LECTURE 6: LOCAL BEHAVIOR VIA THE DIFFERENTIAL

1. THE INVERSE FUNCTION THEOREM

€ The inverse function theorem.

Last time we showed that if f: M — N is a diffeomorphism, then the differential
df, : TyM — Ty N is a linear isomorphism. As in the Euclidean case (see Lecture
4), the converse is not true in general (i.c., “f : M — N is smooth and df, is a linear
isomorphism for every p € M” does not imply “f is a diffeomorphism”) but we still
have the following partial converse:

Theorem 1.1 (The Inverse Function Theorem). Let f : M — N be a smooth map such
that df, : T,M — Ty N is a linear isomorphism, then there exists a neighborhood Uy
of p and a neighborhood X, of ¢ = f(p) such that f|y, : Uy — X is a diffeomorphism.

Proof. Take a chart (¢, U, V') near p and a chart (¢, X,Y) near f(p) so that f(U) C X
(which is always possible after shrinking U and V). Since ¢ : U - V and ¢ : X = Y
are diffeomorphisms,

d(ipo fo 90_1)@(1)) = dpgodfy o d‘P;(lp) o)V =R = Ty =R"

is a linear isomorphism. It follows from the inverse function theorem (c.f. Lecture

1) that there exist neighborhoods V; of ¢(p) and Y; of (q) so that 1o fop~tisa

diffeomorphism from V; to Y;. Take U; = o~ }(V;) and X; = ¢~ 1(Y}). Then
f=9o(ofop oy

is a diffeomorphism from U; to Xj. O

€ Local diffeomorphism v.s. global diffeomorphism.

Definition 1.2. We say a smooth map f : M — N is a local diffeomorphism near p, if
it maps an open neighborhood of p diffeomorphically to an open neighborhood of f(p).

Note that it is possible that a map is a local diffeomorphism everywhere, but still
fails to be diffeomorphism.

Example. Let f: S* — St be given by f(e) = ¢*. Then it is a local diffeomorphism
everywhere, but it is not a global diffeomorphism since it is not invertible. [Please
compare this example with the example on page 5 of Lecture 4.]

It turns out that the invertibility is the only obstruction for an “everywhere local
diffeomorphism” to be a global diffeomorphism:

Proposition 1.3. Suppose f : M — N 1is a local diffeomorphism near every p € M.
If f is invertible, then f is a global diffeomorphism.
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Proof. We only need to show f~! is smooth. Fix any ¢ = f(p). The smoothness of f~!
at ¢ depends only on the behaviour of f~! near ¢. Since f is a diffeomorphism from a
neighborhood of p onto a neighborhood of ¢, f~! is smooth at g. O

2. THE CONSTANT RANK THEOREM

€ Submersion and immersion.

What if df,, is not a linear isomorphism? Note that a linear isomorphism is both
surjective and injective. It is natural to study the those smooth maps whose differential
is either surjective or injective:

Definition 2.1. Let f : M — N be a smooth map.

(1) fis a submersion at p if df, : T,M — TN is surjective.
(2) fis an immersion at p if df, : T,M — TN is injective.

We say f is a submersion/immersion if it is a submersion/immersion at each point.

Obviously

e If f is a submersion, then dim M > dim N.
e If f is an immersion, then dim M < dim N.

Example. In PSet 2-1-6, we see: the natural projection 7 : T'M — M is a submersion.
Similarly, the “zero section” embedding ¢ : M — T'M,p +— (p,0) is an immersion.

Ezample. A local diffeomorphism is both a submersion and an immersion.
Ezample (Canonical submersion). If m > n, then the projection map
7:R™ = R", (2%, 2™) = (2, - ,2")
is a submersion.
Ezample (Canonical immersion). If m < n, then the inclusion map
:R™ e R (2t ™) e (2, 2™,0,- - ,0)

1S an immersion.

It turns out that any submersion/immersion locally looks like these two canonical
ones.

Theorem 2.2 (Canonical Submersion Theorem). Let f : M — N be a submersion at
p € M, then m = dimM > n = dim N, and there exist charts (p1,Uy, V1) around p
and (Y1, X1,Y1) around q = f(p) such that

Yrofop’ =7l

Theorem 2.3 (Canonical Immersion Theorem). Let f : M — N be an immersion at
p € M, then m = dimM < n = dim N, and there exist charts (p1,Uy, V1) around p
and (Y1, X1,Y1) around q = f(p) such that

Yo foprt =1y
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q The constant rank theorem.

We will not prove the canonical submersion/immersion theorems above. Instead,
we will prove a more general theorem which has the canonical submersion/immersion
theorems as special cases. For this purpose, we define

Definition 2.4. We say a smooth map f : M — N is a constant rank map near p € M
if there is a neighborhood U of p so that df, has constant rank (i.c. there exists r € N
so that rank(df), =) for all ¢ € U.

