LECTURE 28: APPLICATIONS OF DE RHAM THEORY

1. THE MAPPING DEGREE AND ITS APPLICATIONS

€ The mapping degree.
Let M, N be m-dimensional connected oriented manifolds, and f : M — N a proper
smooth map. Then the pull-back map
ff:R~H"N)— H'(M)~R
is linear, and thus is a map of the form A — c\. The constant c is called the degree of f:

Definition 1.1. The degree of a proper smooth map f : M — N is the number deg(f) s.t.
/ f*w:deg(f)/ w, VYw € QT(N).
M N

Remark. The isomorphism H™(N) ~ R is induced by the integral [  and thus does depend
on the choices of orientations: with respect to opposite orientations, the same w will give us
opposite real numbers. Thus to define deg(f) we need to fix orientations on M and N first.
(However, if M is orientable, and f : M — M is a map from M to itself, then deg(f) is
independent of the choices of the orientations on M. )

We have
Proposition 1.2. Let M, N, P be connected oriented manifolds of the same dimension.

(1) If f: M — N and g : N — P are both proper smooth maps, then go f is proper, and

deg(g o f) = deg(f)deg(g).

(2) If f: M — N and g : M — N are properly homotopic maps , then deg(f) = deg(g).
(3) If f : M — N is a diffeomorphism, then

)1 f s orientation preserving,
deg(f) = { —1, f is orientation reversing.

Proof. (1) follows from definition, (2) follows from the fact f* = ¢* on compactly supported
cohomology groups, and (3) follows from the change of variable formula. O

Remark. We have seen that any continuous map is homotopic to a smooth map, and homo-
topic smooth maps are smoothly homotopic. Moreover, under the compactness assumption,
any homotopy is a proper homotopy. So if the manifolds under consideration are compact,
we can define the degree of a continuous map to be the degree of the corresponding smooth
maps, which is independent of the choices of the smooth approximation. In fact, in algebraic
topology, the mapping degree theory is developed for continuous maps: in that case there is
no smoothness at all.
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€ Computing the mapping degree.

We give a couple examples to compute the mapping degree.
Ezxample. Consider the antipodal map

fo8" =8 pe= flp)=—p
Then according to PSet 7-1-5(e),
CURE (e

It turns out that deg(f) = 0 as long as f is not surjective:

Proposition 1.3. If a proper smooth map f: M — N is not surjective, then deg(f) = 0.

Proof. According to PSet 3-1-5(a), f is a closed map. So if ¢ ¢ f(M), then one can find an

open neighborhood U of ¢ so that Un f(M) = 0. We pick an m-form w supported in U so
that [, w = 1. Since by our construction, f*w = 0, we conclude deg(f) = 0. O]

In fact, we have the following remarkable property of the degree:

deg(f) is always an integer!

To see this, we may assume that f is surjective. Let ¢ € N be a regular value of f. According
to PSet 3-1-5(c), f~(q) = {p1, -+ ,pr} is a finite set, and there exists a neighborhood U of
q and neighborhoods U; of each p;, so that

o Fori#j, UinU; =0, and f~(U) = UL, U..
e f maps U; diffeomorphically to U.
Obviously we can choose U and U;’s to be small connected oriented charts. We let
o; = { 1, if f:U; — lz is orientation preserving,
—1, if f:U; — U is orientation reversing.
The fact deg(f) is an integer follows from
Theorem 1.4. The degree of f is the integer

k
deg(f) = Zai.

Proof. Take w € Q(U) so that [ w = 1. Then f*w is supported in f~(U) = UL, U, and

/Mf*w—ii/mf*w—iiai/ﬁw—iiai.

Example. The degree of the map
f:C—C, 2 f(z) = 2F

O

is deg(f) = k.
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€[ Application 1: The Hairy Ball Theorem.

Theorem 1.5. Even dimensional spheres do not admit non-vanishing smooth vector fields.

Proof. Suppose X is a non-vanishing smooth vector field on S?* C R?*"*!. By normalizing

the vectors, we may assume |X,| =1 for all p € S?". We will think of p and X, as vectors
in R*"*1 and consider the map F : 5" x [0,1] — 5?" defined by

F(p,t) = pcos(tm) + X, sin(t).

