LECTURE 4 — 09/28/2020
THE FOURIER TRANSFORM

1. THE FOURIER TRANSFORM ON .¥,.%’ AND L?

€ Some notions.

We start with some abbreviations that will be used in this course.

e For j=1,--- n,

— 9, = 9
0; = Do
_1
e For any multi-index o = (avg, - -+ , ) € N™.
_ |a’:a1+...+an‘
—al=aq! -yl
_xa:mflll "iL‘a”

_3a:a§<11...355.
— D™ =Dt Do,

€[ Schwartz functions.
This is the “best” class of functions:

Definition 1.1. A function ¢ € C*°(R") is called a Schwartz function (or a rapidly
decreasing function) if

(1) sup |270° | < oo
Rﬂ/
for all multi-indices v and .
Example. Any compactly supported smooth function on R” is a Schwartz function.

Ezample. For any A € C with Re(\) > 0, the function ¢(z) = e is a Schwartz
function.

Example. If p is a Schwartz function, so are the functions 2*D"p, D*x?p, where o,
are any multi-indices. In particular, the eigenfunctions of the Harmonic oscillator

H= —%QA + % that we get last time are all Schwartz functions.

We will denote the set of all Schwartz functions by . (R"), or by . for simplicity.
Obviously . is an infinitely dimensional vector space, and

CyP(R™) ¢ Z(R™) C LP(R™), V1l <p< 0.
1
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To do analysis, we need to give a topology on the space .. This can be done via
semi-norms. Recall that a semi-norm on a vector space V' is function |- |: V — R
so that for all A € C' and all u,v € V,

(1) (Absolute homogeneity) |Av| = |A||v].
(2) (Triangle inequality) |u + v| < |u| + |v].

On .¥ one can define, for each pair of multi-indices «, 8 a semi-norm
(2) [las = sup 27072,

This is a separating family of semi-norms using which one can define a metric d on
S via

= ok 1°— Yl
(3) d(p, )= 27" :

kX:%) L+l =l
where for each k > 0,

= max sup |z®D”?
Il |a\+\6|§kxe]15’ 7

is a norm on .¥. The topology on . we are going to use is the metric topology
induced by d. It is easy to see that ¢; — ¢ in . if and only if

|90j - 90|oc,/3 —0
as j — oo for all a, 8. With respect to this topology, .% is a Fréchet space.

q[ The Fourier transform on ..
Let ¢ € . be a Schwartz function. By definition its Fourier transform Fp is

(@) Fol€)=¢le)= [, e pla)dx.

n

We list several basic properties of the Fourier transform whose proofs (which
follows from direct computations) will be omitted.

Proposition 1.2. For any p,v € .7 and any multi-index o, we have

(1) F(a*p) = (1) Dg(F(¢)).

(2) F(Dgp) = EF(p).

(3) Jan F(€)U(§)dE = fpn () Fip(x)d.
(4) For any X\ € R, |, if we let pr(x) = p(Ax), then ) € . and

1 £
For§) = ﬁﬁp(x)-
(5) For any a € R™, if we let Typ(x) = ¢(x + a), then T, € .7 and

(FToup) (&) = e Fop(£).
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Note that as a consequence of (1) and (2), we have
peS = FpeS.

One can show that as a linear map, F : .¥ — . is continuous.

As another consequence, we can compute the Fourier transform of the Gaussian
function. We have

(5) F(e /2y = (2m)5 e IEF/2,
To see this we just notice

Fle 172y (¢) =/ eIl gy

n

Taking & derivative, we get

%f(e‘éxhxa _— /n oSl =iz g Z/n (‘ij(e_;mz)e_m-sdx
1 2 a . 1 5
= — —slzl? Y —ixg _ ¢ L
Z/" c 8903‘(6 Jdx §F (e )(€).
It follows
]—“(ef'l“‘Q/Q)(g) = Ce P2,
where

C = Fle 1 12)(0) = A el 2y = (2m)"/2,

Using these properties we can prove

Theorem 1.3. F : . — . is an isomorphism with inverse

(6 F(w) = g [, €00

Proof. We have

/ Fo(€)p(\E)de = Aln / go(x)fw(;)dx - / o) Fb(z)d.
Letting A — 0, we get

¥(0) [ Fe()de = o(0) [ Fu(a)da.

_le?

In particular, if we take () = e~ 2, then we get
1
(7) ol0) = 5 [ Fel€)de

Finally we replace ¢ by T,¢ in the above formula, then

olo) = Tug0) = 5 [ S F (e

This is exactly what we need. 0
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As a consequence, we get the following Parseval’s identity:

Corollary 1.4. For ¢ € .,
1

lellzz = (27_(_)””;90“%2'

Proof. We have
1

()"

s 1
17l = e L, FoEF @

= [ FeFp)e)e
= [ e (FFP)(a)da

Rn

= [lellz:-

q The Fourier transform on ..

Definition 1.5. Any linear continuous map u : . — C is called a tempered distri-
bution. The space of tempered distributions is denoted by ..

So .’ is the dual of .. The topology of the space . is defined to be th weak-*
topology, so that u; — uw in %" if

uj(p) = ulp), Veoe.s.
Ezxample. Here are some examples of tempered distributions:

e For any a € R", the Dirac distribution ¢, : . — C defined by
da(p) = (a)

is a tempered distribution.

e More generally, for any a € C" and any multi-index «, the map u : . — C
defined by
u(p) = D%p(a)
is a tempered distribution.

e Any bounded continuous function ¢ on R™ defines a tempered distribution
by

ulp) = [ p@)(a)dr.

Note that if ¢ € ., then the distribution defined by the above formula is
non-zero unless ¢ = 0. It follows that . C .%".

