LECTURE 18: IMMEDIATE APPLICATIONS OF JACOBI FIELD
TO CURVATURE

Last time we studied Jacobi fields along a geodesic v, which control all possible
geodesic variations of 7. Today we give some immediate applications.

1. GEOMETRIC INTERPRETATIONS OF VARIOUS CURVATURES

[ Taylor’s expansion of metric tensor in Riemannian normal coordinates.

Recall that if VW are Jacobi fields along a geodesic v with
V(0)=0,Vs0V =X,eT,M and W(0)=0,ViqV =Y, cT,M,
then the function f(¢t) = (V(t), W (t)) has the Taylor’s expansion

F(1) = (X, V) = S Rm(3(0), X,,4(0), V) + O()

For the first application, we calculate the next term in the Taylor’s expansion of any
Riemannian metric tensor in any Riemannian normal coordinate system. Recall
that with any Riemannian normal coordinate system centered at p,

9ij(p) = 6;; and  Opgs;(p) = 0.
We now prove that the next term encodes the curvature information:

Theorem 1.1. With respect to Riemannian normal coordinates near p, the functions
gij s admat the following Taylor expansion at x = 0,

1
(1) gij(w) = 045 — gRikﬂ(p)xkxl + O(|953|)
Proof. Let (U;x!,---  2™) be a Riemannian normal coordinate system near p. Fix

z’s and let v be the geodesic starting at p in the direction X, = 20,
v(t) = (tat, - ta™), 0<t<e.
For each 1 <7 < m, consider a geodesic variation
fi(t,s) = (tz*, - t(z" +5),- -, ta™).
Its variation field V; = t0; is thus a Jacobi field along ~, which satisfies
Vi(0) =0, VyqVi=0:

So if we let
h(t) = tQQij(ta’J? T 7txm> - <V’L(t>7 vj(t)>7
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then
1
gij(txlv T >txm) = ﬁ(‘/;(t)v th»
1 1
= t—2 <5'ijt2 — ng(Xp, &-, Xp, 8j)t4 + O(t5))
1
= 57;]' — ng(@, Xp, aj, Xp)tQ + O(tg)
1
= 0;; — ng(ai, Ok, 0, 0)) (tx") (tx") + O().
This proves the theorem. 0

Remark. One can continue to calculate Vg’ié)‘@’s and get a full expansion of g;; in

Riemannian normal coordinates. For example, the next two terms are
2
45

1 1
k. l..r m k.l r..s
—Rikjr "' 2" + (== Riktjors + —= Ryt " Rrjsm) T T 2" 27,

6 20

Taking derivative of (1), we get
1 1

&gij = —gRirﬂfL’l — gRikjrfL‘k + O(|?II|2)

Taking derivative again and evaluate at p, we get
1 1

050,4:;(0) = _gRirjs(p) — gRisjr(p)'

As a consequence, we get Riemann’s original definition of the curvature tensor:

Corollary 1.2. With respect to Riemannian normal coordinates, one has
1
Rijkl (p) = 5(313191'/% + 8j8k9il - aiakgjl o ajalgik)(o)-
Proof. The right hand side equals

1
E(leik + Rjuk + Rikji + Riji — Rjkit — Rjir — Raji — Rijue) (p),

which equals R;jx(p) by using symmetries of the Riemann curvature tensor. 0

€ Geometric meaning of sectional curvature.

Now we are ready to give geometric interpretations of curvatures. We start with
sectional curvature:

Theorem 1.3. Let 11, C T,M be a 2-dimensional plane. Denote by C° the circle of
radius r in 1L, centered at p, and C, = exp,(CY). Let L, be the length of C,. Then
2nr — L, w

lim =" = S K(IL).

r—0 T3
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Proof. Take an orthonormal basis {ej, - ,en,} of T,M so that II, is spanned by
e1, €2, and consider the normal coordinate system with respect to {e;}. Then for r
small; the circle C has equation

C, : z'(t) = rcost, x*(t) = rsint, 2*(t) = 0 (k > 3).
It follows that
€ ()2 =935 (Cr ()3 (£)d (1)

1 1 1
= (1 — —R1212[L'21132> i‘li71 + <1 - §R2121$1ZL‘1) i’2£t2 — 2—R1221$1£E21t1i’2+0(7“5)

3 3
et
=’ — S K(IL,) + 0().
So
L, = Length(C,) = / O, |dt = r/ \/1 - —K )+ O(r3)dt
0
= 2mr — gK(Hp)r +O(r").
This implies the theorem. O

So the sectional curvature measures the deviation of the length of small geodesic
circles centered at p to the standard circles of the same radius in Euclidean plane.

