LECTURE 28: SPECTRAL GEOMETRY

Spectral geometry is the branch of differential geometry that studies the relations
between the spectrum of the Laplace-type operator and the underline geometry.
There are many many beautiful results that have been proved, and at the meantime
there are also many many open problems to be studied in the future. In this last
lecture, we apply Bochner formula to spectral geometry.

1. SPECTRAL GEOMETRY

¢ Eigenvalues and eigenfunctions.
In spectral geometry there are three typical spectral problems:

(1) ‘Closed setting‘ Let (M, g) be a closed connected Riemannian manifold.

We call X an eigenvalue of A if there exists smooth function u # 0 so that!
Au+ du = 0.

(2) Let (€2, g) be a compact connected Riemannian manifold with boundary 0S2.
(a) |Dirichlet setting‘ We call a number A\ a Dirichlet eigenvalue of A if
there exists a smooth function u # 0 so that

{Au+/\u =0, in €,

u =0, on 0f).

(b) ’Neumann setting‘ We call a number A\ a Neumann eigenvalue of A
if there exists a smooth function u # 0 so that

{Au—i—)\u:O, in Q,

o,u =0, on 051,
where 0, represents the outer normal derivative.
We have seen from PSet 1 that

e All eigenvalues of A are non-negative real numbers.

e \ = 0 is always an eigenvalue for the closed problem and the Neumann
eigenvalue problem (with eigenfunctions the constant functions), and A = 0
is not an eigenvalue of the Dirichlet problem.

e If u and v are eigenfunctions of different eigenvalues, then (u,v)z2 = 0.

According to the standard spectral theory in functional analysis, one can prove

'Here we use A = divV = Tr(V?). If one uses A = —divV = —Tr(V?) = dé + dd, then the
equation should be Au = Au.
1
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Theorem 1.1. In all three settings above, each eigenvalue has finite multiplicity
and the eigenvalues of A form an increasing sequence that tends to oo, namely

O=X <A < X< < << - =00
for the closed eigenvalues and the Neumann eigenvalues, and
O< <A< <A< >0

for the Dirichlet eigenvalues. Moreover, one can choose an eigenbasis so that they
form a complete orthonormal basis of L*(M) or L*(9).

The simplest example being

Ezample. For S*, the Laplacian eigenvalues are the squares 0,1,1,4,4,9,9,---, with
eigenfunctions cos(kz) and sin(kx). Since these functions already form an orthonor-
mal basis, there are no other eigenvalues/eigenfunctions.

Similarly for T™ = S! x --- x 8!, equipped with the standard flat metric, the
eigenvalues are numbers of the form k% + --- + k2, with eigenfunctions cos(k - z)
and sin(k - z), and again they form an orthonormal basis. [Note that in this case, the
multiplicity is complicated since there may be many different ways to represent a given positive

integer as the sum of m squares.]

Ezample. One can show that the eigenvalues of the standard sphere S™ are k(k +
m—1) (k=0,1,2,---), with multiplicity ny = (m;k) — (mts*z).

Unfortunately, other then very few examples like the sphere/the torus/the pro-
jective spaces etc (or rectangles/balls/annulus etc in the case of manifold with
boundary), for most Riemannian manifolds there is no way to calculate its eigenval-
ues explicitly. There are two major problem in spectral geometry:

. ’The direct problem‘ Given information of (M, g) or (€2, g), what can we
say about these eigenvalues/eigenfunctions?

° ’The inverse problem ‘ Given the sequence of eigenvalues, what can we say
about the geometry of (M, g) or (£2,g)?

€ The first eigenvalue ;.

The first non-zero eigenvalue )\ is very important and has received much atten-
tion. Although in general one can’t calculate it explicitly, we do have a variational
characterization as follows. Given any smooth function ¢ # 0, we call

_ fM |Vg0|2dVg
R(@) - 2
fM90 dVy

the Rayleigh quotient of . Then
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Theorem 1.2 (Variational characterization of \1). For the closed or the Neumann
eigenvalue problem,

Mzhﬂﬂ@ﬂO#weH%Mp/¢=0L

M
while for the Dirichlet eigenvalue problem,

A = inf{R(g) | 0# o € H(M).}

Proof. For any ¢ in the given space, we may expand ¢ = » - cyu,. We may
assume ||¢||p2 = 1, i.e. > = 1. Then

R(e) =) Mck = Mch = A1

k>1 k>1

On the other hand, if we take ¢ = uy, then R(p) = R(u1) = A;. O

Remark. For example, given bounded domain €2, the Poincaré inequality states that
there exists constant C' so that

/ lul?dV, < (J/ |Vul*dV,,  VYue€ Hy(Q).
Q Q

Now in view of the above theorem, the smallest (=the best) constant C' for the
Poincaré inequality to be true is the reciprocal of the first Dirichlet eigenvalue of (2.

