LECTURE 29: CONNECTIONS AND CURVATURES

1. CONNECTIONS ON VECTOR BUNDLES

Let E be a vector bundle over M, and s a smooth section. We would like to “differentiate”
s. Let’s first consider the case that £ = M x R". In this case, a section s is just a vector-
valued function

S = (fl;’ o 7f'r')T7
where f; € C°°(M) are smooth functions. It is naturally to “define” ds to be
ds = (dfy, -+ ,df,)".

This is a “vector-valued 1-form”, in the sense that if we plug-in a smooth vector field X on
M into ds, we will get a vector-valued function

ds(X) = (dfi(X), -, df.(X))" € C®(M,R").
So to “differentiate” smooth sections of vector bundles, we are naturally led to extend the

conception of R-valued differential forms to vector-valued differential forms.
Recall that a k-tensor 7" on V' is a multi-linear map

T:VxVx---xV—=R
For any vector space W, one may also study W-valued k-tensor, i.e. multi-linear map
T:VxVx--xV =W

Similarly one may define W-valued linear k-form, which are anti-symmetric W-valued k-
tensor. Obviously they are not new objects at all: if we choose a basis of W, then we can
write down T" as a vector of R-valued k-tensors or R-valued linear k-forms.

In particular, if M is a smooth manifold, then we can talk about W-valued k-forms,
which are pointwise multi-linear anti-symmetric maps

Ny T,M <X T,M x - xT,M— W
which depends on p smoothly. In other words, it is a bundle morphism (=fiberwise linear)
n:TMTM@---QTM — MxW.

which is anti-symmetric (c.f. PSet 6 Problem 2(c)). If we allow the target vector space W to
vary as the base point p changes, i.e. we want W to be E, at p, where £ is a vector bundle
over M, we will get E-valued differential forms (where E is a vector bundle over M), which
are anti-symmetric bundle morphisms

n:ITMKITM@---QTM — E.
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Recall that any k-form on M can also be described as a smooth section of the exterior
power bundle A¥T* M. Similarly an E-valued k-form on M can be described as a section of
the tensor product bundle A*T*M ® E. We take this as our definition:

Definition 1.1. Let E be any smooth vector bundle over M. We call any smooth section
of A*T*M @ E an E-valued k-form on M. The set of all F-valued k-forms is denoted by
OF(M; E).

Of course locally on a small open set U in M, any element n € Q¥(U; E|y) can be written
as a linear combination of elements of the form w ® s, where w € Q*(U) and s € T™(E|y).

Remark. Note that in general one can no longer define the wedge product between two FE-
valued differential forms: what can (w; ® $1) A (w2 ® s2) be? We know w; A we gives us
a differential form on M, but we don’t know how to put sections s; and s, of E together
algebraically to get a new section of E. However, we have two rescue:

e One can define a wedge product A : QF(M) x QY(M; E) — QFY(M; E) by extending
the following rule linearly:
wi A (w2 ® 5) := (w1 Aws) ® s.
Similarly one can define the wedge product A : Q{(M; E) @ Q¥(M) — Q(M; E).
(Thus Q*(M; F) is a graded (left- and right-)module over the graded algebra Q*(M).)
e If the fiber £,’s are not just vector spaces, but in fact algebras (so that one can “mul-

tiply” vectors in each E,), then one can define the wedge products between elements
in QF(M; E) and Q'(M; E). This is the case, for example, for QF(M;End(FE)):

A QF(M;End(E)) x QY(M;End(E)) — Q"(M;End(E)),
(w1 ® $1) A (Wwe ® $2) 1= (w1 Awg) ® (51 0 53).

(Recall: End(FE) is the vector bundle over M whose fiber at p is End(E,). Since
End(E,) ~ E, ® E}; (cf. PSet 6 Problem 2(b)), we have End(F) ~ F ® E*.) Note
that if £ has rank r, then each End(E,) can be identified with the general linear
algebra gl(r,R).

Our next goal is to extend the conception of exterior derivative to E-valued differential

forms. We start with FE-valued O-forms, i.e. sections of F.

As we have seen, if E = M x R", then we can differentiate a section s = (f1,---, f)T

via the formula

ds = (dfy,--- ,df.)T,
which, in our new terminology, is a F-valued 1-form. This seems to be the most natural
definition. However, if E is a trivial rank r-bundle over M, but not already in the product
form M x R", then we may have many different ways to trivialize E: For example, if

S1,+++, S is a global trivialization of F, and if g1,--- , g, are positive functions on M, then
s1/qg1,++ , 8-/ gr is another trivialization of E. Using the trivialization si,- -, s,, one may
identify a section s as a vector (fi,---, f.)T if s = > fis;. But if we use the trivialization

$1/91, "+ 5 Sr/gr, then we has to identify the same section s with the vector (g1 f1, -, g+ f+)-
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As a result, the differential ds can be defined to be (dfy,--- ,df,)T in the frame sy,--- , s,,
which is

“dS:7’df1®51+"'+df7“®87"7
or ds can be defined to be (d(gif1), - ,d(g-f,))" in the frame s,/g1,- -+ , s,/g,, which is

“ds ="d(gif1) @ si/gi+ -+ d(gefr) ® 50 /9y
=df1 @ s1 + (dg1) f1/g1 @ 81+ - + dfr @ s, + (dgr) fr/ gr @ 50
So we conclude that even for trivial bundles, we can define different ds’s, which are different
but are “natural” with respect to different choices of global trivialization.

