LECTURE 22-23: WEYL’S LAW

1. FUNCTIONAL CALCULUS OF PSEUDODIFFERENTIAL OPERATORS

In sections 1 and 2 we will always assume

e m > 1 is an order function,
e p € S(m) is a real-valued symbol,
e p+ i is elliptic in S(m).
Under these assumptions we know that
P =p": Hy(m) C L*(R") — L*(R")
is a (densely-defined) self-adjoint operator, and moreover, P £ - Id is invertible for
h € (0, hy) and the inverse is a pseudodifferential operator with symbol in S(1/m) .

Helffer-Sjostrand formula.

In Lecture 8 we mentioned that for a self-adjoint operator P on a Hilbert space
H and a Borel measurable function f on R, one can define a new self-adjoint linear
operator f(P) on H using the spectral theorem as follows: By spectral theorem
(multiplication form) there is a measurable space (X, 1), a measurable real-valued
function h on X and a unitary isomorphism V : H — L?(X, 1) so that

VoPoV*=M,
on L?(X, u). Then the operator f(P) is defined to be
F(P) = V"o My o V.
We notice that by definition,
(1) If|f] < C, then [|[f(P)]lc < C.

We want to answer the following natural question:

Question: Is f(P) a semiclassical pseudodifferential operator if P is
a semiclassical pseudodifferential operator and f is a (nice) function?

Unfortunately the construction of f(P) above is a bit too abstract to work with.
However, if f € % is a Schwartz function, then by using the so-called almost analytic
extension f of f, Helffer-Sjostrand gave a more concrete formula for f(P), namely

&) 1(P) == [ 2.7) = )i

using which we will prove that f(P) is a semiclassical pseudodifferential operator,

and calculate its symbol expansion. Recall that an almost analytic extension f &
1
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C*°(C) of a Schwartz function f € .#(R) is by definition a smooth function on C
such that

fle=1f, suppf C {z: [Im(z)| < 1}
and such that as [Im(z)| — 0,
0.f(z) = O(|Im(2)|*),
where as usual, 0, = (9, +i0,)/2 for z = z + iy, and L(dz) denotes the Lebesgue

measure on C (we don’t use dxdy since x has different meaning below.) To prove
formula (2) it is enough to notice the following relation between f and f (c.f. PSet

1):
70 = =1 [ 0.F) =07 Liaz)

and use the spectral theorem (multiplication form) for both (z — P)~! and f(P).

In literature there are at least two different ways to construct an almost analytic
extension: the first construction is due to Hérmander (who proposed the conception
of almost analytic extension in 1968) who adapted the construction in Borel’s Lemma

by putting
- . f®)(x)
fla+iy) =) 7= ) x(Ow),
k
where )\ is a sequence of real numbers that is chosen so that they tends to +oo

sufficiently fast, and x is a cut-off function. The other way is due to Mather who
make use of the Fourier transform (PSet 1):

Flatin) = 3-x0) [ 1)

Of course the almost analytic extension is not unique in general. Also note that
if f is compactly supported on R, then we can take f to be compactly-supported
in C [For the first construction this is obvious, for the second construction we may
multiply the formula by a cut-off function which is identically one on supp(f)].

9 Symbol of the resolvent (z — P)~!.

We want to prove that f(P) is a pseudodifferential operator if f is Schwartz
function on R and P is a semiclassical pseudodifferential operator, and calculate its
symbol. In view of the Helffer-Sjostrant formula (2), we start with the resolvent
operator (z — P)~1.

Lemma 1.1. Under the previous assumptions, for any z € C\R, the operator z— P
is invertible, and there exists r, € S(1/m) such that 7" = (z — P)~1.

Proof. This is just a consequence of ellipticity: for any fixed z = a + bi (b # 0), we
have

inf |2 - t| > (.
teR |t + 1|
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We need a more explicit lower bound below. So let’s try to find a
constant C' > 0 such that

z —t|
|t + i

>bC, VteR.

This is equivalent to
(a—t)* +b*— (bO)*(*+1) >0, VteR.

