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CONNECTEDNESS

1. CONNECTEDNESS: DEFINITIONS AND EXAMPLES

€[ Connectedness: The definition.

Connectedness is one of the simplest/most useful topological properties. It is in-
tuitive and is relatively easy to understand, and, it is a powerful tool in proving many
well-known results, e.g. the intermediate value theorem (see Lecture 1).

For topological spaces which have simple pictures, it is easy to tell whether the space
is connected or not. But for more complicated spaces, it may be more complicated to
tell whether the space is connected or not.
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F1GURE 1. Connected or disconnected

For abstract topological spaces that we don’t know how to draw a picture, we al-
so want to ask the question of connectedness. For example, the discrete topological
space (with more than one element) should be very disconnected. But, is the Sor-
genfrey line connected or disconnected? Is the space of continuous functions on [0, 1]
connected or disconnected? Of course some of these problems are not quite interest-
ing. However, people do concern on the following problems which arise naturally in
analysis: Is C(S',R?) connected? Is C(S*,R? \ {0}) connected? Is the path space
{y€C([0,1], X) | 7(0) = v(1)} connected?

So we need a rigorous definition of connectedness (via the collection of open sets).
Before we give such a rigorous definition, let’s first look at a couple sets in R

(a) (0,3)  (0) (0,1)U[2,3) () (0,H)U(L,3]  (d) (0,1]U(1,3)

Of course (a) is connected, (b) and (c) are disconnected, while (d) is connected! Al-
though (d) looks like a union of two intervals, they are really one interval (0, 3) written
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as a disjoint union of two subsets. The two subsets (0,1] and (1,3) are “attached”
together at the point 1, which is an element of (0, 1], but sits inside the closure of
(1,3]. For the case (c), although the two “components” (0,1) and (1,3] sit “next to
each other”, it is still disconnected because (0, 1) contains no element in the closure of
(1, 3], and (1, 3] contains no element in the closure of (0, 1).

This example motivates us to define connectedness. Unlike most other conceptions
that you learned, connectedness is defined by its opposite:

Definition 1.1. Let (X, .7) be a topological space.
(1) We say X is disconnected, if there exists non-empty sets A, B C X such that
X=AUB and ANB=AnNB=4.

(2) We say X is connected if it is not disconnected.
(3) We say a subset in X is connected/disconnected if it is connected/disconnected
with respect to the subspace topology.

Note that by definition, the empty set is connected!

€ Connectedness: Equivalent characterizations.

The definition above is intuitive but is also a little bit complicated. Fortunately
we have several other equivalent ways to describe connectedness.
Proposition 1.2 (Equivalent definitions/characterizatoins of connectedness).

For a topological space X, the following are equivalent:

(1) X is disconnected,

(2) there exist non-empty disjoint open sets A,B C X s.t. X = AU B,
(3) there exist non-empty disjoint closed sets A,B C X s.t. X = AUB,
(4) there exist A # (0, A # X such that A is both open and closed in X .
(5) there exists a surjective continuous map f: X — {0,1}.

Proof. We have (2) <= (3) <= (4) because
X=AUB and ANB=0 <= A°=B and A= B°.
The conclusion (1) = (3) follows from
ANB=0, X=AUB = B=BNnB=XNB=8,
which implies that B is closed. Similarly A is closed.
Finally to prove (3) = (1), we take disjoint closed sets A, B in X such that
X =AUB.
Then ANB = AN B = () and similarly AN B = 0.

Finally we have (5) = (2) trivially, and we have (2) <= (5) because we can
define f(A) =0 and f(B) = 1, which is continuous by definition. O
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€ Examples of connected and disconnected spaces.
Ezample 1.3. (X, Ziyivial) is connected, while (X, Zgiscrete) 18 disconnected for | X| > 2.

Example 1.4. Q C R is disconnected, since
Q = ((—00, —V2) NQ) U ((—V?2,+0) N Q).

Note that the only connected subsets in Q are single point sets, since there exist
irrational numbers between any two rational numbers. [However, the induced subspace
topology on Q is NOT the discrete topology!]

Definition 1.5. We say a topological space is totally disconnected if the only connected
subsets are single point sets.

Example 1.6. Q, Q°, the Cantor set, discrete spaces are all totally disconnected.

Ezample 1.7. The Sorgenfrey line (R, Tgorgenfrey) is totally disconnected: For any sub-
set A C R with at least two elements, say, a < b, we take ¢ € (a,b). By definition,
both (—00,¢) = Uz<clz,c) and [¢,+00) are open in (R, Tsorgenfrey). 1t follows that
A= A UA,, where A = AN (—o0,c¢) and Ay = AN [¢,00) are both non-empty and
open.

Ezxample 1.8. R is connected (w.r.t. the usual Euclidean topology).

