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a b s t r a c t 

Gravitational wave (GW) observations have provided a novel tool to explore the universe. In the near future, 
space-borne detectors will further open the window of low-frequency GW band where abundant sources exist 
and invaluable information for astrophysics, cosmology, and fundamental physics can be revealed. However, 
there are various new challenges in data analyses for space-borne detectors coming with the abundance of GW 

signals. For example, there are Galactic compact binaries (GCBs) with an overwhelming number that can produce 
continuous GW signals existing the entire mission time of detectors. The enormous overlapping GCB signals tangle 
and correlate with each other, and blend with other types of sources together in the observed data. Extracting 
source information from overlapping signals is one of the key problems for data analyses of space-borne detectors. 
In the paper, we present a review of currently available solutions for extracting overlapping GCB signals as 
thoroughly as possible aiming at promoting more interest in this question and inspiring further improvements. 
Current solutions can be roughly categorized by two classes, iterative subtraction and global fitting. There are 
diverse implementations of both strategies with enhancements focusing on different aspects. Meanwhile, the 
hybrid approach and the machine learning technique are also used in recent years. In the last, we also present 
an introduction of the stochastic foreground formed by unresolvable faint GCBs about its separation from extra- 
galactic backgrounds and its utility in exploring the properties of the Galaxy. 
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. Introduction 

Direct detections of gravitational waves (GWs) by ground-based de-
ectors have ushered in a new era of GW astronomy [1–4] . Fruitful re-
ults have been accomplished based on detected events and researches
ith GWs are explosively growing in recent years. These detections have

nitiated a paradigm shift in studies of gravity, astrophysics, and cosmol-
gy. In the near future, space-borne detectors including LISA [5] , Taiji
6] , and TianQin [7] will open the new window of low-frequency GW
and. 

One significant difference between current ground-based detectors
nd future space-borne detectors is that data given by current ground-
ased detectors are noise-dominant whereas signals are dominant for
pace-borne detectors. For current ground-based detectors, the com-
act binaries will quickly merge after entering the sensitive band, and
he transient signals are sparsely distributed in time [1–4] . The situ-
tions of signal overlapping are expected to be rare. As reported in
he work [8] where the probability of signal overlapping and how se-
ere overlapping can induce significant bias in parameter estimation
or second-generation ground-based detectors are thoroughly investi-
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ated, it is unlikely to observe overlapping signals by current exist-
ng detectors. Whereas, for future space-borne detectors, the enormous
ources can persist in the sensitive band during the whole mission period
5–7] . Their GW signals can be heavily overlapping both in the time
nd frequency domain, which brings new challenges in extracting phys-
cal information from the data. Similar issues of signal overlapping also
rise in third-generation ground-based detectors. Due to the exquisite
ensitivities especially the improvement in low frequency, the visible
uration and signal number are both significantly increased. It is un-
ikely to observe signals without overlapping for third-generation de-
ectors, and the events with very close merger time which may suffer
rom significant bias in parameter estimation can be common [9,10] .
here are extensive works about parameter inference techniques and

mpacts on researches of scientific problems for overlapping signals in
hird-generation detectors. For examples, the traditional Bayesian in-
erence framework with strategies of hierarchical subtraction and joint
stimation for overlapping signals is investigated in the work [11] , and
 joint parameter estimation analyzing two overlapping signals simul-
aneously using normalizing flows is demonstrated in [12] . In the work
13] , impacts of signal overlapping on testing General Relativity are
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c  
laborated. In works [14,15] , the impacts of unresolvable overlapping
oreground and subtraction residuals induced by parameter estimation
ias due to signal overlapping on detecting cosmological stochastic grav-
tational wave background with third-generation detectors are inves-
igated. A review for signal overlapping problems focusing on third-
eneration ground-based detectors can be found in [16] . In the rest of
his paper, we mainly focus on researches targeting space-borne detec-
ors. 

There are diverse types of sources presented in the space-borne de-
ector sensitive band [17] , such as massive black hole binaries (MB-
Bs), extreme mass ratio inspirals (EMRIs), and Galactic compact bina-

ies (GCBs), etc. GCBs are likely to be the most numerous type of GW
ources detected in future space GW observation. Tens of millions of
uch sources may exist in the space-borne detector band. Among them,
en of thousands of bright ones are expected to be independently resolv-
ble, while others will constitute a stochastic foreground as confusion
oise [18–21] . Identification and subtraction of the resolvable GCBs are
ot only important for extracting other kinds of sources but also can be
ssistance in researches about stellar and Galactic astrophysics with the
dvantage that the information carried by GWs will not be affected by
rowded matters in the Galaxy [22–27] . 

Although all sources including MBHBs and EMRIs will be blended
ogether in data-stream from space-borne detectors and people may ulti-
ately need algorithms that can separate or simultaneously fit all differ-

nt sources, GCBs may be the kind that is most heavily overlapping due
o their overwhelming amount and the feature of long-living. Therefore,
he discussions dedicated to GCBs may be the foundation and starting
oint of the ultimate full algorithms for separating and fitting all over-
apping sources. In this paper, we will focus on GCBs and present a re-
iew of current solutions to tackle enormous overlapping GCB sources as
omprehensively as possible, aiming at paving for further improvements
n the problems of signal overlapping for data analyses of space-borne
etectors. 

Current solutions of extracting GCB signals mainly work around the
imulated data sets including the earlier Mock LISA Data Challenges
MLDCs) [28–34] , the recent resurrected LISA Data Challenges (LDCs)
35] , and the Taiji Data Challenges (TDCs) [36] . These data sets are
eleased to encourage various efforts for tackling unsolved problems in
ata analyses of space-borne detectors. These challenges involve data
ets not only dedicated to GCBs, but also blended with various other
ossible sources, and the complexity has been increasing progressively.
n the MLDC1, isolated GCBs and moderately overlapping signals with
ozens of GCBs are concerned [28–30] . The MLDC2 considers the full
opulation with 26 million GCBs, and includes two data sets where the
LDC2.1 only contains signals of GCBs while MLDC2.2 blends signals of
CBs with MBHBs and EMRIs [31,32] . The data set of GCBs in MLDC3
ontains ∼ 60 million binaries, which is descended from MLDC2.1 with
he improvement of realism by considering two different kinds of GCBs,
inaries with two detached components and binaries with interacted
omponents [33,34] . The MLDC4 is the descendant of MLDC2.2, which
lends different types of sources concerned separately in sub-challenges
f MLDC3 into a single data stream [33] . 

The new LDCs 1 [35] are resumed in recent years with the new de-
ign [5] of LISA. Currently, three challenges have been released, LDC1
adler , LDC2a Sangria , and LDC2b Spritz . The LDC1 consid-
rs various types of possible LISA sources separately like MLDC3, and
ncludes six sub-challenges where LDC1-4 is dedicated to GCBs and con-
ains 26 million signals. The LDC2a is the updated challenge similar to
LDC4, which mixes different types of sources. The LDC2b has the im-

rovement of considering the realistic instrumental and environmental
oise, including gaps, glitches, and non-stationary noise. While the GW
ources considered in LDC2b are relatively simple, where only MBHBs
nd verification GCBs are contained. The Taiji project also releases the
1 https://lisa-ldc.lal.in2p3.fr/ . 
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ata challenge [36] for the configuration of the Taiji detector, which
ncludes sub-challenges concerning various types of GW sources sepa-
ately and the mixture of these sources. 

Numerous endeavors have been made in previous works to address
he problem of signal overlapping. The ideas for this problem can be
oughly categorized into two groups, the iterative subtraction strat-
gy and the global fitting strategy. The iterative subtraction strategy
earches the maximum likelihood estimation for a single source in each
tep, and this procedure will be performed iteratively with the remain-
ng data after subtracting the identified signals [37–41] . In contrast, the
lobal fitting strategy fits all signals simultaneously in the full Bayesian
pproach with sophisticated Markov chain Monte Carlo (MCMC) sam-
ling algorithms to obtain the joint posterior distributions [42–49] . Both
wo strategies are adopted and implemented in diverse full-scale and
nd-to-end pipelines for extracting overlapping signals of GCBs. The it-
rative subtraction solutions can extract source candidates quickly but
uffer from the correlations among overlapping signals and the contam-
nation of accumulating signal residuals left by each subtraction iter-
tion. The global fitting solutions employ the full Bayesian approach
o analyze all sources in a band simultaneously, which can better deal
ith the source correlations and residual contamination, but with the
rice of extremely massive demand for computational resources. The hy-
rid approach combining the maximum likelihood estimation and the
ayesian parameter estimation with MCMC is also proposed for com-
ining the strengths of the two strategies while evading their drawbacks
50–52] . The flourishing machine learning algorithms provide new av-
nues to solve parameter estimation problems. After training with simu-
ated data, the algorithms can generate posteriors directly without enor-
ously evaluating the computationally expensive likelihood, which can

omplete the parameter estimation nearly in real time. The techniques
ave been successfully used in the parameter estimation for current
round-based detector data [53–58] . Machine learning techniques are
lso considered in the problem of overlapping GCBs, which are expected
o be prospective powerful tools in future data analyses of space-borne
etectors [59] . The resolvable sources are only a small fraction of the
hole GCB population, the remaining faint GCBs can form a stochas-

ic foreground. On the one hand, this Galactic foreground plays the
ole of noise deteriorating the signal-to-noise ratio (SNR) of individual
ources and blending with stochastic signals from extra-galactic sources
60–69] . On the other hand, this foreground also contains information
n the GCB population which is correlated to properties of the Galaxy,
nd offers a unique tool to study Galactic astrophysics [70–72] . 

The rest of this paper is organized as follows. In the next section,
e briefly introduce the characterizations of GW signals from GCBs and
ow detectors respond to them. Section 3 is the main part of this pa-
er where we present a detailed review of efforts on extracting over-
apping GCB signals reported in recent years. After briefly summarizing
arlier works around MLDC in Section 3.1 , we first introduce a typical
mplementation of the iterative subtraction scheme and two variants
ocusing respectively on reducing inaccurate subtraction contamination
nd improving search efficiency in Section 3.2 . Then, we elucidate basic
onceptions of the global fitting scheme and introduce two independent
mplementations of this strategy in Section 3.3 . The hybrid Bayesian ap-
roach combining the maximum likelihood estimation and the MCMC
ampling, and a preliminary attempt of utilizing machine learning tech-
iques in solving the problem of overlapping GCB signals are introduced
ext in Section 3.4 and 3.5 . The discussions about unresolvable GCBs are
iven in Section 4 . The final summary is presented in Section. 5 . 

. Galactic compact binaries 

According to population models [18–21] , there are tens of millions of
ompact binaries in the Galaxy that are slowly inspiraling towards each
ther with emissions of GWs in the mHz band and might be the type
f most numerous sources observed by the space-borne detectors. An
llustration of the sky distribution of a simulated GCB population taken

https://lisa-ldc.lal.in2p3.fr/
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Fig. 1. Illustration for sky distribution of GCBs . The simulated GCB catalog 
is from LDC2a [35] . The SNRs are calculated with 1-year observation and the 
sources are displayed in the Galactic coordinate. 

Table 1 

Expected numbers for the total and detectable sources of various GCB types 

in the Galaxy. This table is cited from Amaro-Seoane et al. [17] . 

