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Abstract

The coincidence problem is studied in the effective Yang—Mills condensate dark energy model. As the effective YM Lagrangian is completely
determined by quantum field theory, there is no adjustable parameter in this model except the energy scale, and the cosmic evolution only depends
on the initial conditions. For generic initial conditions with the YM condensate subdominant to the radiation and matter, the model always has
a tracking solution, the Universe transits from matter-dominated into the dark energy dominated stage only recently z ~ 0.3, and evolve to the

present state with £2y ~ 0.73 and §2;, ~ 0.27.
© 2006 Elsevier B.V. All rights reserved.

PACS: 98.80.-k; 98.80.Es; 04.30.-w; 04.62.+v

1. Introduction

Recent observations on the type Ia Supernova (SNIa) [1],
Cosmic Microwave Background radiation (CMB) [2] and Large
Scale Structure (LSS) [3] all suggest a flat Universe consisting
of dark energy (73%), dark matter (23%) and baryon matter
(4%). How to understand the physics of the dark energy is an
important issue, having the equation of state w < —1/3 and
causing the recent accelerating expansion of the Universe. The
simplest model is the cosmological constant A with w4 = —1
(which can be viewed as the vacuum energy) and fits the ob-
servation fairly well. However, throughout the history of the
Universe, the densities of matter and vacuum energy evolve dif-
ferently, so it appears that the conditions in the early Universe
have to be set very carefully in order for the energy densities of
them to be comparable today. This is the coincidence problem
[4]. Another one, called the “fine-tuning” problem, is why the
present vacuum energy density is very tiny compared to typi-
cal scales in particle physics. These problems have stimulated
a number of approaches to build the dark energy models with a
dynamic field.
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One class of approaches to the dark energy is to introduce
dynamic scalar fields with a tracker behavior. The scalar fields
are subdominant during early stages of expansion, and at late
times, they run into the attractor behaving as the dark energy,
and dominate over the matter component. The transition to the
state w ~ —1 usually happens during the matter dominated era.
This kind of models include quintessence [5,6], k-essence [7],
phantom [8], quintom [9], etc. The quintessence fields have
attractor-like solutions converging to a common, cosmic evolu-
tionary track for a very wide range of initial conditions rapidly.
The initial value of py can vary by many orders of magnitude
without altering the cosmic history. The initial dark energy frac-
tion after inflation can be as large as £24 ~ 1073, which is
natural in terms of the equipartition of energy among all the
dynamic degrees of freedom [6]. The k-essence fields feature a
tracker behavior during radiation dominated era, and a A-like
behavior shortly after the transition to matter domination [7],
but the initial dark energy fraction only occupies a very narrow
region in the phase space [10].

The effective YM field condensate model has been intro-
duced to describe the dark energy [11-13]. It has interesting
features: the YM fields are the indispensable cornerstone to par-
ticle physics, gauge bosons have been observed. There is no
room for adjusting the form of effective YM Lagrangian as it is
predicted by quantum corrections according to field theory. In
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this Letter, we examine the coincidence problem in this model.
We find that the YM condensate field was subdominant during
earlier stages with a state of w ~ 1/3, and later it turned into a
state of w ~ —1 and only recently it started to dominate over
the matter. Moreover, the initial value of YM energy fraction
can be taken in a wide range of £2, ~ (10_20, 10_2). Thus the
model can solve the problem naturally.

2. The effective Yang—Mills field model
The effective YM condensate cosmic model has been dis-

cussed in Refs. [11-13]. The effective Lagrangian up to 1-loop
order is [14,15]

b
Lefr = EFIH , (D

€K2

where b = 11N /24x? for the generic gauge group SU(N)
is the Callan—Symanzik coefficient [16] F = —(1/2) F;ﬁv Fary
plays the role of the order parameter of the YM condensate,
e >~ 2.72, k is the renormalization scale with the dimension of
squared mass, the only model parameter. The attractive features
of this effective YM Lagrangian include the gauge invariance,
the Lorentz invariance, the correct trace anomaly, and the as-
ymptotic freedom [14]. With the logarithmic dependence on the
field strength, Lefr has a form similar to he Coleman—Weinberg
scalar effective potential [17], and the Parker—Raval effective
gravity Lagrangian [18]. The effective YM condensate was
firstly put into the expanding Robertson—Walker (RW) space-
time to study inflationary expansion [11] and the dark energy
[12]. We work in a spatially flat RW spacetime with a metric

ds* = az(t)(dt2 —8;;dx' dxj), @)

where 7 = f (ap/a) dt is the conformal time. Assume that the
Universe is filled with the YM condensate. For simplicity we
study the SU(2) group and consider the electric case with B> =
0. The energy density and pressure are given by