We will take C' small enough so that bC' < 1. By calculating the
discriminant and simplifying it, we get the condition on C"

~
<~

As a consequence, if we assume |z| < Cp, then we can find a constant

C' so that (3) holds for all t € R.

It follows that
|z —p| > Clp+i| >cm
and thus z — p is elliptic in S(m). O
To apply Helffer-Sjostrand formula, we need to study the dependence of r, on

z. For this purpose, we introduce the following variation of Beals’s theorem.

Recall that in Lecture 14 we have seen that any continuous linear
operator A : . — %' can be written as A = @ for some a =
a(z, &, h) € ., and Beals’s theorem tells us a € S(1) if and only if

ladzw o -0 ad~w Al £(z2) = O(hM)
for any N and any linear functions [, -- , Iy on R?". Of course the

main part in the proof of Beals’s theorem is to prove the condition
above implies a € S(1), namely, to prove |97 a| < C,.

Proposition 1.2 (Beals’s Estimate with Parameter). Suppose a =
a(x, &,z h), i.e. a depends on a parameter z. Let § = §(z) be a
function valued in (0,1] such that

Ha,dflw 0--+0 adl/;WA”C(LQ) =00 VrY)
holds for any N and any linear functions li,--- ,ly on R®**. Then
there exists a universal constant M such that for any «,
|02 ca(x, &, 2 h)| < Co max(1, VR/5)M sl

We will leave the proof as an exercise. [c.f. Helffer-Sjostrand,
Spectral Asymptotics in the Semi-Classical Limit, Prop. 8.4.]

Using this result, we will prove the following resolvent symbol estimate:
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Theorem 1.3. Fiz Cy > 0. For any z € C\ R with |z| < Cy, we have
0p¢72| < Cq max(1, h1/2|Im(z)|_1)M\Im(2)\_l_‘o‘|.

where 1, € S(1/m) is the symbol of the resolvent of P, namely (z — P)™' = ="

Proof. By Proposition 1.2, we only need to prove
(4) ||adf1w o---0 adl/;w(z — P) Yl zzzy = O(Im(z) |~ VAMN).
Using the formulae
ads(B™') = =B '(ad4B)B™"
and
adA(BC’) = (adAB)C' + BadAC
we can write adl?W 0--+0 adfw(z — P)~! as a summation of terms of the form
N
(2 — P)tady (P)(z — P)ad%2 (P) - - (= — P)adS (P)(z — P),
where o = {aj1, -+, ajn, } such that {a;; | ¥j,l} = {1,---, N}. Note that
p € S(m) = {l,p} € S(m) = ad%ﬂ(P) =p;" for some p; € B S(m).
Thus in view of the fact P + ¢ has symbol in S(1/m), we get that
ladgy, (P)(z = P) ez < lladgy (PY(P +4) o) - (P + i) (z = P) e
< O(h™[Im(z)| ™),

where in the last step we used Calderon-Vaillancourt theorem for the first term, and

I(P + ) (2 = P)7 |l erzq@ny) < Clm(z)[™

for the second term, which is a consequence of

e The fact (1) at the beginning of this lecture, which is a consequence of the

spectral theorem,

e The argument in the proof of Lemma 1.1, i.e. if we assume |z| < Cp, then
there exists a universal constant C' that is independent of z such that (3)

holds. In other words,

—1
2= o), vieR.
|t + 1

Similarly we have
1(z = P) Ml eqza@ny < [Tm(z)[
so the estimate (4) holds, which completes the proof.
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qThe functional calculus.

Now we are ready to prove that the operator f(P) is also a semiclassical pseu-
dodifferential operator:

Theorem 1.4. If f € ., then f(P) = a", where a € S(m~*) for any k € N.
Moreover, we have an asymptotic expansion

5) ~ thak($a€)>

k>0

where ag(x, &) = f(p(z,€), and in general,

oul.8) = 7 O O &0 Ly
Proof. Using Helffer-Sjostrand formula, we see f(P) = a", where
o2, = [ @.F o)),
T Jc

where f is an almost analytic extension of f. Although the (x,&)-derivatives of 7,
is unbounded as Im(z) — 0, the unboundedness is controlled by Theorem 1.3. So
by using the fact 9, f(z) = O(]Im(2)|>°) we see a € S(1). More generally, for any
k € N, if we apply the above arguments to fi(t) = f(t)(t + i)*, we can prove that
fe(P) = (P + i)k f(P) is a pseudodifferential operator with symbol in S(1), which
implies a € S(m~*).

