LECTURE 8: THE RIEMANNIAN CURVATURE

1. THE RIEMANN CURVATURE TENSOR

€ The Riemann curvature tensor of type (0,4).
Given any linear connection V on M, one gets a type (1,3) curvature tensor R
R(X,)Y)Z =VxVyZ = VyVxZ —=Vixy1Z

which measures the non-commutativity of “second order/iterated covariant deriva-
tives”. Locally one may write R as

R = Rijldr' @ do? @ da* @ 0.

Now suppose (M, g) is a Riemannian manifold and V is the Levi-Civita con-
nection. By using the Riemannian metric g (via the musical isomorphism) one can
convert the (1,3)-tensor R to a (0,4)-tensor Rm € I'*°*(®%TM) defined by

Rm(X,Y,Z,W) = —g(R(X,Y)Z,W).

Definition 1.1. We call Rm the Riemann curvature tensor of (M, g).

Locally if we write
Rm = Rijudr’ ® di’ @ da* @ dat,
then
Riji = Rm(0;, 0;, 0k, 0)) = —g(Rij" Oy O1) = —Gmu Ry,
In other words, the Riemannian metric “lower one of the the index”.

ijk

Ezample. For 8™ (equipped with the standard round metric), we have seen

RX,Y)Z =(Y,2)X — (X, Z)Y.
Thus the Riemann curvature tensor is

Rm(X,Y, Z,W) = —(Y, Z){X, W) + (X, Z)(Y,W).
Now we introduce the Kulkarni-Nomizu product () that converts 2 symmetric (0, 2)-
tensors 77 and T into one (0, 4)-tensor 73(N)T> defined by
(MiNVT)(X,Y, Z, W) :=TV(X, 2) (Y, W) + T1 (Y, W) T5(X, Z)
—T( X, W)Y, Z) - TV(Y, Z)To( X, W).

As a result, we get a very brief expression for the Riemann curvature tensor of S™,

1
Rm = §g@g.
1
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€ Symmetries of Rm.
By definition the (1, 3)-tensor R admits the anti-symmetry
R(X,Y)Z = —R(Y, X)Z.

Moreover, if V is torsion free, then the curvature tensor R admits two more cyclic
symmetry, namely the first Bianchi identity

R(X,Y)Z+ R(Y,Z)X + R(Z, X)Y = 0.
and the second Bianchi identity
(VxR)(Y,Z W)+ (VyR)(Z, X, W)+ (VzR)(X,Y,W) = 0.

Obviously one can convert the symmetries of R to symmetries of Rm, namely

(1) Rm(X,Y,Z, W)+ Rm(Y, X, Z,W) =0,
the first Bianchi identity
(2) Rm(X,Y, Z, W)+ Rm(Y,Z, X, W)+ Rm(Z, X, Y, W) =0,

and the second Bianchi identity
(3) (VxRm)(Y,Z, W, V)+ (VyRm)(Z, X, W, V) + (VzRm)(X,Y,W,V) =0,
or in local coordinates as
Riji + R = 0,
Rijii + Rjgia + Riiji = 0,
Rijkin + Rjnkizi + Rriri;; = 0.
where we denote R;ji.n = (Va, R)(0i, 0, Ok, O)).
By staring at the Riemann curvature tensor Rm of the standard S™, we may
find more (anti-)symmetries than the ones we have seen, e.g. one can exchange Z
with W to get a negative sign, or even exchange X,Y with Z, W. In fact these two

(anti-)symmetries are consequences of metric compatibility, and thus hold for any
Riemannian manifold:

Proposition 1.2. The Riemann curvature tensor Rm satisfies

and
(5) Rm(X,Y, Z, W) = Rm(Z,W, X, Y).

Proof. For simplicity we denote f = (Z, Z), then by metric compatibility,
(VxZ,Z)=Xf—-(Z,NVxZ),
in other words,

(VxZ,Z) = %X f
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It follows
1
(VxVyZ,7)=X(NyZ,7Z) — (VNyZ,NxZ) = §X<Yf) —(VyZ,VxZ).
So
—Rm(X,Y, Z,Z)=(R(X,Y)Z,Z) = (VxVyZ —VyVxZ — VixyZ, Z)

1 1

1
= SX(Vf) = Y (X[) - 5[X,Y]f =0,

As a consequence, we get
Rm(X,Y,Z, W)+ Rm(X,Y,W, Z)
=Rm(X,Y, Z+ W, Z+W)—-Rm(X,Y,Z,Z) — Rm(X,Y,W, W) =0,
which implies (4).

