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ABSTRACT: Testing parity symmetry constitutes a critical aspect in gravitational physics.
As a representative parity-violating theory, dynamical Chern-Simons (dCS) gravity has
attracted significant attention in recent gravitational wave (GW) studies. Numerous works
have constrained the dCS theory through GW observations using quasi-circular waveform
templates. Since GW parameter estimation depends critically on waveform template accuracy,
improved source modeling and waveform construction are essential for tighter constraints on
parity-violating gravity. This work explores the dynamics and gravitational radiation from
the binary black hole systems with orbital eccentricity and spin precession. By extending
the quasi-Keplerian parameterization, we solve the equations of motion including leading-
order dCS corrections and precession effects. Furthermore, the conservative sectors of the
gravitational and scalar radiation are presented, the corresponding energy and angular
momentum loss are calculated, and the orbital decay is also investigated. Notably, because
of the non-zero monopole scalar radiation, carrying energy but not angular momentum, the
zero-eccentricity orbit is no longer the final stable state of binaries under radiation reaction.
This work provides the theoretical foundation for the complete waveform construction in
dCS gravity, benefiting the future gravitational parity-symmetry tests.
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1 Introduction

Symmetry plays a central role in physics, providing theories with elegant mathematical
structures and profoundly revealing fundamental laws of nature. The covariance of physical
laws under parity transformation is one of the crucial discrete symmetries, and parity
conservation during scattering and decay processes has long been regarded as a fundamental
principle in particle physics. However, in the 1950s, Lee and Yang proposed that parity
conservation is broken in weak interactions [1], which was subsequently experimentally
confirmed by Wu et al., through groundbreaking Cobalt-60 -decay experiments in 1957 [2].
This discovery marked a milestone in modern physics, demonstrating for the first time that
parity symmetry could be violated in fundamental interactions.

Inspired by the progress in particle physics, researchers have developed diverse parity-
violating modified gravity theories. These theories can be categorized into two classes



based on their geometric formulations. The first class is constructed within the Riemannian
geometry. For instance, the dynamical Chern-Simons (dCS) gravity introduces a scalar-
gravity coupling via the Pontryagin density into the Einstein-Hilbert action [3-5]. The general
parity-violating scalar-tensor gravity is proposed to eliminate Ostrogradsky instabilities by
involving higher-order derivatives of scalar fields coupled to gravity [6-10]. The second class
is constructed within non-Riemannian geometry. The most prominent examples include
teleparallel gravity (T'G) [11] and symmetric teleparallel gravity (STG) [12], which describe
gravitational interactions through torsion and non-metricity tensors, respectively. The
corresponding GR-equivalent formulations are the teleparallel equivalent of general relativity
(TEGR) [13] and symmetric teleparallel general relativity (STGR) [14]. Building upon
these frameworks, novel parity-violating theories such as Nieh-Yan (NY) gravity [15, 16]
and parity-violating STG [17, 18] are also proposed, further expanding the landscape of
gravitational theories beyond conventional Riemannian descriptions.

This article will mainly focus on dCS gravity. Because the astrophysical models in dCS
theory are based on the small-coupling approximation [19-25], many theoretical predictions
apply to the case of & < Mg, where & is the coupling parameter with mass squared dimension
and M is the minimum characteristic mass involved in the observed system. To date, the
tightest constraint on dCS coupling parameters is given by va < 8.5km, achieved from
the multimessage observation of neutron stars, including X-ray and gravitational waves
(GWs) [26]. In principle, one can also provide constraints on the dCS theory by observing
isolated GW events from binary black hole (BBH) systems. Nair et al. [27], Perkins et
al. [28], and Wang et al. [29] presented results for va < O(20 — 50km), based on the
waveform template of circular-orbit binaries using Bayesian inference. Unfortunately, this
result does not meet the small-coupling approximation conditions and is therefore physically
meaningless. Through Fisher matrix research, Shi et al. found that if the circular-orbit
waveform template is continued to be used, the third-generation ground-based and space-
based GW detectors and arrays cannot effectively constrain the dCS gravity either [30].
Beyond the inspiral stage, the ringdown signals from BBH mergers are also a significant
channel to test gravitational parity symmetry. Using the parametrized waveform model to
measure the events GW150914 and GW200129, with relatively loud ringdown signals, Silva et
al. placed upper bounds va < 38.7km [31]. More recently, benefiting from the development
of the METRICS framework [32, 33], the quasi-normal mode computation in dCS gravity is
beyond the slowly-rotating limit [34]. Based on such progress, Chung and Yunes analyzed
the events GW150914, GW190521_ 074359, and GW200129_ 065458, presenting constraints
va < 49km [35]. Whether we can obtain a constraint tighter than 8.5km through GW
observations is still an open question.

As is well known, GW parameter estimation relies on the accuracy of waveform templates;
improvements in wave source modeling and waveform construction are essential to enhance
constraints on dCS gravity. This work aims to advance BBH waveform templates in dCS
gravity by incorporating orbital eccentricity and spin precession effects. We start from the
post-Newtonian (PN) equation of motion (EOM), which originates from the expansion of
modified Mathisson-Papapetrou-Dixon (MPD) equations in terms of the typical velocity v
(much smaller than the light speed in vacuum) [24, 36]. As demonstrated in our previous work,



dCS gravity modifies the spin-spin coupling and monopole-quadrupole coupling between BBH
objects, thereby modifying the evolution of velocity and spin vectors [36]. Thus, the EOM
consists of the acceleration and precession equations, which are coupled in the spin-precessing
binaries, but possess significantly distinguishable characteristic timescales [37]. Therefore,
one can decouple the acceleration and precession equations at different time scales through
multiple-scale analysis, and the binary dynamics is decomposed into orbital motion and
Euler rotation of the orbital plane.

This work mainly focuses on orbital motion and represents the Euler rotation by three
unsolved variables, which can be obtained by solving the precession equation under multiple-
scale analysis and will be comprehensively discussed in our future research. In the acceleration
equation, the dominant dCS correction occurs at the 2PN order, causing precession of the
orbital angular momentum (OAM) and the periodic oscillations in the OAM magnitude. To
provide sufficient integration constants, we follow the scheme by Gergely et al. [38-40] and
introduce the period-averaged OAM magnitude (L in short) in dCS gravity. With the help
of conserved energy and L, we rewrite the acceleration equation and present corresponding
extended quasi-Keplerian (QK) parameterized solutions based on the approach by Klein
et al. [41, 42]. Related to the energy and L conservation, one describes the binary orbit
by two elements, the semi-major axis and eccentricity. With the QK solution in hand, the
scalar and gravitational waveforms, energy loss, OAM loss, and secular evolution of orbital
elements can be routinely calculated. Due to the non-zero monopole scalar radiation, which
carries energy but not angular momentum, the zero-eccentricity orbit is no longer the final
stable state of eccentric processing binaries under radiation reaction, which is significantly
distinguishable from that in GR.

More accurate wave source modeling and waveform calculations can, in principle, improve
the signal-to-noise ratio and parameter estimation of GW detection. For example, consid-
ering eccentricity is expected to enhance the constraint on Einstein-dilaton-Gauss-Bonnet
gravity [43]. Moreover, Loutrel et al. showed that the phase and amplitude of the Fourier
dCS waveform, with circular and spin-precessing orbits, differ from those in GR for the
same binaries by ~ 10 radians and ~ 1%, respectively for both nearly equal-mass and highly
spinning systems, for coupling parameter /& < 1km [25]. This work establishes a theoretical
foundation for constructing a more complete waveform template that includes spin precession
and eccentricity, which helps test gravitational parity symmetry based on GW observation.

This article is organized as follows. We will overview a series of basic acknowledgments
on dCS gravity and BBH system in section 2. The acceleration equation is written in
section 3. The extended QK solution is presented in section 4, and the conservative scalar
and gravitational waveforms are shown in section 5. The radiation reaction is investigated
in section 6. The main conclusions are summarized in section 7. Throughout the paper,
we work in geometric units in which ¢ = G = 1, where c is the light speed in the vacuum
and G is the Newtonian gravitational constant.