We also need an asymptotic expansion of a. For this purpose we start with the
asymptotic expansion of r,. Recall that by construction (Lecture 14), r, = r,x(1—u)
for some u € h*°S(1), and 7. can be solved form the equation

(z —p)x7, —1=0(h>)

inductively, which has the form (exercise)

(5) ~ th an xxi >)2k+1

where gy, is a degree 2k polynomial in z (and thus is holomorphic in z):

a(w,&,2) = qujxf

with go = 1,¢1 = 0 and in general, g ; € S(m?*).
Again the expansion (5) is an expansion for each fixed z, and is not a good
one as Im(z) — 0. However, we may resolve this problem by fixing a § € (0,1/2)
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and considering the two region [Im(z)| < R and |Im(z)| > h? separately. Since
0.f(z) = O(]Im(2)|>), we see
1 o
= / 5.f ()1, €)dudy € h=S(1/m).
|Im(2)| <A

™

For |Im(z)| > A°, Theorem 1.3 implies that r, € #%S5(1/m). So the expansion (5) is
an expansion in h°Ss(1/m) in this case, and we thus we get from Hellfer-Sjostrand
formula the asymptotic expansion

7,6) ~ Y RFag(x,€)
k>0
in 7°Ss(1/m), where

. . _l 3 7 » QR(x7£7z) P
in(2,€) = /| o IO e ).

Modulo S (1/m), we may replace ay by

(2,6) = —— / 0. f(z)—2L xxi)z)lkHL(dz)

- / ). (f< Ja(r.€.)) (=0 s L)

1 1 5 2k [ 7 VNSt o
_ _;m/(:@(az) (f(z)%(%&@) (z_p(a:,ﬁ))L(d )

= % (D)% (f()ar(=,€, t))|t=p(w,5) ’

where we used the fact that g is a polynomial and thus is analytic in z, and the
fact f(2)qr(z, &, 2z) is an almost analytic extension of f(¢)gx(z,£,t). In particular,

ao(x,f) = f(p(x7§))

Remark. Suppose p ~ p; + hps + - - -, then using ¢; = 0 we easily get
a~ f(p1)+mf'(p1)p2+ - .
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2. WEYLS’ LAW FOR h-PSEUDODIFFERENTIAL OPERATORS

qA trace formula.
Now we are ready to prove

Theorem 2.1. Suppose I = (a,b) is a finite interval and suppose

hm inf p(z,&) >

(z,£)—00

Then for any f € C5°(I), the operator f(P) is a trace class operator on L*(R™) with

(6) trf(P) ~ (2rh)~ th / a;(z, €)dzde,

R2n

where the leading term ao(x,&) = f(p(z,£)).

Proof. Let p; € S(m) be a real-valued symbol such that
p—p € CP(R*™) and infp, >b.

Then p; + i is also elliptic in S(m). As a consequence, both P = p"V and P, = p
are densely defined self-adjoint operator mapping Hy(m) C L*(R") into L*(R").
Moreover, there is an open neighborhood Q of I = [a,b] such that (z — P;)~' i
holomorphic for z in €.

For any f € C3°(1), we let f be an almost holomorphic extension of f such that
supp(f) C . Since Spec(P;) NI =0, we have f(P,) =0.!

For Imz # 0, from z — P, = z — P+ P — P, we get the following resolvent
identity

z=P)'=G-P)"'+E=-P)(P-P)z—P)"

It follows from the Hellfer-Sjostrand formula that

P)= = [ 0.5@IG = Py (P = P = P) L)

Since p — p; is compactly supported, the operator P — P; is trace class. It follows
that f(P) has finite trace norm and thus is also trace class. It follows from Lecture
13 that

1

Grh) / a(x, &)dzdé.