Types 𝑁total 𝑁detected 

WD + WD ∼ 108 6000 − 10000 
NS + WD ∼ 107 100 − 300 
BH + WD ∼ 106 0 − 3 
NS + NS ∼ 105 2 − 100 
BH + NS ∼ 104 − 105 0 − 20 
BH + BH ∼ 106 0 − 70 
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rom the training dataset of LDC2a [35] is presented in Fig. 1 . Among
he population, tens of thousands of GCBs are expected to be individ-
ally resolvable through the four-year observation time of space-borne
etectors. Current electromagnetic observations have identified about
ozens of GCBs 2 [73] , while hundreds are predicted to be detected by
uture observations [20] . These known sources are referred to as veri-
cation binaries and the loud ones are guaranteed to be detectable by
pace-borne GW detectors. The loud verification binaries are expected to
e quickly identified by just weeks integration time of observation, thus
ffering an important tool for functional tests and performance monitor-
ng of the instruments [74] . Most GCBs are binary white dwarfs includ-
ng detached binaries, as well as interacted binaries that have reached
he Roche lobe overflow and started mass transfer [75] . While a small
raction of GCBs may involve with neutron stars or black holes. A sum-
ary of expectation of GCBs in the space-borne detector band is present

n Table 1 which is cited from Amaro-Seoane et al. [17] . More details
bout population synthesis simulations or formation scenarios can be
ound in reviews [17,76] . 

GCBs in the band of space-borne detectors are far from merger, and
ill stay in the inspiral phase of slow chirping during the entire obser-
ation period. GWs radiated from GCBs can be well described by the
uasi-monochromatic waveform which takes the form of [77,78] 

+ ( 𝑡 ) =  (1 + cos 2 𝜄) cos Φ( 𝑡 ) , 

ℎ×( 𝑡 ) = −2  cos 𝜄 sin Φ( 𝑡 ) . (1) 

ere  is the amplitude, 𝜄 is the inclination of binary orbit, and Φ is
he GW phase which can be expressed as Φ( 𝑡 ) = 𝜙0 + 2 𝜋 ∫ 𝑓 ( 𝑡′) 𝑑𝑡′ with
he arbitrary initial phase 𝜙0 and the frequency evolution 𝑓 ( 𝑡 ) . Since
he frequency evolution is extremely slow for GCBs in the early inspiral
tage, 𝑓 ( 𝑡 ) can be characterized by the central frequency 𝑓0 and the first
erivative ̇𝑓 . The evolution of amplitude is usually neglected and  is
onsidered as a constant. The effects of mass transfer between binaries
an be encoded into the parameter ̇𝑓 [79] . The phase evolution can be
ritten as 

( 𝑡 ) = 2 𝜋𝑓0 𝑡 + 𝜋 ̇𝑓 𝑡2 + 𝜙0 . (2)
2 https://gitlab.in2p3.fr/LISA/lisa-verification-binaries . 
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he total matric perturbation can be assembled by the sum of two po-
arizations as 

 

TT = 𝝐+ ℎ+ + 𝝐×ℎ×, (3) 

here 𝝐+ and 𝝐× denote the polarization tensors which depend on the
ource location ( 𝛽, 𝜆) and the polarization angle 𝜓 . The response to GWs
f a single laser link of space-borne detectors is given by Cornish and
ubbo [80] , Rubbo et al. [81] , Królak et al. [82] 

𝑠𝑟 =
1 

2(1 − 𝒌̂ ⋅ 𝒏̂ 𝑠𝑟 ) 
𝒏̂ 𝑠𝑟 ⋅ [𝒉 TT ( 𝑡 − 𝐿 − 𝒌̂ ⋅ 𝒑 𝑠 ) − 𝒉 TT ( 𝑡 − 𝒌̂ ⋅ 𝒑 𝑟 )] ⋅ 𝒏̂ 𝑠𝑟 , (4)

here the subscripts 𝑠, 𝑟 denote the laser sender node and the receiver
ode respectively, 𝒌̂ denotes the unit vector of the GW propagation di-
ection, 𝒏̂ 𝑠𝑟 denotes the unit vector along the direction of the link, 𝒑 𝑠 
nd 𝒑 𝑟 are the vectors of positions of the sender node and receiver node
n the heliocentric coordinate. Together with the parameters describing
W strains of GCBs as shown in Eqs. 1 and 2 , there are 8 parameters
  , 𝑓0 , ̇𝑓 , 𝜄, 𝜆, 𝛽, 𝜓, 𝜙0 ) to fully characterize a signal from GCB. 

Since the noise behavior can be conveniently characterized by the
ower spectral density (PSD) in the frequency domain if the noise is
tationary and Gaussian, data analyses of GWs are often performed in
he frequency domain. The method proposed in [78] can compute the
ourier transformation of the response quickly and accurately by het-
rodyning the response signal with a carrier wave of the frequency 𝑓0 .
y multiplying with the carrier wave, the response signal can be decom-
osed into the slow part and the fast part. The Fourier transformation of
he fast part can be obtained analytically. The slow part is transformed
hrough fast Fourier transformation numerically, whereas the number
f time samples is significantly reduced. For a signal extending within
he band of [ 𝑓0 , (1 + 𝜂) 𝑓0 ] , the heterodyning operation can shift the re-
uired Nyquist frequency from 2(1 + 𝜂) 𝑓0 to 2 𝜂𝑓0 . Since the GCBs signals
re quasi-monochromatic with 𝜂 ∼ 10−6 [21,83] , the number of samples
an be much less than the original time samples when numerically com-
uting the fast Fourier transformation for the slow part. There is open
ource code GBGPU [77,84] that can be used to obtain the response
ignals of GBCs in practice. 

The space-borne detectors are unequal arm interferometers where
he laser frequency noise will experience different time delays when
raveling along different arms and cannot be canceled out by itself at the
hotodetector like ground-based detectors. In order to suppress the laser
requency noise which can be stronger than GW signals a few orders, the
echnique called time delay interferometer (TDI) where the observables
re created by time-shifting and combining single link responses has to
e used to construct artificial equal arm interferometers [82,85,86] . The
.5th generation (or 1st generation in some literatures) TDI observable
is given by Babak et al. [87] 

1 . 5 = 𝑦13 + 𝐷13 𝑦31 + 𝐷13 𝐷31 𝑦12 + 𝐷13 𝐷31 𝐷12 𝑦21 

− 𝑦12 − 𝐷12 𝑦21 − 𝐷12 𝐷21 𝑦13 − 𝐷12 𝐷21 𝐷13 𝑦31 , (5) 

here 𝐷𝑖𝑗 denotes the delay operator defined as 𝐷𝑖𝑗 𝑦𝑠𝑟 = 𝑦𝑠𝑟 ( 𝑡 − 𝐿𝑖𝑗 ) and

𝑖𝑗 is the arm-length between the node 𝑖 and node 𝑗 of the constella-
ion. (In the construction of TDI combinations, the non-commutativity
nd variations of arm-length may be taken into consideration, whereas
hen actually computing the detector responses, the approximation of

igid constellation where all arm-length is equal and constant is usually
dopted [83,87,88] . Therefore, we follow this convention and use 𝐿𝑖𝑗 to
enote the arm-length when writing TDI combinations, while using 𝐿 in
ther places.) The other two observables 𝑌 , 𝑍 can be obtained similarly
y cyclic permutation of indices. The 2nd generation TDI incorporates
hat the delay operators are non-commutative for forward and inverse
elay of a link due to the rotation of the constellation by compensating
ore virtual loops in two arms as [87] 

2 . 0 = 𝑦13 + 𝐷13 𝑦31 + 𝐷13 𝐷31 𝑦12 + 𝐷13 𝐷31 𝐷12 𝑦21 

+ 𝐷 𝐷 𝐷 𝐷 𝑦 + 𝐷 𝐷 𝐷 𝐷 𝐷 𝑦
13 31 12 21 12 13 31 12 21 12 21 

https://gitlab.in2p3.fr/LISA/lisa-verification-binaries
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Fig. 2. Time domain signal of a typical GCB source. In the mHz band, the 
GCBs are at the early inspiral stage of their orbital evolution where the radiated 
GWs are quasi-monochromatic. However, the motion of detectors can endow sig- 
nals with annual modulation which depends on the sky locations of the sources. 
The signal shown here is the A channel of 1.5th generation TDI combination 
for the responses of LISA to a verification source AM CVn [73] . The signal is 
generated by lisaanalysistools [93] and fastlisaresponse 
[94] . 
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Fig. 3. Signals of the simulated GCB population in frequency domain. The 
GCB catalog is from the training dataset of LDC2a [35] . The displayed signals 
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generated by gbgpu [77,95] . The orange lines denote the sources that have 
SNR ≥ 8 for 1-year observation and are expected to be resolvable individually. 
The total contribution of remaining faint sources is denoted by gray lines which 
can form a stochastic foreground as confusion noise. The noise of the instrument 
is indicated by the blue line, which is given by the noise model SciRDv1 
[87,96] . 
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S  
+ 𝐷13 𝐷31 𝐷12 𝐷21 𝐷12 𝐷21 𝑦13 + 𝐷13 𝐷31 𝐷12 𝐷21 𝐷12 𝐷21 𝐷13 𝑦31 

− 𝑦12 − 𝐷12 𝑦21 − 𝐷12 𝐷21 𝑦13 − 𝐷12 𝐷21 𝐷13 𝑦31 

− 𝐷12 𝐷21 𝐷13 𝐷31 𝑦13 − 𝐷12 𝐷21 𝐷13 𝐷31 𝐷13 𝑦31 

− 𝐷12 𝐷21 𝐷13 𝐷31 𝐷13 𝐷31 𝑦12 − 𝐷12 𝐷21 𝐷13 𝐷31 𝐷13 𝐷31 𝐷12 𝑦21 . (6) 

he constructions of TDI observable are not unique and have abundant
orms. Different constructions can have different sensitivities to GWs of
ifferent polarizations and propagation directions [89,90] . The 𝑋, 𝑌 , 𝑍

hannels are correlated, and the independent TDI channels can be ob-
ained through the combination of 

𝐴 = 

1 √
2 
( 𝑍 − 𝑋) , 

 = 

1 √
6 
( 𝑋 − 2 𝑌 + 𝑍) , 

𝑇 = 

1 √
3 
( 𝑋 + 𝑌 + 𝑍) . (7) 

n the low-frequency limit where 𝑓 < (1∕2 𝜋𝐿 ) with 𝐿 denoting the arm-
ength of the detector, signals in the 𝐴 channel are mainly contributed
y the plus polarization, the 𝐸 channel can be approximated to the cross
olarization, and the 𝑇 channel is approximated to the breath polariza-
ion but which is absent in General Relativity. Thus, in data analyses
ith low-frequency approximation, only 𝐴 and 𝐸 channels are consid-

red usually [51,91,92] . We illustrate the time domain signal in the 𝐴
hannel of a typical GCB in Fig. 2 and the frequency domain signals of
he GCB population in Fig. 3 . 

. Solutions for extracting overlapping GCB signals 

This section provides a detailed review of currently available solu-
ions for extracting overlapping GCB signals. We mainly focus on recent
orks, early efforts with MLDCs are briefly summarized in Section 3.1 ,
nd diverse innovations and new implementations in recent years are in-
roduced in the subsequent sections. A summary of solutions mentioned
ere and corresponding references are presented in Table 2 . 

.1. Early researches 

Problems of extracting overlapping GCB signals have been discussed
or more than two decades. The iterative subtraction strategy was pro-
osed at the beginning of this century [97] , where the brightest sources
1363
re iteratively identified and subtracted. The global fitting strategy
an be traced back to the early researches [42,43] which employs the
rans-dimensional MCMC sampling algorithm to simultaneously infer
he source number, joint posteriors of source parameters, and noise lev-
ls. 