The equation (5) is a consequence of (4) first one together with (1) and (2). In
fact, by the first Bianchi identity (2) one has

Rm(X,Y,Z,W)+ Rm(Y,Z,X,W
Rm(Y, Z,W,X) + Rm(Z,W,Y, X
Rm(Z,W,X,Y)+ Rm(W,X,Z,Y
Rm(W, XY, Z) + Rm(X,Y,W, Z

+ Rm(Z,X,Y,W) =0,
+ Rm(W,Y, Z,X) =0,
) =0
)=0

~— ~—

+ Rm(X, Z,W,Y) =
+ Rm(Y,W, X, Z

Y

~—

Adding these equations and using (1) and (4), we get
Rm(Z, X, Y, W)+ Rm(W,Y,Z, X) =0,
which is equivalent to (5). O

By using (5) we may rewrite the second Bianchi identity (3) as
) (VubBm)(Y,Z,V.W) + (Vv Rm)(Y, Z,W,U) + (VwEm)(Y, Z,U,V) = 0,
In local coordinates, the identities (4), (5) and (3") become
Rijii = —Rijit, Rijii = Rpuj, and  Rijgin + Rijing + Rijngg = 0.
€ The curvature operator R.

According to (1) and (4), the Riemann curvature tensor Rm can be considered
as acting on two bi-vectors X A'Y and Z A W instead of acting on four vectors
X, Y, Z, W. In other words, we may write Rm as

Rm : A(TM) x A2(TM) — C>(M).

Since the Riemannian metric on M induces an inner product on each A*(7,M), one
may convert the tensor Rm into an operator R : A*>(TM) — A?*(T'M) such that

(RIXAY),ZAW) = Rm(X AY,ZAW) := Rm(X,Y, Z,W).

Moreover, the symmetry equation (5) implies that R is a self-adjoint operator on
each A?(T,M). The operator R is called the curvature operator.
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2. DECOMPOSITION OF THE RIEMANN CURVATURE TENSOR

€ Some tensor algebra: symmetric tensors.

Let V be any vector space. Recall that A2V* C ®2V* represents the space of
anti-symmetric 2-tensors on V, while S*V* C ®2V* represents the space of sym-
metric 2-tensors on V. Any 2-tensor 1" on V can be decomposed uniquely as the
summation of a symmetric 2-tensor and an anti-symmetric 2-tensor as

T(u,v) + T (v,u) n T(u,v) —T(v, u)

T —

If dim V' = m, then we have
—1 1

mm =D hd dims?yr = MY

2 2

Note that by definition, S?(A?V*) contains (0,4)-tensors that are symmetric with
respect to (1,2) <> (3,4) and anti-symmetric with respect to 1 <» 2 and 3 <> 4, i.e.

T(X,Y,Z,W) = ~T(Y, X, Z,W) = —T(X,Y, W, Z) = T(Z,W, X,Y).

For example, one can easily check that for any two symmetric (0,2)-tensor S, T €
S%(V*), their Kulkarni-Nomizu product ST € S?(A?V*). The set S?(A?V*) is a

vector space of dimension

dim A2V* =

m(m — 1)(m* —m + 2)
3 .
Moreover, the space of 4-forms, A*V*, is a subspace of S?(A?V*) with dimension

(7) dim A*V* = (T)

(6) dim S%(A?V*) =

Let a,8 € A?V* be any two linear 2-forms, both viewed as skew-symmetric
2-tensors on V. Define the symmetric product of a and S to be the (0, 4)-tensor

(8) (a®B)(X,Y, Z,W) = a(X,Y)B(Z,W) + (2, W)B(X.Y).
In local coordinates one can write
(a® Bijir = ijfr + o Bij-

Obviously each a® 3 is in S?(A?V*). Tt turns out that these (0,4)-tensors generates
the whole space S?(A?V*):

Lemma 2.1. Any element in S*(A*V*) can be written as a linear combination of
elements of the form a ® .