Proof. Suppose R is disconnected. Then there exists an open set U C R
s.t. U° is also open, and U # (), U¢ # (). Without loss of generality, we
assume that there exist a < b such that a € U and b € U°. Let

A={zeU|z<b}

and let ¢ = sup A. Then

e c¢ U: If ceU, then e > 0 s.t. b > c+¢e € U, a contradiction.

e c¢ U If ceU®, then 3¢ > 0 s.t. (c—e,c] C U®, a contradiction.
So c¢ UUU® =R, a contradiction! O

Remark 1.9. By the same proof, one can show that all intervals
(a’ b)v [av b]v {a}’ (a’a b]a [CL, b)v ((L, —I—OO), [av +OO)7 (—OO, b]) (_OO: b)7 (—OO, ‘I’OO)

are connected. Conversely, by an argument similar to Example 1.4, one can show that
these intervals are the only non-empty connected subsets of R.

Remark 1.10. In the proof we only used the fact that R has an order relation < s.t.

(1) Any subset that is bounded above has a least upper bound.
(2) For each pair x < y,Jz s.t. z <z < y.

So the same result holds for any totally ordered set satisfying (1),(2) (called “Dedekind
complete”) equipped with the order topology.
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¢ The continuity method.

In particular we see any interval (including R itself) is connected. This is a simple
but very useful fact.

‘The continuity method: ‘

To show a family of properties P(t) hold for all ¢ € I, it suffices to check
(a) 3tg € I s.t. P(ty) holds.

(b) {t | P(t) holds} is open in I.

(¢) {t | P(t) holds} is closed in I.

= P(t) holds for all t € I.

For example, in proving Calabi conjecture, S.T.Yau need to solve the so-called Monge-
Ampére equation MA(p) = F. He constructed a family F; with F; = F, so that
the equation M A(y) = Fy could be solved easily. Then he proved that the set S =
{t | MA(p) = F, admits a solution } is both open (this step is relatively easy and is
also known as the method of continuity) and closed (this step is the hard part where
he need to prove various a priori estimates).

Here is a simple example illustrating how to use the continuity method:

Example 1.11. If f: R — R is a real analytic function, and there exists 2y € R s.t.
™ (z0) =0, Vn.
Then f(x) =0.

Proof. Let S ={x € R | f™(z) =0,Vn}. Then

® Ig € S =9 7é @
e Sisopen: x € S = any y within the convergence radius of f at x lies in S.
e Sclosed: z,, € S,x, > 19 = x9 € S.

Conclusion: S =R, i.e. f(z) =0. O

Remark 1.12. One may regard the continuity method as a “continuous version” of
mathematical induction. Sometimes to prove P(t), one need to introduce auxiliary
properties A(t) and apply the following variation of continuity method (for example,
c.f. T. Tao, Nonlinear dispersive equations, §1.3.)

‘Abstract bootstrap principle:‘

To show a family of properties P(t) hold for all ¢ € I, one may introduce
auxiliary properties A(t) with the same set of parameters ¢, and check
(a) For any ¢, A(t) implies P(t)

(b) If P(to) holds, then A(t) holds for ¢ near t,

(¢) {t | P(t) holds} is closed in I.

(d) Jto € I s.t. A(tp) holds.

= P(t) holds for all t € .
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2. CONSEQUENCES OF CONNECTEDNESS

4 Generalized intermediate value theorem.

We list a couple properties of connected spaces. The first property is the one we
have mentioned in Lecture 1:

Proposition 2.1 (Generalized Intermediate value theorem). Suppose f : X — Y is
continuous. Then for any connected subset A C X, the image f(A) CY is connected.

Proof. By contradiction we suppose f(A) is disconnected. Then there exist non-empty

open sets Vi, Vo in Y with V; N f(A) # 0 (i =1,2) and Vi NVo N f(A) =0, s.t.
flA) = Winf(A)uVan f(A)).
Now let A; = f~1(V;) N A. Then Ay, Ay # 0, A; N Ay = (), and
FIA) C ViUV, = A= A, U Ay,
which is a contradiction. 0J

Remark 2.2. Of course it may happen that the image of a disconnected set under a
continuous map is connected.

In particular connectedness is a topological property:

Corollary 2.3. If f : X — Y s a homeomorphism, then X is connected if and only
if Y is connected.

Since the only connected subsets in R are intervals, we get

Corollary 2.4 (Intermediate value theorem). If X is connected, f : X — R is contin-
uous, and if there exist x1,x9 € X s.t. f(x1) =a < b= f(xq), then for any a < c < b,
there exists x € X s.t. f(z) =c.

Proof. f(X) is an interval containing a and b, and thus contains c. O

Another immediate consequence is

Corollary 2.5 (Borsuk-Ulam Theorem, n = 1). For any continuous map f : S* — R,
there exists xoy € St such that f(xy) = f(—).

Proof. Define F : S' — R by F(x) = f(z) — f(—x). Pick any a € S*. If F(a) = 0,
we are done. If F'(a) # 0, then both F(a) and —F(a) = F(—a) lie in the image of S*
under F. Since S! is connected, we conclude that 0 is in the image of F. O
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q The closure.