Two implications that we can see from the above example:

(1) There is no “god-given” way to differentiate a section. We could have many different
ways. It is given by an extra structure on E (called a linear connection below). To
differentiate sections, we have to choose a linear connection first.

(2) For a general vector bundle, there is no global frame in general. However, we can

always choose local frames and define ds locally. Then we are naturally led to study
“the same linear connection in different frame”.

So if E' is an arbitrary vector bundle, and s a section of E, then after applying a linear
connection V, we should get an E-valued 1-form Vs. Moreover, using either “definition” of
ds above, we can check that the Leibnitz rule still holds:

“d(fs)” =df @ s+ fds.
So we define

Definition 1.2. Let E be a vector bundle over M. A linear connection on E is a linear
map

V:QUM;E)=T%(E) - T>(T*M® E) = Q'(M; E)
such that for any f € C*°(M) and any s € I'°(FE), we have
V(fs)=df ® s+ fVs.

Ezample. If E = M x R" is a trivial vector bundle, then any section in I'*°(E) is of the form
s=(f1,---, f)T, where each f; is a smooth function on M. In this case one can define a
trivial connection V by

Remark. If V° and V! are linear connections on F, then for any p € C*(M),
Vi=pV'+(1-pV!

is again a linear connection on E. As a consequence, one can easily prove the existence of
linear connections by using “trivial connections on trivialization neighborhoods” and parti-
tion of unity. (WARNING: If Vy, V5 are linear connections, V; + V5 and AV, are no longer

linear connections in general.)
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Remark. A connection is not a tensor since it is not C°°(M)-linear. However, if VY and V!
are two linear connections on F, then one can check that

A=V -V T*(E) - T*(T"M® E)
satisfies A(fs) = fA(s):
A(fs) =VHfs) =V (fs)=df @ s+ fV's —df @ s — Vs = fA(s).
In other words, A is a tensor:
AeT®(T"M @ E® E*) ~ Q'(M; E ® E*) ~ Q'(M;End(E)).

Conversely, for any connection V? and any A € Q'(M,End(F)) (viewed as a map from
['®(E) to I'°(T*M ® E) as explained above), one can check that VY + A is a connection:

(VO+A)(fs)=VUfs)+ fARs=df @ s+ fV's+ fARs=df @ s+ f(V° + A)s.

So
The set of linear connections on £ = V° + Q'(M; End(E)).

Remark. Given vector bundles with connections, one can perform new connections on new

bundles:

e If F is a vector bundle over M and V is a linear connection on E, then one can define
a linear connection V* on the dual bundle £* by requiring

d(s,s") = (Vs,s") + (s, V*s"), Vs € I°(E),s* € I'°(E"),

where (-, -) is the pairing between F and E*.
o If £/, Fy are vector bundles over M, with two linear connections Vi, Vy, then one
can define the direct sum connection V =V & V, on E; @ E, by requiring

V(Sl ©® 52) = V181 @D v252.

Similarly we can define the tensor product connection V = V; ® V5 on the tensor
product bundle F; ® Fy by requiring

v<81 &® 82) = V151 (24 So + 81 & VQSQ.

As a consequence, any linear connection V on E gives rise to a linear connection on
the vector bundle End(E).

Now let’s describe a linear connection V on E locally. Let {e1,--- ,e,} be a local frame
of E near x € M, i.e. for each y in a neighborhood U of z, {e1(y), - ,e.(y)} form a
basis of E,. Then any section of E|y can be written as [In what follows we will apply
Einstein’s summation convention: automatically sum over repeated upper and
lower subscripts|

u=1u’e;.
By definition, one has
Vu = dv’ ® ej +u'Ve;.

So V is completely determined by Ve; for a local frame {eq,--- e, }.
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Next let’s assume that U is a local coordinate patch and the corresponding coordinates
near z are given by {z!,---  2"}. Then we get a local frame

dxi®ej, 1<i1<n,1<5<r
of T*"M ® E. As a consequence, there exist functions Fgl on U so that
Ve, = I’gldxi ® e;.
This implies that for any u = u’e;,
Vu = dv’ @ e; + Tulda' @ e;.