Then for each ¢t € [0,1], F(-,t) is a map from S*" to S?*. (Note: |p| = |X,| = 1 and
p L X,.) So Fis a homotopy between the identity map F'(-,0) = Idg2« and the antipodal map
F(,1)=f:5% — 52" f(z) = —z. So —1 = deg(f) = deg(Idgz«) = 1, a contradiction. [J

As a consequence, we get

Corollary 1.6. For any n > 1, S?™ admits no Lie group structure.

q Application 2: The Brouwer Fixed Point Theorem.

The degree is a topological obstruction to extend a map defined on the boundary to a
map defined in the interior:

Proposition 1.7. Suppose M is an m-dimensional oriented compact manifold with smooth
and connected boundary OM, X a connected oriented (m — 1)-manifold, and f: OM — X a
smooth map that extends to a smooth map g : M — X. Then deg(f) = 0.

Proof. Pick w € Q" (X)) so that [, w = 1. Then

deg($) =deg() [ w= [ o= [ rgu= [ dgw)= [ sao=o

where ¢ : OM — M is the inclusion map, and in the last step we used the fact dw =0. 0O

Corollary 1.8 (Brouwer Fixed Point Theorem). Every continuous map from B™ (=the unit
ball in R™ ) to itself has a fixed point.
Proof. Let Fy : B™ — B™ be a continuous map without fixed point. Take a positive number

0 <r< inf |p—Fo(p)/3.

Then by Whitney approximation theorem, there exists a smooth map Fi : B™ — R™ s.t.
[Fo(p) — Fi(p)| <r, Vpe€B™
Define F' : B™ — B™ by F(p) = Fi(p)/(1 +r). Then F : B™ — B™ is a smooth map. F
has no fixed point since
[F(p) = Fo(p)| < |F(p) = Fi(p)| + [Fi(p) — Fo(p)| < |[F(p)lr + 7 < 2r < |Fo(p) —pl.
It follows that the smooth map
p—Fp)

G:B"— S pes 2
lp — F(p)|
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is the extension of the smooth map
g=Glgn: 8"t gt
By Proposition 1.7, deg(g) = 0.
On the other hand, the map
p—tF(p)
lp — tF(p)|
is a homotopy between the identity map and g. So deg(g) = deg(Id) = 1. Contradiction. O

H:S" 1 x[0,1] — S, (p,t) =

9 More Applications.
Mapping degree has many other applications. For example,

e Given any two non-intersecting smooth curve ~; : S — R3(i = 1,2), we can define
the linking number Link(v;,7,) to be

Link(’yl, 72) = deg(rvl,72)>

where I', ., is the Gauss map

r

T2 5 2, (eis’eit) . 71(€Z‘S> _72(ellt) .
[71(e) — y2(e™)]
Geometrically, the linking number represents the number of times that each curve
winds around the other, which may be positive or negative since we count the orien-
tation of the two curves.
e One can also use the mapping degree to prove the fundamental theorem of algebra:

T2t

f2)=2"+a2" '+ a1z +a,

be any polynomial (with complex coefficients). We can regard f as a map S? from
S2. (how?) Then one can prove that the mapping degree of f is n (by showing that
|~ fo and computing deg( fy), where fy(z) = 2. ) So f admits at least one complex
root. (Why?)

o We know that two properly homotopic maps have the same degree. Conversely degree
can be used to characterize whether two maps are homotopic:

Theorem 1.9 (Hopf degree theorem). Let M be a compact connected oriented man-
ifold of dimension m. Then two maps f,g : M — S™ are homotopic if and only if

deg(f) = deg(g).

e One can prove that if f : S™ — S™ is an odd map, namely f(—p) = —f(p) for all
p € S™, then the degree of f is odd. This implies

Theorem 1.10 (Borsuk-Ulam theorem). For any continuous map f : S™ — R™,
there exists xo such that f(—xo) = f(zo).
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2. THE POINCARE DUALITY AND ITS APPLICATIONS

€ The Poincaré duality.
Let M be an oriented manifold of dimension n. We have the following maps

o Ut Hbp(M) x HY(M) — HE(M), (], [n]) = [w A,

. fM:HC”(M)—>R, [w]l—>wa.

For any 0 < k < n, consider the bilinear pairing map
Ply s i) x HHOD) B, Pl ) = [ o
M
The map Py, induces the following Poincaré duality operator

Pl s Hiah) - (H2400) . P = {n [ wanf.

