Y2) (f)-

As an application, we can prove

Proposition 1.3. For any Lie group G, the group inversion map
i:G—=>G, g—g!

18 smooth.

Proof. [Idea: write i as a composition of smooth maps...| Consider the smooth map
f:GxG—GxG, (a,b)— (a,ab).
Obviously it is bijective. According to the lemma above, the derivative of f is
dfap) 1 ToG X TG — T,G x TG, (X4, Ys) = (Xa, (dRp)a(Xa) + (dLa)s(Y3))-

This is a bijective linear map since dRy,dL, are. (Can you write down the inverse of
dfan)?) It follows by the inverse function theorem that f is locally a diffeomorphism
near each pair (a,b). However, since f is globally bijective, it must be a globally
diffeomorphism. We conclude that its inverse,

f1:GxG—=GxG, (a,c) (a,a 'c)
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is a diffeomorphism. Thus the inversion map ¢, as the composition

GesGxGls axa ¢

a — (a,e) — (a,a7) — a™?

is smooth. O

(Can you compute di,(X,)?)

2. LIE ALGEBRAS ASSOCIATED TO LIE GROUPS

We start with the abstract definition.

Definition 2.1. A Lie algebra is a real vector space V' together with a binary bracket
operation

[,]: VXV =V,
such that for any X,Y,Z € V,
(1) (Linearity) [aX; + bXs, Y] = a[X;, Y] + b[Xs, Y],
(2) (Skew-symmetry) [X,Y] = —[Y, X],
(3) (Jacobi identity) [X,[Y, Z]] +[Y, [Z, X]] + [Z,[X,Y]] = 0.
The bracket [, -] is called the Lie bracket.

Ezxample. Any vector space admits a trivial Lie algebra structure: [X,Y] = 0.

Ezxample. The set of all smooth vector fields I'*°(T'M) on any smooth manifold form a
Lie algebra. (See PSet 4 Part 1 Problem 2).

Ezample. The set of all n x n real matrices, M(n,R), is a Lie algebra if we define the
Lie bracket to be the commutator of matrices: [A, B] = AB — BA. (More generally,
the commutator [X,Y] = XY — Y X define a Lie algebra structure on any associative
algebra.

Now we will associate to any Lie group G a God-given Lie algebra. Suppose G is
a Lie group. From the left translation L, one can, for any vector X, € T.G, define a
vector field X on G by

X = (dLg)e(Xe).
One can use local coordinates to prove the smoothness of X.

It is not surprising that the vector field X is “invariant” under any left translation:
(dLa)b(Xb) = (dLa)b O dLb(Xe) = dLab(Xe) = Xab-

Definition 2.2. A left invariant vector field on a Lie group G is a smooth vector field
X on G which satisfies (dLg)s(Xp) = Xao-

So any tangent vector X, € T,G determines a left invariant vector field on G.
Conversely, any left invariant vector field X is uniquely determined by its “value” X,
at e € G, since for any a € G, X(a) = (dL,)X..



4 LECTURE 16: LIE GROUPS AND THEIR LIE ALGEBRAS

We will denote the set of all left invariant vector fields on Lie group G by g, i.e.
g={X eI'*(TG) | X is left invariant}.
Then it is not hard to see that

e g is a vector subspace of I'*(T'G).
e the correspondence X, € T.G «~ X € g preserves the linear structures.

So we have a linear isomorphism
g~T.G
as vector spaces. In particular, dimg = dim G.

Next we show that g is a Lie algebra, the Lie algebra structure being the one
induced from the Lie algebra structure on I'*(T'G):

Proposition 2.3. If X,Y € g, so is their Lie bracket [X,Y].

Proof. We want to show that [X,Y] is left-invariant if X and Y are. First notice
Y(f o L)(B) = Yi(f o Le) = (dLJo(¥i)f = Yaof = (V F)(Lab) = (V) o La(b)
for any smooth function f € C*(G). Thus
Xao(Yf) = (dLa)p(Xp)(Yf) = Xp(Yf) o Ly) = XpY(f o Ly).
Similarly Y, X f = Y, X (f o Lg). Thus
AL(X, Y1) = XV (f 0 L) = iX(f 0 L) = Xoo(Y' ) — Yas(X ) = [X, V]u(f).
0J

It follows that the space g of all left invariant vector fields on G together with the
Lie bracket operation [-, -] is an n-dimensional Lie subalgebra of the Lie algebra of all
smooth vector fields I'*(T'G).

Definition 2.4. The Lie algebra g of is called the Lie algebra of G.

We give a couple examples:
Ezample. (The Euclidean space R™.) This is obviously a Lie group, since the group
operation
:u((xl? o ,an>, (yb o ayn» = (fEl + Y, Tn + yn>
is smooth.

Moreover, for any a € R", the left translation L, is just the usual translation map
on R™. So dL, is the identity map, as long as we identify T,R™ with R™ in the usual
way. It follows that any left invariant vector field is in fact a constant vector field, i.e.

szvli_i_..._i_/uni

8x1 8xn
for ¥ = (vy,--+,v,) € ToR™. Since % commutes with % for any pair (7,7), we

conclude that the Lie bracket of any two left invariant vector fields vanishes. In other
words, the Lie algebra of G = R" is g = R" with vanishing Lie bracket.
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Ezample. (The general linear group)

GL(n,R) ={X € M(n,R) | det X # 0}.
Obviously GL(n,R) is n*-dimensional noncompact Lie group. Moreover, it is not con-
nected, but consists of exactly two connected components,

GLy(n,R) ={X € M(n,R) | det X > 0}
and

GL_(n,R) ={X € M(n,R) | det X < 0}.
The fact that GL(n, R) is an open subset of M (n, R) ~ R™ implies that the Lie algebra
of GL(n,R), as the tangent space at e = I,,, is the set M (n,R) itself, i.e.

gl(n,R) ={A | Ais an n X n matrix}.

To figure out the Lie bracket operation, we take a matrix A = (A;j)nxn € gl(n,R), and
denote the global coordinate system on GL(n,R) by (X%). Then the corresponding
tangent vector at Ty, GL(n, R) is }_ A;j55, and the corresponding left-invariant vector
on G at the matrix X = (X%) is > X" Ay;5%-. It follows that the Lie bracket [A, B]
between matrices A, B € g is the matrix corresponding to

- 0 0 - 0 0
ik o ik
[Z X* ki 2. X" B aXW} = 2 XM B g = 2 X B
; 0
= § Xk (AkrBrj — BkrATj) m

In other words, the Lie bracket operation on g is the matrix commutator
[A,B] = AB — BA.