As we can see from the examples, a tempered distribution need not be a function.
However, given a tempered distribution, we can still define some operations on them
as if they are functions:
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Definition 1.6. Let u € .. We define
(1) z%u € " via (z%u)(p) = u(z%p).
(2) D € %" via (Du)(¢) = (—1)l*lu(Dp).
(3) Fu € 7" via (Fu)(p) = u(Fyp).

Remark. One can check that if ¢ is a bounded smooth function, then the distribu-
tions x%uy, D%y, F(uy) (here we assume 1) is a Schwartz function) coincides with
Ugoy, Upay and ugry. In other words, these operations on tempered distributions,
when restricted to usual functions, are the same operators that we are familiar with.
So in these cases, for simplicity we will simply denote 2%uy, D%uy, F(uy) by 2%,

D> and F(v).

9 The Fourier transform on L?(R").

We can also view any L? function v as a tempered distribution by using the
same formula above, namely,

usp) = [ o(@)(x)da.
By this way we gets a natural embedding
C®(R") c .Z(R") c L*(R") Cc &' (R"),
where one can check that all the inclusion maps are continuous. In particular, for

any ¢ € L?, one can define its Fourier transform F), in the sense of distribution.
It turns out that

Proposition 1.7 (Plancherel’s Theorem). If ¢ € L?*(R"), then the tempered distri-
bution F1 is also in L*(R™), and we still have the Parsevel’s identity
1

lIIZ2 = Wllﬂ/}lliz-

Proof. By Cauchy-Schwartz inequality, for any ¢ € . we have

IF@) (@) = [(Fe)l < N[9llz - [ Fellre = @m)* 29l 22 - Il 22

Since . is dense in L?(R"), the same inequality holds for ¢ € L?*(R"). In other
words, F(¢) is a bounded linear map on L?(R™). By Riesz representation theorem,
F1) is represented by an L? function.

Moreover, the same formula above also implies that as an L?-function,

1F¢lzz < (2m)" ]| 2.
It follows that
[FFU|lL < 2m)"[[¢] 2.
But a direct computation shows FF)(x) = (2m)")p(—x) for Schwartz functions, and

thus for L? functions by the same arguments above. So [|[FFv| 2 = (27)"||¢]| 2.
The Parsevel’s identity follows. 0
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2. SEVERAL GAUSSIAN INTEGRALS

For the future purpose, we need to compute the Fourier transform of the Gauss-
. . 1.7 o . .
ian function e~2% @*. For simplicity we do the computation using the standard
Fourier transform. One can easily rewrite these results in the semiclassical setting.

Theorem 2.1. Let () be any real, symmetric, positive definite n X n matriz, then

2
(27T)n/ _%gTQfls.

(8) }_(e_%xTQx)(f) = (det Q)1/2'e

Proof. Let’s first assume n = 1, so that ) = ¢ is a positive number. By a change of
variable argument from (5) [or by repeating the proof if you want|, one easily gets

_1_ .2 271' 1/2 _1g¢2
Flem)(e) = (ql)/z e

Next suppose @ is a diagonal matrix. Then the left hand side of (8) is a product
of n one-dimensional integrals, and the result follows from the one-dimensional case.

For the general case, one only need to choose an orthogonal matrix O so that
OTQO =D = diag(Alv o 7)\71)’

where \;’s are the eigenvalues of (). The results follows from change variables from
rtoy=0"ta:

Fle o = |

o beTQuin g, / ¢~ 3" Dy-ivOTE g,

n n

_ (27]-)n/2 —%5T0D710T§ _ (27T)n/2 _%gTQflg.

(det D)1/2 (det Q)172°
O

Now suppose @Q is an n x n complex matrix such that Q@ = QT and Re(Q) is
positive definite. We observe that the integral on the left hand side of (8) is an
analytic function of the entries Q;; = @;; of @ in the region Re) > 0. The same is
true for the right hand side of (8), as long as we choose det'/? @ to be the branch
such that det'/?Q > 0 for real positive definite Q. So we immediately get

Theorem 2.2. Let QQ be any n x n complex matriz such that Q = QT and Re(Q)
is positive definite, then
(271')"/2 _%ETQ—IS'

9) f(e_%xTQx)(f) = (det Q)l/ze

Remark. Another way to describe this choice of det'/?: Since Q = QF, for any
complex vector w € C" we have

Re(w” Quw) = w” (ReQ)w.
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It follows that all eigenvalues Ay, --- , A\, of @ has positive real part. Then
(det Q)2 = A% N2,
where /\]1-/ % is the square root of \; that has positive real part.

Finally let @) be any real, symmetric, non-singular n X n matrix. Next time
we will need the Fourier transform of the function 2" @%  Note that the function
€27 97 ig not a Schwartz function, so we are really thinking of it as a tempered
distribution and calculate its Fourier transform.

Recall that the signature of the matrix @) is
(10) sgn(Q) = N7(Q) = N7 (Q),
where N*(Q) = the number of positive/negative eigenvalues of Q.

Theorem 2.3. For any real, symmetric, non-singular n X n matriz (),
(27T)n/2€z§sgn(Q)

| det Q|2

(11) Flex® @) = e 28" Q7

Proof. Let’s first assume n = 1, so that ) = ¢ # 0 is a non-zero real number. For
any € > 0 we let ¢. = ¢ + ie. Applying Theorem 2.2 we get
1/2
(271') / 6—%(5—1@)52
e —ia)” |
the square root is described after Theorem 2.2. Note that when ¢ — 0+, we have

. \1/2 \/6_16_217 q>0 [le— Ssen(a)
E—1 — i = e 4 s

1

f(e%q6$2) — F<€—§(e—iq)x2) _

so the conclusion follows.

For n > 1, one just proceed as before: first handle the case of diagonal matrices,
then convert the general case to the diagonal case via the diagonalization trick. [J