For example, if M is connected, P, maps the element 1 € R ~ H%,(M) to the linear map

/:HS(M)—HR, n»—)/n
M M

on H?(M), so that one can think of [, as an element in (H}(M))".

The major theorem we would like to discuss in this section is

Theorem 2.1 (Poincaré duality). For any oriented manifold M and any k, the Poincaré
duality map P%, is a linear isomorphism from H%,(M) to (HC"*’I“(M)Yk

Remark. If dim H™*(M) < oo, then (H?*(M))" is isomorphic to H"*(M). So we get
Hip(M) ~ HH(M).
Example. For M = R"™, we have

ko mony ) R, k=n, ko o~ ) R k=0,
Ezample. For M = S, we have HF(S") = Hjp(S™) ~ { 157 l]j; ;:é 8,27

Example. For any connected oriented manifold of dimension n, we have already seen
HY(M) ~ R ~ H?(M)
and

R, M is compact } ~ HO(M).

Hip(M) =~ { 0, M is non-compact
Ezample. Let M = U,;en(7,7 + 1) be a countable union of disjoint open intervals. Then

Hyp(M) =~ [[R=A{(a1,02,---) | e € R}
€N
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and (Note: H!}((7,i+ 1)) ~R.)
HYM) ~ @R = {(ai,ag,--+) | a; € R, all but finitely many a;s are zero }.
ieN
A well-known fact (but non-trivial) in algebra:
(@ R) =[[®R  while <H R) # PR
i€N ieN ieN ieN
So we have Poincaré duality
Hijp(M) = (H!™*(M))".
But in general

(Hir(M))" o Hy ™" (M),

¢ The Poincaré duality: Sketch of a proof.

In what follows we will sketch a proof of Poincaré duality for oriented manifolds admitting
a finite good cover, although the theorem holds for any oriented manifold. We need

Lemma 2.2. The following diagram commutes:

-1 k+1
o —>H§R(M)L>H§R(U) ©® H(];R(V)LHQCR(U nv) =1) Hﬁ%rl(M) -
T Pl Py

where the bottom row is the dual of the Mayer-Vietoris sequence for compactly supported de
Rham cohomology groups.

Sketch of proof of Poincaré duality for oriented manifolds M admitting a finite good cover.
We proceed by induction. The theorem holds for M admitting one good chart, in which case
M ~ R"™ and the isomorphism follows from the two versions of Poincaré lemma that we
proved.

Now suppose the theorem holds for manifolds admitting a good cover of no more than
k — 1 open sets, and suppose M admits a good cover {Uy,--- ,U,}. We let

U:U1U"'UUk_1 and V:Uk

Then U,V and U NV all admit a good cover of no more than k£ — 1 open sets. By induction
hypothesis, P, PE and PF., are all isomorphisms. By the above lemma and the Five
Lemma (see Lecture 26), P¥, is an isomorphism. O
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9 Application 1: The Kiinneth formula for H*(M x N).

As a corollary, we get (the result actually holds for any manifold M)

Corollary 2.3. For any oriented manifold M whose compact supported cohomology groups
are finite dimensional,

HM (M x RY ~ HE(M).

Proof. By Poincaré duality and homotopy invariance of the de Rham cohomology groups,

HMH M x RY) o~ HIFFH M x RY ~ HIZF(M) ~ HE(M). -

More generally, one can prove (the result actually holds for any manifold M)

Corollary 2.4 (Kiinneth formula). If M, N are orientable with finite good cover, then
HF(M x N) @H’ ® HF(N).
Proof. By Poincaré Duality and the Kiinneth formula for the de Rham cohomology groups,
m+n—=k

HF(M x N) ~ H'F"*(M x N) @ Hip(M) @ HH RN,

The indices 7 should satisfy i <m and m+n —k —i <n,ie. m—k <i<m. Thus

HE(M x N)~ @ Hijp(M) @ Hy " (N) ~ @ Hyjy (M) @ Hj""(N).
i=m—~k =
Now the result follows from the Poincaré duality. O

€ Application 2: The Betti numbers and the Euler characteristics.

We also give a couple applications to the Betti numbers and the Euler characteristics.
Recall that the Betti number

b, = dim HA (M),

and the Euler characteristic

We have

Proposition 2.5. Let M be a compact orientable manifold of dimension m, then

(1) For any k, by, = by, k.
(2) If m =4n + 2, then by, is even.
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Proof. (1) This follows from the fact
Hyp(M) = Hy7H(M) = Hy"(M).
(2) follows from the non-degeneracy of the pairing
Pyt HI (M) x Hppt (M) — R.