2 Dynamical Chern-Simons gravity and binary black hole system

2.1 The action and field equation
The full action of the dCS theory is [4, 5]

S = /d4m\/jg{(167r)_1R + %931% + 8 —%(v#ﬁ)(vw) - V(ﬂ)] + Em} . (2.1)

The gravity is described by the metric tensor g,,,,, and ¥ represents an extra scalar field. The
first term in eq. (2.1) gives the Einstein-Hilbert action, where g is the determinant of the
metric g,, and R is the Ricci scalar. The second term represents the coupling between the
scalar field and the Pontryagin density, where the Pontryagin density RR is defined as

RR = %smﬁRWﬁR*‘;B, (2.2)
with £#7*? being the Levi-Civité tensor, and R,,qp being the Riemann tensor. The third
term in eq. (2.1) is the Lagrangian of ¥, where the scalar potential is usually assumed to
be zero. L, is the Lagrangian density of the matter field. Two coupling parameters, & and
f3, are involved in this theory; the former has a mass-squared dimension, representing the
coupling strength, and the latter is dimensionless.

The variation of the full action (2.1) with respect to the metric g"” yields the modified
field equation [4, 5],

1 — m J
R, — §gw,R + 167raCy, = 87 [T,il,) + Tlﬁy)} , (2.3)
where R, is Ricci tensor and C),,, is Cotton tensor defined as
cr = e[, R (Va0) = RV (Y, 9). (2.4)

Note that the Cotton tensor C,, is traceless, g"”C),, = 0, and satisfies the Bianchi identity,
VEC = 0. T, lslr,n) and TSZ) denote the energy-momentum tensors of the matter field and
the dCS scalar field, i.e.,

m 2 6(v/—9Lm - 1 o
1) = 2SI and Tff) = 5 [(V0090) - 50 (Tad)VO)] . (25)

The scalar field equation can also be derived by variation of the action (2.1) to the
scalar field 1, which is

BV Ve = —%RR (2.6)

We would like to mention here that when the coupling £ is 0, the full action (2.1) reduces to
that of the non-dynamical Chern-Simons gravity. In this case, the scalar field equation (2.6)
becomes an additional differential constraint, i.e., the Pontryagin constraint on the space
of the allowed solutions, RR = 0. This work will not consider this case but only focus on
the dCS gravity, in which the parameter 5 # 0.



This modification to GR leads to a series of parity-violating effects. One of the most
well-known predictions is the amplitude birefringence [5, 10, 36], where the amplitude
of the left-handed circular polarization mode of GWs increases (or decreases) during the
propagation while the amplitude of the right-handed mode decreases (or increases). The similar
phenomenons, as well as the velocity birefringence, are investigated in other parity-violating
theories, such as general parity-violating scalar-tensor theory [8, 9], NY gravity [15, 16, 44,
45|, Hotava-Lifshitz gravity [46—48], parity-violating STG [17, 18, 49], spatially covariant
gravity [50-52], and reviewed by refs. [7, 10, 53]. This effect greatly promotes the testing of
parity symmetry in the gravitational sector by GW observation [51, 54-62].

2.2 Equation of motion of binary black hole system

A crucial conclusion in dCS gravity is that there is no modification to the Schwarzschild black
hole because of the vanishing Pontryagin density in spherically symmetric spacetime [63].
To highlight the parity violation of binary dynamics in dCS, this study concentrate on the
binaries including two slow-rotating black holes, whose analytical solution is provided by
refs. [19, 20] up to the quadratic order of dimensionless spin parameter.

Loutrel et al. have investigated the EOM, the modified MPD equations, of the spinning
point masses on the curved background within the framework of effective field theory, in which
the Lagrangian is written starting from some required symmetries [36, 64]. Spinning particles
contain three acceleration and three rotation degrees of freedom (DOFs), the former described
by the 4-momentum of the particle, and the latter by covariant spin angular momentum
(SAM) vectors. For simplification, we call the first equation governing the evolution of
4-momentum the acceleration equation, and the second one, governing the evolution of the
covariant SAM vector, the precession equation.

This theoretical framework can be applied to a BBH system, consisting of two spinning
black holes, denoted by A = 1,2, with mass parameters being ma, SAM vectors being S 4,
spatial coordinates being r4, and 3-velocity being v4. Using the PN expansion, we reduce
the acceleration and precession equations to the one describing the evolution of 3-velocity
v4 and spatial SAM S 4 [36]. Up to the 2PN order, where the dominant dCS modification
appears, the acceleration equation is written as

d
a= d—: =ay + da, (2.7)
where
m
and

sa=c(<5) (%) { - ey oy o St sapa e sa] o

111 R . . R . .
In the above three equations, m = mq + mso is the total mass of the BBH, r = r1 — 79 is
the relative position, and v = v; — v is the relative velocity of objects. The separation is



defined as r = |r| and the unit vector 7o is given by r = rn. Furthermore, the symmetric
mass ratio is v = myma/ m? and the dimensionless coupling constant is
&2
(= 167TW. (2.10)

It should be mentioned that we only show the Newtonian order and the leading-order dCS
correction in this article, while omitting the higher-order PN correction of GW, as these
effects have been well-studied in numerous previous works [65-74]. The dCS correction da
consists of two types of interactions, spin-spin (SS) coupling and monopole-quadrupole (MQ)
coupling. The former comes from the interaction between the scalar field generated by two
black holes, and the latter comes from the interaction between the spin-induced quadrupole
moment and monopole moment. The overall factor (m/r)? before the curly braces of eq. (2.8)
indicates that this correction is at the 2PN order.

In terms of the spatial SAM vector S4 and up to the leading-order dCS correction, the
precession equation for object 1 is written as [24, 25]

ds =
dTl =Qy x 81, with Q45 = Q1o + 6Q. (2.11)
The GR sector is
— 1 3 mo .
Q= 3 (2 + 2m1> Ly + {H1gher PN order}, (2.12)
and the dCS correction is
¢ 25 1 . . 603 mi*my, . .
0Qpy==><¢—-—=[S9—-3(n-8S - (N S 2.13
127731 25612 [S2 — 3(# - S2)7] 1792 m$ my (- S)n (2.13)

with Ly being The Newtonian orbital angular momentum of the system. Comparing with the
leading-order effect (2.13), the dCS correction is at the relative 0.5PN order, i.e., (’)(5912/(_212)
~ O(v), with v being the magnitude of relative velocity. We also would like to mention that
only the leading order of the GR sector is shown in eq. (2.12), which comes from the spin-orbit
coupling. The precession equation for object 2 is obtained by exchanging the subscripts 1
and 2 in egs. (2.11), (2.12), (2.13). The precession equation (2.11) implies the conservation of
spin magnitude, which is proven by, for example, for object 1,

51 XX Sl . Sl = Sl . (912 X Sl) = 912 . (Sl X Sl) =0. (2.14)
A similar conservation for object 2 is given by exchanging subscripts 1 and 2. The conserved
spin magnitude plays a crucial role in analytically solving the precession equation [37].
2.3 Conserved energy and angular momentum

The conservation of binding energy and orbital angular momentum in Newtonian gravity
results in the bound orbit of two bodies being a standard ellipse. In PN theory, gravity is
only a slight deviation from Newtonian gravity, which allows us to find a conserved energy
that is only a slight deviation from Newtonian binding energy. In dCS theory, the binding
energy can always be divided into the Newtonian part and the dCS correction as

E =pe, e=en+ e, (2.15)



where the Newtonian part is given by

1 m
EN = 51}2 - (2.16)
The higher-order PN corrections in GR are not shown in eq. (2.15) and throughout this work,
which are determined by guesswork [67, 75] and can be found in refs. [66, 76]. A similar

procedure is also applied to dCS correction, and one can find [36]

m 3
== () {—25“2[<sl-sg>—3<ﬁ-sl><ﬁ-s2>1 (2.17)

W m L

201 m? 1
—— 8% —3(n-51)*| + — 2
3584 m? it |51 37 e [

— — —_— A- 2
3584 md md | 3 SZ)}}’

which also consists of two types of interactions, SS and MQ coupling, like that in the
acceleration equation (2.9). The correction term (2.17) is at 2PN order comparing with the
Newtonian order, through the estimation de/ex ~ (m/r)? ~ v?.