Diverse solutions for overlapping GCB signals are explosively pre-
ented working around the MLDCs. For example, the blocked annealed
etropolis (BAM) algorithm developed in [98–100] is a quasi-Bayesian

pproach with a  -statistic likelihood and a customized MCMC sam-
ling strategy. The subsequent work [101] extends the BAM algorithm
hrough introducing parallel tempering, the reversible jump MCMC
RJMCMC), and the fast-slow decomposition waveform model, which
s the basis of the recent full-scale global fitting pipeline GBMCMC in-
roduced in Section 3.3 . The search methods using  -statistic and var-
ous optimal algorithms [102–107] are also the foundation of diverse
terative subtraction solutions in recent years. Additionally, various in-
elligent ideas besides the above two schemes are also widely discussed,
ncluding a tomographic approach [108,109] , genetic searches [110] ,
he two-stage strategy [111] , and a sophisticated MCMC walking strat-
gy [112,113] , etc. More details about early efforts can be found in
eports of each MLDC [30,32–34] , and a comprehensive review [114] . 

Based on early efforts, various enhancements, new methods and im-
lementations have emerged with the resurrected LDCs in recent years,
hich will be detailed in the following. 

.2. Iterative substraction using  -statistic and particle swarm optimization

One of widely considered strategies for extracting overlapping sig-
als is iterative subtraction where the search algorithm for one individ-
al source will be run to identify the brightest source, then the iden-
ified signal will be subtracted from the data, and this procedure will
e iteratively executed with the residual data until some stopping crite-
ia are satisfied. The idea of iterative identification and subtraction for
verlapping signals in mHz GW band is proposed early in [97] , and is
mplemented extensively in previous works. In this review, we present
n introduction of a typical iterative subtraction scheme developed in
ecent years [37–39] , which employs  -statistic to construct likelihood
nd uses particle swarm optimization (PSO) to search the optimal esti-
ations. 

The framework developed in [37] is referred to as Galactic Binary
eparation by Iterative Extraction and Validation using Extended Range
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Table 2 

A collection of currently available solutions for extracting GCB signals. Relevant codes if open source are listed in the tablenote for convenience of reference. 
Most equations appearing in the corresponding chapters can be found in the references listed above. 

Solution Key techniques References 

Iterative subtraction GBSIEVER  -statistic; PSO. [37–39] 
LMPSO-CV  -statistic; PSO with special particle movement rules; Tuned rules for removing false 

candidates. 
[40] 

Combination of coarse template 
search and fine PSO search 

 -statistic; PSO with constrained search ranges; Template search. [41] 

GBMCMC 1 RJMCMC; Parallel tempering; Blocked Gibbs update scheme;  -statistic proposal; 
Multimodal proposal; Posterior-based proposal. 

[44–47] 

Global fitting Eryn 2 RJMCMC; Parallel tempering; Blocked Gibbs update scheme; Ensemble sampling; 
Delay rejection; Multiple try metropolis Stretch-move proposal Proposal built from 

available samples; GPU acceleration. 

[48,49] 

Hybrid Bayesian approach 3 DE; SLSP; MCMC sampling within promising regions; Gaussian progress regression. [50–52] 
Machine learning techniques Normalizing flows [59] 
Early efforts with MLDCs [30,32–34,114] 

1 https://github.com/tlittenberg/ldasoft . 
2 https://github.com/mikekatz04/Eryn . 
3 https://github.com/stefanstrub/LDC-GB . 
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GBSIEVER). In the iterative subtraction scheme, the single bright-
st source needs to be identified in each iteration. GBSIEVER imple-
ents this through maximum likelihood estimation where the likeli-
ood is constructed by  -statistic. The data from detectors are com-
osed of noise 𝑛 ( 𝑡 ) and GW signals ℎ ( 𝑡 ) , which can be expressed as
( 𝑡 ) = 𝑛 ( 𝑡 ) + ℎ ( 𝑡 ) . Assuming the noise 𝑛 ( 𝑡 ) is Gaussian and stationary, the
robability of a realization of 𝑑( 𝑡 ) given a specific GW signal ℎ ( 𝑡 ) de-
cribed by a set of parameters 𝜽 can be written by 

n 𝑝 ( 𝑑( 𝑡 ) |ℎ ( 𝑡,𝜽)) = −1 
2 
⟨𝑑( 𝑡 ) − ℎ ( 𝑡,𝜽) , 𝑑( 𝑡 ) − ℎ ( 𝑡,𝜽) ⟩, (8)

here the angle brackets denote the noise weighted inner product de-
ned as 

𝑎 ( 𝑡 ) , 𝑏 ( 𝑡 ) ⟩ = 4Re ∫
∞

0 

𝑎̃ ( 𝑓 )𝑏̃∗ ( 𝑓 ) 
𝑆𝑛 ( 𝑓 ) 

𝑑𝑓 . (9)

ere, 𝑎̃ ( 𝑓 ) and 𝑏̃ ( 𝑓 ) is the Fourier transformation of time series 𝑎 ( 𝑡 ) and
 ( 𝑡 ) , 𝑆𝑛 ( 𝑓 ) denotes the PSD of the noise. To identify the signal in data
hrough maximum likelihood estimation, one needs to explore the pa-
ameter space of 𝜽 to find the parameters 𝜽̂MLE where the probability
 Eq. 8 ) has the maximum value. Drop the term independent with the
ource parameters, the likelihood can be written by 

n Λ = ⟨𝑑, ℎ ⟩ − 1 
2 
⟨ℎ, ℎ ⟩. (10)

or multiple independent measurements of the same signal, such as the
ndependent TDI channels or different detectors, the final log-likelihood
s the sum of log-likelihoods for each independent measurement. The
stimation of source parameters 𝜽̂MLE is given by 

𝜕 ln Λ
𝜕𝜽

||||𝜽=𝜽̂MLE 

= 0 . (11)

ere, we use the hat to denote parameters with the maximum likelihood
alue. 

Exploring the high-dimension parameter space to solve Eq. 11 is
omputationally expensive. In the framework GBSIEVER, the reduced
ikelihood is constructed through  -statistic, where only four intrinsic
arameters are searched and the extrinsic parameters can be obtained
nalytically. The full set of parameters to describe GCB signals is sep-
rated into intrinsic parameters { 𝑓0 , ̇𝑓 , 𝜆, 𝛽} and extrinsic parameters
  , 𝜄, 𝜓, 𝜙0 } . The GW signal can be decomposed by a linear combina-
ion of templates only depending on intrinsic parameters as 

 ( 𝑡,𝜽) = Σ𝑖 𝑎𝑖 𝑋𝑖 ( 𝑡,𝜿) , (12)

here 𝜿 denotes a set of intrinsic parameters, 𝑎𝑖 is a reparametrization
f extrinsic parameters, and basis templates 𝑋 ( 𝑡,𝜿) can be defined by
𝑖 

1364
he GW signals at 4 sets of specific extrinsic parameters. Using this de-
omposition, we can construct the vector 𝑼 which has the element of 

𝑖 = ⟨𝑑( 𝑡 ) , 𝑋𝑖 ( 𝑡,𝜿) ⟩, (13)

nd the matrix 𝑾 which has the element of 

𝑖𝑗 = ⟨𝑋𝑖 ( 𝑡,𝜿) , 𝑋𝑗 ( 𝑡,𝜿) ⟩. (14)

sing vector 𝑼 and matrix 𝑾 together with the vector 𝑨 consisting of

𝑖 , the likelihood Eq. 10 can be rewritten as 

n Λ = 𝑨 𝑼 − 1 
2 
𝑨 𝑾 𝑨 

𝑇 . (15) 

aximizing the original likelihood ln Λ can be substituted by maximiz-
ng the  -statistic defined as 

(𝜿) = 𝑼 

𝑇 𝑾 

−1 𝑼 , (16) 

rom which one can obtain the maximum likelihood estimation for in-
rinsic parameters 𝜿̂. The estimation of 𝒂̂ can be obtained analytically
hrough 

 

𝑇 = 𝑾 

−1 𝑼 . (17) 

he full set of parameters with the maximum likelihood can be recov-
red through 𝜿̂ and 𝒂̂ . 

The remaining question is how to efficiently explore the intrinsic pa-
ameter space to maximize  (𝜿) . In the framework of GBSIEVER, PSO
s performed to accomplish this task. PSO is proposed by Kennedy and
berhart [115] and widely used in various optimal problems. PSO is in-
pired by the social behavior of organisms like bird flocks or fish schools.
t utilizes a population (referred to as the swarm) of candidate solu-
ions (referred to as particles) which are moved by the guidance of own
xperience of each particle and the collective knowledge of the entire
warm to find the optimal solution in the parameter space. The interac-
ion among particles endows the PSO method with more capability for
lobal searching and against trapping in local optima. 

Initially, the particles are randomly drawn in the parameter space
nd assigned with random velocities. The subsequent movement of par-
icles is guided by Gao et al. [40] 

𝒗 𝑡 +1 
𝑖 

= 𝜔𝒗 𝑡 
𝑖 
+ 𝑐1 𝒓 1 

(
𝑷 𝑡 

𝑖 
− 𝒙 𝑡 

𝑖 

)
+ 𝑐2 𝒓 2 

(
𝑮 

𝑡 − 𝒙 𝑡 
𝑖 

)
, 

 

𝑡 +1 
𝑖 

= 𝒙 𝑡 
𝑖 
+ 𝒗 𝑡 +1 

𝑖 
. (18) 

n the above equations, 𝒙 𝑡 
𝑖 

and 𝒗 𝑡 
𝑖 

denote the position and velocity of
 th particle at the iteration step of 𝑡 . 𝑷 𝑡 

𝑖 
is the best position of the 𝑖 th

article found in previous iterations, which represents the experience
f individual particles, and 𝑮 

𝑡 is the best position found by the entire
warm in previous iterations, which represents the collective knowledge

https://github.com/tlittenberg/ldasoft
https://github.com/mikekatz04/Eryn
https://github.com/stefanstrub/LDC-GB
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Fig. 4. The residual after subtracting identified signals given by GB- 

SIEVER. Utilizing the iterative subtraction method with the  -statistic likeli- 
hood and the PSO algorithm, GBSIEVER can successfully identify  (104 ) GCB 
signals. This figure shows the residual of the A channel of the TDI combination 
of simulated LISA dataset LDC1-4 which is used to verify the performance of 
GBSIEVER. This figure is cited from Zhang et al. [37] . 
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f the swarm. The terms corresponding to 𝑷 𝑡 
𝑖 

and 𝑮 

𝑡 are usually called
he personal term and the social term respectively in literature. 𝜔 , 𝑐1 ,
nd 𝑐2 are constant coefficients that need to be tuned according to the
pecific problem through experimental runs or empirical knowledge. 

The process of optimization can be viewed as two phases, the ex-
loration phase where the particles explore the parameter space expan-
ively and quickly to find better locations, and the exploitation phase
here the particles have converged within a promising region and up-
ates of better position will be relatively slow. 𝜔 is called the inertia
eight controlling the balance of exploration and exploitation in the op-

imization process. A lower inertia weight favors exploitation and allows
articles to quickly converge toward promising regions. Conversely, a
igher inertia weight can help particles resist attractions of previous best
ositions of personal and social terms, explore the parameter space more
xpansively, and potentially escape from local optima. The coefficients

1 and 𝑐2 are called acceleration coefficients controlling the balance be-
ween the personal term and social term of the particles in their move-
ent. The setting of these coefficients has significant impacts on the
erformance and efficiency of PSO. A typical configuration in the con-
ext of GW data analyses can be found in [116] , which is also adopted
y GBSIEVER. After sufficient iterations, the particles are expected to
onverge to the optimal solution. 

