LECTURE 21: TENSORS AND DIFFERENTIAL FORMS

1. TENSORS AS MULTI-LINEAR MAPS
€ Multi-linear maps.
Let Vi, --- , Vi be finite dimensional vector spaces.

Definition 1.1. A function 7" : V; x - - - x Vi, = R is called multi-linear if it is linear in each entry,
i.e. for each ¢ and any fixed vectors v; € Vi,--- jv;,1 € Vi1, 0,01 € Vi, - -+ , v € Vi, the map

E‘/Z—)R, /Ui'_)T(’Uly"'av’i)..'avk’)

is linear.

Note that if 77, T are two multi-linear maps on V; x - -+ x Vj, so is their linear combinations.
Thus the set of all multi-linear maps on V; x --- x V} is a vector space.

Ezample. For any f' e Vi .-+, ffF € V¥ (the dual spaces), we define
fle---@ff Vix---xV, =R, (v1, -+, vp) = fH(v1) - ().

Obviously f! ® --- ® f* is a multi-linear map. Note that by definition, for each 1 < i < k and
A € R, we have

o - @f le\Mfefle of = \lo- -0 flefiefle. .. of
Not surprisingly, any multi-linear map is a linear combination of these special maps:
Theorem 1.2. Let {f},--- ,fl-"(i)} be a basis of V*. Then the set of multi-linear maps
{frefre - of[1<i<n(j)
form a basis of the vector space of multi-linear maps on Vi x- - -x Vi In particular, dim @*V* = n*.
V:*. For any multi-index I = (iy,--- ,i;), we will denote F/ = fi' @ f2 ®---® fli’“. Then tlhe fact

I 1 k _ il,"',ik
F (ejl’ ’ejk) - 6]’17“'7%

Proof. We will denote by {e},--- 7651(1‘)} the basis in V that is dual to the basis {f},--- L fPOY of

implies that the multi-linear maps F'’s are linearly independent.

Moreover, for any multi-linear map 7 on Vi x --- x Vi, if we let Tp = T'(ej , - - ,efk), and
consider the multi-linear map

S=T-— ZITIFI,

then S(e}l, e ,e;?k) = 0 for any multi-index J = (ji,- -, jg). It follows from multi-linearity that
S = 0. In other words, T'= >_T;F! is a linear combination of these F'’s. O
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Notation: We denote the vector space of multi-linear maps on V; x --- x Vi, by Vi*® --- @ V.
Any element in this space is called a k-tensor.

Note that if T € V' ®--- @ V) and § € V!, ® --- ® V7, then we can define the tensor
product T ® S € V' ® --- ® V}!,; to be the tensor

(T & S)(Ula o 7Uk+l) = T(Ub e 7Uk)S(Uk+17 o 7Uk+l)'
By definition it is easy to see that ® is a bilinear map and is associative:
TRS)®R=T®(S®R).

In fact, we may simply regard elements in V;* as 1-tensors on V;. Then the k-tensor fl1 ®@--- @ f*
that we used above is the tensor product of the 1-tensors f1,---, f¥. [One may need to check the
consistency of the definition. What do I mean by consistency?]

Similarly we can define V; ®- - - ®V}, as the vector space of multi-linear maps on V;* x--- x V}*.
By definition it has a basis {e] ® e}, @ - - ®@ef | 1 <i; <n(j)}.

Remark. For abstract vector spaces (which could be infinite dimensional), one can’t regard V as
(V*)* but one can still define the tensor products algebraically. More precisely, we can define VW
to be the quotient space V@ W = F(V x W)/ ~, where F(V x W) is the (infinite dimensional)
free vector space over V- x W and ~ is the equivalence relations generated by (v, w) ~ (v, w),
(crv1 + caua, w) ~ 1 (v, w) + c2(ve, w) and (v, cwy + cowsy) ~ ¢ (v, wy) + c2(v, wy). For any finite
dimensional vector spaces V' and W, one has a natural linear isomorphism V @ W* ~ L(W, V),
where L(W, V) is the set of all linear maps from W to V. (Details will be left as an exercise.)

q[ Tensor powers of a vector space.

Now let V' be an n-dimensional vector space, and V* its dual space. We will call
RV = (®'V) ® (&FV)
the space of (I, k)-tensors on V. In other words, T' € ®@“*V if and only if
T=T B0, ,u)
is multi-linear with respect to each 5° € V* and each v; € V.

Remark. Note that @V = V and ®%'V = V*. We will also abbreviate ®*°V = @*V. For the
case k = 0, we denote @’V = R.

Next we will define a very useful operation on (I, k)-tensors.