Proof. Let e!,--- ,e™ be a basis of V*, then
El — 61 /\62,E2 — 61 /\63,’ . ,Em(m—l)/Q — em—l Aem

is a basis of A2V*, and E'® E’ (i < j) are linearly independent in S?(A?V*) (check).
By dimension counting, we see these elements form a basis of S%(A2V*). O
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€ Some tensor algebra: Curvature-like tensors.
To explore the cyclic symmetry that arise in the first Bianchi identity, we define

Definition 2.2. The Bianchi symmetrization of any T € S?*(A?V*) is the 4-tensor
1

So the first Bianchi identity for Rm now becomes the simple equation b(Rm) = 0.

Definition 2.3. If T € S*(A?V*) and b(T) = 0, we call T a curvature-like tensor.
The set of all curvature-like tensors is denoted by .

Ezample. For any S, T € S*V*, we have b(SQ)T) = 0 since
30(SOT)ijre =S Ty + SjTix, — SuTje — SixTu + SikTi + STk
— ST — SuTyi + SiTi; + Sij T — Sy Tir — STy
=0.
As a result, ST is a curvature-like tensor.

Note that by definition, curvature-like tensors are exactly those tensors satisfying
all the algebraic symmetries that Rm admit, namely (1), (4), (5) and (2).

To study the set € of all curvature-like tensors, we first study the image of the
Bianchi symmetrization b. Note that for any a, 8 € A?(V*),
3(b(a ® B))ijrr = ®ijBru + i Bij + ajrBu + Bk + awiBj + jiBri
= i B — B + Bk + kB — o Bk + B
A1 _
~ oA ((e®5) ),-jkl = (A B)ijui-

TESY

In other words, we have
Lemma 2.4. For any o, 3 € A*(V*), bla ® ) = sa A S.
In view of Lemma 2.1, we conclude that the map b has image
Im(b) = A*V* C A2(V*).
In particular, for any T € S?*(A?V*) we have bT € S?*(A*V*). By definition it is
straightforward to check
Lemma 2.5. For any T € S*(A*V*), one has b(b(T)) =T .

So the Bianchi symmetrization map b, as a linear map b : S*(A?V*) — S%(A%V*),
is a projection. It follows from the standard linear algebra that

S%(A*V*) = Ker(b) @ Im(b) = € @ A*V*.

As a consequence, % is a vector space of dimension

(10) dimg = M= D —m+2) (m) LI T

8 4
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€ Some tensor algebra: metric contractions.

Now suppose the vector space V' is endowed with an inner product g(-,-) = (-, ),
so that one can identify V* with V' using the musical isomorphisms b and £. In
particular, for any (0,4)-tensor 7" and for any vectors X, Y, Z, the linear map

T(Z, X, Y): V=R,
is in V* and thus be identified with a vector 7(Z, X,-,Y) € V.

Definition 2.6. For any (0,4)-tensor 7" on an inner product space (V,(-,-)), the
Ricci contraction c(T) of T is the following (0,2)-tensor:!

(11) M) (X,Y):=Te(Z - tT(Z, X,-,Y)).
For a Riemannian manifold, we call Rc := ¢(Rm) its Ricci curvature tensor.
It turns out that ¢(T') is symmetric if T' is curvature-like:

Lemma 2.7. If T € €, then ¢(T)(X,Y) = ¢(T)(Y, X).

Proof. Fix X and Y. Let K : V — V and K : V — V be the maps
K(Z)=4T(Z,X,-Y) and K(Z)=4tT(,X,ZY).
Then for any Z, W € V|
(K(2),W)=(T(Z, X, Y),W)=T(Z, X, W,Y)=(ZAT(-X,W,Y)) = (Z, K(W)).
So K is the transpose of K, and thus they have the same trace. But by definition
Tr(K) = ¢(T)(X,Y), while Tr(K) = ¢(T)(Y, X) (since T € € C S*(A*V™)). O
Similarly one can define the trace of a (0,2)-tensor 7" using the metric: the map
T(X,):V >R
is an element in V*, and thus can be identified with a vector $7°(X,-) in V.
Definition 2.8. The trace of a (0,2)-tensor 7" on (V, (-,-)) is
(12) Tr(T) := trace(X — $T(X,-)).
For a Riemannian manifold (M, g), we call S(g) = Tr(Rc) the scalar curvature.
Example. For the metric tensor g, by definition #g(X,-) = X and thus Tr(g) = m.
Locally if v!,---  v™ be a basis of V*, and if we denote g’! = ¢g*(vP,v?) (where
g* is the dual metric on V*), then one can check [exercise]
c(T)ij = 9" Tipjq and Te(T) = g'T;;.
Note that (T, g) = T};gug" ¢’ = T;;0i¢°" = T;;9%, one has
(13) Te(T) = (T’ 9).