Some practical techniques are used in GBSIEVER to improve search
fficiency and eliminate false candidates. As introduced in Section 2 ,
CB signals have the characterization of narrowband. Therefore, in
ractice, it is usually to divide the whole frequency band into small
ins. Independent analyses are performed in different frequency bins,
nd the edge effects are carefully addressed in the meanwhile. Further-
ore, another practical technique in GBSIEVER is a special downsam-
ling operation which can reduce the number of samples thus relieve
he computational cost in likelihood evaluation. To eliminate spurious
ources, GBSIEVER employs a cross-validation procedure to compare the
xtracted candidates in two independent runs. Only the candidates with
imilar estimation results in two independent runs are considered to be
enuine. 

The performance of GBSIEVER is verified with the dataset of LDC1-4
nd modified MLDC3.1, where it is demonstrated that  (104 ) GCBs can
e successfully identified [37] . The residual after subtracting identified
ignals is shown in Fig. 4 . In the subsequent work [38] , the framework
BSIEVER is extended by incorporating the network of detectors. Fur-

hermore, in the work [39] , the fact that the data collection is gradually
ncremental in real observations is considered. The search results ob-
ained in ahead short period observations can be used to reduce the
arameter space in following searches, which can help enhance the ef-
ciency of the algorithm. 

Although the framework GBSIEVER has been demonstrated to be ca-
able of extracting a large population of overlapping GCB signals, there
re various aspects which can be further improved. In the following,
ther two implementations of iterative subtraction focusing on reliving
naccurate contamination and enhancing search efficiency will be intro-
uced. 

.2.1. Local maxima particle swarm optimization algorithm 

In the iterative subtraction scheme, the inevitable errors of parame-
er estimation in each iteration will leave residual signals that can con-
inuously accumulate and contaminate remaining data as noise. The
ork [40] improves the previous GBSIEVER framework and develops

he new approach of local maxima particle swarm optimization algo-
ithm with a special strategy of creating voids referred to as LMPSO-CV
or dealing with inaccurate subtraction contamination, especially for the
ow SNR sources. LMPSO-CV starts with the remaining data assuming
ll sources with SNR > 15 have been identified and subtructed. The al-
orithm aims at identifying all local maxima of  -statistic in the param-
ter space, and the source parameters will be extracted from these local

axima. c  
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In LMPSO-CV, to identify the local maxima, the configuration of PSO
s adjusted by setting 𝑐1 = 𝜔 = 0 . The equations guiding the movement
f particles turn into the form of [40] 

𝒗 𝑡 +1 
𝑖 

= 𝑐2 𝒓 2 
(
𝑮 

𝑡 − 𝒙 𝑡 
𝑖 

)
, 

 

𝑡 +1 
𝑖 

= 𝒙 𝑡 
𝑖 
+ 𝒗 𝑡 +1 

𝑖 
. (19) 

s mentioned in Section 3.2 , a lower inertia weight favors the exploita-
ion where particles tend to move within a local promising region, and
mphasizing the global term will guide particles to move toward the
ame position. It can be expected that the setting of entirely dropping
he inertia weight and the individual term will extremely improve the
onvergence towards local maxima. 

Once a local maximum is identified, to avoid the search algorithm
icking the same or too close local maxima multiple times, a void in the
arameter space will be created and excluded in subsequent searches.
he void is modeled by a spheroid as 

𝑥2 

𝑎2 
+ 𝑦2 

𝑏2 
+ 𝑧2 

𝑐2 
= 1 , (20)

here 𝑥 , 𝑦 , 𝑧 correspond to the source parameter 𝑓0 , 𝛽, 𝜆. The size of the
pheroid is determined by the frequency resolution and the degeneracy
f 𝛽 and 𝜆 through experimental computations. In the process of search-
ng for local maxima, if a particle moves into voids, it will be placed
t a new random position outside voids in the next iteration to avoid
edundancy. 

The search of local maxima and creation of voids will be performed
epeatedly until the termination rules designed for identifying all local
axima beyond the threshold are satisfied. The source parameters are

xtracted among the identified voids. As can be seen from Fig. 5 , there
re enormous local maxima in likelihood surfaces corresponding to false
ignals which need to be eliminated when extracting real candidates.
he extraction consists of three parts. The first part aims at removing

ocal maxima induced by degeneracy noise of individual signals. From
he observation of experimental evaluation of the likelihood for an in-
ividual signal as shown in the top row of Fig. 5 , the local maxima
orresponding to false signals have smaller likelihood values than the
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Fig. 5. The likelihood surfaces for cases of an individual signal and overlapping signals. These figures show the value of the  -statistic likelihood in the 
parameter space of ( 𝑓0 , 𝜆, 𝛽) . The red crosses denote the injected values, and the colorbars indicate the  -statistic values. The top row is for the case of an individual 
signal, the middle and bottom rows are for the cases of two and three overlapping signals. For the overlapping signals with enough small frequency intervals, there 
will be local maxima in likelihood surfaces corresponding to false candidates induced by correlations among overlapping signals, which may have higher likelihood 
values than the real candidates. These figures are cited from Gao et al. [40] . 
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eal signal. Therefore, the local maxima are sorted in descending order,
nd the extraction starts with the local maxima of the highest  -statistic
alue which is assumed to be a real signal. Then, the quantities of Δ
efined as [40] 

 (𝜽𝑖 ) =  (𝜽𝑖 , 𝑑( 𝑡 )) − 
( 

𝜽𝑖 ,

𝑖 −1 ∑
𝑚 =1 

ℎ ( 𝑡,𝜽𝒎 )

) 

(21)

re computed for subsequent local maxima. In the above equation,
he first term  (𝜽𝑖 , 𝑑( 𝑡 )) is the  -statistic value of the 𝑖 th local maxi-
um with parameter 𝜽𝒊 with respect to the raw data, which is same

o the  -statistic value used in the search process. The second term(
𝜽𝑖 ,

∑𝑖 −1 
𝑚 =1 ℎ ( 𝑡,𝜽𝒎 )

)
is the  -statistic value of the 𝑖 th local maximum

ith respect to the summation of candidate signals previous extracted,
hich characterizes the degeneracy with previous extracted signals. If

he  -statistic value of the 𝑖 th local maximum is mainly contributed by
he degeneracy with previous extracted signals. The quantity of Δ is
xpected to be small. Conversely, large Δ indicates the local maximum
s likely to be a real signal. The local maxima that satisfy the criterion
f Δ > 53 will be retained and passed into the second part for further
emoving false signals. 

The second part of signal extraction and false signal elimination is
ased on the astrophysical properties of GCBs. The second part requires
 new independent search of local maxima which is similar to the pro-
1366
ess discussed above except using a different range for ̇𝑓 . In the first
earch, the search range for ̇𝑓 is [−10−16 , 10−15 ] when 𝑓 ≤ 4 mHz and
−10−14 , 10−13 ] when 𝑓 > 4 mHz. Whereas, in the second search, the
ange of ̇𝑓 is determined by the mass parameters of binaries. Since the
ajority of GCBs are consisted of binary white dwarfs which have the
ass ranging from 0.1 to 1 . 4 𝑀⊙. In the second search, the values of ̇𝑓 are

onstrained within the range corresponding to the mass range of white
warfs. After two independent searches, the candidate signals need to
e compared through the correlation coefficient defined as 

 (𝜽,𝜽′) = 𝐶(𝜽,𝜽′) 

[ 𝐶(𝜽,𝜽) 𝐶(𝜽′,𝜽′)]
1 
2 

, (22)

here 𝐶(𝜽,𝜽′) = ⟨ℎ (𝜽, ℎ (𝜽′) ⟩. This correlation coefficient quantifies how
imilarity between two signals identified in two independent searches.
nly candidates with enough large 𝑅 are considered as reliable sources
nd are retained for further processing. Another characterization of
CBs is the concentration in the Galactic disk. Therefore, one can simply

emove candidates with Galactic latitude outside of [−0 . 5rad , 0 . 5rad ] to
nhance the reliability. 

The third part of signal extraction focuses on the false candidates
nduced by overlapping signal degeneracy noise. In the experimental
omputation of the likelihood surface for the situation of overlapping
ignals as shown in the middle and bottom rows of Fig. 5 , it is found that
he  -statistic values of local maxima corresponding to false candidates
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an be even larger than real signals. To remove false candidates of this
ind, a similar process of the first part needs to be performed again but
n ascending order of local maxima. 

The process of LMPSO-CV can be summarized in two steps. In the
rst step, the stochastic optimization algorithm is tuned to specializing

n finding local maxima. A void in parameter space will be created to
void redundant search once a local maximum is identified. The second
tep extracts signals and eliminates false candidates from the identified
ocal maxima, which consists of three parts: removing false candidates
nduced by degeneracy of individual signals, applying the astrophysical
roperties of GCBs, and removing false candidates induced by degen-
racy of overlapping signals. LMPSO-CV mainly focuses on the sources
ith SNR between 7 and 15. Since the LMPSO-CV approach searches all

ocal maxima simultaneously and filters out false candidates afterward,
ather than iteratively performing search and subtraction for a single
ignal, it can better deal with inaccurate subtraction contamination in
he traditional iteration subtraction scheme. 

.2.2. Combination of coarse template search and fine PSO search 

Another implementation of the iterative subtraction scheme focuses
n improving search efficiency by the strategy of combination with the
oarse search based on templates for quickly identifying rough param-
ters of candidates and the fine search based on  -statistic and PSO for
etailed exploring small promising regions [41] . 

The strategy is composed of two steps. In the first step, candidates are
earched by a template bank. A stochastic template bank [117] is con-
tructed, where the places of template parameters are randomly drawn
n the parameter space and additional pruning operation is performed to
emove templates with too small separation. The number of templates
an be approximated by Lu et al. [41] 

( 𝜂, 𝑚∗ , 𝑛 ) ≈
𝑉𝑛 

𝑉𝑛 

ln 
( 

1 
1 − 𝜂

) 

𝑚
− 𝑛 ∕2 
∗ , (23)

here 𝑛 denotes the dimension of the parameter space 𝑛 , 𝜂 denotes
he desired level of coverage confidence, 𝑚∗ is the mismatch criterion,

𝑛 is the volume of unit sphere in 𝑛 -dimension, and 𝑉𝑛 
is the volume

f the whole parameter space. The construction of the template bank
tarts with randomly generating 𝑁 waveforms. Then, the KDtree (k-
imensional tree) algorithm [118,119] is used to find the nearest neigh-
or for each waveform. If the mismatch between two waveforms is less
han 𝑚∗ , one of them will be removed. The above two procedures are
erformed repeatedly until the total number of templates gets to sta-
le. The  -statistic likelihood is also used in the coarse search, the
hreshold for coarse search is set to th_coarse = 15 which corresponds to
NR ≈ 5 . 1 . The templates whose  -statistic values exceed the thresh-
ld are recorded as candidates. Due to the annual orbital motion of
etectors, modulation is imposed on the quasi-monochromatic signals
f GCBs. The modulation can induce sidebands around the central fre-
uency 𝑓0 of GCB signals. A clustering operation will be performed to
ather candidates with close central frequency. Among all candidates
ithin the extended Doppler window, only the sources with the largest
-statistic values are retained for fine search in the next step. 