We let T' be the following r x r matrix-valued 1-form (i.e. when paired with a vector, you
will get a r X r matrix)

L= (T)da'),_,,., € Q'(U) @ 0l(r,R)
Then the previous equation can be abbreviated as
Vu = du+ l'u.
We will call I' the connection 1-form associated to the given local frame {ej,--- e, }.
Note that the connection 1-form depends on the choice of local frame. Let {é;,---,¢é.}

be another local frame defined on a coordinate patch U near x. Then we can write u in two
ways
we; =u = we;

Let g be the invertible » X r matrix so that

(éh e 7é7') - (ela e ;er)g-
Then we get

Ve =dr' ® é; = T)da' @ esg; = (9517)dr' @ es.
and . . ‘ ‘
Vé = V(ejgl) = dg) @e;+ giVe = dg; @e, + gi1'j;dz" @ e,
Compare the above two formulae we get gf =dg+1Tg,ie.
[ = g tdg+ g 'Tyg.
This is the transition rule relating the connection 1-forms in different local frames.
Conversely, one can prove

Proposition 1.3. Let E be a rank r vector bundle over M and (U,) an open cover of M
consisting of local trivialization charts for E. Let gop : Uy N Ug — GL(r,R) be transition
maps of E. Then any collection of matriz-valued 1-forms T, € QY (U,) @ gl(r,R) satisfying

]‘—‘5 = g;gdgaﬁ + g;ﬂlragaﬁ

uniquely defines a linear connection on E.

Proof. Exercise. U
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2. CURVATURES OF CONNECTIONS

Now let E be a vector bundle over M and V : Q°(M; E) — Q'(M; E) a linear connection
on E. One can extend V to a family of operators
V QM E) — QFY(M; E)
by (Compare: Theorem 2.2 in Lecture 21)
Definition 2.1. Given a linear connection V on E, V : QF(M; E) — Q*1(M; E) is given
by the formula

V(W ® S)<X07 T 7X/<3) = Z(_l)iv(w(X(h T ’)?Zﬁ T an)S)(Xz)

One can check
Vw®s)=dw® s+ (—1)"w A Vs, Vw € QF(U),s € T®(E).

and
V(wAn) =dwAn+ (—1)"w A Vn, Vw € QF(M),n € QY(M;E).

Ezample. Let E = M x R” be the trivial bundle and V = V° : QY(M; E) — QY M; F)
be the trivial connection as stated above. Then any element of QF(M; E) is of the form
n= (n, - ,n)" with n; € Q¥(M), and the map V : Q¥(M; E) — QFY(M; E) is merely
given by
Vim, - n)" = (dm, - dn)" € QM E).
More generally, if V = d + A for some r x r-matrix valued 1-form A, then
Vg, )" = (dn, - dn)" + AN (- )" € QM E).

We have explained that V is not C°°(M)-linear. It turns out that the composition
V2=VoV:QNM;E)— QF2(M; E) is C°(M)-linear:
Lemma 2.2. For any f € C*°(M) and any w € QF(M; E) one has

V2(fw) = f(V2).
Proof. We have
V2(fw) =V(df Aw+ fVw) = —df AVw +df AVw+ fV?w = fV?w.

In particular, we see that
V2 QUM;E)=T®(E) —» Q*(M;E) =T*(AN*T*"M ® E)
is a tensor, and in fact is an r X r matrix valued 2-form:
V2ET®(NT*"M @ E® E*) ~ Q*(M; E ® E*) ~ Q*(M;End(E)).
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Note that although the matrix-valued 1-form I' is only locally defined, the matrix-valued
2-form V2 is globally defined.

Definition 2.3. Given any connection V on E, we will call
Ry = V? € Q*(M;End(E))
the curvature of V.

Ezxample. Again consider the trivial bundle £ = M x R". Let V = d + A be any linear
connection on E, where A is any r x r matrix-valued 1-form on M. Then the curvature of
V is the two form such that for any v = (fy,---, f)%,

Ryu=V(du+ Au) = AN du+ d(Au) + AN Au= (dA+ AN A)u.
In other words,
Ry =dA+ANA.

Note that in the above example, we have Rygo = 0.

Definition 2.4. A connection V on F is called flat if Ry = 0.

Let’s do some local computation. Let I'" be the local matrix-valued connection 1-form.
In other words, locally after choosing a frame, we have V = d 4+ I". Then by the example

above,
Ry =dl'+T AT.

This is called the structure equation. This equation has two consequences:

(1) If we choose a different local frame, then we have seen I = g tdg+ g 'T'g, where ¢ :

U — gl(r,R) is the matrix-valued function transforming the frame (ey,--- ,e,) to the
new frame (€, -, &,). Then using the fact dg~' = —g~(dg)g~" (since d(gg ') = 0),
we can get _

Ry=g 'Ry g.

(2) If we differentiate both sides of the structure equation, we get
dRy =dl' N\I' =T’ ANdl' = Ry A\T' =T' A Ry.

This is known as the Bianchi identity. One can prove that if we write V as the
induced linear connection on Q?(M;End(E), then the Bianchi identity is induced to

VRy = 0.