Next we give several useful criteria for connectedness:

Proposition 2.6. If A C X is connected, A C B C A, then B is connected.

Proof. If B is disconnected, then there exist open sets Uy, Us of X s.t. if we let
Bi=UiNB, By=UyNB,

then By, By # () and B = By U By (so in particular B C Uy U Us). We set
Ai=UNA, Ay=UNA.

Since A C B, and since A is connected, we conclude that either A; = (), or Ay = 0.
WLOG, let’s assume A; = (). Then A C Uf. It follows A C Uf, which implies B C U¥.
So By = BN U, = 0, contradiction. O

In particular, we get

Corollary 2.7. If A is connected, so is A.

As another consequence, we see that the middle one in Figure 1 is connected:
Corollary 2.8 (“Topologist’s sine curve”). For any subset C' C {(0,t) | —1 <t <1},
the set ]

S={(z,y) |0<2x<1l,y=sin—-}UC CR?
x

18 connected.

€ The union.
The next proposition, although looks simple, is very useful:

Proposition 2.9. Let A, C X be a collection of non-empty connected subsets in X,
and assume Ny Aq # 0. Then U, A, is connected.

Proof. Denote Y = U, A,. Assume Y =Y, UY5, where Y1 NY; = (), and
Yi=YNnU, Yo=YnNU,,

where Uy, U, are open in X. Take any =z € N, A,. WLOG, assume z € Y;. For any «a,
since

Ay = (A NU) U (A NUy),
and since z € A, N U; which implies A, NU; # (), we conclude A, NUy; = ) since A,
is connected. It follows

Vo= (JAx) NU: = J(Au N Ts) = 0.

67

So Y is connected. O

Corollary 2.10. Suppose Ay, Ay, -+, Axy (N < 400) are connected, and A,NA, 11 # ()
holds for any n < N, then UY_| A,, is connected.
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Proof. By induction and the above proposition, for each n, the set
B, =AU---UA,

is connected. Now the conclusion follows since NY_, B,, # 0. O

q The product.

Another consequence of the fact that “the union of connected sets with a common
point is connected” is

Corollary 2.11. If X,Y are connected, so is X x Y.
Proof. We may assume X,Y are non-empty. Fix b € Y. Then X x {b} is connected
since it is the image of a connected set X under a continuous map
Jp: X > X XY, xw—(x,0).
It follows that for any x € X, the set
({a} x V) U (X x {b})

is connected. Moreover, since

Nz} x Y)U (X x {b}) #0,

T

we conclude that
XxY ={J(({z} xY)U (X x {b}))

is connected. O
Corollary 2.12. R™ [0,1]" and S™ are connected.
Proof. For S™, we can write S™ = STUS™, where S} = S™\{0,--- ,0, %1} are connected
since they are homeomorphic to R" via the stereographic projection. 0

It turns out that the connectedness is productive:
Proposition 2.13. If for each o € A, X, is connected, then the product space I, Xa
15 connected with respect to the product topology.
Proof. For any «, fix an element a, € X,. For any finite set of indices K C A, by
induction the product [[,cx Xq is connected. Let

Xk ={(x4) | 2o = a, for a ¢ K}.

Then X is the image of under the canonical embedding map

jK : H Xoc — H Xo H Xa X H Xoul (xa)ocEK = ((xoz)aEKv(aa)agK)

acK acl acK agK

1One should check that the product topology is commutative and associative, i.e. if A = UgAg,
where Ag N Agr = 0 fro 8 # ', then [[ o) Xo ~ Hﬁ (HaeAB XO[)7 where each product is endowed
with the product topology.
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which is continuous, so X is connected. Note that by construction, (a,) € Ng Xx. So
by Proposition 2.9, the set

X = U XK
finite KCA
is connected. On the other hand, there is no non-empty open set inside

X=( U Xor-— N X

finite KCA finite KCA
So we conclude

X = (Int(X)° = (0)° = ] Xe.
It follows from Proposition 2.6 that the product space [], X, is connected. 0J

Remark 2.14. Conversely if [, X, is connected, then each X, is connected since it is
the image of ], X, under the projection map which is continuous.

Remark 2.15. When endowed with the box topology, M([0,1],R) = R =T[,c, R
is disconnected, although each component R is connected. [This is another reason that
we prefer the product topology on the product space.|

Reason: Let
A={f:[0,1] = R | 3M st |f(z)| < M},
B={f:[0,1] >R | sup |f(z)] = 400}

Then M([0,1],R) = AUB, and both A and B are open in box topology:
feAd={g:10,1] =R [g(x)e (f(z) -1 f(x)+1)} C A,
feB = {g:[0,1] >R [g(x)e (f(z) -1, f(zx)+1)} CB.

So M([0, 1], R) is disconnected with respect to the box topology.



