LECTURE 23: INTEGRATION ON MANIFOLDS

1. TOP FORMS AND ORIENTABILITY

q Top forms on manifolds.

Let M be a smooth manifold of dimension m. As we have known, QF(M) = 0 for
k > m. Thus we will call any smooth m-form a top form on M. Now let p € M and
(p,U, V) alocal chart near p. Then dz! A --- A dz™ is a top form on U. Note that for
any ¢ € U, (dz* A -+ Adx™), # 0 since at any ¢ € U,

(d(El VANRIEIAN dl‘m)q(al, cee ,(9m) = det(dxi(aj))lgmgm =1.
Moreover, since dim A™7T,M = 1, we see that for any top form w on U and any ¢ € U,
there is a real number A, such that
wy = A(dzt A+ Adx™),.

Also by smoothness of w, the coefficient A\, as a function on U, is smooth. So up to
multiplication by functions, the “canonical top form” is the “only essential” top form
in the chart. (However, this conclusion is not true globally on M: For two top forms
w,n € Q™(M), it may happen that w, = 0,w, # 0 while 1, # 0,1, = 0, and thus there
exists no function f € C*°(M) with w = fnor n = fw.)

In particular, if we change coordinates from (z,---,z0') to (zg,---,2%) on U,
then we will get two top forms, da), A--- A dz and dxg A --- A dajy. They should be
related by a smooth function on U. It is not hard to find out this coordinate-change
factor. We first prove

Lemma 1.1. If ¢ : R™ — R™ is a diffeomorphism and y = p(x), then
O (dy* A+ Ady™) = det(dp,)dzt A -+ A da™

Proof. If we denote ¢ = (o', -+, ™), then p*y" = y" o v = p'. So

O (dyt A ANdy™) = dt A - Adp™.
But since

dp' A+ Nd™(0F, -, Op,) = det(dpy),
we conclude

doe' A+ Adp™ = det(dgy)dx' A -+ A da™. O

Now let (¢, U, V,,) and (¢g, U, V3) be two coordinate systems on U. Then the
coordinate change map is was = @5 © @, ', which maps ¢, () to y = pg(z). So we get

(gpa@)*(gogl)*dxé A Ndag = det(dgpaﬁ)(gpgl)*dxi A Ndxl.
Since (gpag)*(gogl)* = (cpEl 0 Yas)* = ', we arrive at
day A - dalf = det(dpag)dal A A dal).

«
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€[ The need of orientability.

Let M be a smooth manifold of dimension n, and let w € Q™ (M) be a smooth n-
form. We want to define the integral |, 1y w- For simplicity let’s suppose w is supported
on a chart (¢, U, V') with coordinates {z',--- ,2™}. Then we can write

w= flo(@)dz* A--- Adz™,

where f is a smooth function on V. With the help of the Euclidean differential form
f(x)dz' A--- Adz™ on V, it is natural to define

(1) /Uw::/vf(:z)d:xl---dxm.

Then as usual one need to check that the integral in the right hand side is independent
of the choice of coordinate charts.

So we let (¢a, U, Va, ) and (¢s,U, V) be two coordinate systems on U, with tran-
sition map @a5 = pgo v, ' : Vo — Vg which maps 2, = ¢o(x) to 25 = ¢s(x). Then

W= fg(x/g)dl'é A Ndrg = f8(pap(Ta)) det(d@a,g)d:vi A ANdal?
So for the definition to be well-defined, we need
il day = [ fo(oun(ea)) detldpp(ea))dal - dof.
Vs Va

Unfortunately this is not always true: In calculus we learned that for the integrals of
multi-variable functions

/f(:c)da:l ceedx™,
if o : V7 — V5 is a diffeomorphism, then we have the change of variable formula:
(y = ()
(2) flx) dy'---dy™ = | f(o(x))|det(dp)(x)| da'-- - da™.
VQ Vl

So we only have

Falwndsy-deff = [ fallpantan)) detldpoalaa)| da -+ da
Vs Va

In other words, for the definition to be independent of the choice of charts, we need
to assume

det(dpap) > 0
for all charts. In fact, we have seen this condition in PSet 2-1-3:

Definition 1.2. Let M be a smooth manifold of dimension n.