If fact, for any [w], [] € HixtH (M), we have

Pyt (vl [n]) = /Mw A= /M<—1)(2"+”(2"“)n Aw = =Pt (), [w])-

It follows that the matrix for the pairing Py @ Hip™ (M) x HIET (M) — R is an anti-
symmetric by, 11 X by, matrix. So

det( Pyt = det((Pyth)T) = (—1)b2ns1 det( P,
So ba,y1 must be an even number, otherwise det(Pi; ") = 0 and thus Pi;*! is not a non-
degenerate pairing. 0
As consequences, we get Finally we prove

Theorem 2.6. Let M be a compact oriented manifold.
(1) If dim M = 2n + 1, then x(M) = 0.
(2) If dim M = 4n + 2, then x(M) is even.

Proof. (1) If dim M = 2n + 1, we have

2n+1 n 2n+1

X(M) = Z(_l)kbk = Z(—l)kbk + Z (—1)*bant1-s

k=0 k=0 k=n+1

=D (=) + (1),

Il
e

(2) Suppose dim M = 4n + 2, then the same argument yields

An+2 2n

X(M) = (=Df =Y (=) + (1)) by + b

k=0 k=0

Since (—1)* + (—1)1"27% = 42 and since by, is even, the result follows. O
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q The Poincaré dual of a submanifold.

Now let M be an oriented manifold of dimension m and let ¢ : S < M be a closed
oriented submanifold of dimension k& < m. Then the map (why it is well-defined?)

/S:Hf(M)—HR, >—>/

defines an element [¢ in (H MM ))*, and thus by Poincaré duality, it defines an element
Pdy(S) in H75*(M), characterized by the following property: if w € Z™7%(M) is a repre-
sentative of Pdy(S) € H7w ¥(M), then for any [n] € HF(M), we have

/L*n:/ nAw.
S M

Definition 2.7. We call Pdy,(S) the Poincaré dual of S in M.

Example. Let M be closed and oriented. Then M itself is a closed oriented submanifold of
M. By definition, the element in Hj,(M) corresponding to the (sub-)manifold M is [1], i.e.

Pdy (M) = [1].
Example. Let M be a closed oriented manifold of dimension m, and let
A={(r,z) |reM}CMxM

be the diagonal submanifold. We would like to calculate Pdyswp(A) € HJL(M x M). We
denote by pry : M x M — M and pro : M x M — M the two canonical projections of
M x M to the two components. Let

{1 <i<b;}
be a basis of H),(M), where b; = dim H7,(M) is the j, and let
(7)1 <0< by = by}
be the dual basis of Hﬂ{j (M) under Poincaré duality, namely,
/ W AV =6, V1 <k < b
M
Then we have

/ (priw] Apryvit YA (priv ™" Apriwy)
MxM

(—1ymm=) /M il A A e )
X

gy [l o) [l ag)
M

(_ 1)m(m—]) 5'rj 52’3 5tk )

which implies that
{lpriw! Aprsv 110 <j <m, 1<k <b;}
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are linearly independent. By Kiinneth formula and dimension counting, they form a basis
of HJ,(M x M). Thus we can write

Pdyxm(A) = Z cé’k[prfwf A privi ).
g,k
To calculate the coefficients, we let w € Z™(M x M) be a representative of Pd sy (A) and
for each r, s, t, calculate both sides of

|t npse) aw= [ G D).
MxM A
Since [w] = Pdasxar(A), the left hand side gives
m ik * ] * -7 *_ m—r * 7
LHS = (-1) ch / (priw! Apravy ™) A (privy"™" A pryw;)
ik MxM
= (=)™ (=16, 6.0
ik
= (e

For the right hand side, if we denote ¢ : M — A be the orientation-preserving (why)
diffeomorphism given by ¢(z) = (x,x), then priovoy = Id = pry o v o ¢ and thus

RHS = / O (priviTT A priwy) = / VAW = (=1)"mrgy,
M M
So we conclude ¢ = (=1)"8, = (—1)"d4, and thus
Pdyem(A) = Z(—l)j[prfwf A privi).
1,3
q The Lefschetz fixed point theorem.
More generally, let f: M — M be a smooth map, and

Oy = {(& f(2) | x.€ M} € M x M
be its graph. Then the pull-back f*: Hjp(M) — H}5(M) is linear and thus has the form

frwl) =) Al
k
By the same computation as above, one can show (exercise)
Pdaren(Ty) = > (=17 Ay [priw! Apryvy™].
irj.k
As a consequence, we have
Proposition 2.8. Let 1 : A — M x M be the inclusion map. Then

/AL*PdeM@f) — Z(—l)jtr(fﬂHZR(M)).