S _E(e, )
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where the dielectric constant is given by

€=bln|— “)
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and the equation of state (EoS) is

py B3
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where B =¢€/b=1In| 5—22 |. At the critical point with the conden-

sate order parameter F = «2, one has B=0and w = —1, the

Universe is in exact de Sitter expansion [11]. Around this crit-
ical point, F < k2 gives 8 <0 and w < —1, and F > k2 gives
B >0and w > —1. So in the YM field model, EoS of w > —1
and w < —1 all can be naturally realized. When 8 > 1, the
YM field has a state of w = 1/3, becoming a radiation compo-
nent. As is known, an effective theory is a simple representation

for an interacting quantum system of many degrees of free-
dom at and around its respective low energies. Commonly, it
applies only in low energies. However, it is interesting to note
that the YM condensate model as an effective theory intrinsi-
cally incorporates the appropriate states for both high and low
temperature. As has been shown above, the same expression in
Eq. (3) simultaneously gives p, — —p, at low energies, and
Py —> py/3 at high energies. Therefore, our model of effective
YM condensate can be used even at higher energies than the
renormalization scale k.
The effective YM equations are

du(a*e ™) + febe Al (a*e FH) =0, (6)

the v = 0 component of which is an identity, and the v =1,2,3
spatial components of which reduce to

3 (a’€E) =0. @)

At the critical point (¢ = 0), this equation is an identity. When
€ # 0, this equation has an exact solution as follows [13],

BeP? xa?, 8)

where the coefficient of proportionality in the above depends on
the initial condition. Near the critical point with |w + 1| < 1,
i.e. B K 1, Eq. (8) yields

Boca?, 9)
and the EoS is

4
a)+12?ﬁ0(a_2. (10

This simple analysis shows that with the expansion of the Uni-
verse o will goes to the critical point of v = —1, an important
character of the YM dark energy model. The YM condensate
can achieve the states of w > —1 and w < —1, but it can-
not cross over —1, just like in the scalar models [19]. At the
early stages, a — 0, Eq. (8) leads to 8 > 1, and Eq. (5) gives
w — 1/3, so the YM condensate behaves as the radiation com-
ponent.

We should fix the value of «, the only parameter in our
model. At the present time, the YM energy density

2

bE? bk
py=7(ﬂ+1)ZT, (1)

and, as the dark energy, it should be §2y 09, where the present
total energy density in the Universe pp & 8.099 h? x 10~ eV,
We choose §2, = 0.73 as has been observed, yielding

kK =3.57hx 107> eV>. (12)

This energy scale is low compared to typical energy scales in
particle physics. So the “fine-tuning” problem is also present in
this model.

To be more specific about how the YM condensate evolves
in the expanding Universe, we look at an early stage when the
big bang nucleosynthesis (BBN) processes occur around a red-
shift z ~ 10'° with an energy scale ~ 1 MeV. To see how the
evolution of py depends the initial condition, we introduce the
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Fig. 1. The evolution of the energy densities versus redshift z. The dot line is
for the radiation density, and the dash line for the matter density. The solid line
is for the YM energy density with rp, = 1072, and the dash-dot one for the YM
energy density with r,, = 10720,

ratio of energies of the two components

=220 (13)
Pr 1z=1010

where p, is the radiation energy density. We consider rp, < 1,
i.e. the YM condensate is subdominant to the radiation compo-
nent initially. Of course, the YM condensate evolves differently
for different initial values of r,. Nevertheless, we will see that,
as the result of evolution, the present Universe is always domi-
nated by the YM condensate §2, ~ 0.73 for a very wide range
of initial values rp.

Now we use the exact solution (8) to plot the evolution of p,
as a function of the redshift z in Fig. 1. As specific examples,
here we take r, = 1072, and rp = 10720, In comparison, also
plotted are the energy densities of radiation, and of matter. It is
seen that, in the early stages, o, decreases as py & a=*. So the
YM density is subdominant and tracks the radiation, a scaling
solution. The corresponding EoS of YM field is w ~ 1/3 shown
in Fig. 2. At late stages, with the expansion of the Universe,
a — 0o, B decreases to nearly zero, and w — —1 asymptoti-
cally. Moreover, this asymptotic region is arrived at some red-
shift z before the present time, and this z has different values
for different initial values of r,. For smaller rp, the transition
redshift is larger (seen in Fig. 2), and the transition happens
earlier. Once the asymptotic region is achieved, the density of
the YM field levels off and remain a constant forever, like a
cosmological constant. We have also checked that the present
value £2y ~ 0.73 is also the outcome of the cosmic evolution
for any value of r,, in the very wide range (10720, 1072). So the
coincidence problem do not exist in the YM condensate model.