1) Two charts (¢a, U, V,) and (@g, Ug, Vj) are orientation compatible if the tran-
B VB Vp
sition map @.5 = g o p, ! satisfies

det(dpagp), > 0
for all p € po(Us NUB).
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(2) An orientation of M is an atlas A = {(pa, Ua, Vo) | @ € A} whose charts are
pairwise orientation compatible.
(3) We say M is orientable if it has an orientation.

Remark. Let U be a chart with coordinates {x',--- ,2™}. We use the notation —U to
represent the same coordinate chart U but with “twisted” coordinates {—z', 22, -+ 2™}.
Then —U and U are not orientation compatible. Let U be any other coordinate chart
such that U NU # 0 is connected. Then either

e U and U are orientation compatible,
or
e U and —U are orientation compatible.

As a consequence, we immediately see

Corollary 1.3. If M is connected and orientable, then M admits exactly two different
orientations.

Example. For the real projective space RP", we have constructed an atlas consisting
of n+ 1 charts. We have seen that RIP" is orientable for odd n. It turns out that RIP"
is not orientable for even n.

2. INTEGRATIONS ON SMOOTH MANIFOLDS

€ Integrations of top forms on smooth manifolds.

Now assume M is a smooth orientable m-manifold and fix an orientation A on
M. Let w be any smooth m-form on M. To define [ A W, we first assume that w is
supported in a coordinate chart (¢, U, V') which is orientation compatible with A. In
this case there is a function f supported in U such that

w= f(o(x))dz* A Ada™.

In this case we simply define

3) / wi= /V f(@)dat - da™,

where the right hand side is the Lebesgue integral on V' C R™. We will assume f is
integrable. In fact, in what follows the function f involved are compactly supported.

To integrate a general m-form w € Q™(M), we take a locally finite cover {U,}
of M that are compatible with the orientation A. Let {p,} be a partition of unity
subordinate to {U,}. Now since each p,, is supported in U,, each p,w is supported U,
also. We define

0 [om ] ne

We say that w is integrable if the right hand side converges absolutely for any such
cover and any such P.O.U. This is true, for example, if w is compactly supported.
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One need to check that the definition (4) above is independent of the choices of
orientation-compatible coordinate charts, and is independent of the choices of partition
of unity:.

Theorem 2.1. Suppose w is compactly supported, or more generally, w is integrable.
The expression (4) is independent of the choices of {U,} and the choices of {pa}.

Proof. We first show that (3) is well-defined. The argument is essentially the same as
in the Euclidian case: if w is supported in U, and if {z,} and {z}} are two orientation-
compatible coordinate systems on U, so that
1 m 1 m

w= fodr, N Ndxy = fgdrg N\--- Ndxg,

then we want to prove
fadzl - da™ = fﬁdxé coeda
Va Vs

This is true, because

dx}j Ao Ndxg = det(dpag)drt A -+ A dzl
implies f, = det(dyag)fs. Since det(dpas) > 0, the conclusion follows from the change
of variable formula in R™.

To prove (4) is well-defined, we suppose {U, } and {Us} are two locally finite cover
of M consisting of orientation-compatible charts, and {p,} and {ps} are partitions of
unity subordinate to {U,} and {Us} respectively. Then {U, N Uz} is a new locally
finite cover of M, and {p,ps} is a partition of unity subordinate to this new cover. It

is enough to prove
DY R S
« & avﬁ

aﬂUﬂ

This is true because for each fixed «,

/ Pat =/ ) pp)paw = Z/ PEPa.
a Uq /B ﬁ UaﬂUB

€[ Change of variable formula.
Finally we extend the change of variable formula form R™ to manifolds.

Definition 2.2. Let M, N be orientable smooth n-manifolds, with orientations A and
B respectively. A diffeomorphism ¢ : M — N is said to be orientation-preserving if for
each (Y5, Xg,Y3) € B, the chart (5 0 ¢, o 1(Xp),Ys) on M is orientation compatible
with A.