J
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Proof. Let ¢ : M — A be given by ¢(x) = (z,x) as above. Then

/AL*PdeM(A) / P U Pdaran (D) Z ZA /w Ny
:Z ZA

= Z 1)7tr(f* |Hﬂ ony)- 0

This result has a very important application. Recall from PSet 4-1-4:

Let f: M — M be a smooth map. A point p € M is a called a fized point of
fif f(p) =p. Wesay [ is a Lefschetz map if for each fixed point p of f, 1 is
not an eigenvalue of df,, : T,M — T,M. The local Lefschetz number L,(f) of
a Lefschetz map at a fixed point p is the sign of the determinant det(df, —Id),
ie. Ly(f):=1if det(df, —1d) > 0, and L,(f) := —1 if det(df, — Id) < 0.

Theorem 2.9 (Lefschetz fixed point theorem). Let f : M — M be a Lefschetz map. Then

Z Ly(f) = Z(_l)jtr(f*|H£R(M))'

peFiz(f) J

I will not give a detailed proof since it was assigned as an “A*-project”.

€[ The Poincaré-Hopf theorem.

Finally we let M be a compact oriented smooth manifold, and X a smooth vector field
on M. Then for ¢t small enough, the fixed points of the flow ¢! : M — M generated by
X are exactly the zeroes of X. Let x be a zero of X, then we get a family of linear maps
det : T,M — T, M, and thus a linear map

d
Ap = — 1 (dgy).

dt|,_,
Definition 2.10. We say z is a nondegenerate zero of X if det A, # 0. In this case we call
the number
Ind(X,z) = sgn(det A,)
the index of X at x.

Remark. Let xo be a non-degenerate zero of a smooth vector field X on M. Choose a local
coordinate system near xo so that zo is the only zero of X. Then X defines a vector field

X on V C R" with a non-degenerate zero at 0. In particular, for » small enough, X has no
zero on the sphere S(r) = {x € V | |x| = r}. Consider the map F, : S(r) — S"! by

Fo(z) = X(2)/|X ()]
Then one can prove: deg F,. = Ind(X, xp). In other words, the index of a vector field at each
non-degenerate critical point is a mapping degree.
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Note that by definition
det(dy! — I) = det(tA, + h.o.t.) = t"det A, + h.o.t.
and thus L,(¢") = Ind(X, x). So we get
S hd(Xoz) = S L) = () gy )
J zeFiz(pt) J

But ¢ is homotopic to the identity map, and thus (¢')* = Id, and thus we proved the
following famous theorem that I promised to some of you last semester:

Theorem 2.11 (Poincaré-Hopf theorem). Let M be a compact oriented smooth manifold,
and X a smooth vector field on M, with only non-degenerate zeroes x1,--- ,xy. Then

ZInd(X, ;) = x(M).

3. READING: GAUSS-BONNET-CHERN THEOREM

€ Vector bundles.
We need some definitions:

Definition 3.1. Let £, M be smooth manifolds, and 7 : E — M a surjective smooth map.
We say (m, E, M) is a wvector bundle of rank r if for every p € M, there exits an open
neighborhood U, of p and a diffeomorphism (called the local trivialization)

O, N U,) — Uy x R”
so that

(1) E, = n~!(p) is a r dimensional vector space, and ®,|g, : £, — {p} x R" is a linear
map.
(2) For U, N Ug # 0, there is a smooth map gg, : Uy N Uz — GL(r,R) so that
g0 ® 1t (m,v) = (M, gsa(m)(v)), Ym e U, NUgveR"
We will call E the total space, M the base and 7—1(p) the fiber over p. (In the case there is
no ambiguity about the base, we will denote a vector bundle by E for short.)