Ezxample. If f is a submersion/immersion at p, then it is a submersion/immersion near
p (why?), and thus is a constant rank map near p.

Ezample (“Canonical” constant rank map). More generally, by composing suitable
canonical submersion and canonical immersion, we get a constant rank map
R™ — Rr+m—r 7r R" L Rr—l—n—r — R"

which sends (z!,--- 2", 2" ... 2™) € R™ to (z!,--- ,2",0,---,0) € R".
We shall prove:

Theorem 2.5 (The Constant Rank Theorem). Let f : M — N be a smooth map so
that rank(df) = r near p. Then there exists charts (o1, Uy, V1) around p and (¢, X1, Y1)
near f(p) such that that

profopt(at, - a™) = (wl’... ,2",0,---,0).
Proof. As usual we will convert the general case to the Euclidian case.
Step 1: The Euclidean case.

We first assume U C R™ is open, and f : U — R" is a smooth map so that df,
has constant rank r for all x € U. By translation (in both R™ and R", which amounts
to composing f with suitable “translation diffeomorphisms” in both sides) we may
assume 0 € U and f(0) = 0. Since rank(df)o = r, by switching coordinates (again in

both R™ and R"™, which amounts to composing f with suitable “switching coordinates
diffeomorphisms™ in both sides) we may assume that the upper-left » x r submatrix,

(52)
Oz 1<ij<r ’

of the Jacobian df = (%)1§i§n’1gjgm is nonsingular at = 0 (and thus is nonsingular
near z = 0).

' N 1 N . 1 A e > ()/z — ¢ (;),/Az . X A 1N axr PR al-a
[The idea: Since rank <(’)(L‘/‘>1§/ﬁ,‘j§r = rank( 525 )1<i<n,1<j<m, We may try to take
fi,--+, [ as part of our coordinates, so that with respect to these new coordinates, f

will keep the first r coordinates unchanged.] Now define ¢ : U — R™ by

p(2) = (flz), -, folz), 2™, ™).
Then ¢(0) = 0, and the differential
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is nonsingular at x = 0. By the inverse function theorem, ¢ is a local diffeomorphism
near 0, i.e., there exists neighborhood U; of 0 in R™ and V; of 0 in R™ such that
¢ : Uy — Vj is a diffeomorphism. Note that by definition,

foe  (filx), - ful@), 2™, a™) = fo o p(2) = f(x) = (fil2), -, fal2))

i.e., locally near 0 we have

fogoil(sw = (xlv"' ,xr,g,n+1(x),‘~' 7gn(x)>

for some smooth functions g,11,--- , ¢, (with ¢;(0) = 0). Moreover, by chain rule,
_ Id, 0
dfgofl(:c) © (d90 l)ac = ( % (%) ) .
0xI ) r+1<i<n,r+1<5<m

Crucial observation: Since (d¢™'), is a linear isomorphism, “rank(df,) = r near 0"
implies “rank(df,-1(;) o (dp™');) = r near 07, and thus implies

d9;
0, Wrel<i<nr+l1<j<m
oxd

near 0. It follows that in a small neighborhood of 0, we have
gi(x) = gi(a',---,a"),  Vr+1<i<n

In other words, near 0 we have

fogp_l(x) = (1,1’_‘_ >$Tagr+1($17"' 7$T)7"' 7gn(x1>"' ’xr))‘

It remains to kill these g;’s. So we define

n

vy) =Wy YT =g ) =g ).
in a small neighborhood of 0, and get
Yofop tat, .o 2" ™ ™) = (2t -+ ,2",0,---,0).
It remains to check that 1 is a local diffeomorphism. Again this follows from the inverse

function theorem and a simple computation diy = (I(ir I dO ) )

Step 2: The general case.

The general case follows easily (by the standard trick): Take a coordinate neigh-
borhood (¢,U, V') near p and (¢, X,Y) near f(p), so that f(U) C X, and df, has
constant rank 7 on U. Then 1o fop~!:V — Y has constant rank r since

d(¢ ©) f @) gp_l)m = diﬂf(cp—l(m)) O dfipfl(z) O (d@_l)r

and since (dp™'),, dr(o-1(2)) are linear isomorphisms. Now the desired conclusion
follows from the Euclidean case. O

As a consequence, we see a map is a constant rank map if and only if it can be
written, locally, as a composition jos, where s is a submersion while j is an immersion.
In particular,

e If a constant rank map is surjective, then it is a submersion.
e If a constant rank map is injective, then it is an immersion.