However, the OAM can no longer be conserved separately due to the spin precession.
Alternatively, the total angular momentum (TAM) of the system, defined as the sum of

OAM and SAM
J=L+ S|+ 89, (2.18)

is still required to be a conserved quantity. By taking the time derivative of eq. (2.18) and
using the precession equation (2.11), it can be observed that the OAM remains uncorrected
at 2PN and quadratic-spin orders [66, 71, 75]. Therefore, the OAM is still written as

L=ph, h=r(nxwv) (2.19)
at the Newtonian order and when omitting the higher PN corrections [66].

2.4 Gravitational radiation from binaries

In addition to BBH dynamics, dCS theory modifies gravitational radiation and generates
scalar radiation. As discussed in refs. [36, 77|, the scalar radiation field can be given by
linearizing the scalar field equation (2.6) and multipole-moment expansion, which is

ﬁ:g% (TYBO‘W}/ (N-A)N-A)+ (7 A)]. (2.20)

at the leading order of &, where u = vm is the reduced mass, and A is defined as

Sl Moz (2.21)

The unit vector N represents the observational direction, and R is the distance between the
observer and the binary center of mass (COM). The term proportional to N*N7 in eq. (2.20)
is anisotropic scalar quadrupole radiation, which carries both energy and angular momentum.



The remaining term in eq. (2.20) is monopole radiation, which does not depend on the
observer’s orientation and carries only energy, not angular momentum.

By multipole-moment expanding and integrating the linearized gravitational field equa-
tion (2.3), one determines the dCS correction in gravitational radiation at 2PN order. The
complete gravitational waveform in the COM frame is written as

-2
hij = ﬁu |65 + 06 (2.22)

with the Newtonian order being
m, .
é‘Z(JN) =92 ('Uivj — TTL,‘le) , (2.23)

and the dCS correction is separated into SS and MQ couplings as [21, 36, 77]

6 = 08 &gy + 06 Aiq» (2.24)
where
i 75 ¢ /m\® 1 o
ij & (m A . . _ .
Selo = a5, () a7 BlR-SU(@-80)—(81:52) (2.25)

— (R 81) (A1 S+ $5) + (- $) (7 ] +77 57) | },
i 603 _/m\3—m? 1 ;o o o
ij NI 2_ Q2 - sigd L AFQl
et =756 () 3t (19 (8" 83|~ (A-Sa) (W) +7/5Y) . (226)
Once the specific expressions for 7 and S 4 are obtained by solving the acceleration equa-
tion (2.7) and precession equation (2.11), the gravitational and scalar waveform without
radiation reaction can be obtained from egs. (2.20), (2.24).

As discussed in our previous works [36, 78], the scalar and gravitational radiations are
decoupled at the coalescence timescale, much smaller than the cosmic expansion, resulting
in no scalar polarization modes and amplitude birefringence in the gravitational waveform.
Therefore, the transverse-traceless (TT) gauge can be safely used in our subsequent calculation.

3 Frames and acceleration equation

3.1 Fundamental, orbital frame, and Euler rotation

This work considers the BBH system with orbital eccentricity and spin precession, in which
the SAM and OAM are no longer conserved separately. As a result, the motion of objects is
not on a fixed plane for the distant observer, making it more difficult to completely solve

the EOM. However, one has the following observation.

e One can always establish a non-inertial frame, in which the precession disappears and
the black holes are constrained within a fixed plane. Such a non-inertial frame is called
the orbital frame.

e An inertial frame can be established based on the observer and the binary COM, in
which the observer is static. This frame is usually referred to as the fundamental frame.
The fundamental and orbital frames are related through Euler rotation.
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Figure 1. The geometry of an eccentric and spin processing BBH system.

For simplification, the axes of the fundamental frame are denoted as {X,Y, Z}. Using the
conservation of TAM, one can conveniently choose the Z-axis to be aligned with the TAM.
The X-axis can be selected arbitrarily and ey = ez x ex. The direction of the observer
in the fundamental frame is

A

N = (sin¢cosw, sin ¢ sinw, cos ¢), (3.1)

where ¢ and w are constant, representing the inclination and azimuth angle.

As for the orbital frame, we denote its axes as {x,y, z}, and the orbital plane is spanned
by the relative position and velocity vectors. When only considering the Newtonian-order
approximation, the OAM vector is always perpendicular to such an orbital plane, so the
z-axis of the orbital frame is naturally set along the direction of the OAM.

As shown in figure 1, the node line is the intersection between the x — y plane and X —Y
plane. The point where the object trajectory passes through the X —Z plane from the negative-
Z direction to the positive-Z direction is called the ascending node, and vice versa is called
the descending node. The direction from the binary COM to the ascending node is usually
defined as the z-axis of the orbital frame. Because the node line is perpendicular to both the
z and Z-axis, therefore e, x ez X e,. In addition, it is convenient to define a set of angles:

e The inclination ©, the angle between the z-axis of the orbital frame and the Z-axis of
the fundamental frame, or the angle between OAM and TAM, equivalently.

e The longitude of the ascending node Y, the azimuth angle of the projected vector of
OAM on the X — Y plane.



o The longitude of the pericenter 1, the angle between the direction of orbital pericenter
and the node line.

The transformation between the basis vectors of the fundamental and the orbital frames is
a series of Euler rotations. Two of the three Euler angles are the inclination angle © and
the right ascension of the ascending node Y. The third one « represents the Lorentz boost
between the inertial and non-inertial frames, determined by [79]

&= —TcosO. (3.2)
The Euler rotation between fundamental and orbital frames is written as
(ex’ €y, eZ)T =R- (eXa €y, eZ)T7 (33)

where the rotation matrix is defined as

cosa sina 0 1 0 0 cosT sinYT 0
R=| —sinacosa 0 0 cos® sin©® —sinY cosYT 0 | . (3.4)
0 0 1 0 —sin® cos O 0 0 1

3.2 Rewriting the acceleration equation

Rather than directly solving the acceleration equation (2.7), we rewrite conserved energy (2.15)
and OAM (2.19) as a new set of equations, and then solve them using QK parameterization.
In the fundamental frame, the relative position vector and its time derivative are expressed as

r=rh, 7 =7rn0+rley+rsindoes. (3.5)
where 6 and ¢ are the spherical coordinates relating to the {X,Y, Z}-system. With the help

of the above quantities, the conserved energy (2.15) is

€= % {7’2 + 72 (92 + ¢? sin? 0)} — % + de, (3.6)

and the OAM is

—ésinqﬁ — $sinf cos b cos ¢
h=7r?| fcos¢— psinfcosfsing |, (3.7)
$sin? 0

whose magnitude h and Z-component hcos© are
h? =t (92 + $? sin? 0) , and hcos© = r2psin? 6, (3.8)

respectively. Using the parameters €, h?, and hcos©, a set of new acceleration equation
in terms of {r, 6, ¢} is given by [80, 81]

2 h?
T"2 = 2(5 — 56) + 71” - ﬁ, (393‘)
. hcos® h . 2
QS = ﬁsin2 0, 0° = <r2 S1n @) . (39b)