For example, we have seen the following vector bundles:

e the tangent bundle T'M of a smooth manifold M.
e the cotangent bundle T*M of a smooth manifold M.
e the normal bundle NgM of a submanifold S in M

One may define the conception of vector bundle isomorphism (try to define this by yourself),
and prove (exercise)

Lemma 3.2. Let A C M x M be the diagonal submanifold. Then NA is isomorphic to TA.

Roughly speaking, a vector bundle E over M is “a smooth varying family of vector
spaces parameterized by a base manifold M”. It is not hard to get
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Proposition 3.3. For any vector bundle E over M, one has
H(’;R(E) = H(’;R(M), Vk.

Proof. This is a consequence of the homotopy invariance: E is homotopy equivalent to M,
since if we let s : M — E be the zero section, then 7o sy = Idy, and sy o m ~ Idg via the
homotopy

F:ExR—=E, (z,v,t) — (z,tv). O

Again by Poincaré duality, we get the following generalization of Corollary 2.3:

Theorem 3.4 (Thom isomorphism). Let E be a rank r vector bundle over M. Assume
both E and M are oriented with finite dimensional compact supported de Rham cohomology
groups, then
HYE)~ HF (M),  VE.
Proof. We apply Poincaré duality twice:
Hy(E) ~ Hyg"*(B) ~ Hy" ™" (M) ~ Hy™"(M). O

q The Thom class and the Euler class.

Now let M be an oriented, compact and connected smooth n-manifold, and E an oriented
vector bundle of rank r over M. Then the zero section

so: M — E,z v~ (2,0)
defines an embedding of M into F.
Definition 3.5. We call 7(F) := Pdg(M) € H.(E) the Todd class of (w, E, M).

Remark. The constant function 1 on M gives us a degree-0 cohomology class [1] € H)(M).
So the Thom isomorphism above produces an element

T(E) € HI(E).

One can show that this is the same as the Poincaré dual of M in E.

Let E be an oriented vector bundle of rank r over an oriented connected compact smooth
manifold M. Let s : M — E be any global section of F, that is, a smooth map such that

mos=Idy.
Then by using the pull-back, we get an element
$*(7(B)) € Hjp(M).

Proposition 3.6. The de Rham cohomology class s*(r(E)) is independent of the choices of s.

Proof. Let so : M — E be the zero section. Then sy ~ s via the homotopy
F: M xR, (m,t) — (m,ts(m)).
So s*(1(F)) = s§(1(E)). O
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Definition 3.7. The de Rham cohomology class

e(E) = s"(1(E)) € Hjp(M)
is called the Fuler class of E.
¥ Gauss-Bonnet-Chern theorem.

The following theorem is an important part of Gauss-Bonnet-Chern theorem:

Theorem 3.8. Let M be a compact oriented manifold Then
/ e(TM) = x(M).
M

Proof. Since A is diffeomorphic to M, and since TA ~ NA as vector bundles over A,

/Me(TM):/Ae(TA):/Ae(NA).

But by definition and the characterization formula of Poincaré dual,

[ ewa) = [ sirva) = [ iPDya(d) = [ PDya(d) A PDys(D)

By tubular neighborhood theorem, we get

/ PDNA(A) /\PDNA(A) _/ PDMXM<A) /\PDMXM<A) _/ L*PDMXM(A),

M xM A
where ¢ : A — M x M is the canonical embedding. But if we apply Proposition 2.8 to the
identity map, we have

/ Pyt (A) = y(M).
A
So we get the desired formula. 0

There is a geometric way to define the Euler class: One first fix a connection V on FE,
and let Ry be the curvature 2-form of V. Then according to the famous Chern-Weil theory,
if the rank of E is even, then x(E) can be calculated via Ry,

X(E) = [Pf(Rv)]
where Pf is defined as follows: For any A = (a}) € so(r),
1) o(3) o(r—1)

B 1 o o(l)
Pf(A) - W UGZS (_1) aa(2)aa(4) T aa(r)

It is homogeneous polynomial of degree r/2.
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Finally we assume M is a closed oriented smooth manifold of dimension m = 2n. Endow
with M a Riemannian metric, and consider the tangent bundle £ = T'M. Then we have a
Levi-Civita connection V on T'M, and we arrive at the famous

Theorem 3.9 (Gauss-Bonnet-Chern). We have

/M Pf(Ry) = x(M).

Dedicated to
Shiing-Shen Chern (1911-2004)

for his 110th Birth Anniversary