In the second step, the parameters of candidates identified by the
emplate search are accurately estimated using PSO, which is similar to
he procedure discussed before, while the search ranges for the central
requency are tuned according to results given by coarse search. 

The performance of this methodology is demonstrated with
LDC3.1. It is shown that  (104 ) sources can be successfully identified,

nd nearly 90 percent of them are well aligned with injected signals.
his method performs a coarse template search in the first step, which
an provide priori information guiding the PSO search thus enhancing
he efficiency of the fine parameter estimation. 

.3. Global fitting with trans-dimensional Bayesian inference 

The iterative subtraction method has advantages of rapidity and effi-
iency but also suffers from problems of correlations among overlapping
1367
ignals and contamination of inaccurate subtraction. In each step of iter-
tive subtraction, errors in parameter estimation are unavoidable, which
an yield signal residuals left behind the subtraction. The residuals will
ontaminate remaining data and accumulate along with iterations. Fur-
hermore, in each iteration only the parameter values with maximum
ikelihood are used in subtraction, the uncertainty of parameter fitting
ill propagate alone iterations. The uncertainty of parameter estima-

ion for identified candidates is difficult to ascertain. Additionally, GCB
ignals are heavily overlapping in both time and frequency, which can
nduce high correlations among signals. The correlations may lead to
ias in the parameter estimation of each iteration, and this will further
ntensify the problem of inaccurate subtraction contamination. 

To alleviate these problems, a commonly used operation is divid-
ng the whole frequency band into small bins and performing analyses
ndependently in different bins while carefully addressing signals resid-
ng at edges, which can reduce the number of iterations and reduce the
ccumulation of inaccurate subtraction contamination. Besides, as intro-
uced in Section 3.2.1 , the method of modifying the particle movement
ule in PSO aiming at identifying all local maxima on the likelihood sur-
ace simultaneously is also an effective method to address inaccurate
ubtraction contamination for the low SNR sources. 

The global fitting is another route that can effectively deal with the
roblems of overlapping signal correlations. In the iterative subtraction
cheme, only parameters for one source are estimated in each step. In
ontrast, parameters for all sources together with the source number
re estimated simultaneously in the global fitting scheme. The global
tting with full Bayesian parameter estimation can obtain joint poste-
ior distributions rather than just the maximum likelihood estimation,
hus the uncertainty of fitting can be read out from posteriors straight-
orwardly. Since all sources are fitted simultaneously, the correlations
f overlapping signals are taken into account and can be reflected in
oint posteriors of multiple overlapping signals. 

As mentioned in 3.1 , the strategy of global fitting and the Bayesian
pproach have been proposed and implemented early in various works
ocusing on MLDCs [42,43,98–101] . Further improvements like incor-
orating the reality that the data collection is time evolving, various
ophisticated methods for increasing the efficiency of MCMC sampling,
nd new implementations of RJMCMC have been continuously pre-
ented in recent years [44–46,48,49] . 

.3.1. RJMCMC 

For the Bayesian inference of global fitting, One of the key differ-
nces with the Bayesian parameter estimation commonly used in data
nalyses of current ground-based detectors is that the number of sources
s uncertain and has to be inferred from the given data. A single GW
ource signal ℎ ( 𝑡,𝜽) in the likelihood shown in Eq. 8 turns to a sum-
ation of multiple signals 

∑
𝑘 ℎ ( 𝑡,𝜽𝑘 ) where the number of source is

ncertain. The sampling algorithms to solve inference problems with
ncertain dimensionality are referred to as trans-dimensional MCMC or
JMCMC. 

In the parameter estimation problem of the Bayesian framework, the
stimation results are represented by posteriors through the Bayes the-
rem 

 (𝜽𝑛 |𝑑( 𝑡 )) = 𝜋(𝜽𝑛 ) 𝑝 ( 𝑑( 𝑡 ) |𝜽𝑛 ) 
 

, (24)

here 𝑑( 𝑡 ) denotes observed data, 𝜽𝑛 represents parameters with the di-
ensionality of 𝑛 , 𝜋(𝜽𝑛 ) is the prior representing the knowledge before

bservations, 𝑝 ( 𝑑( 𝑡 ) |𝜽𝑛 ) is the likelihood representing the probability of
oise realization that can just present the time series 𝑑( 𝑡 ) observed on
etectors when adding the GW signals described by parameters 𝜽𝑛 and
epending on the models of noise behavior and GW signals,  is the nor-
alization factor called as evidence. Since the dimension of parameters

𝑛 for describing GW signals is usually high, it is impractical to com-
ute posterior on a grid of the parameter space. Stochastic sampling
lgorithms are usually employed to perform random walking in the pa-
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ameter space, and use the density distributions of random samples to
pproximate the probability distributions of posteriors. 

The MetropolisHasting MCMC (MHMCMC) [120,121] is one of the
ell known and widely used algorithms to perform sampling for fixed
imensional problems. After setting the initial state of a random walker,
he subsequent movements are guided by the rules introduced below. If
urrent state is 𝜽𝑖 

𝑛 
, a new state can be drawn from a proposal distribution

(𝜽𝑖 +1 
𝑛 

|𝜽𝑖 
𝑛 
) . Then the acceptance probability of the new state is evaluated

y 

= min 

[ 

1 ,
𝑝 (𝜽𝑖 +1 

𝑛 
|𝑑) 𝑞(𝜽𝑖 

𝑛 
|𝜽𝑖 +1 

𝑛 
) 

𝑝 (𝜽𝑖 
𝑛 
|𝑑) 𝑞(𝜽𝑖 +1 

𝑛 
|𝜽𝑖 

𝑛 
) 

] 

. (25) 

he probability of whether actually moving from current state 𝜽𝑖 
𝑛 

to
ew proposed state 𝜽𝑖 +1 

𝑛 
is determined by 𝛼. It can be proven that after

ufficient walking, the equilibrium distribution of the walker will con-
erge to the target posterior distribution 𝑝 (𝜽𝑛 |𝑑) . Although, in practical
roblems, the MHMCMC usually needs to be modified in various as-
ects to increase sampling efficiency or avoid bias, the above description
resents the most basic conception of the MCMC sampling algorithm for
xed dimensional problems. 

In problems of uncertain dimensionality, to allow the walker to jump
etween different parameter spaces, the RJMCMC algorithm draws new
roposals by a different procedure [122,123] . Firstly, a random vector 𝒖
ith the dimension of 𝑟 is generated from a chosen probability distribu-

ion 𝑔(𝒖 ) . Then, the proposal state is generated through a transformation

𝑖 +1 
𝑛′

= 𝑓 (𝜽𝑖 
𝑛 
, 𝒖 ) . (26)

he corresponding inverse transformation is given by 

𝑖 
𝑛 
= 𝑓−1 (𝜽𝑖 +1 

𝑛′
, 𝒖 ′) , (27)

here 𝒖 ′ is a vector with size 𝑟′ and satisfying 𝑛 + 𝑟 = 𝑛′ + 𝑟′. The only
equirement for the transformation is that 𝑓 and 𝑓−1 need to be differ-
ntiable. The dimensions of parameter space 𝑛 and 𝑛′ do not need to be
he same, and even the parameterization associated with 𝜽𝑖 

𝑛 
and 𝜽𝑖 +1 

𝑛′
can

e different. The acceptance ratio for the new proposed state is given by

= min 

[ 

1 ,
𝑝 (𝜽𝑖 +1 

𝑛′
|𝑑) 𝑔′(𝒖 ′) 

𝑝 (𝜽𝑖 
𝑛 
|𝑑) 𝑔(𝒖 ) |𝑱 |] 

. (28) 

he term 𝑱 is the Jacobian defined by 

 =
||||||
𝜕(𝜽𝑖 +1 

𝑛′
, 𝒖 ′) 

𝜕(𝜽𝑖 
𝑛 
, 𝒖 ) 

|||||| (29) 

o account for the change of volume element under the transformation of
arameter spaces. In general, the Jacobian can be difficult to compute.
owever, in the situation of global fitting for GCB signals, where it only

nvolves adding or removing GCB signals with the same set of parame-
ers, the Jacobian can be easily computed by the ratio of prior volumes
f parameter spaces before and after the transformation. The walker of
JMCMC can freely explore the entire possible parameter space includ-

ng not only parameter spaces of individual sources but also parameter
paces for all possible source numbers. The estimation of source number
an be naturally obtained through comparing the iteration numbers of
he walker lingered in the different parameter spaces, and the Bayesian
actor for the assumptions of different source numbers can be given by
he ratio of the iteration numbers in different parameter spaces. 

Although the movement rule of RJMCMC can be explicitly presented
s above, the implementation of the RJMCMC algorithm in practice to
olve the problem of overlapping GCB signals is very challenging. On
he one hand, since all sources are simultaneously fitted, the parameter
paces are extremely high dimensional. Even the whole frequency band
s usually divided into small bins and different bins can be analyzed in-
ependently after carefully addressing edge effects. The source number
n a single small bin can still be considerable. For example, the default
etting of the prior range for the source number in each bin is [0 , 30] in
1368
he work [44] . As mentioned in Section 2 , a GCB signal is characterized
y 8 parameters. The maximal dimension of parameter space can be 240.
nd the posterior can have the feature of multimodality, which requires

he sampler has the ability to deal with complicated likelihood surfaces
n high-dimensional parameter spaces. On the other hand, the uncer-
ainty of source number requires the sampler to jump between different
arameter spaces, which further extremely expands the space needed to
xplore. Furthermore, since the likelihood in vast regions may be very
mall. Only if the proposal is enough close to the true values, it can
ikely be accepted. Generating proposals entirely uniformly may lead
xtremely low acceptance rate, especially for between-model proposals.
ne need to design good strategies for random walking to increase the

ampling efficiency. 

.3.2. Global fitting piplines 

Currently, available full-scale and end-to-end global fitting pipelines
or GCBs include GBMCMC [44–46] and Eryn [48,49] . Various intel-
igence methods are utilized to overcome difficulties in the global fit-
ing with RJMCMC. For example, the method of parallel tempering
124–126] is used in both GBMCMC and Eryn. In parallel tempering,
ultiple walkers are randomly moving in parallel at different tempera-

ures 𝑇 . The likelihood is modified as 

𝑇 (𝜽|𝑑) ∝ 𝜋(𝜽) 𝑝 ( 𝑑|𝜽)1∕ 𝑇 , (30)

here 𝜋(𝜽) is the prior and 𝑝 ( 𝑑|𝜽) is the original likelihood function.
hen 𝑇 = 1 , 𝑝𝑇 (𝜽|𝑑) returns to the target posterior distribution. When
 → ∞, 𝑝𝑇 (𝜽|𝑑) approaches to the prior distribution. Higher tempera-
ures correspond to more exploration where walkers can escape from
ocal optima more easily, while lower temperatures correspond to more
xploitation where walkers can sample the small promising regions in
ore detail. During the random walking, state exchanges are attempted

etween walkers at different temperatures. The probability of accep-
ance of exchange proposals is determined by the ratio 

= min 

[ 

1 ,
𝑝𝑇𝑖 

(𝜽𝑖 ) 𝑝𝑇𝑗 (𝜽𝑗 ) 

𝑝𝑇𝑖 
(𝜽𝑗 ) 𝑝𝑇𝑗 (𝜽𝑖 ) 

] 

. (31) 

he detailed balance is maintained under this state exchange between
alkers, which ensures that the equilibrium distribution of walkers can

onverge to the target posterior distributions. The temperature ladder
eeds to be chosen for maximizing the information flow among walkers
t different temperatures. Ideally, one may expect an equal acceptance
atio between every pair of walkers with neighboring temperatures. The
BMCMC and Eryn adopt the scheme presented in [124] to set the tem-
erature ladder, where the temperature space is dynamically adjusted
n the initial burn-in phase to obtain a stable configuration for the rest
f random walking. The parallel tempering mechanism can help sam-
lers efficiently explore the complicated likelihood surface with high
ultimodality. 