,10,



The angle O is obtained by solving the precession equation (2.11). An equivalent but simpler
method to determine € and ¢-motion comes from the coordinate transformation between
the fundamental and orbital frames. On the one hand, the relative position is expressed
as 1 = (cos,sine,0) in the orbital frame, and nn = (sin cos ¢,sinfsin ¢, cos ) in the
fundamental frame. Applying the Euler rotation (3.3), the equal expression of 7 in the
fundamental frame is

cos Y cos(¢) + o) — cos O sin Y sin(¢) + o)
= | cos©cos Ysin(y + o) +sin Y cos(v) + ) |, (3.10)
sin O sin(y) + )

Comparing the above two results of 7, one finds [80, 81]

sinf cos(¢p — 1) = cos(v) + «)
sinfsin(¢ — 1) = cos Osin(¢ + «) , (3.11)
cos ) = sin O sin(y) + «)

The angles © and T are solved from the precession equation (2.11), « is given by eq. (3.2),
and 9 represents the motion on the orbital plane, which is given by a much simpler equation

. h
= — 3.12
b= (3.12)
depending only on the OAM magnitude h.
It should be noted that de and h in egs. (3.9a), (3.12) depend on the spin vector, and

they are not constants in the spin-precessing systems. To show this point, we express the
SAM vector as

SA:miXA (sink4 costg,sin k4 sinty, cosk ) (3.13)

in the orbital frame, with x4 being the dimensionless spin of the black holes. In terms of
k4 and 4, the dCS correction of energy is de = degs + denq, where

2 3 1 -
degg = _ic <m> X1X2 {COS K1CoSK2— 5 sin k1 sin ko {3 cos2(¢p—1))+cos Aw} } , (3.14a)
v

2567\ r
201 /m\3m? , 9 1.,
=——<C(=) X ——si 1 2(th— . 14
demq 3584<(r> > ,24XA{COS KA~ sin KkaA[l+3cos2(y wA)]} (3.14Db)

The newly defined quantities are ¢ = (11 + 12)/2 and Ay = 1P — 1hy. From the precession
equation and TAM conservation, dJ/dt, we can also derive the time derivative of h,

3 2
. 75 - 603 m
h=¢ (T:) {256 XIVX2 sin k1 sin kg sin 2(v — 1)) — 1799 EA mZ X4 sin® k4 sin 2(y — wA)} ;

(3.15)

implying that, in the spin-precessing case, h is not a conserved quantity at 2PN order.
Two issues have arisen here. Firstly, egs. (3.9a), (3.12) depend on the evolution of
SAM vector, described by k4 and 14, which is solved from the precession equation (2.11).
Meanwhile, the precession equation (2.11) also depends on the relative position n. In

— 11 —



other words, the precession and the acceleration equations are coupled. Subsection 3.3
will introduce the multiple-scale analysis (MSA) to decouple them at different time scales.
Secondly, eq. (3.15) shows that there is only one conserved quantity € in egs. (3.9a), (3.12),
which prevents us from defining the orbital semi-major axis and eccentricity as in the spin-
aligned case. In subsection 3.4, we will introduce the period-averaged OAM magnitude as
a new conserved quantity and further re-express eq. (3.12).

3.3 Multiple-scale analysis

As discussed in the previous subsection, the acceleration and precession equations are
coupled. However, the characteristic timescales are significantly distinguishable for the orbital
motion and precession. One can estimate that 7omix ~ |[v|/|9] ~ mv~=3 from eq. (2.7), and
Tprecession ~ |S1]/ |S1| ~ mv~° from eq. (2.11). Tprecession 1S much larger than 7o within the
PN framework. This inspires us to separate orbital motion and spin precession at different
timescales. When investigating orbital motion, the SAM only undergoes slight changes, and
the geometric quantities, such as k4,9 4,0, T, «, related to the SAM vectors can be considered
as constants within a few orbital periods. On the contrary, binary objects complete hundreds
or even thousands of orbital motions within one precession period. The “details” of orbital
motion in each period have no significant impact on the SAM evolution. Therefore, such
impacts can be sufficiently described by the averaged orbital motion. The above discussion is
the main strategy of the MSA. Chatziioannou et al. decoupled the precession equation through
MSA and presented its analytical solution in terms of Jacobian elliptic function [37], while
Loutrel et al. extended this analysis to dCS gravity within the circular-orbit approximation [25].
This work mainly focuses on solving the decoupled acceleration equation in dCS gravity. The
spin-related parameters, such as k4 and ¥4, slowly evolve on longer timescales, bringing
complicated low-frequency modulation to the gravitational waveform. In this work, we will
treat them as constants temporarily, within the framework of MSA.

3.4 Period-averaged orbital angular momentum magnitude

As shown before, spin precession violates the OAM magnitude conservation at 2PN order.
To provide sufficient conservation quantities for the parameterization of orbital motion, this
subsection defines the period-averaged OAM magnitude. The solution to radial motion
is approximated as

r=mj*(1+acosV)™ !, (3.16)

at the Newtonian order, where j = h/m is the dimensionless OAM magnitude, and a is the
dimensionless magnitude of the Runge-Lenz vector at the Newtonian order, defined as

a=1/1+ 2j2%uy. (3.17)

The true anomaly is given by V = ¢ — 1. Inserting eq. (3.16) into eq. (3.15), we get

. 75
mj=j0 (1 —Fcz(:osV)3 X C{256X1X2

sin ky sin ko sin 2(V + ¢y — )
(3.18)

603 m? . .
~ 1703 Z @Xi sin? k4 sin 2(V + g — 1/},4)}
A
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One can easily verify that

1 /7.
” /0 jdt =0, (3.19)

where T is the orbital period. Eq. (3.19) inspires us that although the OAM magnitude
j varies over time, it is only a periodic oscillation. The oscillation amplitude is a 2PN
perturbation relative to the averaged value. We formally define the period-averaged OAM
magnitude j as [38-40]

1 P+27

5 ), W (3.20)

J

It is verified that j is conserved, and j(t) = j +84(t), with 65(t) being tiny periodic oscillation
around 0. Let us define the initial value of OAM magnitude as jo = j(¢(t) = 0), and
integrate ] to give

Y. d -
i(V) = jo + /0 jd@Z’dW — o+ (V). (3.21)

The correction 05(V) is at 2PN and O(¢) order, showing j(V = 0) = j(V = 27) = 0.
Inserting eq. (3.21) into the definition of j (3.20) and performing the integration, we solve
the relationship between j and jg. Replacing the jo in eq. (3.21) by j, we obtain

§(V)=37+6j, §&j=djss+diuq, (3.22)

where the leading-order dCS corrections are

djss = _é%)ﬂ)@ sin k1 sin /4;2{3 cos2(V + g — T,ZG)
51253 v (3.23a)
+ &[3 cos(V +2(vbg — 1)) + cos(3V + 2(¢pg — U}))] },
, 201 m® 5
JMQ = 7% —Q)Clem2 ﬁA{BCOSZ(V+¢o—1/JA)
7168 j° 7 my (3.23b)
+ 6{3 cos(V +2(vbg — 14)) + cos(3V + 2(xhg — ¢A))} }7
with @ = (1 + 2j%en)"/2. In terms of j and 67, we re-express eqs. (3.9a), (3.12) as
2 = 2(e — b¢) + m <m>2 (_'2 + 256 ) (3.24)
= . , J J0J ) s :
and 9 5i
mip = j (m) <1 + j) . (3.25)
r J

Within the MSA framework, only three time-varying quantities, {r,¢,V}, are involved
in egs. (3.24), (3.25), and other spin-related geometric quantities, like k4,14 are seen as
constants. This completes all the preparations for the QK parameterization. In GR, the
acceleration equation of an eccentric and precessing binary can be written in a similar form
of egs. (3.24), (3.25), but with different correction coefficients dj and de.