1One can define metric contractions between other pairs of indices. However, for curvature-like
tensors, what one can get are either Ricci contraction, or zero.
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¢ The dual of the Ricci contraction.

Now let’s study the Ricci contraction map
c: € — S*V*, S c(S)
which maps a curvature-like tensor to a symmetric 2-tensor. We also have a map
(14) VSV =%, T—TRg.

that maps any symmetric 2-tensor to a curvature-like tensor. It turns out with
respect to the induced metrics on the spaces of tensors that we learned in lecture 2,
these two maps are almost adjoint to each other:

Lemma 2.9. For any S € € and any T € S*V*, one has
(S, U(T)) = 4c(5),T).
Proof. We calculate using an orthonormal basis of V, so that g;; = ¢” = d;;:
(S, T®)g) = Z Siga(Tiwgj + Tgiw — Tirga — Tagjr)

= Z(Sijijik + Sijik ik — SijriLjx — SijirTix)

= Z 4S;ik; Tik

=4 Z(C(S))ikTik

= 4(c(9),T).
where each summation is over all indices that appeared. 0

In particular, if S; = ¥(71) € Im(¥), S, € ker(c), then
(S1,S2) = (U(T}),Sy) = 4(T1,¢(Ss)) = 0.

So we get

Corollary 2.10. Im(V) L ker(c).

Similarly, we may calculate ¢ o U via an orthonormal basis: for any T' € S?V*,
c(T®9)ij = 9" (Tijgpg — Tpigiq — Tig9pj + Tpais)
=mTy; — Ty — Tij + Te(T) gy
= (m = 2)T; + Tr(T) gy;-
In other words, we have
Lemma 2.11. For any symmetric 2-tensor T € S?*V*,
c(U(T)) = (m—2)T + Tx(T)g.
Together with (13), we get
(15)  [U(T)] = (U(T), U(T)) = 4c(¥(T)),T) = 4(m — 2)|T|* + 4(Tx(T))*.
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€ Decomposition of a curvature-like tensor via the metric: Step 1.
Now suppose m > 2. We first prove

Proposition 2.12. The map WV is injective for m > 2, and is bijective for m = 3.

Proof. Suppose m > 2 and V(7T') = 0. Then by (15), T'= 0, so V is injective. For
m = 3 it is bijective since dim S?V* = dim € = 6. O
As a result, the Ricci contraction map ¢ : € — S?V* is surjective, and thus
dim Im(¥)+dim ker(c) =dim S*V*+dim ker(c) =dim Im(c) +dim ker(c) = dim €.
So by Corollary 2.10, we really have an orthogonal decomposition

¢ = ker(c) & Im(W).

In particular, for any curvature-like tensor T' € %, there is a curvature-like tensor
W € ker(c) and a symmetric 2-tensor A € S?V* so that

T =W+ ANy,
and the decomposition is orthogonal. To find out A, we apply ¢ to both sides to get
co(T)=c(V(A)) = (m—2)A+ Tr(A)g.
To find out Tr(A), we continue to take Tr(A) for both sides,
Tr(e(T)) = (m —2)Tr(A) + mTr(A) = 2(m — 1)Tr(A).
So we get
1 Tr(c(T
D) - )
For a Riemannian manifold (M, g), we have
c¢(Rm) = Re and Tr(c(Rm))=S.

In this case the tensors W and A have their own names:

(16) A=

Definition 2.13. For a Riemannian manifold (M, g), we call

1 S
A= ——(R¢c — ————
m o 5T
the Schouten tensor of (M, g), and call
W = Rm — ANy

the Weyl curvature tensor (or conformal curvature tensor) of (M, g).