The strategies for drawing proposals play a crucial role in the sam-
ling efficiency. Customized proposal distributions are developed in
BMCMC to enhance the sampling efficiency. Ideal proposal distribu-

ions would be identical to posterior distributions or likelihood func-
ions. The likelihood of multiple overlapping signals consists of three
arts, the correlation between each signal and noise, the correlation of
oise itself, and the cross-correlations among overlapping signals. As
iscussed in [44] , high correlations among overlapping signals are rela-
ively rare. Therefore, one can enhance proposal distributions focusing
n individual signals. Although the cross-correlations of overlapping sig-
als are neglected when designing the proposal distributions, the sam-
ler still explores the joint parameter space of multiple overlapping sig-
als which incorporates cross-correlations of overlapping signals. 

The design of proposal distribution in GBMCMC utilizes the  -
tatistic, the feature of multimodality due to orbital motion of detec-
ors, and posteriors from former epochs of observation. The method of
-statistic is widely used in various implementations of iterative sub-

raction as presented in previous sections, it can also be used here to
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Fig. 6. Posteriors of sky location of identified GCBs in the Galactic coordinate given by GBMCMC . The subplots correspond to the observations of 1.5 (top 
left), 3 (top right), 6 (bottom left), and 12 (bottom right) months. These figures are cited from Lackeos et al. [46] . 
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onstruct the proposal distribution for a single source. GBMCMC uses
he  -statistic to build proposals for parameters ( 𝑓0 , 𝜆, 𝛽) which are pre-
omputed on a grid with spaces determined by estimation of the Fisher
atrix. The values of  -statistic can be approximated to the original

ikelihood values, thus the  -statistic proposals are expected to have
 high accepted rate. As mentioned in Section 3.2.2 , the modulation
nduced by orbital motion can cause sidebands around the central fre-
uency 𝑓0 of quasi-monochromatic GCB signals. The likelihood surface
ave the feature of multiple modes around 𝑓0 . GBMCMC designs a dedi-
ated proposal to update the frequency parameter by shifting 𝑓0 with
odulation frequency 𝑓m 

as 𝑓0 → 𝑓0 + 𝑛𝑓m 

, where 𝑓m 

= 1∕year . The
ultimodal proposal can address this known degeneracy and help to

mprove the convergence of the sampler. In reality, the data collection
s gradually incremental. It is impractical to wait until after the fin-
sh of entire observation to analyze the obtained data. Data analyses
ust be performed accompanying with data accumulation. Therefore,

ne can utilize posteriors obtained from former periods of observation to
onstruct posterior-based proposal distributions in parameter estimation
ith more observed data, which can significantly improve the sampler

onvergence. The results of GBMCMC with simulated GCB dataset are
emonstrated in Fig. 6 where the posteriors of sky location of identi-
ed GCBs are plotted. It can be seen that with the incremental data, the
CBs can be better localized and the structure of the Galaxy is clearer

ndicated. 
Another independent implementation of RJMCMC referred to as

ryn [48,49] which adopts different sophisticated mechanisms in
tochastic sampling to overcome poor convergence in RJMCMC. Eryn
s based on the ensemble sampler emcee [127] which uses multi-
le interacting walkers exploring the parameter space simultaneously
ith the so-called stretch-move proposal to enhance the efficiency and

onvergence of the sampling. Whereas, in order to address the trans-
imensional movement and the heavily multimodal likelihood surface
f overlapping GCBs, Eryn extends the stretch-move proposal in origin
mcee sampler to the group proposal which sets a stationary group of
alkers and makes the state updates likely to happen within one same
ode in the likelihood surface. Furthermore, Eryn build efficient pro-
osals through a data-driven approach, where proposals can be drawn
rom a fitted distribution constructed by posteriors obtained in burn-
n runs with residual data after subtracting bright sources. To over-
ome the problem of low acceptance rate, Eryn implements two mech-
nisms called delayed rejection [128,129] and multiple try metropolis
 m  
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130–133] . However, due to the high computational requirement of de-
ayed rejection, although this mechanism is implemented in Eryn, it is
ot currently used in solving the problem of global fitting for GCBs. An-
ther important feature of Eryn is the utilization of GPU which reduces
he wall-time to perform the whole analysis by parallel computing on
ontemporary computational hardware. 

The ultimate goal of global fitting is simultaneously analyzing all
inds of sources contained in data including MBHBs, EMRIs, and even
nmodeled signals, etc. In the work [45] and [49] , GBMCMC and Eryn
re incorporated within global fitting pipelines that can handle blended
ata of MBHBs and GCBs. Global fitting for multiple source types can
e realized by the blocked Gibbs scheme considering that correlations
mong different source types are relatively small. Parameter estimations
or different source types can be implemented in separate modules, and
hese modules are assembled by a wheel update strategy where one can
erform updates in one module conditioning on fixed other modules and
ll modules are updated periodically. Fig. 7 shows the results given by a
lobal fitting pipeline incorporating GCBs and MBHBs where the fitting
f GCBs is accomplished by Eryn. 

In a short summary, fitting overlapping GCB signals through the full-
ayesian approach can be realized by RJMCMC. Practical implementa-
ions of RJMCMC have to overcome various difficulties such as the heavy
ultimodality of likelihood surface in vast parameter space, low accep-

ance rate of trans-dimensional proposals, and poor convergence of ran-
om walker, etc. which requires elaborate MCMC algorithms. Prototype
lobal fitting pipelines for GCBs have been accomplished by GBMCMC
nd Eryn which can well address simulated data and are successfully
ncorporated within the global fitting pipelines for blended data of MB-
Bs and GCBs. The global fitting with RJMCMC is a full Bayesian ap-
roach and can provide joint posteriors of overlapping signals, which
an well account for correlations among overlapping GCBs and avoid in-
ccurate subtraction contamination in the iterative subtraction scheme.
hereas the full Bayesian approach requires massive computational cost

nd complicated MCMC algorithms which are difficult to implement. 

.4. Hybrid Bayesian approach 

The iterative subtraction strategy offers solutions with high effi-
iency where the computation burden is modest and analysis can be
nished in a relatively short time. Whereas, in each iteration, only the
aximum likelihood estimation for a single source is extracted, the cor-
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Fig. 7. Results given by a global fitting pipeline incorporating GCBs and MBHBs. The top and bottom rows show the results of training and hidden datasets in 
the LDC2a respectively. The left and middle columns present the injection data, the residual after subtracting identified signals, and the fitting of noise curves. The 
identified signals are illustrated in the right column. This figure is cited from Katz et al. [49] . 
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elation of overlapping signals can not be well accounted for. The inac-
uracy of estimation in each iteration will contaminate the remaining
ata. And uncertainty analyses for the identified signals are difficult. The
ull Bayesian approach with RJMCMC where overlapping signals are fit-
ed simultaneously can effectively overcome these difficulties, but with
he cost of extremely massive demand on computational resources. In
he works [50–52] , a hybrid approach where the maximum likelihood
stimation is performed first to find the approximate values of signal
arameters, and then the MCMC sampling is used to obtain posteriors
f signal parameters is proposed aiming at combining the advantages
f the maximum likelihood estimation and the Bayesian parameter es-
imation while evading their drawbacks. 

Similar to the solutions of iterative subtraction introduced previ-
usly, the hybrid Bayesian approach also needs to identify the maxima
f likelihood in the first step. However, the methods used for search-
ng maxima are different. In this hybrid Bayesian approach, the off-the-
helve algorithms of the differential evolution (DE) [134,135] and the
equential least squared programming (SLSP) [136] implemented in the
cipy library [137] are adopted for searching the maxima in the like-

ihood surface. The DE method is used to identify the candidates at first
hrough the iterative subtraction scheme, where only one signal is fitted
ach time the fitting is repeatedly performed with the remaining data
fter subtracting the best-fit signal. Then, in order to address the corre-
ation of overlapping signals, using all found candidates as the start, the
lobal optimizations are performed by the SLSP method to search the
aximum likelihood in the joint parameter space of all candidates. 

The DE algorithm is a simple and efficient method for optimiza-
ion problems that searches the optima by manipulating a population
f potential solutions similar to PSO introduced in Section 3.2 . The DE
lgorithm is initialized by a population of candidate solutions drawn
andomly within the search space. Then, in following iterations, the
lgorithm generates new potential solutions by combining and mutat-
ng existing individuals in the population. There are various strategies
135] for generating new solutions and updating populations, which
ay suit different problems and need to be determined through exper-

mental runs. The populations will be continuously updated by replac-
1370
ng individuals with better fitness and eventually converge to the op-
ima. The SLSQ method is a gradient-based optimization method suits
or problems with smooth and continuously differentiable likelihoods.
fter the iterative subtraction search with the DE algorithm, the SLSQ
ethod starts a global search with the initial values given by the DE

lgorithm, and iteratively steps towards a better solution which incor-
orates correlations of overlapping signals by the line search in a direc-
ion found through derivatives of the likelihood surface. As examples,
he true and recovered signals on a small frequency band are illustrated
n Fig. 8 . 

In the second step, The MCMC sampling algorithm is performed to
btain the posterior distribution for each identified signal. The MCMC
lgorithm for individual sources is similar to methods widely used
or parameter estimation in data analysis of ground-based detectors
138,139] , except that the data used in likelihood evaluation are the
emains after the subtraction of identified signals in the first step ex-
luding the signals to be analyzed, which can be expressed by 
( 𝑖 ) 
posterior = 𝑑original −

∑
𝜽̂∈𝜽̂recovered 

ℎ (𝜽̂) + ℎ (𝜽̂𝑖 ) , (32)

here 𝑑( 𝑖 ) 
posterior is the data used in likelihood evaluation for the source

 , and 𝜽̂𝑖 denotes the parameters of maximum likelihood estimation ob-
ained in the first step for the source 𝑖 . One drawback is that the above
CMC sampling method for individual signals cannot account for the

orrelation of overlapping signals, which may lead to overoptimistic
osterior distributions. To address this, some level of residual signals
re intentionally left in the data used for estimating the noise charac-
erization. The partial residual data used to obtain the noise PSD can be
xpressed as 

partial = 𝑑original − 𝑠partial 

∑
𝜽̂∈𝜽̂recovered 

ℎ (𝜽̂) , (33)

here 𝑠partial is a factor from the the range of [0 , 1] which has to be
etermined experientially and is set to 𝑠partial = 0 . 7 in the work [52] . 