Now the conclusion follows. O

trf(P) =

IThis is also a consequence of Hellfer-Sjéstrand formula.
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Weyl’s law.
Denote
Nh(Pa [CL, b]) = #(Spec(P) n [a7 b])
be the number of eigenvalues of Pj in the interval [a,b]. To estimate Nj(P,[a,b]),
we approximate the characteristic function of the interval [a, b] by smooth functions
both from below and from above. Thus it is natural to introduce

V(fa, b)) = lim Vol(p~*(fa+e,b— <))

and
V([a,b]) = 61_1}(1)%r Vol(p~!([a — &,b+ €])).

As a direct consequence of the trace formula, we get

Theorem 2.2 (Weyl’s law). For any a < b, as h — 0 we have

0 e (W (a,b]) + 0(1)) < Na(P[asb]) < (V([a, b)) + o(1)).

1
(2mh)™ ~ (2wh)"

Proof. Pick two sequence of compactly supported smooth functions f;, f- (e.g. by
regularization via convolution) that approaches the characteristic function x4 of
the interval [a, b] from below and from above, namely
Latep—e < fo S lay < fo < Ljacpie-
Then we have ~
trfe(P) < Ni(P, [a,b]) < trf(P).
So the conclusion follows from the trace formula we just proved.
O

In particular, for Schrodinger operator P = —h?A + V, where V satisfying the
“polynomial growth” and “almost elliptic” conditions that we mentioned last time,
we have the following Weyl’s law for Schrodinger operators:

Theorem 2.3 (Weyl’s law for Schrédinger operator on R™). For any a < b,

iy (VoH(@.©) [0 <[ + V() < b} +o(1).

(8) Ni(P, [a,b]) =

Note that a special case of this theorem (namely P is the harmonic oscillator)
has been proven in Lecture 3.
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3. WEYL’S LAW FOR V(M)

In this section we always assume

e (M,g) is a compact Riemannian manifold,

e m > () is a positive integer,

e P: H"(M)— L*(M) is a self-adjoint pseudodifferential operator in W (M),

e the principal symbol p = 0,,(P) is real-valued and almost elliptic in S™(T*M).
Moreover, for any a € R, lim._,o Vol[p~™'(a —€,a + €)] = 0.

9 Basic properties of eigenvalues/eigenfunctions.

By adapting the proofs of Theorem 1.1 and Proposition 1.2 in Lecture 21 to the
setting of compact Riemannian manifolds, we have
Proposition 3.1. Under the above assumptions,

(1) P has discrete real spectrum
Spec(P) : Ai(h) < Xo(h) <+ < Ap(R) < -+ = o0

(2) Each eigenfunction ¢;j(x) is a smooth function, and {¢;(x)} can be taken to
be an L?-orthonormal basis.

qThe functional calculus.
As we have seen, to prove Weyl’s law, the crucial ingredient is the following

Theorem 3.2. Suppose f € Z(R). Then f(P) € U=°(M) with principal symbol *
o(f(P)) = f(p(x,£)).

Proof. Idea: We first prove f(P) € ¥°(M). According to Proposition 2.2 in Lecture
20, it is enough to prove

(a) For any coordinate patch (¢q, Uy, Vs, ), there exists x € C3°(U,) such that
(*rj(:l)*ﬂ[’x./(P)‘\'[x(Pu)* S \Ijo(R”)'
(b) For any x1,x2 € C°°(M) with supp(x1) N supp(xa) = (), we want to prove
M., f(P)M,, € hPU~°(M).
The passing from W°(M) to ¥~ is standard: one only need to apply the previous
result to (P +4)*f(P) = gx(P), where g(t) = (t +i)*f(t) € .. Finally we calculate
the principal symbol of f(P) via the Helffer-Sjostrand formula.
Step 1.| We first prove (b), namely for any yi,x2 € C*(M) with supp(xi) N

supp(x2) = 0, we want to prove M,, f(P)M,, € RN ¥~ (M) for any N. According
to Beals’s theorem, it is enough to prove