Suppose M, N are connected. It is easy to see that a diffeomorphism ¢ : M — N
is orientation-preserving if and only if there exists one chart (¢g, X3,Y3) € B, such
that the chart (vg o0 ¢, ¢ 1(X3),Ys) on M is orientation compatible with A. Similarly
if there exists one chart (15, X5,Y3) € B, such that the chart (5 o ¢, 0 1(X3),Ys)
on M is incompatible with A, then for every chart (¢3, X3,Y3) € B, the chart (y5 o
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o, 1(X5),Ys) on M is incompatible with A. In this case we say ¢ is orientation-
reverting.

Now we state:

Theorem 2.3 (The change of variable formula.). Suppose M, N are n-dimensional
orientable smooth manifolds, and p : M — N is a diffeomorphism.

(1) If ¢ is an orientation-preserving, then

fore- 1

(2) If ¢ is an orientation-reverting, then

[

Proof. Tt is enough to prove this in local charts, in which case this is merely the change
of variable formula in R™. OJ

Remark. If w is a compactly supported k-form on M, where k < m = dim M, then one
cannot integrate w over M. However, for any k-dimensional orientable submanifold
X C M, one can define wa by setting it to be fX t*w, where ¢ : X — M is the
inclusion map. By this way we get a “pairing” between k-forms on M and k-dimensional
orientable submanifolds in M.

Remark. If M is not orientable, one cannot define integrals of differential forms as
above. However, we can still integrate via densities. (c.f. J. Lee, Introduction to
smooth manifolds, page 427-432.)

€ Volume form and volume measure.

Next we show that orientability can be characterized via the existence of specific
top forms:

Theorem 2.4. An m-dimensional smooth manifold M is orientable if and only if M
admits a nowhere vanishing smooth m-form p.

Proof. First let © be a nowhere vanishing smooth m-form on M. Then on each local
chart (U, z!,--- ™) (where U is always chosen to be connected), there is a smooth
function f # 0 so that u = fdz* A--- Adx™. It follows that

:u(alf" 78M):f7é0-

We can always take such a chart near each point so that f > 0, otherwise we can
replace 2' by —z'. Now suppose (Uy,z, -+ ,27) and (Ug,z}, -+ ,2%) be two such

charts, so that on the intersection U, N Ug one has
fdzl N Ndall = p=gday A ANdalf = gdet(dpag)day A A dal)

where f, g > 0. It follows that det (dp,s) > 0. So the atlas constructed by this way is
an orientation.
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Conversely, suppose A is an orientation. For each local chart U, in A, we let
1
o =dx, N\ Ndz)).
Pick a partition of unity {p,} subordinate to the open cover {U,}. We claim that

1= palla

is a nowhere vanishing smooth m-form on M. In fact, for each p € M, there is a
neighborhood U of p so that the sum ) papto is a finite sum Zle pipti- It follows

that near p,
k

i=1

So 1 # 0 near p. O

Definition 2.5. A nowhere vanishing smooth m-form g on an m-dimensional smooth
manifold M is called a volume form.

Remark. If M is orientable, and p is a volume form, then the two orientations of M
are represented by p and —pu respectively. We denote the two orientations by [u] and

[l
Remark. Let p be a volume form on M, and the orientation on M is chosen to be [u].
Then we can define a linear functional

I:C.(M)—=R, f»—)/ f .
M

(Here, C.(M) represents the space of continuous functions with compact supports on
M. Obviously the integrals above still make sense even if f is not smooth.) Since the
orientation on M is chosen to be [u], we see the functional I is positive, i.e. I(f) >0
for f > 0. Since any manifold is both locally compact and o-compact, the Riesz
representation theorem implies that there exists a unique Radon measure (=a locally
finite, regular measure defined on all Borel sets) m,, such that

= o

Using the measure du, one can define function spaces like LP(M, ).

Remark. In particular, on any Lie group, one can define conceptions like left-invariant d-
ifferential forms. Since any Lie group is orientable (Fxercise), there exists left-invariant
volume form on any Lie group G. The measures associated to left-invariant volume
form on Lie groups are called Haar measures.