Various methods are used to improve the efficiency of MCMC sam-
ling in the second step, for example, constraining the search space only
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Fig. 8. Recovered GCBs by the hybrid Bayesian approach on four frequency segments. The top panel shows original data, injected signals, and recovered 
signals in the A TDI channel. The bottom panel illustrates the true and recovered values for the amplitude parameter of each source. The red vertical lines denote the 
boundaries of frequency segments which are divided for the convenience of extraction of GCBs considering the quasi-monochromatic feature of GCB signals. This 
figure is cited from Strub et al. [52] . 
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ithin the promising region [52] , or using Gaussian progress regres-
ion to model the likelihood [51] . The posterior distributions are typi-
ally concentrated within small regions of parameter space. To relieve
he computational burden, one can only explore the reduced parame-
er space based on the maximum likelihood estimation obtained in the
rst step. The Fisher matrix is used to determine the boundaries of the
educed parameter space. The Fisher matrix is widely used in forecast
orks [140,141] , which is an approximation of the Bayesian method
nder the assumption of high SNR and can provide estimations for pa-
ameter measurement uncertainty. The Fisher matrix is given by 

𝑖𝑗 =
⟨ 

𝜕ℎ (𝜽̂) 
𝜕𝜃𝑖 

,
𝜕ℎ (𝜽̂) 
𝜕𝜃𝑗 

⟩ 

, (34) 

here 𝜽̂ is the maximum likelihood estimation obtained in the first step,
nd the angle brackets are the inner product defined as Eq. 9 . The inverse
f the Fisher matrix presents the estimation of the covariance matrix of
arameter measurement. The boundaries of reduced parameter space
or the MCMC sampling are determined by the variance of parameters
stimated through the Fisher matrix. Typically, 3- 𝜎 regions are suffi-
ient, while the practical settings need to be adjusted according to the
eatures of posterior distributions in experimental runs, and the toler-
nce of computational burden or the desired coverage of the parameter
pace. 

Additionally, in the procedure of MCMC sampling, the likelihood
as to be evaluated a huge number of times. The computational cost for
ikelihood evaluation is one of the main barriers to MCMC sampling. In
he work [52] , the contemporary computational hardware is used to per-
orm the likelihood evaluation. The likelihood can be computed on GPU
n massively parallel, which can significantly reduce the wall-time re-
uired for finishing the MCMC sampling [77,94] . On the other hand, as
hown in the work [51] the likelihood can be modeled by the Gaussian
rocess regression, where the likelihood is modeled by a joint Gaussian
istribution whose mean vector and covariance matrix are determined
y training samples [142] . The computation of Gaussian distributions
an be much faster than the likelihood defined through the inner prod-
ct in Eq. 8 . In the work [51] , 1000 random samples are first drawn
or training the Gaussian process regression model, and 500 samples
re used for verification. After this, The likelihood is replaced by the
aussian process regression model in following MCMC sampling, which
an reduce the computational cost of the entire sampling process. The
raining and evaluating of the Gaussian process regression model are
mplemented through the scikit-learn package [143] . 

The hybrid Bayesian approach combines the maximum likelihood
stimation and the MCMC sampling. A search of the iterative subtrac-
ion scheme is first performed to identify potential candidates which
re used as the start in the subsequent global optimization in the joint
1371
arameter space for all overlapping signals. Then the MCMC sampling
lgorithm is performed for each identified signal to obtain the posterior
istributions. This hybrid Bayesian approach uses the strategy of itera-
ive subtraction to determine the source number and the point estima-
ion for source parameters, which can avoid the computationally expen-
ive trans-dimensional MCMC sampling. Meanwhile, after the iterative
ubtraction search, the source parameters are again globally optimized
round the identified candidates, which can rectify errors induced by
naccurate subtraction contamination and correlations of overlapping
ignals. However, since the MCMC sampling is performed for individ-
al signals, only the marginalized posteriors can be obtained for each
ource. Incorporating additional uncertainty induced by signal overlap-
ing requires tuning the algorithm configuration empirically. 

.5. Utilization of machine learning techniques 

The development of machine learning techniques has led to revo-
utions in many fields including the data analysis of GWs. Various ma-
hine learning algorithms have been successfully used in tasks of sig-
al identification and classification [144–146] , parameter estimation
53–58] , noise reduction [147] , waveform modeling [148,149] , etc.
omprehensive reviews can be found in [150,151] . Utilizing machine

earning techniques in data analyses of space-borne detectors is also ac-
ively discussed [152–156] . A preliminary attempt of using the machine
earning method to extract overlapping GCB signals is presented in the
ork [59] where normalizing flows are used to build proposals for im-
roving the convergence of MCMC sampling and offer a new method for
haring analysis results. 

Normalizing flows are a class of machine learning algorithms that
an model complicated distributions and are widely used in density
stimation problems [157–160] . Normalizing flows model a probabil-
ty distribution through an invertible and differentiable transformation
 ∶  →  that can map the simple and tractable base probability dis-
ribution 𝑃 (𝒙 ) to the complicated target probability distribution 𝑃 (𝒚 ) .
he target distribution can be given by 

 (𝒚 ) = 𝑃 
(
𝑓−1 (𝒚 )

)| det 𝐽𝑓−1 (𝒚 ) | (35)

here | det 𝐽𝑓−1 (𝒚 ) | is the determinant of the Jacobian of the transfor-
ation 𝑓−1 accounting for the change of volume elements of parameter

paces. The transformation is parameterized by neural networks and
an be composed of a sequence of transformations. Various kinds of
ranformations are developed, a comprehensive review can be found in
158] . In the training procedure, the random samples are drawn from
he known target distribution, and the neural network is trained by map-
ing these samples into the simple base distribution. In the inference
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rocedure, the above process is performed inversely, the target distri-
ution is obtained by transforming the random samples drawn from the
ase distribution through the trained neural network. Drawing samples
rom the base distribution and computing the transformation can usu-
lly be much faster than computing the likelihood defined by the inner
roduct. Once the training procedure is finished, normalizing flows can
enerate posterior distribution more efficiently than the MCMC sam-
ling. 

In the work [59] , the neural density estimation with normalizing
ows is used in three different aspects. In the first, the normalizing flows
re used to build physical priors for amplitude and sky location based
n population models. The spatial distribution of GCBs mainly concen-
rates on the Galactic disk, rather than uniformly distributes on the
hole sky. The amplitude depends on the binary masses, distance, and
rbital period which can also provided by population synthesis models
21,161–163] . Utilizing available information can help to constrain the
arameter space and improve the efficiency of MCMC sampling. Train-
ng with the simulated GCB catalog in the LDC2a [35] , the physical
riors for amplitude and sky location can be constructed through nor-
alizing flows. 

In the second aspect, normalizing flows are used to construct pro-
osal distributions from results given by former epoch observations.
onstructing proposal distributions from available samples to improve
ampling efficiency has been proposed earlier in [164] where the den-
ity fit method of kernel density estimation (KDE) is used to build pro-
osal distributions. However, the KDE method has drawbacks for high-
imensional problems where one needs to divide parameters into dif-
erent groups and build KDE proposal distributions in low-dimensional
arameter subspaces. Normalizing flows provide an alternative way to
uild proposal distributions from available samples with its capabil-
ty of modeling complicated distributions. Available samples used to
uild proposal distributions can be obtained in two cases. As mentioned
efore, the data are incrementally collected, and it is unpractical to
nalyze data waiting until the end of space-borne detector missions.
n reality, data analyses need to be repeatedly performed with grow-
ng data. It is essential to fully utilize the results obtained previously
hen analyzing updated data. Normalizing flows can fit the posterior
istributions obtained in previous analyses, and be used to draw pro-
osals in subsequent analyses, which is expected to have high accep-
ance rate and low autocorrelation of chains. Meanwhile, for the trans-
imensional MCMC, by utilizing the capability of normalizing flows to
odel complicated distribution, the proposal distributions can be con-

tructed through candidates identified by an ahead iterative subtraction
rocedure. 

Thirdly, the result posteriors can be published through normaliz-
ng flows. As mentioned in Section 2 , the number of resolvable GCBs
s expected to be ∼  (104 ) . Moreover, due to the overlap among signals,
arameters of different sources may have correlations which can not
epresented by marginalized posteriors for individual sources. One may
eed a joint posterior for multiple sources. Using samples to represent
osteriors may have higher demands for data transfer and storage, and
ill be inconvenient when sharing the analysis results with the com-
unity. Normalizing flows offer an effective way to model complicated
istributions. Therefore, the results sharing and data product publishing
an be in the form of normalizing flow models trained by original pos-
erior samples, from which users can generate samples of the identical
istribution for any number needed. 

In summary, normalizing flows offer a tool to fit arbitrary compli-
ated distributions, which can be used to construct physical priors from
imulated GCBs catalogs, build proposal distributions from available
amples, and as a new representation of posteriors to share with the com-
unity substituting posterior samples. Although a full-scale and end-to-

nd search pipeline for GCBs based on machine learning techniques is
ot available up to now. Related algorithms are demonstrated to be ef-
ective and are being incorporated into global fit pipelines as reported
n the roadmap mentioned in [59] . 
1372
. Unresolvable sources 

As mentioned in Section 2 , the individually resolvable GCBs are only
 small fraction of the total sources. The remains will form a stochastic
oreground and contribute to the confusion noise in the data of space-
orne detectors. On the one hand, the unresolvable GCBs play the role of
oise and affect the observations of other types of sources. On the other
and, the unresolvable sources can still provide invaluable information
bout the Galaxy. 

.1. Seperation of the stochastic Galactic foreground 

The Galactic confusion noise will degrade the sensitivity of detec-
ors and reduce the SNR of other sources [60–63] . Additionally, due to
he orbital motion of detectors, the pointing of constellations will con-
tantly change relative to the Galactic center where GCBs are concen-
ratedly distributed, which influences the response to the population of
nresolvable GCBs and induces the modulation of the Galactic confusion
oise. Therefore the Galactic confusion noise is nonstationary, adding
ore challenges in data analyses of space-borne detectors [165,166] .

urthermore, the foreground of unresolvable GCBs will blend together
ith the extra-galactic stochastic background of astrophysical or cosmo-

ogical origin. It is important to separate or subtract the Galactic fore-
round for studies of other stochastic GW background signals [64–69] . 

The Galactic stochastic foreground can be separated from other com-
onents of stochastic signals or noise thanks to its distinct spectral shape
nd the modulation induced by the orbital motion of detectors. For
he separation, one needs to first properly model the different compo-
ents. The stochastic signals can be characterized by the cross spectrum
𝑠̃𝑖 ( 𝑓 )𝑠̃∗ 𝑗 ( 𝑓 ) ⟩ where 𝑖 and 𝑗 denotes different TDI channels. Here the an-
le brackets denote the ensemble average. The total stochastic signals
ay be contributed by three components including the confusion fore-

round originating from unresolvable GCBs, the stochastic background
f extra-galactic origin, and the instrument noise as 

𝑠̃𝑖 ̃𝑠
∗ 
𝑗 
⟩ = ⟨ℎ̃𝑖 ℎ̃

∗ 
𝑗 
⟩gal + ⟨ℎ̃𝑖 ℎ̃

∗ 
𝑗 
⟩extra-gal + ⟨𝑛̃𝑖 ̃𝑛∗ 𝑗 ⟩ins . (36)

here are various models developed to describe these components. For
xample, a typical model for extra-galactic stochastic background reads

ℎ̃𝑖 ℎ̃
∗ 
𝑗 
⟩extra-gal =

3 𝐻2 
0 𝐴∗ 

4 𝜋2 𝑓 3 

( 

𝑓 

1mHz 

) 𝑚 

𝑅𝑖𝑗 , (37) 

here 𝑅𝑖𝑗 is the response functions of detectors for different channels
veraged over sky locations and polarizations, 𝐻0 is the Hubble con-
tant, 𝑚 is the spectral index, and 𝐴∗ is the amplitude at the reference
requency 1 mHz. This power-law model is widely used in both stochas-
ic signals of cosmological origin [167] and astrophysical origin [168] .
ore models for extra-galactic stochastic background can be found in

64] . 
Modeling instrument noise can be extremely complicated involving

etailed studies about the electronic systems, optical systems, and space
nvironments of detectors, etc. However, in discussions of data analy-
es or science problems, a simplified noise model can be used, which
roups noise into two components, Interferometry Metrology System
IMS) noise and acceleration noise, characterized by two quantities 𝑆IMS 
nd 𝑆acc respectively [87,169] . Detailed derivation for noise spectral
ensities and correlations of different channels for different TDI gener-
tions or levels of approximation can be found in [64,87] . 