HMx1f(P)MX2HL(H{N,H;LV) = O(hN>-

2Note that in our definition, ¥~°°(M) is not negligible, and the principal symbol of an element
in ¥=°°(M) is an element in S™°°(T*M). Ounly elements in i*°¥~>°(M) are negligible and has
zero principal symbol of any order.
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According to the Hellfer-Sjostrand formula
1[5+ _
7(P) == [ 2.f) (= P sa),

it is enough to prove
-1 N -K

(9) My, (2 — P) sz”L(H;N,H;LV) = O(h™ [Im(z)[7*V)
for some Ky > 0. [We can’t conclude (9) directly since we don’t know where the
resolvent (z — P)~! is a semiclassical pseudodifferential operator or not. So the idea
is: approximate (z — P)~! by a semiclassical pseudodifferential operator so that we
can control both the norm of the expression (9) with (z — P)~! replaced by the
semiclassical pseudodifferential operator, and the norm of the remainder.]

For 2 € C\ R, we let Qo(z) = Op((z —p)~') € ¥"™(M). According to Propo-
sition 2.5 in Lecture 20,

oo(Id — (2 = P)Qo) = 1 — 0n(2 — P)o_n(Qo) =0
and thus
(Z—P)Q():Id—Rl

for some Ry(z) € h¥~Y(M). According to the Calderon-Vailancourt theorem, the
operator norm of [|R:(z)| . u=~ g-v+1) is controlled by finitely many derivatives of

r1(2), which, by using the Moyal product formula in local charts, together with the
resolvent estimate, namely Theorem 1.3, is controlled by Im(z) %1 for some K; > 0:

X p———e i O}

If we replace Qo(z) by
Qr(z) = Qo+ QoRy + -+ + QoRy € U™ (M),
and denote Ry, = (Ry)" € h* U1 (M) we will get
(= P)Qr=(Id— R)(Id+ Ry + -+ R) =1d — Rp1(2)
with
| Re ()l gy oy = Ol (2)| %)

for some K} > 0. and similarly, since the estimates for Q1 (z) blow up as Im(z) — 0
only polynomially,

||MX1QLMXQ||£(H};N,H;2V) = O(hNHm(Z”_KZ)
for some K7 > 0. As a consequence,
(2= P)'=Qr+ (2= P)"'Res(2),
and if we take L large enough, we will get
1My (= = P)™ My | gy oy = O [Im(2)[ %)

as desired.
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We then prove (a), namely for any coordinate patch (¢a,Us, V), there
exists x € C5°(U,) such that (¢, 1) M, f(P)M,(pa)* € PO(R™).

According to Beals’s Theorem (for manifolds), it is enough to prove
(10) ladzw o+ 0 ad—w(03")* My f(P)My(0a)"ll 22y = O(RY)

holds for any N and any linear functions [y, - - , Iy on R?".
By definition one can check

adjw [(05")" My (2 = P) 7 My (0a)"] = (05" adz [My (2 = P) "' M, J(pa)”
where
L = (o) Mxl™ My (o)’
for some x € C3°(V,) such that ¢fX =1 on supp(x). Since
ladz [z = P)Tllews) = Iz = P)adg(P)(z — P) ™ o) = O(Hlm(2)P),
we conclude from the Hellfer-Sjostrand formula that
ladgw (95 1)* My f(P)My(@a) Wl 22y = O(h).

Similarly one can prove (10) for all N and the conclusion follows.

Now we prove f(P) € U=>(M).

By Step 1 and Step 2, we have seen f(P) € U°(M). If we replace f by gi(t) =
(t+0)*f(t) € 7, we will get

ge(P) = (P +14)* f(P) : L*(M) — Hy (M)
for any k and thus f(P) € U=°(M).
Finally we calculate the principal symbol of f(P).

Again this is a consequence of Hellfer-Sjostrand formula. In Step 1 we have seen
Op((2 = p)"")(2 = P) = I + O(h|Im(z)|~"")
which implies

(== P)~ = Op((z — p)") + O(A[Im(z)] 7).