€ Geometric meaning of Ricci curvature.

With the Taylor’s expansion of g;; at hand, it is easy to get the Taylor’s expan-
sion of det(g;;): According to Theorem 1.1 we get

(gi5) =1+ (_%Rikﬂ(p>xkxl + O(|x3]))

which implies !
1
og(,) = (— 3 Ranpiats! + (%)

and thus
det(g;;) = det(e log 9”)) otr(log(gij) _ =3 Ren(p)z*a!+0(|zl?)

=1- chkl(p)a:kxl + O(|z]*).

As an immediate consequence, we get the Taylor’s expansion for the volume element:

Corollary 1.4. In Riemannian normal coordinates centered at p, one has

1
det(g;;) =1 — éRckl(p)xkxl + O(|z]?).

'Here we use log(I + A) = A+ O(JA[?) and ¢4 =1 4+ A+ O(|AJ?) for matrix A.
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In particular, we can prove that the Ricci curvature measures the change of the
volume element in the given direction:

Corollary 1.5. Let u, € S,M be a unit tangent vector at p, and let y(t) be the
geodesic starting at p with 4(0) = u,. Then

det(gi;(v(1))) = 1 =

Proof. Take an orthonormal basis of T, M with e; = u,. With respect to the asso-
ciated Riemannian normal coordinates, the geodesic v(t) =exp,(tu,) is given by

yiat(t)=t, a*=--=2"=0.

Rlc((jup) 2y O(tg)

It follows
1 1
det(gis(1(1))) = 1 = <Ren () + O(F°) = 1 = <Ric(w,)£* + O(F).

€ Geometric meaning of scalar curvature.
Finally we study the scalar curvature S. We have

Proposition 1.6. For r small enough,

Vol(B(p,r)) = wnr™ (1 — %ﬂ + O(|r3|)) ,
where wy, is the volume of the unit ball in R™.

Proof. By definition

Vol(B / \/ det(gij)d

1
= / <1 - chkl(p):ck:Ul> da' - dz™ + O(r®)
r(0)

= W™ — Rewlp) / g atdat - - da™ 4 O(r®).
6 Jp.

An elementary computation shows

/ 2Reldel . g = M m2 gk
BT(O) m + 2

and the conclusion follows. O

So the scalar curvature measures the deviation of the volume of a geodesic ball
to the standard Euclidean ball with the same radius.

Corollary 1.7. The surface area of geodesic sphere S(p,r) is

Area(S(p,7)) = mw,r™ " — _Sép) W™ 4 O(r™ ).
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2. CARTAN’S LOCAL ISOMETRY THEOREM

¢ Cartan’s local isometry theorem.

In view of Theorem 1.1, one may anticipate that “curvature determines the
Riemannian metric”. Although this is not true in the most general sense, there are
many theorems supporting this philosophy. In what follows we prove a theorem of

Cartan in this direction. More precisely, let (M, g) and (]Tj ,§) be two Riemannian
manifolds, p € M and p € M. Let B(p,r) and B(p,r) be normal neighborhoods
of p and p respectively. Given a smooth map ¢ : B(p,r) — B(p,r), one may ask:
under what condition will ¢ be an isometry? Of course if ¢ is an isometry, then

o L=do,: (T,M,g, — (Tﬁﬁ, gp) is a linear isometry,

e “the curvature tensor at corresponding points are the same”.
Cartan’s theorem claims that the converse is true.