For modeling the stochastic Galactic foreground, one simplified
ethod is utilizing the analytic fitting [170–172] which reads 

ℎ̃𝑖 ℎ̃
∗ 
𝑗 
⟩gal = 𝐵∗ 𝑓

−7∕3 exp 
[
− 𝑓𝛼 − 𝛽𝑓 sin ( 𝜅𝑓 )

]{ 

1 + tanh [ 𝛾( 𝑓𝑘 − 𝑓 )]
} 

𝑅𝑖𝑗 , 

(38) 

here fitting parameter 𝐵∗ controls the overall amplitude, 𝑓𝑘 controls
he position of the knee-like feature in the spectrum of Galactic fore-
round, together with 𝛼, 𝛽, 𝛾, and 𝜅 describe the spectral shape of Galac-
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ic confusion foreground. In practice, one can only vary the overall am-
litude in parameter estimation while taking the values of other param-
ters fitted through simulations of GCB population [64] . 

However, in this simplified model, the features of anisotropy and
on-stationary are averaged and not incorporated. To fully exploit the
istinctive features of the Galactic confusion foreground, a numerical
odel [66] can be used. In this numerical model, the modulated spec-

rum of the Galactic foreground is characterized by 17 Fourier coeffi-
ients [66,173,174] which are treated as free parameters varied in pa-
ameter estimation, and their prior ranges are obtained through multiple
uns of GCB population simulation. The simulations of GCB population
an be based on the Galaxy model constrained by the bright and indi-
idually resolvable GCBs [175] . To properly incorporate the modulation
nduced by detector orbital motion, the entire data are divided into seg-
ents of week-long during which the responses of detectors to Galactic

onfusion foreground are considered to have no appreciable changes. 
After properly modeling all components of stochastic signals, one

an use Bayesian inference to obtain estimations of free parameters in
odels. The likelihood is given by 

 ( 𝑠 |𝜽) = ∏
𝑛,𝑑 

1 
(2 𝜋)𝑁∕2 |𝐶𝑑, 𝑖𝑗 | exp 

( 

𝑠𝑑, 𝑖 𝐶
−1 
𝑑, 𝑖𝑗 

𝑠𝑑, 𝑗 

) 

, (39)

hich is the probability of occurrence of observed data if the stochastic
ignals and noise are governed by the chosen models with parameters
. Here, 𝑠 denotes the entire observed data, 𝜽 denotes parameters re-
uired to describe models for all components of stochastic signals, 𝑛
abels the data samples, 𝑑 labels different segments used for address-
ng the modulation of Galactic confusion foreground, 𝑖 and 𝑗 represent
he different TDI channels. 𝐶𝑑, 𝑖𝑗 is the correlation matrix depending on
hosen models for each components in stochastic signals. The product
eeds to run all data samples and all segments. Posterior distributions
or model parameters can be obtained through MCMC sampling, from
hich one can get the separation of different components of stochastic

ignals and noise. 
Except for the stochastic background signals of extra-galactic origin,

ubtracting Galactic confusion foreground also benefits observations of
ndividual sources as presented in [176] where the technique referred
o as dictionary learning is used to reconstruct MBHB signals with low-
NR. The basic idea of dictionary learning [177] is representing a target
ignal ℎ ( 𝑡 ) through a set of basis elements called dictionary 𝑫 and a
parse coefficient vector 𝜶 as ℎ ∼ 𝑫 𝜶. The dictionary can be predefined
y training dataset created through signals of individual MBHBs without
oise, and the coefficient vector 𝜶 for a given MBHB signal is searched
n the presence of noise. Their combination provides a reconstruction
f the signal hidden in the noisy data. As demonstrated in the reference
176] , low-SNR massive black binaries can by successfully separated in
he presence of Galactic noise through this method. 

.2. Tools for studying the Galaxy 

The old stellar population is one of the excellent tools to trace the
ynamical evolution of the Galaxy [178] . However, these sources are
sually dim and difficult to be observed in the electromagnetic band.
CBs make up the majority of the total old stellar population and their
W signals are not affected by crowded matters in the Galaxy. GW Ob-

ervations of GCBs offer a unique tool to study the Galaxy. Although, it
as been demonstrated that the individual resolvable GCBs which have
etter measurement and localization can already trace the structure of
he Galaxy [26,27,179] . These resolvable sources are usually more mas-
ive or nearby, which may require careful notice of potential bias [162] .
he stochastic foreground containing the contributions of the full GCB
opulation can also reveal various properties of the Galaxy [70–72] . 

In one aspect, one can extract information about the Galaxy from the
pherical harmonic decomposition of the Galactic confusion foreground
70] . The angular power spectrum of the foreground that encodes infor-
ation of the GCB spatial distribution can be obtained from the observed
1373
ross spctrum of different TDI channels by the framework presented in
180] . It is pointed out that in [70] the scale height of GCB distribu-
ion can be effectively constrained using the hexadecapole moment of
he spherical harmonic expansion. Although the constraint provided by
his methodology has limited sensitivity comparing to the method with
esolvable GCBs, this approach may be less affected by the observation
ias and provides a complementary way to measure the structure of the
alaxy. Another approach for obtaining information about the Galaxy

s through the spectral shape and amplitude of the Galactic confusion
oreground [72] . This methodology is similar to fitting Galactic confu-
ion foreground with the analytic model of Eq. 38 mentioned in the last
ection. Whereas the fitting parameters can be mapped to the physi-
al parameters describing properties of the Galaxy. Thus, one can ob-
ain information of the Galaxy like the total stellar mass as discussed in
72] through the similar parameter estimation procedure discussed in
he last section from the Galactic confusion foreground. 

. Summary 

Space-borne detectors will open the windows of the low GW band in
he near future, which can provide new tools to explore the Universe. In
ontrast to ground-based detectors whose data is noise-dominant, data
rom space-borne detectors will be signal-dominant where signals are
ore crowded and various sources are tangled together. The abundance

f sources can present plentiful invaluable information on the one hand,
ut also play the role of noise to disturb source detections and mea-
urements on the other hand. The heavily overlapping signals pose new
hallenges for the data analyses of space-borne detectors. 

Among various source types targeted by space-borne detectors, the
ast population of GCBs is likely the type having the most number to
e detected. It is expected that there are tens of millions GCBs in the
Hz band, while tens of thousands massive or nearby sources among

hem are individually resolvable and the remains will form a stochas-
ic foreground contributing to the confusion noise. The GWs from GCBs
re continuous signals and have the feature of quasi-monochrome. In
he time domain, GCB signals with overwhelming numbers exist in the
ata of space-borne detectors simultaneously during the entire mission
eriod. In the frequency domain, although a single GCB signal is only
xtended within a narrow band, due to their vast number, GCB signals
an still heavily overlap in frequency. GCBs are likely the type that has
he most heavy overlap and correlation. Separation and extraction of
verlapping signals focusing on GCBs may be the foundation of the ulti-
ate data analysis pipelines for globally separating all kinds of sources.
herefore, in the paper, we present a comprehensive review of precious
fforts dedicated to the separation and extraction of GCB signals. 

Current solutions for separating overlapping GCB signals can be
ainly categorized into two classes, iterative subtraction and global fit-

ing. The strategy of iterative subtraction searches for the optimal fit-
ing for just one signal in each iteration and the same procedure will
e performed repeatedly with the remaining data after the subtraction
f identified signal. A typical iterative subtraction solution referred to
s GBSIEVER employs the  -statistic likelihood and PSO to search the
ptimal fitting in each step. To address the problem of inaccurate sub-
raction contamination for low SNR sources, a different implementation
f iterative subtraction uses a tuned particle movement rule of PSO aim-
ng at identifying all local maxima in the likelihood surface. Then, the
ocal maxima corresponding to false candidates induced by degeneracy
f individual signals and overlapping signals are removed. Astrophysical
roperties of GCBs are incorporated to further filter out the low credi-
le candidates. Another implementation of iterative subtraction focuses
n improving the efficiency in the PSO searching. Before the fine PSO
earch procedure, a template search is performed to obtain the coarse
stimation of existing signals. 

Another strategy is global fitting which estimates the parameters of
ll sources together with the source number simultaneously through the
ull Bayesian approach. The full Bayesian approach can provide the joint
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osterior distributions for multiple overlapping signals rather than the
nly point estimation given in the iterative subtraction scheme, which
an well describe the correlation among overlapping signals and provide
 straightforward way for uncertain analysis and model selection. Pos-
erior estimation over the parameter space with an uncertain dimension
s performed through RJMCMC. To overcome the poor convergence in
he trans-dimensional MCMC sampling, various tuned proposal distribu-
ions according to the features of GCB signals and sophisticated random
ampling mechanisms are adopted in different implementations. 

Besides typical solutions of above two schemes, a hybrid approach
hat combines the point estimation of maximum likelihood and Bayesian
osterior estimation is also proposed. A procedure of iterative subtrac-
ion is first performed to identify potential candidates, and a global op-
imization of all identified signals is performed again to relieve errors
nduced by correlations of overlapping signals. Then, the MCMC sam-
ling is performed for each found signal to obtain the marginalized pos-
erior distributions of individual sources. Machine learning techniques
re considered as very promising tools in future GW data analyses. Neu-
al density estimation methods are investigated for assistance in draw-
ng proposals and sharing the posterior results with the advantage of
ormalizing flows at efficiently modeling complicated distributions. 

The resolvable GCBs are only a small fraction of the entire popula-
ion. The remaining sources will form a stochastic foreground contribut-
ng to the confusion noise. The Galactic confusion foreground on the one
and is a type of noise affecting the observation of other sources, on the
ther hand provides a powerful tool to research the structure of the
alaxy with the advantage that GWs will not be suppressed or obscured
y crowded matters in the Galaxy. Thanks to the features of the dif-
erent spectral shape and the time-evolving modulation, the stochastic
alactic foreground is distinguishable with the instrument noise and the
xtra-galactic astrophysical or cosmological original background. And
he distinct spectral shape of Galactic foreground can also be used in the
easurement of properties of the Galaxy. The anisotropy of the Galac-

ic foreground is associated with the stellar population distribution of
he Galaxy, thus the Galactic structure can be constrained through the
pherical harmonics decomposition of the Galactic foreground. 

For future works, although there are already diverse end-to-end pro-
otype pipelines for extracting overlapping GCBs, various problems still
eed to be addressed for actually handling real data. For example, in
urrent solutions the noises are usually assumed to be stationary and
aussian, while in reality there is slow drift of instrument noise in the

ong period and glitches in the short period which are neither stationary
or Gaussian [181,182] . Better noise modeling may required for future
orks. Besides, gaps will exist unavoidably in the data stream due to
arious reasons including scheduled maintenance or unplanned random
vents [183,184] . Future pipelines may need to incorporate processing
f various potential defects existing in data. Furthermore, the data from
pace-borne detectors blend all sources of different types, the ultimate
ipelines need to be capable of addressing different kinds of overlapping
ignals. New independent implementations or enchantments of current
ipelines are anticipated for preparation of the launch of future space-
orne GW observation missions. 
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