LECTURE 25: THE LAPLACIAN AND VOLUME COMPARISON

Today we discuss comparison under Ricci curvature condition. We first prove
the Laplacian comparison theorem, which can be viewed as an averaged version
of the Hessian comparison (under slightly stronger condition). Then we prove the
very useful Bishop-Gromov volume comparison theorem, which can be viewed as an
“integrated” version of the Laplacian comparison theorem.

1. THE LAPLACIAN COMPARISON THEOREM

Recall that if (M, g), (M, §) are complete Riemannian manifolds, 7 : [0,a] — M

and 7 : [0,a] — M are minimizing normal geodesics with
K*(t) < K~(t) holds for all ¢ € [0,d].

and if X, € T,M and )N(q € TqM are roughly the same, where ¢ = v(b), ¢ = 4(b)
and 0 < b < a, then we have
V2d,(Xy, X,) < V(X5 Xp).
Moreover, the equality holds if and only if K*(t) = K~ (t) for all t € [0, ).
Since A = TrVNQ,~ the Hessian comparison theorem will imply a Laplacian com-
parison Ad,(q) < Ad;(¢). Note that by taking the trace of the Hessian, what we get
is (up to a constant) “the average of the Hessian”. As a result, one can anticipate

to weaken the comparison condition from sectional curvature to a weaker “averaged
version”, namely, a comparison condition on Ricci curvature.

Theorem 1.1 (The Laplacian Comparison Theorem). Let (M, g) be a Riemannian
manifold, and 7 : [0,1] — M a minimizing normal geodesic with v(0) = p. Suppose
Rice((t)) > (m — 1)k,

We denote by Ak, d, v etc the corresponding objects in M;". Then
Ady(v(t)) < Adyp(3(t)), YO <t <.
Moreover, Ad,(v(b)) < &Zﬁ(a(b)) for some b < 1 if and only if
forany 0 <t <b, Ric(y(t)) = (m—1)k, and any normal Jacobi field
X along |y with X(0) = 0 is almost parallel, i.e. is of the form

X = %e(t), where e is a parallel vector field along .

Proof. Fix b < [. As usual we let {e;(t), -+ ,en(t)} be a parallel orthonormal frame
along v with e;(¢) = (), and let {€1(¢),--- , €, (t)} be a parallel orthonormal frame

along 4 with é;(t) = 4(¢). For any ¢ > 2, let X;(7) be the normal Jacobi field along
1
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Yo,y With X;(0) = 0 and X;(b) = e;(b), and let X;(7) be the normal Jacobi field
along (i, with X;(0) = 0 and X;(b) = é&;(b). Then for ¢ = v(b) we have

Ady(q) = Y (V2dy)(ei(b), ei(h)) = ZI(Xz»Xi)

1=2

and similarly for § = 5(b), Ady(§) = Y7, I(X;, X;). It remains to prove

Z[ X, X;) < Zm:[
=2

We shall apply the same trick that we played in the proof of the basic index
comparison lemma, namely we transplant X; to . For this purpose we first recall
that under the condition “ M has constant sectional curvature k along 7" (c.f. PSet

4), the normal Jacobi field X; is given by X'(t) = 2”’“&3 éi(t). So for each 2 <i <m

we define on 7|j a vector field

(1) = sny(t)
! snk(b)
Obviously X! has the same boundary condition as the Jacobi field X;. So we get
I(X;, X;) < I(X], X]). Now the conclusion follows from

X=X | (95X + Rl X1, X0)
Z/ ( 22: b) <%>2K(% ei)) dt
= [ (= 02— 2 i) ) a

)
’ sn
< ) (lm = DG~ Gy om0 )
_Z/ |V Xi* + Rm(¥, X;, 7, X, )dt > I(X, X))

From the proof we see that the equality holds if and only if “Ric(¥) = (m — 1)k,
and X; = X/ for all i”. Since any normal Jacobi field X along v with X (0) =0 is a
linear combination of these X, the conclusion follows. ]

Remark. As we have seen, (V2d,),(X,,Y;) = (Vx,N,Y,), where N = 9, is the out-
ward unit normal vector of the geodesic sphere S(p, d(p, q)) at ¢. In other words, we
may replace Vx, N by the shape vector (Vx, N)* (c.f. PSet 2 Problem 9) and con-
clude that V2d,, is the second fundamental form of the geodesic sphere S(p, d(p, q)).
It follows that Ad,(q) = Tr(V?3d,) is the trace of the second fundamental form, i.e.
the mean curvature of the geodesic sphere S(p, d(p,q)) at q.
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2. THE BI1sHOP-GROMOV VOLUME COMPARISON THEOREM

¢ The volume measure in coordinates.
Recall that the Riemannian volume density is defined in a chart (¢, U, V) as

AV, = VG oo tdxt - - da™,

where G = det(g;;) and dz'---da™ is the Lebesgue measure on R™.