9)

Both Weyl curvature tensor and the Schouten tensor play very important roles
in conformal geometry. For example, we will show that the Weyl tensor is invariant
under conformal transformations. Note that by Corollary 2.10 and Proposition 2.12,
the Weyl curvature tensor vanishes for m = 3:

Proposition 2.14. If m = 3, then W = 0.
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€ Decomposition of a curvature-like tensor via the metric: Step 2.

We may continue to decompose any R € S?V* into orthogonal ones via the map
Tr: S?V* — R. Again we need the dual of Tr, which, in view of (13), is simply

Tr* : R — S?V*, ttg.

By repeating the same arguments, again we get an orthogonal decomposition
S?V* = ker(Tr) @ Im(Tr*).

So there exist £ € ker(Tr) and ¢ € R so that R can be decomposed orthogonally to

R=F+tg,
Applying the map Tr to both sides we get Tr(R) = tTr(g) = mt, and thus
L Tr(R)
o om

Note that if R = Re is the Ricci curvature tensor of (M, g), then ¢t = S/m.

Definition 2.15. For a Riemannian manifold (M, g), we call
S
E:= Rc— —g
m
the traceless Ricci tensor of (M, g).

We point out that the two decompositions are compatible, in the sense that
Im(¥) = ¥(S*V*) = U(ker(Tr)) & ¥(Im(Tr*))
is an orthogonal decomposition of Im (W), since for t € R and any E € ker(Tr),
(U(tg), U(E)) = (c(V(tg)), E) = ((2m — 2)(tg), E) = 2(m — 2)¢Tx(E) = 0.
Thus we end up with an orthogonal decomposition
% = ker(c) @ V(ker(Tr)) & ¥(Im(Tr")),

so that any T € € can be decomposed into three curvature-like tensors which are
orthogonal to each other: the “Weyl part” W that lies in ker(c), E()g for a trace-less
symmetric 2-tensor F, and a multiple of gP)g.

Remark. A more algebraic way to understand the two decompositions: Consider the
natural action of O(m) on V' that preserves (-,-), which induces natural actions of
O(m) on S*V* and on % that preserve the induced inner products.

e For the case of S?V*, since ¢ (and thus the 1-dimensional space Rg) is invari-
ant under the O(m)-action, one may decompose S?V* = Rg & (Rg)*. This
decomposition can be explained via the O(m)-invariant map Tr as above,
and thus (Rg)* = ker(Tr) consists of all traceless symmetric (0,2)-tensors.

e Similarly since ¢ is O(m)-equivariant, it induce a decomposition of ¢ into
ker(c)®(ker(c))*, and we have seen (ker(c))* = ¥(S?V*) since c is surjective.

Can we decompose further? The answer is no, since one can prove the O(m)-action
on ker(Tr) and on ker(c) are transitive(i.e. they are irreducible representations of O(m)).
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€ Decomposition of the Riemann curvature tensor.

Now suppose (M, g) be a Riemannian manifold. First we have a decomposition
Rm =W + A(g.

We may continue to decompose the Schouten tensor A: By deﬁnition formula (16),
the traceless part of A equals the traceless part of RC , which is —=. Since

1S 1 S S
m—2m’ m— 22(m — 1)g - 2m(m — 1)g7
we get the orthogonal decomposition of Schouten tensor:
E S
m_2 " 2m(m — 1)9'

So we end up with an orthogonal decomposition

A:

1
(17) Rm =W + —E@g+ g@g

Our final goal in this lecture is to prove

Theorem 2.16. For any Riemannian manifold, the (pointwise) norm squares of
the Riemann/Ricci/Weyl curvature tensors and the scalar curvature are related by

2
52
(m—1)(m —2)
Proof. In view of (15) and the fact Tr(g) = |g|*> = m, we have
[EQg|* = 4(m - 2)|E*,
lgPDg|* = 4(m — 2)m + 4m* = 8m(m — 1).

Since the decomposition (17) is orthogonal we get

4
|[Rm[* = [W|* + ——|Rc|* —
m— 2

|Rm|2 ’W2| + |E’2 ﬁSQ
m(m —
Finally we use
S S
B = (Re — —g, Re — —g)
25 S?
2 2
= [Ref’ ~ 22 (Re, ) + 4o
252 52
2 —_—— —
= |Re|” = —+ —
2
= Ref? = 2
to get
2 2

4
2 _ 2 2
[Fom|” = W]+ m—2|RC| (m—1)(m —2)