,13,



4 Quasi-Keplerian parameterization

The original parameterization scheme for egs. (3.24), (3.25) is provided by Gergely et
al. [38, 40]. However, this parameterization is singular when a tends towards 0, causing the
QK solution to fail at the zero-eccentricity limit. Klein et al. improved the above scheme in
GR to avoid such a singularity [41, 42]. We extend Klein’s scheme to dCS gravity, expressing
the parameterization formally as

r = f{(l —epcosu) + f,gss) cos(2V + 299 — 1 — 12)

+ Z FMQ oglo1 + 2y — sz)]} (4.1)

2
2I7{r¢—2tan—1{ 1J_FZZ tan( >} Z {f SS)Sln (nV + 24y — 11 — 1a)
+ 3 i cosln + 2(4o — mﬂ}, (4.2)

A

2
%t(u) =u — e sinu. (4.3)

In egs. (4.1), (4.2), (4.3), the binary separation, azimuth angle, and coordinate time are
written as a set of functions about true anomaly V', and eccentric anomaly u, relating V' by

1- T
u = 2arctan " tan <V) . (4.4)
1+e, 2

Additionally, a series of parameters is introduced. £ = m/a, with a, being the semi-major

axis of the binary orbit. e,,ey,e; denote the “radial”, “azimuth”, and “time” eccentricity. T
and K are “time” and “azimuth” period f(SS) (MQ) £(S5) f(MQ) ti fficient
period. fr™, f 4 fy 05 fina are correction coefficients
relating with the spin precession. Such a parameterization scheme involves a total of 15
parameters, but only two of them are independent. This is because the orbital motion is
completely determined by the conserved quantities € and j. Following our previous works (78],

we choose £ and e, as free parameters, and ¢, j are expressed as

€= —g {1— (1 §262> 5@'}, (4.5a)
. 1—e3{1+1< 562) (3+6)(5w} (4.5b)

providing the relation between conservation and orbital elements. The dCS correction dw is

25

dw=( X1X2 (2 cos K1 cos kg — sin K1 sin kg cos A1)
512 v

(4.6)

201 m?
- XA(1+300s2/<aA)},
14336 ; m?
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which returns to the definition given by ref. [78] in spin-aligned limit, where k4 = 0. The

other two eccentricities are

_ 1 52 - 1 52
et = €ép (1 — 3(5@1_62> s €p = €Ep (1 + 55@@ s (47)

and two different orbital periods, “time* and “azimuth” period, are

m 1 £2

r

1+5w( ¢ ﬂ (4.8)

2
1—ez

in terms of fundamental elements £ and e,. The “time” period is defined as the time it takes
for the objects to pass through the pericenter twice, and the “azimuth” period is defined as
the time it takes for the objects to pass through the starting point of the right ascension
twice. The precession-related parameters are

25 2
M 201 & \m? ,
0 = 2 (155 ) s (0
T A
25 2 xix2 . .
quIS) _ _25 <1 f€2> 2 sin K1 8in Ko, (4.9¢)
2
(MQ) 201 & m? 22
f 1A= 3584C6T 1= m% XA sin“ k4, (4.94d)
92 2
5y = _1024C (1 €€2> XluXQ S /1 SIn R, (4.5¢)
2 2
Q) 201 & m= o . 9
f(M = (( —5 X4 sin® k4. (4.9f)
24 714336 \1 —e2) m?

It should be pointed out that fT(SS) and fﬁ\gQ) are non-vanishing when eccentricity e, ap-
proaches zero, implying that r is not a constant even for zero-eccentricity case. A periodic
oscillation proportional to cos2V is attached to the r-solution. This is caused by spin pre-
cession, and then the eccentricity can only be regarded as a physical parameter related to
conserved quantities and cannot be used to understand the orbital geometry. Therefore, this
work will distinguish between zero-eccentricity and conventional circular orbits.
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As a summary, we collect the expression of r and 1 below and replace all u with the
true anomaly V,

= 1_562(1+ercosV)+g<
y {25X1X2
256
201 m?

551 m—ix?éxsin2 K A COS [2(1+5)V—21/’A]}7
A

§

2
1—ez

3
m ) (1+ e, cosV)?
r

sin /1 sin Ko cos [2(1 +pB)V — 21/;} (4.10)

b= i () ey § (25

2
» {_25 X1X2
256

sin k1 sin m2{4er sin [(1 +28)V — 21/_)} + sin [2(1 + BV — 21/7} } (4.11)

+§ 32508147:2)(124 sin? /1,4{4& sin [(14 28)V — 2¢4] + sin [2(1 + B)V — 21)4] }} .

g is approximated as ¢y = BV at the leading order, with

555w( § )2 (4.12)

2
1—ez

being the pericenter advance rate.

When discussing spin-aligned binaries in our previous work, we mentioned the doubly
periodic structure of eccentric motion in the PN framework, where the binary objects pass
through an azimuth angle of more than 27 within a “time” period [78]. This is the well-known
pericenter advance effect, entering the 2PN order in our investigation. The spin precession
leads to a more complicated periodic structure by introducing richer long-period modulation.
For instance, the nutation and azimuthal drift of SAM relative, described by k4 and 4.
However, these effects are beyond the scope of this work, and we have regarded them as
constants within the MSA framework. More comprehensive discussions and calculations

will be performed in our future work.
5 Gravitational waveform: conservative sector
After dynamics modeling, the scalar and gravitational radiation are routinely calculated by

inserting the relative position 7, velocity vector v, and SAM vectors Sy4 into egs. (2.20), (2.22).
The scalar waveform is given from eq. (2.20) by

5« £ 2m2X1 2.
= mw (1 —e%) —7{19(1) sin“ ¢ sin k1 (5.1)

+ a3 — cos? 1) sin Ky + Y(111) Sin 2t cos /@1} — (14 2),
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where

V(1) = —4ey cos(BV 4 2a +1) — 2(2 + e?) cos[(1 + B)V + 26 + 1]
—e2cos[(1 — B)V — 2a — 1] — 4e, cos [(2+ B)V + 2a + 9] (5.2a)
—e2cos[(3+ B)V + 2a + 1],

V() = 4e cos(BV — 1) +2(2 + e2)cos[(14 B)V — ] + e cos[(1 — B)V + 1]

+dercos[(2+ B)V — ] + € cos[(3+ B)V — ],

V() = depsin(BV + &) +2(2 + e2)sin[(1 4+ B)V + a] — esin[(1 — B)V — @]

+4de, sin[(2 + B)V + a] + €2 sin[(3 + B)V + a],

(5.2b)

(5.2¢c)

and @ = a+w+ Y. The (1 <> 2) at the end of eq. (5.1) mean exchanging all of the subscript
1 and 2, e.g., replacing k1 with ko, x1 with x2, and me with m;.
The gravitational waveform is evaluated from eq. (2.22), and the GW polarizations

are obtained by performing a rotation and TT projection from §;;. We denote the GW
TT
ij
In the spin-aligned case, £y x can be fully separated into the Newtonian waveform and

metric in the TT gauge as and the plus and cross modes are £, = &7, & = &7,

the dCS correction as
Erx = EQN + 061 x, (5.3)

fgg)x is completely same as that in GR. However, in the spin-precessing case, the nutation
and azimuthal drift of the OAM vector bring additional amplitude and phase modulation,
carrying the parity-violating modification.