Definition 1.3. For any 1 <r <[ and 1 < s < k, we define the (7, s)-contraction to be the map
Cr: @V — @RV given by

cr(TY(BY, -, B Ula"',vz—1)=ZT(5l,--- BTN LB B oy e, €4, U, - U)

where {ey,--- ,e,} is a basis of V, and {f1,--- | f*} the dual basis.
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One should check that this definition is independent of the choices of the basis {e;} of V.
Moreover, C7(T) is the (I — 1,k — 1)-tensor obtained from T by pairing the 7" vector in 7' with
the s co-vector in T

Lemma 1.4. Let T be an (I, k)-tensor. For 1 <r <I,1 < s <k, we have

(1) The definition of C? is independent of the choices of the basis {e;} of V.
(2) For anyvy,---,v, €V and B',--- ,8F € V*,

Clo1 @ @u B @ -© =) e ©0 e -0ue L @ b -
where = means “remove the corresponding entry”.
Proof. Left as an exercise. O
Example. For example, if v,w € V and «, 3,7 € V*, one has
CGuowea®fey)=pFuweady.
To see this, we compute by definition:

CvR@wea®Be7)(8 v,v) =Y vowea®B@y(f,B", v, e, v)

= Z ()8 (w)a(vy)Ble;)y(va)

= B(v)B (w)a(v)y(v2)
= 6(’0)10 o 7(617 U1, UQ)'

2. LINEAR p-FORMS

€ Symmetric and anti-symmetric tensors.
Now let’s fix a vector space V, and consider a k-tensor T on V, i.e. T € @*V* = % V.

Definition 2.1. Let T € ®*V* be a k-tensor on V.
(1) We say T is symmetric if for any permutation o of (1,2,--- , k),
T(vr, -, 0e) =T (Vo) Vok))-

(2) We say T is alternating (or a linear k-form) if it is skew-symmetric, i.e.

T(Uh"' y Uiy m s 5 Ugy s 7Uk) - _T<Ula"' yUjy s o 3 Uiy e o 7Uk)-
for all vy,--- ;o € Vandany 1 <i#j <k
Ezample. e An inner product on V' is a positive symmetric 2-tensor.

e det is a linear n-form on R".
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We will denote the vector space of k-forms by A*V*. Note that A*V* is not a brand new
space: it is a linear subspace of @*V*. We will set A'V* = @'V* = V* and A°V* = R.

Recall that a permutation o € Sy is called even or odd, depending on whether it is expressible
as a product of an even or odd number of simple transpositions. For any k-tensor 7" and any
o € Sk, we define another k-tensor T by

T7(v1, -+ vk) = T (W), -+ 5 Vo(k))-
Clearly
e For all k-tensor T', (T7)™ =17 for all 0,7 € Sj.
o A k-tensor T is symmetric if and only if T =T for all o € S.

o A k-tensor T'is a k-form if and only if 77 = (—1)?T for all o € Sk, where (—1)? =1if o
is even, and (—1)? = —1 if o is odd.

€ Anti-symmetrization.
For any k-tensor 17" on V', we consider the anti-symmetrization map

1 ™ T
AMH:WJXX—UT.
TES
Lemma 2.2. The map Alt is a projection from @*V* to A¥V*, i.e. it is a linear map satisfying

(1) For any T € @"V*, Al(T) € AFV*.
(2) For any T € A*V*, AIt(T) =T.

Proof. (1) For any T € ®*V* and any o € S,

g 1 s T\O 1 g oo oOoT g
AT = 1 32 ()7 (I7)7 = (1) 30 ()77 = (1) AR(T).
TESk TESy
(2) If T € A*V*, then each summand (—1)"T™ equals T. So Alt(T) = T since |Sy| = k!. O

We will need

Lemma 2.3. Let T, S, R be k-, -, and m-forms respectively. Then

(1) AT ® S) = (-1)MAI(S @ T).
(2) A(AI(T ® S)® R) = Alt(T ® S ® R) = Alt(T ® Alt(S ® R)).

Proof. Exercise. O

€ The wedge product.

Now we can define a “product operation” for linear forms:

Definition 2.4. The wedge product of T € A*V* and S € A'V* is the (k + [)-form
(k+1)!

TAS ==

AlL(T ® S).

The wedge product operation satisfies
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Proposition 2.5. The wedge product operation A : (A*V*) x (A'V*) — AFFV* s

(1) Bi-linear: (T,S)w— T NS is linear in T and in S.
(2) Anti-commutative: T NS = (—1)*SAT.
(3) Associative: (T’ NS)ANR=T N (SAR).

Proof. (1) follows from Definition 2.4. (2) follows from Lemma 2.3(1). (3) follows from Definition
2.4 and Lemma 2.3(2). O

So it makes sense to talk about wedge products of three or more linear forms. For example,
if T € A*V*, S € A'V* and R € A™V*, then we have

(k+1+m)!