Now let (M, g) be a complete Riemannian manifold. Although in general there
is no global chart, there is a large chart that covers almost the whole of M, namely
{exp, ', M\Cut(p), X(p)}, which is defined except for the measure zero closed subset
Cut(p), where

%(p) = exp (M \ Cut(p))

is an open star-shaped domain in 7,M. In particular, on T,M we may use polar
coordinates and write

dz' - dx™ = ™ tdrdo,

where dO is the usual surface measure on S™~!. Combine this with the chart
{exp, !, M\ Cut(p),%(p)} we get

dVy, = \/a(expp(r@))rm_ldrd@, r® € X(p).

We denote

B \/@(expp(r(a))rmfl, rO € X(p),
talr,©) = {o, rO & 3(p).

Note that by definition

B, (p) = exp,(B,(0)) = exp,(B.(0) N X(p)).

Since Cut(p) is of measure zero in M, we get

Vol(B,(p)) :/ w(t, ©)dtde :/ p(t, ©)dtd®.
B(0)N%(p) +(0)

Example. We may calculate the function pu,(r, ©) for the three model spaces,
o R™: y(r,0) =rmL
o S™: u(r,0) = sin™(r).
o H™: u(r,0) =sinh™ ().

€ The volume measure via Jacobi fields.

Observe that the three functions u(r,©) in the previous example are closely
related to the Jacobi fields on the three model spaces. This is not a coincidence:
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Proposition 2.1. Given any © € S,M and write y(t) = exp,(t©). Then for any
basis vy, - -+, vy of ¥(0)1, if we let V;(t) (i > 2) be the normal Jacobi fields along ~
with V;(0) = 0 and Vi)V, = v;, then for any point r© € X(p),

det(Va(r), -, V(1))

(7, 0) = .

»2©) det(Vio)Va, -+ Vi) Vin)

Proof. Using v; = ©,v9, -+ ,v, as a basis one can define a set of global linear
coordinates uy, - -+ , Uy, on T,M,

u€T,M ~u=1uv+- -+ UyUn.

Then we have
,rmfl
N | det(vg, +«+ , Um)|

Since V; is a Jacobi field along v with V;(0) = 0, we have
V;(t) = t(dexp,)io(v;).

Note that under exp, ', (u,--- ,un) also gives a coordinate system near exp,,(r©)
for r© € ¥(p). With this coordinate system, we have (at exp,(r©))

=4, %=1V (122)

duq -+ - du,y, drd®.

It follows
1
9i5(exp, (r©)) = (0;, 0;)|exp, r0) = §<Vi(7’)a Vi(r))

for 7,5 > 2. Since v is a normal geodesic and since each V; is a normal Jacobi field,
we have (01,01) = 1 and (0,0;) = 0 for i > 2. So we get, at exp,(r©),

G = det(g;;) = r 2" det((Vi, Vj))ijo2 = r 2" det(Va(r), - -+, Vin(r))?.
It follows

det(Va(r), - -, Vin(r))
dV, = VG(exp,(r©))duy - - - duy, = T
g (exp, (r©))dur det(Vio)Va, -+ Vi) Vin)

This completes the proof. O

drd®.

€ The volume measure v.s. the Laplacian of distance.
The crucial observation is

Lemma 2.2. Suppose © € S,M and r© € X(p), then
11,(1, ©)
1ip(, ©)

where the derivative is taken with respect to r.