Remark. One also has variational characterization of higher eigenvalues Ay for all £.

2. SOME RESULTS ON THE FIRST EIGENVALUE )\,
Now suppose (M, g) is closed and we focus on the first nonzero eigenvalue.

€ Lichnerowitz estimate for ;.
Now we apply Bochner formula to prove a lower bound estimate for ;.

Theorem 2.1 (Lichnerowitz). Let (M, g) be a closed Riemannian manifold with
Ric > (m — 1)k for some k > 0. Then the first eigenvalue

/\1 Z mk.

Proof. According to Corollary 1.3 in Lecture 28, for any u € C*(M),

1 1
5A(|Vu|2) > E(Auf + (Vu, V(Au)) + Re(Vu, Vu).
So if we take u be an eigenfunction, i.e. Au + Au = 0, then we get
1 A
(1) §A|Vu|2 > _EUAU — MVu, Vu) + Re(Vu, Vu).

Integrate over M and apply the Green’s formula

—/ uAudx:/ |Vul*dz
M M
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we get

0> / (i — A+ (m— 1)k) |Vul*dz.
M \m

A
Z A4 (m-1k<0,

m
ie. A > mk. ]

This implies

€ Obata’s \; rigidity theorem.

One can prove that the first eigenvalue of the standard sphere S™ is m. In fact,
this is the only case where A\; = m if (M, g) satisfies the conditions in Theorem 2.1.

Theorem 2.2 (Obata). Let (M, g) be a closed Riemannian manifold with Ric >
(m — 1)k for some k > 0. If \y = mk, then (M, g) is isometric to the sphere S}*.

Proof. Without loss of generality we may assume k = 1. If Ay = m, then from the
proof above we see

Re(Vu, Vu) = (m — 1)|Vul?.
Since A(u?) = 2uAu + 2|Vu|? (see PSet 1 for —A), from (1) we get

%A (IVul® + v*) > —ulAu — m|Vul* + (m — 1)|Vul* + uAu + |Vu|* = 0.

It follows A (|Vu|* + u?) = 0 since its integral over M is 0. In other words,
|Vul? + u® = constant.

We normalize u so that maxy; u? = 1. Since Vu = 0 at the maximum/minimum
points of u, we get

|Vul® +u* =1 and maxu = —minu = 1.
M M
Now let p,q € M be points such that u(p) = —1,u(q) = 1. Let | = d(p, q) and
let v:[0,{] — M be a normal geodesic from p to q. Let f(t) = u(y(t)). Then

f V(@)
V1= ) 7 VI-u(y(1)

Integrating both sides we get

B l f’(lf) l o
W—/O—mdtg/odt—l—d(p,q).

So diam(M, g) > . But by Bonnet-Meyer, diam (M, g) < w. So diam(M,g) = =.
Finally by Cheng’s maximal diameter theorem, (M, g) is isomorphic to S™. O
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€ Reilly’s formula.

Let © be a compact smooth manifold with smooth boundary M = 9€). Then
one can define the second fundamental form of M (as a Riemannian submanifold of
Q) as follows: For any p € M, the vector-valued second fundamental form II at p is
a symmetric bilinear map

II: T,M x T,M — N,M, (X,Y)— (VEY)",

where X,Y are smooth vector fields whose value at p are X and Y respectively
[According to PSet 2, II(X,Y) is well-defined and is symmetric]. Since in the hypersurface
case there is only one normal dimension, we may study the (scalar-valued) second
fundamental form

h:T,MxT,M —R, (X,Y) h(X,Y):=—(II(X,Y),v).

If we pick a local orthonormal coordinate system {e;} near p € M, where e, is
the out normal direction, then for any X = X'¢;, Y = Y7e; € T,M, one has

2,j=1

where h;; = —(V.,e;, emt1) = (Ve,€m+1, €5). The trace of h,
H:=Te(h) = > ha,

is known as the mean curvature of M at p.

By integrating Bochner formula, one can prove the following useful formula
obtained by R. Reilly in 1977:

Theorem 2.3 (Reilly’s formula). Let Q be a compact Riemannian manifold of di-
mension m + 1, with smooth boundary M = 0. Then for any f € C*(Q),

mT—l (A% /Hf2+2/ vaMf+/ (VMﬁVMf)Jr/RcQ(Vf,Vf).

A5 i VAf = S04

Moreover, the equality holds if and only if f;; = —

m+l

Proof. For simplicity we write A®f = g, and write f|sq = u. So in what follows we
may abbreviate A%f = Af, Vf = Vf and AMu = Au, VMu = Vu. By Bochner

formula we have

SANVIP) 2~ + (V£.Vg) + RS V),

with equality if and only if V2f = ﬂld. Integrate and in view of Green’s formula

/Vf,Vg /gAf+/ngfu
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3 [ 80wtz e [ [@r5a+ [ Rewren
=m—+1/Qg + [ at+ [ REED.