One can easily extend this to wedge products of more than three linear forms. In particular, by
definition we have: if f!,---, f* € V* then

AN AP =RIAL(ff @ fF).

TANSANR=

As a consequence,
Proposition 2.6. For any f',- -, f* € V* and vy,--- ,v, €V,
(FEA - A ) (or, o) = det(f(vy)).
Proof. We have
(YA Ay, o) =R A @ @ ) (1, -, 0p)
=Y (=1 o) - F (o)

eSSy,
— det((f(1,)).

U

q The vector space of linear k-forms.

Now we are ready to prove
Theorem 2.7. Let {f',---, f"} be a basis of V*. Then the set of k-forms
{FPANF2NAfR | 1<d) <idpg < -+ <ip <n}
form a basis of A*V*. In particular, dim AFV* = (Z)
Proof. Again we denote by {ej, - ,e,} the dual basis in V. For any multi-index I = (i, - , i)

with 4, < -+ < iz, we let Qf = fa4 A ... A fi*. Then for any multi-index J = (ji,--- ,jx) with
<o <Jk, , o
Qf(ej,, - e5,) = det((f7(€j.)1<msck) = 0570k
It follows that these Q!’s are linearly independent.
Moreover, since any 7' € A*V* is a k-tensor, we can write T = Y, TrF!, where I = (i1, , i)
runs over all 1 < 4y,---,i; < n, and F! is as in the proof of Theorem 1.2. Note that Q) =
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K!Alt(FT). Here, the indices I need not be increasing, but we have: Qf = 0 if two indices in
I equal, and Q' = +Q if T contains no equal indices, where I’ is the re-arrangement of I in
increasing order. So

T = Al(T) = 3 Ty AL(FT) = % 3 ( 3 (iTp)> Q!

all T " I increasing \I'=I as sets

is a linear combination of Qf with I’s being only increasing indices. O

Remark. As an immediate consequence, we see

o dimA"(V*) =1
— So any n-form on an n-dimensional vector space V' is a multiple of the non-trivial
n-form “det”.
e Moreover, for k > n, A*(V*) = 0.

q The interior product and the pull-back.

Finally we define two more operators on linear k-forms.

Definition 2.8. The interior product of a vector v € V with a linear k-form o € A*(V*) is the
(k — 1)-covector
Lva(Xla U an—l) = Oé(U,Xl, U an—l)-
Definition 2.9. Let L : W — V be linear. The pullback L* : A¥(V*) — A*(W*) is defined to be
(L*a) (X, -+, Xi) == a(L(Xy), -+, L(Xk))

The following proposition will be important in the rest of this semester. The proof is left as
an exercise.

Proposition 2.10. Let « be a linear k-form on V and § a linear l-form on V. Then

(1) For anyv €V, tyt,a = 0.
(2) For anyv €V, t,(a A B) = (1,a) A B+ (—=1)Fa A1, B.
(3) For any linear map L - W — V|, L*(a A B) = L*a A L*.

Proof. Left as an exercise. O

3. READING: TENSORS FIELDS AND DIFFERENTIAL FORMS ON SMOOTH MANIFOLDS

q[ Cotangent spaces.

Let M be a smooth manifold. We have associated to each p € M a vector space T,M. If we
take any local chart (¢, U, V) around p, then we can write down an explicit basis for 7,M:

oly: )~ B, 0N =2 e, i<

Note that not only the 0;,’s form a basis for the tangent space 7,M, but in fact 9;’s are smooth
vector fields on U, and for any ¢ € U, the 0;|,’s form a basis for the tangent space T, M.
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Now let’s study the dual space Ty M of T),M. We introduced Ty M in PSet 3-1-6. It is called
the cotangent space of M at p, and elements in Ty M are called cotangent vectors at p. It is also
quit easy to write down an explicit basis of Ty M, (and in fact a basis of T M, for each ¢ € U,
varying smoothly in ¢), in any given local chart (¢, U, V'): We first note that for each 1 <i < mn,

tiop:U—=R
is a smooth function on U. The differential of this function, which we will denote by dz* for
simplicity, is a linear map (when restricted to any ¢ € U)

dz'ly : TyM = TyU — ThioppR = R.

In other words, each dz’|, is an element in T; M. More over, by definition,
dxi|q(aj’q) = 8j‘q<5’7i o) = 5;
So we conclude

Proposition 3.1. In any local chart (p, U, V) {dx| 1 <i<mn} is a basis of TyM. Moreover,
this basis is the dual basis to the basis {0, : 1 <i <n} of T,M.