We need more explanation for the second condition above. How to compare the
curvature tensor at ¢ and ¢(q)? We need to identify the tangent spaces T,/ and

T ¢(Q)M first. How? We already have the map L which identifies T,M with T,;M/ .
For ¢ # p we simply parallel transport vectors in T, M and in T, M along geodesics
to get vectors in T, M and in T, M respectively, and then apply the map L.
Now we start to state Cartan’s theorem. Suppose
L (T,M.g,) = (T;M. ;)
is a linear isometry. Then one may define a map
¢ = expzoL o (expp)_1 : B(p,r) = B(p,r).
For any ¢ € B(p,r), we let v =, : [0,1] — M be the unique geodesic in B(p,r)
with 7(0) = p,7(1) = ¢, and let ¥ = ¢ o y. Note that ¥ is the unique geodesic in
B(p,r) C M with 5(0) = p = (p), (1) = § = ¢(q) and (0) = L(¥(0)). Define
Ly=PloLo(P)™" :T,M — TyyM,
Theorem 2.1 (Cartan’s local isometry theorem). If for any q € B(p,r) and any
u,v,w € T,M, one has
Ly(R(u, v)w) = R(Ly(u), Ly(v)) Ly(w),
then ¢ is an isometry, and d¢, = L, for all g € B(p,r).
Note that for constant curvature spaces, the condition holds trivially. So we get

Corollary 2.2. If both (M, g) and (M g) has constant sectional curvature k, then
for any p € M and p € M one can find a neighborhood U > p and U > P so that
(U, g) and (U, §) are isometric.

which implies Riemann’s theorem for constant sectional curvature spaces, namely,
Theorem 2.1 in Lecture 10.
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€ Proof of Cartan’s local isometry theorem.

We first prove |d¢,(v)| = |v| for any v € T, M. By using polarization this implies
that d¢, preserves inner products. Since ¢ is already a diffeomorphism, we conclude
that ¢ is an isometry.

The idea to prove |d¢,(v)| = |v| is: realize both v and d¢,(v) as Jacobi field
vector at endpoints, and compare the length of two Jacobi fields at each point. We
first construct a Jacobi field V' along v with V' (0) = 0,V (1) = v. By Corollary 2.6
in Lecture 17, if V is such a Jacobi field, then

V(t) = (dexp,)is0) (tV50) V),
which implies v = (dexp,)s0)(Vs)V). As a result, V' is the unique Jacobi field
with V(0) = 0 and (Vi) V = (dexp,) 0 (V).
Next we construct the Jacobi field V' along 4 with V(0) = 0 and V( ) = doy(v).

In fact, we may simply take V to be the Jacobi field along 4 with V(O) = 0 and
V& 0V = L(V40)V). Since exp,(7(0)) = (1) = g, it follows

dog(v) = (dexpy) 130y © Lo (dexp, ') (v)

= (dexpg) L) © Lo (dexpp);&]) (v) = (d expﬁ)é(o) (L(Vﬁ(o)V)) =V(1),

where the last equality follows from Corollary 2.6 in Lecture 17.

To prove |V(1)] = [V(1)| we apply a standard trick: Let e1(t) = 4(t), ea(t), -+ -,
em(t) be an orthonormal frame that is parallel along 7. Let V(t) = V(t)e;(t), then

VP =) (VD)
Moreover, V(t) is the solution to the Jacobi equation
Vi(t) = (R(¥, k)7, e) V" =0,
with initial conditions V(0) = 0 and V)V = V¥(0)e;(0).

Similarly we let & (t) = A(t), é(t), - - ,ém(t) be the parallel orthonormal frame
along 4 with €;(0) = L(e;(0)). Then Ly (e;(t)) = €;(t) for all j, and thus

As a result, if V= \N/iéj (t), then Vi satisfy exactly the same equations and the
same initial conditions as V?’s, and thus V* = Vi for all 1 < i < m. It follows

VP =D (1) =Y (V1) = V()P

Finally, the fact V= V'ig; that we just proved also implies

(dg)(v) = V(1) = VI(1)&(1) = V(1) Le(ei(1)) = Ly(V(1)) = Ly(v)

and thus the proof is completed.