We insist on expressing the full gravitational waveform in eq. (5.3). However, it should
be noted that 5-(8,)>< is no longer entirely the GR waveforms, although they still appear to
be of O(¢°) order. fsro,)x contains the amplitude and phase modulations, encoding the dCS
modification. The phase modulation is represented by angles Y and «, and the amplitude
modulation is described by nutation angle ©, which is of order |Sa|/|L| ~ O(v). Thus we

can expand gf}x in terms of small parameter sin © as
(+0,)>< = E(f’)x + sin @E(Jrl/f) + sin? @E(j?X + sin® @Egi/f) + sin? @Zf,)x, (5.4)

where the waveforms at each PN order are given in appendix A.1. The dCS correction,
which is proportional to ¢ is given by

5645 = 66 4+ 6e™MP, (5.5)

where the SS-coupling and MQ-coupling terms are

ss) 75 £\ xixe o -
5 — ( s )3 XX 27: [ A cos(kV) + B sin(kV)] (5.6b)
< Tt \l-e) v 2l : ’ |
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and

7
MqQ) 201 € V—m? , + b
60, = —17924 <1 — gA mZ X4 ,;:0 [CA,k cos(kV) + Dy, sm(k:V)} , (5.7a)
7
(Mg) _ 201 3 3Zm2 23" [ x
06 = 17924 <1 —e) Gmh M k=0 [CA”“ cos(kV) +Dj, Sm(kv)} ' (5.7b)

The coefficients A;’X,B;’X,CX’,: ,DX:,: are listed in appendix A.2 and A.3, respectively. It
should be emphasized again that these coefficients are not constants, but evolve over longer
time scales and ultimately bring low-frequency phase modulation into the gravitational
waveform. This work temporarily considers them as constants within the MSA framework.
The variables involved in eq. (5.3), such as nutation angle ©, azimuthal drift T, «, and the
direction of SAM vectors, k4,%4, can be obtained once the evolution of the S4 vectors
is solved [25, 37].

6 Gravitational radiation and orbital decay

6.1 Energy and angular momentum loss

Gravitational radiation carries energy and angular momentum from the wave sources. As
the binding energy and angular momentum of BBH dissipate, the semi-major axis and
eccentricity gradually decrease, and the orbital frequency increases until the two black holes
collide and merge, ultimately forming an isolated black hole. The correction induced by
dCS gravity to the gravitational waveform and scalar radiation will accelerate/decelerate
orbital decay and circularization. The energy loss of the BBH system is separated into
the tensor and scalar sectors.

F =Fr+ Fs, (6.1)
where the contribution of GW is
Fr = 32%32 [ 72 Q(h]TkTh]TkT)dQ} , (6.2)
and that of the scalar field is
Fs = BR? j{ (9%)dQ. (6.3)
o0
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Inserting egs. (5.1), (5.3) into eq. (6.1), we obtain

32 v 73, 37,
= > 14+ — =
F 5 (1_83)7/2{< + e+ e)

£ >2 Xix2 (10775 137825 , 133925 , 49975 6>
+<<1—e2 v | \12288 " 24576 " 32768 " 1966087 CX° 10N

_ ( 4325 n 47675 o2 50375 p 24325 o6
24576 49152 " 65536 " 393216 "
5 (118825 351775 , 112625 4
—e + e e
"\ 32768 98304 " 524288 T

) sin K1 sin Ko cos Ay

)Sinm sin kg cos 2(¢ + BV) (6.4)

m? o[ (23860 470395 , 422759 , 23903 |
N XA: m2 A l (344064 T osa128 " T 917504 T 1835008 67”)
49815 582273 , 1731951 , 244119 )
<114688 T 229376 " 917504 " T 1835008 er) cosria

e 567591 563707 , 535167 4

2 o
2
<458752 T 52 T 7310032 6?”) sin k7 cos 2(Y 4+ BV)

I}

up to O(¢) order. We consider the slowly-evolving variables 19 = BV, k4,14 as constants.
There are only Newtonian terms and 2PN dCS correction involved in eq. (6.4), and there
is no contribution from correction terms in eq. (5.4). This is because the spin precession
affects the gravitational waveforms through Euler rotation, and ©, Y degenerates with the
angular distribution of radiated energy flux, as described by ¢, w.

From the definition of angular momentum loss,

J=Jr+JTs, (6.5)

where the contributions from GWs and scalar radiation are

1 ., ) .
T = 55 B [(rh)a9, ok = @RI — T o). (6.6)

and

Tk = —BR? /<r§>dﬂ, 7 = —ep0w0;0, (6.7)

respectively. We care about the radiation reaction on the orbital evolution; only the magnitude
of OAM loss needs to be calculated. We denote the TAM loss as dJ/d¢t, consisting of
the losses of OAM and SAM, i.e., (d/dt)(L + S1 + S2). Ref. [38] has proven that the
SAM contribution enters the orders higher than 2PN; we will not consider this sector in
this work. The magnitude of OAM loss is dL/dt = L - (dL/dt), and the magnitude of
TAM loss is dJ/dt = J - (dJ/dt) o J - L(dL/dt)  cos ©O(dL/dt). Therefore, we have
L = dL/dt = (cos©)~1(dJ/dt) = (cos®)L1T. After inserting egs. (5.1), (5.3) into the

,19,



definition (6.5) and tedious calculations, we arrive at
32 my2¢7/? 7
po B Ty

R
+C< 3 >2 X1X2 <8975 1125 , 16775 ,
1—e2 v | \12288 " 512 " 32768
- ( 475 1925 5 2425 ,
6144 8192 " 16384
2(7125 825
—e | =4+ ——
8192 ' 4096

) COS K1 COS K9

) sin K1 sin kg cos A

ez) sin w1 sin kg cos 2(¢ + BV)

—Z (10679 . 42515 o2 4999 64)
2 XA 86016 ' 114688 " ' 220376

(7261 102257 , 144895 , ) )

94576 T 114688°" T 458752°r ) €O fA

31959 9045
2 2 . 2
2
(114688 + 11468867“) sin ey 008 24 + BV)

i

up to the leading-order dCS correction. Similar to the result of energy loss (6.4), the OAM loss
only includes Newtonian terms and 2PN correction, without contribution from spin-related
higher-order corrections in eq. (5.4).

6.2 The evolution of elements

After presenting the energy and angular momentum loss, the radiation-reaction evolution
of orbital elements is given by the balance equation
dE dL
dt T at
with L = ph = pmj. Regarding the elements & and e, as functions of time and solving the
balance equation using eq. (6.4), (6.8), one can obtain the time derivative of elements.

dz 64 vad {( 73 37)
M= — (14— —

dt 5 (1—e2)7/2
+C< T )2 X1X2 (11975+102725 2+211075 4 4325
1—e2 v 12288 24576 98304 65536
< 5525 12575 o2 39575 o 4225
24576 491527 196608 131072

(118825+351775 2 112625 >S sin kg cos2(Y+o)
1N~ lnli
32768 | 08304 " 524288 T ) SIS ’

_Z ( 14221 +752599 2+133405 Ay 123063 66)
QXA 344064 ' 6881287 1310727 1835008

59463 42867 28389 7623
e? et — el ) cosk?
114688 ' 32768 " T 131072 262144°"

567591 563707 , 535167 4)
2
(458752+458752 e+ T3q003a°r ) S cos (‘Z’A*ﬁv)}}}»

=L, (6.9)

6
er> COSK1COSK9

6\ - .
eT) sinkjsinkacos Ay

(6.10)
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and

de, 304  wvale, (1+121 2)
m =——_—"7 _ e
dt 15 (1— e2)5/2 304"
2
@ Xixz [ /83825 180275 , 56825 4)
+C(1—e%) { v l(77824+1556486T+6225926T oS COs 2
1/ 625 21975 , 38675 , 11275 6> o
(- - A
+eg< 77824 155648 T 6225027 T T2apisar ) St sin sz Cos AY

B (270975 417475 , 654675 4 (6.11)

. . ol
311296 + 3112966T+ 49807366r> sin k1 sin kg cos 2(y) + V)

m? ,[1/ 625 445055 , 4012101 , 705885 |
+272XA - €r — €y €y
- My 155648 2179072 8716288 17432576

1 < 625 n 903631 o + 1790223 , n 208641
- = e e e
e2 \ 155648 = 2179072 " = 8716288 " = 17432576 "

(69435 1966089 , 3342141 ,

o2
e?"