In what follows we will prove

@ 5 [aeviry == [ e [ o2 [ pau- [ nweva)

from which the theorem follows.

we get

We choose orthonormal frame near p so that e, 1(p) = v(p) and V., eni1 =
0. Cover M by such coordinate neighborhoods and let p, be a partition of unity
subordinate to this covering (together with the open set 2\ M). As we have seen
in Lecture 4, ) podiv(X) = )" div(paX). So

3 | AP Z/pa (IVFR) Z/dwpa (IVFP).

So by divergence theorem,

3 | AvIR) Z | (05 (vse, Z | pedu (191

Thus we may compute in the above local coordinates. Since |V f[* =", (eif)?,

1 m+1
5/ |Vf| / Pa Z ez em-&-lez

= /M Po [(€m+1f)(em+1€m+1f) + Z(eif)(em-i-leif)} :

i=1
Note that V. . e,+1 = 0 in the neighborhood. So we get, at all x € M,

m+1 m

emt1Cmi1f = Z [eieif - (Veiez‘)ﬂ - Z [6i€if - (Ve/iei)f}
i=1 i=1
m+1

- Z 6162 elel)f] Z [eieif_(veiei)Tf] +Z(vei€i)Lf

= Af— Au+ Z<Vei€i7 €m+1) [

i=1

=g—Au—Hf,.
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For the second term we use
emp16if = €iemirf + (Ve,n€)f — (Veem)f

m+1 m+1
= citmitf + ) (Vewnr€i ) f; = D (Veilmir, e5) f;
j_l j_l
=eimi1f + Z Vemiiei e;)f Z hij f;,
7j=1
where in the last step we used the facts (V.,,, e, em+1) = —(e;, Vemi1emy1) = 0,

(Velmit, €mi1) = 3€ilems1> = 0 and hyj = (Ve,emi1,ej). So we get three terms.
For the first one we have

g /M Po é(eif)(eiemﬂf) = ; /M (VM VML) = — /M (Aw)f,.

For the second term, we have > " (e;f)(Ve,,.,ei, €;) f; = 0 since

S:=Y (N Veniiir ) ;=) (Vewmtise) fifi== Y (e Venuei) fifi=
ij=1 irj ij=1
Finally for the last term,
Z (ezf)<vezem+la 6] Z hzyfzf] - h(vu VU)
t,j=1 1,j=1
So we get the desired equality (). O

Remark. If we don’t apply Cauchy-Schwartz inequality at the first step, then
[ar? =197 = [ (524 28,89+ 0T L9 0) + [ B9 1V1)
Q M Q

€ Yau’s conjecture.

A Riemannian submanifold M™ of N is called minimal if it has mean curvature
H = 0. Minimal submanifolds are very important objects in Riemannian geometry,
especially the branch “submanifold geometry”. As an application we prove

Theorem 2.4 (Choi-Wang, 1984). Let M™ be a compact connected embedded ori-
ented minimal hypersurface in a compact oriented Riemannian manifold N™*L. Sup-
pose N has Ricci curvature RicN > mk > 0, then Aj(M) > =&,

Proof. Since Ric™ > 0, by Bochner theorem (c.f. Corollary 1.7 in Lecture 28),
b1(N) = 0. Let Q be a tubular neighborhood of M. Then the Mayer-Vietories
sequence of de Rham cohomologies,

0— H(N)— HY N\ M)® H(Q) — H(N\ M)NQ) — H'(N)
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becomes
0+R—HN\M)R -R&R — 0.

It follows that H'(N \ M) 2 R® R, i.e. N\ M contains exactly two connected
components. We denote

N\M=0Q,UQy, 00 =00, = M.

Now let u € C*°(M) be an eigenfunction associated to Ay = A\ (M), i.e. Apu+
Au = 0. Without loss of generality, we assume

/ h(Vu, Vu)dV, > 0,
M

where we regard M as 0€);. [If this inequality is not true, then the analogue inequality for
€25 holds and we proceed with Q5 instead of ;.] Let f be a solution to

ANf = O, in Ql
f=u, on M = 0.

By Reilly’s formula,

02—2)\/ ufl,—i-/ h(Vu, Vu) + mk
M M

Since Af = 0, by Green’s formula we get
[outo= [ 5= | vir
M o 91

VIR > —2/\/ wf, +mk [ |V

Q1 M 951

thus
0> (=2\ +mk) IV fI?
It follows A; > mk/2. " O
In particular, if we take Nt = §m+! we get
A (M) > %

This lower bound is half of the conjectured bound by Yau in 1982:

Conjecture (Yau). For any embedded minimal hypersurface M of S™1, one has

Dedicated to Yau for his 75th Birthday