In fact, for any f € C*°(U), by the same way we get a linear map df, : T,M — R. In other
words, we get a cotangent vector df, € T,y M. By definition, df,(9;[,) = 0i[,(f). It follows

fp = (al|pf)dxl‘p + o+ (Onlpf)dz"|p,
and moreover, for any X € I'*°(TU),
df(X) = X[,

where both sides are regarded as functions on U. We will call df a 1-form on U.

q[ Tensor fields on smooth manifolds.
Now we are ready to define (Compare: the definition of vector fields on manifolds)

Definition 3.2. An (I, k)-tensor field T on M is an assignment that assigns to each point p € M
an (I, k)-tensor T, € @“FT,,M.

Remark. By definition, T is a tensor at if and only if it is point-wise linear in each entry. It follows
that T' is tensor field on M if and only if it is “function-linear” in each entry. So it is more than a
multi-linear map, i.e., we also have (where w’s are 1-forms on U/, and X's are vector fields on V)

T(flwlv"' 7flwlang177"' agka) = flflglng(wla 7wl7X1;"' 7Xk)
If we fix any local chart (¢, U, V') near p, then we can write
T, = 27711 lelca @Ol @ T, ® - @ datl,,

where TZ1 ” !’s are constants (which depends on p). In other words, in any coordinate chart U one
can Write

T:ZT“ Zla ®8Zl®dle®®dxjk7

J1Jk

where lel W ’s are functions on U.
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Definition 3.3. We say a (I, k)-tensor field 7" on M is smooth if in any coordinate chart U, the
functions T;f;i ’s are smooth.

Note that when (I, k) = (1,0), we will get a smooth vector field on M. The set of all smooth
(1, k)-tensors is denoted by I'*°(®"*TM). Again this is an infinite dimensional vector space.

Remark. The coefficient functions T;f;i 's are only defined in local charts. If one uses another

chart U’, one gets another set of coefficient functions (even if at the same point).

Ezample. A symmetric positive smooth (0, 2)-tensor field g on M is called a Riemannian metric
on M. Locally a Riemannian metric is of the form

g= Z gi;(v)dz’ @ da? |

where (g;j(x)) is a positive definite symmetric matrix depending smoothly on z. We have seen
the existence of Riemannian metric on any smooth manifold in PSet 3-2-5.

¢ Differential forms on smooth manifolds.
Similarly one can define smooth k-forms on a smooth manifold M:

Definition 3.4. A k-form w on a smooth manifold M is an assignment that assigns to each point
p € M a linear k-form w, € AkTI;k M. A k-form w is smooth if locally one can write

w= Zw;dmI:Zwih...,ikdﬂl Ao Adak,
I I
where the summation is over increasing k-tuples [ ={1<i; <---< iy <n}, and each w; € C*(U).

Since k-forms will be frequently used in the rest of this course, we will denote the set of all
smooth k-forms by QF(M) (instead of the lengthy expression I'™°(A*T*M)). Note that any smooth
function on M can be viewed as a smooth O-form. So

QUM = C=(M).
Since there is no linear k-form on T,M for k > n = dim M, we get
Q¥ (M) =0, Vk>n.
Note that if w € QF(M), and X, -+, Xp € (T M), then w(X, -+, X) € C°(M).

€[ Operations on differential forms on smooth manifolds.

Of course the pointwise operations for linear k-forms that we learned last time still make sense
for differential forms on manifolds. So on differential forms we have the following operations:

e The wedge product A : QF(U) x QUU) — QF(U).
— For example,

(dz' + 2dx*) A (do' A da® — do® A da® + 3da' A da®) = —Tdat A do® A da®.
e For any X € I'°(TU), one has the interior product 1x : Q¥(U) — Q*1(U).
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— For example,

tx(dz™ A - Ada') = Z(—l)’"’ldyc“(X)dyci1 Ao Adzic A A dit
e For any smooth map ¢ : U’ — U, one has the pull-back o* : Q¥(U) — QF(U").
— This is defined pointwise via the linear map dy, : T,U" — T,,»U. So if w € Q*(U),
then

(" w)p(X1, -+ X)) = wep) (dipp(X1), - -+, dipp( X))
Note: if £ = 0, then ¢* is exactly the pull-back ¢* : C*°(U) — C*°(U’) on functions.
These operations are all linear (where A is bilinear). Here we list some important properties of
these operations.

Proposition 3.5. Suppose w € QF(U),n € QU), X € T=(TU) and ¢ € C®(U",U) and ¢ €
C>(U,U). Then

ywAn=(=1)FnAw.

) ¢ (wAn) =@ w A .

) LX(w/\n) (txw) An+ (=1)Fw A txn.

) tx o LX =0.

)

(Yop) =" op"

Proof. All follows from definitions and corresponding results for linear differential forms. 0
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