) cos K4

: 2
2
220376 | 43581447 69730304 er) sin k74 cos 2(1a + V)

I

The variable = used in egs. (6.10), (6.11) is the dimensionless orbital frequency, defined as
z = (mQ)?/?, (6.12)

with Q being orbital frequency,

_K_§3/2 dw § ? 2

(6.13)

Eq. (6.10) indicates that, in the PN approximation, the orbital frequency increases with GW
radiation until the approximation condition z < 1 is broken. As is known, the eccentricity
eventually tends to zero in GR, and the zero-eccentricity orbit is eventually stable in the
BBH system under radiation reaction. However, after introducing dCS modification, the
evolution equation of eccentricity (6.11) exhibits an interesting phenomenon; there is a factor
proportional to 1/e, on the right-hand side, such that de,/dt diverges when e, — 0, which
is physically unacceptable. This indicates that in the spin-precession case, zero-eccentricity
orbits cannot exist stably under radiation reaction in dCS gravity.

This effect is caused by monopole scalar radiation. Whether in GR and dCS gravity, GW
is generated from mass quadrupole momentum and corresponding higher-order corrections,
carrying both energy and angular momentum, and the identity Fpr = QL7 is valid as the
orbital eccentricity approaches zero. This ensures that the eccentric orbit evolves into a
quasi-circular orbit under radiation reaction and forms a stable state. In dCS gravity, the
scalar radiation (2.20) contains two terms: monopole and quadrupole radiations. We split the
energy and angular momentum losses into Fs = Fon + Fquad, £5 = Lmon + Lquad, Where
the quantities with subscripts “mon” and “quad” represent the contribution from monopole
and quadrupole radiation. The quadrupole radiation carries energy and angular momentum,
while the monopole radiation carries only energy and no angular momentum. This results in
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Fquad = QLquad but Fmon # QLmon = 0. The monopole radiation vanishes in the spin-aligned
case. In the spin-precessing systems, however, the non-zero monopole radiation disrupts the
identity F = QL, resulting in stable zero-eccentricity orbits no longer allowed under radiation
reaction. A similar effect also appears in Horndeski gravity, calculated by ref. [82], which
also involves monopole scalar radiation. This effect originates from the nature of scalar fields
in the scalar-tensor gravity theories, and potentially becomes a criterion for distinguishing
scalar-tensor gravity from GR in current or future GW observations.

Taking the right-hand side of eq. (6.11) to zero, one obtains the minimum eccentricity
emin Of the eventual stable orbit

2= 05 o |20 i) (xasinrg) cos Av — 3 7 (xasin k)’ (6.14)
(SR — X — SN K Sln K COS — - S1n K .
min = JrEeA” > X1 1){X2 2 - mi XA A )

The €2, depends only on the on-plane component of the SAM vector, x4 sin k4, which
automatically disappears in the spin-aligned case. Assuming a precessing system with
eccentricity evolves under radiation reaction in dCS gravity, when the initial value exceeds
emin, the eccentricity gradually decreases to eni,, arriving at a stable orbit, or completing
the merger before that. On the contrary, if the initial value is less than ey, the eccentricity

increases as the GW frequency increases.

7 Conclusions

This article works in dCS gravity and investigates the gravitational radiation from BBH
systems with orbital eccentricity and spin precession. Following refs. [25, 37], we decouple
the acceleration equation (2.7), describing the evolution of velocity, and the precession
equation (2.11), describing the evolution of SAM vectors in the MSA framework, in which the
precession-related variables are regarded as a set of constants. Starting from the definition
of binding energy and OAM at 2PN order with dCS correction, eq. (2.7) is re-expressed
as eqs. (3.24), (3.25), and the QK solution is presented in egs. (4.10), (4.11), following the
QK parameterization provided by Klein et al. [41, 42]. The conservative parts of scalar
and gravitational waveforms are calculated from the linearized field equation and multipole-
moment expansion, with the final expressions listed in eqs. (5.1), (5.3). In GW polarzations,
§SR)X are expanded in terms of nutation angle O, with order of magnitude being O(v), and
the low-frequency phase modulations enter each order of eq. (5.4) through variables T and a.
Although the above expressions are not proportional to the coupling parameter ¢, they encode
parity violation due to the dCS correction in the precession equation (2.11). Furthermore,
the energy and OAM losses are shown in egs. (6.4), (6.8), and the corresponding secular
evolutions of orbital elements are shown in egs. (6.10), (6.11). Eq. (6.11) presents that the
stable zero-eccentricity orbit is not allowed in the precessing BBH systems in dCS gravity,
due to the monopole scalar radiation, which provides a potential criterion to distinguish
dCS gravity and GR.

What motivates this work is a set of observational facts that the dCS coupling parameter
can not be effectively constrained through GW detection based on circular-orbit waveform
templates [27-29]. The improvements in source modeling and template construction can, in
principle, enhance the constraint ability of GW observation. This work aims to model the
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orbital motion and GW radiation from the BBH systems. Once the solution to the precession
equation (2.11), providing the analytical solution to k4,%4,0, 7T, «, is combined with our
results shown in eq. (5.3), the complete time-domain waveform is routinely constructed.
Therefore, three main topics will be included in our future research. The first one is to extend
the results in ref. [25] to the eccentric-orbit case, complete the fully analytical time-domain
waveforms, and perform the Fourier transform using the stationary phase approximation
or some numerical techniques. The second one is to re-perform Bayesian inference using
the existing GW catalog based on the newly proposed template, and a tighter constraint on
the dCS coupling parameter is expected to be achieved. The third one is to estimate the
ability to test the gravitational parity symmetry of the future GW detectors. In conclusion,
this work and a series of planned studies are valuable in obtaining tighter constraints on
gravitational parity violation through GW observations.
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A Complicated expressions involved in gravitational waveforms

A.1 Waveforms Ef’)x at each PN order in eq. (5.4)

1 1
»© 3 eZsin® Lcos V + 6{ — —e2cos2(BV +a+w+ ) (A.1a)

T T 2T —e2 1—ez) 27

- %eT cos[(1+28)V 4+ 2(a+w+ T)] —cos[2(1 + B)V + 2(a + w + T)]

- %er cos[(3+208)V +2(a+w + T)]}(l + cos? 1),

1—e2

r

ES:/Q) = g{Qe% cos(BV + a)cos(BV +a+w+7T) + e, cos(w+ T) (A.1Db)
+ ger cos[(1 +28)V 4+ 2a+w + Y] + 2cos2(1 + B)V + 2a + w + Y]

1
+ger cos[(3+28)V +2a+w + T]} sin ¢ cos ¢,

1) _
Xyi=- 1—e2 2

r

; ¢ {e% cos?(BV +a) + ler cosV + ger cos[(1 +28)V + 2q] (A.1c)

+ cos[2(1 + )V + 2a] + %er cos[(3+28)V + 2a]} sin? .

: § 5 {;ez cos(BV + a)cos[BV + a +2(w+ Y)] + ier cos2(w+ Y)cosV
s
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+ ger cos|(1 +28)V + 2(a +w + 1] + %Cos[Q(l AV +2a+w+T)

+ ée,« cos[(3+28)V + 2(a +w + T)]}(l + cos? 1),

1 )
29/2) =1 —ge% {—e% cos(BV + a) — 56 cosV — 16 cos[(1 +28)V + 2qa] (A.1d)

1
—cos[2(1 + B)V + 2a] — 16 cos[(3+28)V + 2a]} sin ¢ costcos(w + 1),

1 ¢
@ _
* 161 — e2

{ez sin2(8V + ) + ger sin[(1 4+ 28)V + 20 (A.le)

+ 2sin[2(1 + B)V + 2a] + %er sin[(3 4+ 26)V + 2a]}(1 + cos? 1) sin2(w + 1),

E(XO) =1"= { —eXsin2(BV +a+w+T) - ger sin[(1+28)V +2(a+w+7T)] (A.2a)
—2sin2(1 4+ )V +2(a+w+T)] — %er sin[(3+28)V +2(a+w + T)]} Ccos L,
E(Xl/Q) = 152{2@,% cos(fV 4+ a)sin(fV + a4+ w+ Y) (A.2Db)
>

+ercosVsin(w+7T) + ger sin[(1 +28)V 4+ 2a 4+ w + Y]

1
+2sin[2(1 4+ B)V +2a+w+ Y] + 56 sin[(3+28)V +2a+w + T]} sin ¢,

= : € 5 {e% cos(fV + a)sin[fV +a +2(w+ T)] + %er cosVsin2(w+7T) (A.2c)
—e

T

+ Zer sin[(14+28)V +2(a+w+ 1)] +sin[2(1 + B)V + 2(a + w + T)]

1
+ 1 sin[(3+28)V 4+ 2(a +w + T)]} cos ¢,

32 = - 3 - { — ey cos®(BV + a) + %er cosV — Zer cos[(1+26)V + 2a] (A-2d)
>

—cos2(1 4 B)V +2a] — %er cos[(3 4+ 2B8)V + ZQ]} sin¢sin(w + 1),

1 ¢
41—e?