Thus
7(P) == | 8.7(:)00((z = p)™)£(d2) + O(h) = O((p(a. €)) + O(h).
So by definition, o(f(P)) = f(p(x,§)). O

Note that in this setting the trace formula is even simpler: Under the ellipticity
assumption on p = o(P) in S™(T*M) with m > 0, locally the “principal symbol” of
f(P) is a Schwartz function. As a consequence, we get the following trace formula
for P € U™(M) satisfying the conditions at the beginning of this section:
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Theorem 3.3. Suppose f € .. Then f(P) is a trace class operator on L*(M) and

(2mh)"Te(f(P)) = f(p(x, €))dzds + O(h).

T+*M

Generalized Weyl!’s law.

By playing the same trick, namely by approximating X both from above
and below via smooth functions, one can easily prove the following Weyl’s law for
P € U™ (M) satisfying the conditions at the beginning of this section:

Theorem 3.4 (Weyl’s law on manifolds). For any a < b, as h — 0 we have

1

Na(P,a,8]) = G (VoI (. 8) + o(1)).

In particular, if we take P = —h?A +V, we will get Weyl’s law for Schrodinger
operator on manifolds,

Nu(P[a, b)) = (Vol{(2,€) | a < ¢ + V(x) < b} + (1)) .

1
(2mh)™
Remark. In particular, if we take V' = 0, we get Weyl’s law for the Laplace-Beltrami
operator A on (M, g):
wy, Vol(M)

(2m)"

as A — 00, where w,, is the volume of the unit ball in R".

#{j |\ <A} = A2 4 o(A™/2)

In fact, with a bit more work, we can prove the following generalized Weyl’s law
(which reduced to Weyl’s law above if we take B = Id):

Theorem 3.5 (Generalized Weyl’s law). Suppose B € (M) and a < b. Under
the assumptions at beginning of this section, as h — 0 we have

(11) 27h)" > (Byj, @) = / / ) <ba(B)dxd§.

a<A;<b

Proof. Fix a and b and let IT : L?*(M) — L?(M) be the orthogonal projection
from L?(M) onto the subspace spanned by eigenfunction ¢;’s of P associated to
eigenvalues in the interval [a,b]. Then by definition,

> (Byj,p;) = Te(I1BI).

a<\;<b

As before we pick two sequence of compactly supported smooth functions f and
f- that approaches the characteristic function Xa,p) from below and above, namely

Latepe < fo < Ljap) < fo < Ljaepie)-
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Then f.(P) and f.(P) are pseudo-differential operators in ¥=>°(M) with
NL(P) = (P = £(P), f(P)I=11f(P)=1I,
and thus
1B = f.(P)B+ (Il - f.(P))B = f.(P)B+1I(f.(P) — f.(P))B.
It follows
Tr(IIBII) = Tr(I1B) = Tr(f.(P)B) + Tr(Il(f.(P) — f:(P))B).

Since 0 < f. — fo <1 and since f.(P) — f.(P) is self-adjoint, the definition of the
trace norm together with Theorem 3.4 implies

1F(P) = £(P)llw < #(3 | Ay € (a—e,a+e) U (b=e,b+2)} < C(A. + B.(h)h ™,
where A, = Vol[p~!((a—e,a+e) U (b—e,b+¢))] and limy,_,o B.(h) = 0. It follows ®
@rh) T (T(J(P) = £(P)B) < @rh)"[TUJ(P) = £(P)Blli < C(A- + Bo(R))
and thus
(2h)" Tr(ILBIL) = (27h)"Tr(f.(P)B) + C(A. + B.(h))

= fe(p)oo(B)dxd§ + O:(h) + C(A: + B:(h)).

T*M
It follows
lign iglf(?ﬂh)”Tr(HBH) = fe(p)oo(B)dzdé + O(A.)
- T*M
and
lim sup(27h)" Tr(ILBII) = fe(p)oo(B)dzdé + O(A,).
h—0 T*M

Letting € — 0, the conclusion follows.

3Here we used the following fact: If A is compact and B is bounded, then their singular values
satisfy s;(AB) < s;(A)||B||z. This fact can be proved by using the min-max characterization of
the eigenvalues of positive (self-adjoint) compact operators.