The present value of wy is nearly —1. Fig. 3 plots the de-
pendence of the present EoS wp on the initial condition ry.
The function logo(rp) versus log;o(wp + 1) is nearly linear:
a smaller rp, leads to a smaller wg. For a value r, = 1072, one
has wy = —0.99. For a value r, = 1072°, wy would be —1

04

02 R

0o Y YM field .~

with r,=10"

EoS: ®
S
-
T

log,, (z+1)

Fig. 2. The evolution of the equation of state @ for the YM field as a function
of redshift z. Here the two curves are for the same models as those in Fig. 1.
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Fig. 3. The present EoS of the YM field wy depends on the initial value r;. The
region above the dot line has been excluded by the observation of the BBN [21].

accurately up to one in 10!, Therefore, at present the YM con-
densate is very similar to the cosmological constant.
The solution in Eq. (8) can converted into the following form

= ﬁexp[m]—l, (14)
Po 4
where fo is the value of B at z = 0, depending on the initial
value rp. For a fixed By, this formula tells a one-one relation
between the EoS (through ) and the corresponding redshift z.
As is seen from Fig. 2, the transition of w from 1/3 to —1 occurs
during a finite period of time, instead of instantly. To character-
ize the time of transition, we use z; to denote the redshift when
w=—1/3,1.e. B =1, as given by Eq. (5). This is, in fact, the
time when the strong energy condition begins to be violated,
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Fig. 4. The transition redshift z; depends on the initial value rj. The region
above the dot line has been excluded by the observation of the BBN [21].

ie., py +3py <O0.Then

= %exp[l_ﬂo]—l. (15)

Therefore, this gives a function z; = z;(rp). Fig. 4 shows how
the transition redshift z; depends on the ratio r,. Interestingly,
this transition can occur before, or after the radiation-matter
equality (zeq = 3233 [2]). This feature is different from the
tracked quintessence or k-essence models in which transition
occurs during the matter dominated era [6,7]. A larger r, leads
to a smaller z;. For example, r, = 1072 leads to z; ~ 12.4 «
Zeq» and the transition occurs in the matter dominated stage, and
rp = 10720 leads to z; >~ 5.0 x 10° > Zeq, and the transition oc-
curs in the radiation dominated stage.

The value of 7, cannot be chosen to arbitrarily large. In fact,
there is a constraint from the observation result of the BBN.
As is known, the presence of dark energy during nucleosynthe-
sis epoch will speedup the expansion, enhancing the effective
species N,, of neutrinos [20,21]. The latest analysis gives a con-
strain on the extra neutrino species N, = N,, — 3 < 1.60 [21].
Here in our model, the dark energy is played by the YM field.
By a similar analysis, the ratio r;, is related to § N, through
rp = 7‘13g ;?. This leads to an upper limit r, < 0.26, the present
EoS wy < —0.94 by Fig. 3, and the transition redshift z; > 5.8
by Fig. 4. The range of initial conditions r, € (10720, 107%)
that we have taken satisfies this constraint.

3. Summary

The effective YM condensate has the advantageous charac-
ters: the YM fields are indispensable to particle physics, there is
no room for adjusting the functional form of the Lagrangian as
it is predicted by quantum field theory. As a model for the cos-
mic dark energy, it has no free parameters except the present
cosmic energy scale, and the cosmic evolution only depends on
the initial conditions. This study has shown that, for a generic

value r, in a wide range of (10_20, 10_2), the present YM
dark energy will be in |wp 4+ 1| < 0.01, and the Universe has
£2y ~0.73 and £2,, ~ 0.27 as the result of cosmic evolution.
Thus, the YM model intrinsically has the tracking solution as in
scalar field models. In this sense the model can naturally solve
the coincidence problem.

It is found that at the early stages the subdominant YM field
behaves like a relativistic radiation with w ~ 1/3. Later around
a redshift z;, the YM field transits into the states w ~ —1, and
only recently it becomes dominant and drives the current accel-
erating expansion of the Universe. Interestingly, the YM field
model differs from the scalar models in that, the transition of
the state from @ ~ 1/3 to w ~ —1 can occur during radiation
or matter dominated era, depending on the initial condition rp.
Finally, the observation of BBN gives a constraint r, < 0.26,
which is not stringent. We have to say that the “fining-tuning”
problem is not solved here as in most of other current models.
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