= (Ady)(exp,(r0)),
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Proof. Let v(t) = exp,(t©) (0 <t < r) be the normal geodesic starting at p in the
direction ©. Consider a parallel orthonormal frame {e;(t)} along v with ey (t) = (t).
Let V;(t) be a Jacobi field along 7 such that

Vi0)=0 and Vy(r) = e;(r).
Then at ¢ = y(r) we have

m

Ad,(exp, (1)) = Z(Wd )(e ZI Vi, Vi).
On the other hand, if we denote A(t) = ((V; ( ) L(t )>) J>2, then A(r) = Id, and the
derivative of d(t) = det A(t) = (det(Va(t), - ( )% i
d'(t) = d(t)Tr(A” ( JA'(t)).

Thus we get

Hp(r©) _1d'(r) 1. 0 N N

Mp<7,,7@) - 5 d(r) - ETI‘(A (T)) - ]Z;(‘/;(T)7V’Y(T)V;(T)> - ;](V}, V;)?
so the conclusion follows. 0J

€ Comparison of volume elements.
In particular if we denote by () the function p(r, ©) for the space M, i.e.

sin™t (VEr), k>0,
p(r) = < rm=t k=0,
sinh™ ' (v/=kr), k<O,
then by Laplace comparison theorem,
Hp(r:©) _ p(r)
pp(r, ©) ()
for any complete Riemannian manifold with Ric > (m — 1)k, as long as r© € X(p).

Proposition 2.3. If (M, g) is a complete Riemannian manifold with Ric > (m—1)k,
then for any fivred © € S, M,

(1) the function (?T?) is mon-increasing in T,

(2) lim, o “Zi?f))) =1, and thus u,(r,©) < ug(r) for all r > 0,

(3) if pp(t,0)=pi(t) fort € la,r] and any ©, then B(p,r) is isometric to By(r).

Proof. (1) The monotonicity of & ”(( - follows from

t /
(g 110)) L BO)_ A0
dt i (t) pp(t,0©)  pu(t)

(2) By Vj(r) = rVs ) V; +O(r?) we get p,(r, ©) = ™14+ O(r™). The result follows.
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(3) If pup(t,©)=pu(t) for t <r and any ©, then

p(t0) (1)
It follows that Ric(¥(t)) = (m — 1)k, and (since © and thus ~ are arbitrary) any
normal Jacobi field along any geodesic starting at p is almost parallel. By PSet 4,
(M, g) has constant sectional curvature, and thus the constant has to be k. Finally

by Cartan’s local isometry theorem, B(p,r) is isometric to By(r) in M. O

€ The Bishop-Gromov volume comparison theorem.

Note that for ¢ large, it may happen that t© ¢ X(p). However, in this case
ty(t,0) = 0. So the monotonicity holds for all ¢. It is this simple observation that
leads to a global comparison instead of a local comparison inside the interior radius.
In fact, by integrating the volume density we get

Theorem 2.4 (Bishop-Gromov). If (M, g) is a complete Riemannian manifold with

Ric > (m—1)k, and p € M is an arbitrary point. Let S(r) and By(r) be the metric
sphere and the metric ball of radius r in M. Then the functions

Area(S(p,r)) Vol(B(p,r))

ArealSr) ™ Nol(B(r)
are non-increasing in r, and both tends to 1 as r — 0+4. Moreover, the quotient is
a constant for r € [r1,12] if and only if B(p,r2) is isometric to By(rs).

Proof. By definition

Area(S(p, 7)) = /Sm_l (1, ©)dO,  Vol(B(p,r)) = /07" /Sm_l (7, ©)dOdr.

Thus if we denote the surface area of the sphere S™ ! C R™ by w,,_1, then
Area(S(p,r)) _ fsm—l pip(r, ©)dO _ 1 / fip(r, ©) 4o
Area(Sk(r))  Jom-1 te(r)dO w1 Jom-1 p(r)

is non-increasing and tends to 1 as r — 0. As a consequence,

d < Vol(B(p, r)))_ Area(S(p,r))  Area(Sk(r))
— (log = —
dr Vol(Bx(r)) Vol(B(p,r)) Vol(Bg(r))
o (Area(S(p,r))Area(Sk(t)) — Area(Sk(r))Area(S(p,t)))dt
- Vol(B(p, r))Vol(By(r))

<0

and thus % is also non-increasing in r, and tends to 1 as ¢t — 0. 0

Corollary 2.5. We have
Area(S(p,r)) < Area(Sk(r)),and  Vol(B(p,r)) < Vol(B(p,r))
for all r > 0. Moreover, equality holds if and only if B(p,r) is isometric to By(r).