{;ef sin2(BV + «a) + Zer sin[(1 +268)V + 2a] (A.2e)

+sin[2(1 + )V + 2a] + ier sin[(3 4 28)V + 204} costcos2(w+ ).
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A.2 The SS-coupling coefficients involved in eq. (5.6)
Ad = f%{ cos k1 sin ko [2(2+3e2) sin(o + @) +3e2sin(28V — o +@)| + (1 <> 2)} sinccost  (A.3a)
916{ [16(3+5e ) cos 2(G+ 1)+ 2€2(21 — de )cosQ(ﬂV—i—o?)cosAw}(l-i-cosZ L)
+ [32er cos2(,BV—1/_))+8(12+1lef+26§)cosA7,/1} sin2L} sin k1 sin Ko

1
+t15¢ {(3 4e?) cos2(BV + @) (1 +cos® 1) —2(7 —2¢2) sin? L}COSH1COSH2,

Al = —167- oS K1 Sin kg [3(4+€2) sin (g + @) A.3b
2

+2(3+€2)sin(28V — 1y +d)] +(1« 2)} sintcost
1 9 5 -
+%er{ - [(304+666T)0082(04+21/1)
— 7562 cos 2(a+28V —1h) + 56 cos(2a +28V) cos Aw] (1+cos? 1)
- [8(7+3ef)cos2(ﬂv71/_1)+60(4+ef)cosA1/1} SiIl2L} sin k1 sin Ko
— %er{ (1146€2) cos2(a+ BV ) (1+cos? 1) +3(4+€2) sin? L} COS K1 COS Kg,
A = —{ cos k1 sin ko [3eZsin(yho + @) + (24 3e2) sin(28V — o + @)| + (1 <> 2)} sinccost (A.3c)
1
+ 24{ [ 34.cos(2a+29)) + 73 cos(2a 448V — 2¢) +6cos 2(a+ BV) cosAw} (1+cos? 1)
— [8(1—1—26?)008 2(BV — 1)) +30€2 cos Aw] SiIlQL}SiIl K1sin Ko
- %{(44—763) cos2(a+ V) (14cos? 1) +e?sin? L} COS K1 COS Ko,
1
AT = —zer{ cos k1 sin kg [2e2sin(1hg 4+ &) +3(4+e2)sin(2BV — o+ @)] + (1 +» 2)} sinccost (A.3d)
%er{ [—2263 cos(2a+2¢)) +17(24 + 5€2) cos 2(a + 28V — 1)
+2(4—5e2)cos2(a+pV) cosAw} (1+4cos?s)
— {2(28+96$)C082(5V—¢) 20e cosAw] sin L}smnl sin kg
1
— o4 {(76+13e )cos2(G+ BV) (14 cos® 1) +2¢2 sin? L}cosm COS Ka,
Al = fgeﬁ{ cos Ky sin ko sin(28V — o+ &)+ (1 > 2)} sinccost (A.3e)
1 _
48{ [48(2—}—36 )cos2(a+2BV —1p) —10e2 cos 2(a+BV) cosAw} (14cos? 1)
_ 1
—16€? cos(28V — 21)) sin? L} sin k1 sin ko — l—gef cos2(a&+ BV)(14cos? 1) cos k1 cos ka,
Al = —iei’{ cos Ky sin ko sin(28V — o+ &)+ (1 2)} sinccost (A.3f)
1 -
n %er{ [(232+57e$) cos2(G+ 28V — 1) — 6€2 cos2(& + BV) cos Aw} (1+cos0)

_ 1
—6e2 cos2(BV —1) sin? L} sin k1 sin kg — gei’ cos2(a+ BV)(14cos? 1) cos k1 cos ka,

Al = 256 2 cos2(a+2BV —1)(1+cos? 1) sin &y sin kg, (A.3g)
Al = %ET 08 2(@+2BV —1))(1 + cos? 1) sin k1 sin kg, (A.3h)
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Bf = —%eT(G + ez){ cos K1 sin kg cos(28V — gy + &) + (1 < 2)} sin ¢ cos ¢ (A.4a)
— %er{ { — 4(4 — 9e2)sin 2(& + 1) + T5eZ sin 2(a + 28V — 1)
— 4(14 — 15¢}) sin 2(@ + BV) cos Ap| (1 + cos? 1)
— 4(14 + 3¢€?) sin 2(BV — ) sin? L} sin k1 sin kg
+ %BT(QQ + 21e2) sin 2(& 4 BV) (1 + cos® t) cos k1 cos Kz,

By =—(2+ 363){ cos K1 sin kg cos(26V — 2 + &) + (1 2)} sin¢cost (A.4Db)
+ 2—14{ —é? [4sin2(d + 1) + 73sin2(a + 28V — 1)
+ 6sin2(a + V) cos Aw] (1 + cos? 1) + 8(1 + 2¢2) sin(2B8V — 2¢) sin? I,} sin K1 sin Ko

1
+ 5(4 + 7e2) sin 2(& + BV) (1 + cos? 1) cos k1 cos ko,

Bf = —%67«(4 + e?){ cos K1 sin kg cos(2B8V — iy + @) + (1 < 2)} sin ¢ cos ¢ (A.4c)
1 - _
— ger{ [AeEsin2(a + ) + 17 (5e2 + 24) sin(2d + 45V — 20)

+2(4 — 5€2) sin 2(a@ 4 BV) cos Aw] (1 + cos®¢)
+2(28 + 9¢2) sin 2(BV — ¢) sin® L} sin k1 sin kg

1
+ =, (76 + 13e2) sin 2(a& + BV) (1 + cos® 1) cos Ky cos K,

24
Bf = —ge%{ cos k1 sin ko cos(28V — g + &) + (1 < 2)} sin ¢ cos ¢ (A.4d)
- 4—18{ [ — 48(2 + 3e?) sin 2(G& + 28V — 4b) + 10e? sin 2(& + BV) cos Aw} (1 + cos?1)
+ 162 sin 2(BV — 1)) sin? L} sin k1 sin kg + %e% sin 2(& + BV)(1 + cos® ¢) cos k1 cos Kz,
B = —iei’{ cos K1 sin kg cos(28V — 2 + @) + (1 2)} sin¢cost (A.4e)

+ %{er [ — (232 + 57e2) sin 2(& + 28V — 1) + 6¢2 sin 2(& + FV) cos M)} (1 + cos® 1)

- 1
+ 6e3 sin(28V — 2¢) sin® L} sin k1 sin kg + gei’ sin2(& + BV)(1 + cos? 1) cos k1 cos k2,

25 -
[)’g — _ﬁez sin2(a + 28V —¢)(1 + cos® 1) sin k1 sin kg, (A.4f)
Bf = —3%61?3 sin 2(& + 28V — ¥)(1 + cos? 1) sin k; sin ko. (A.dg)
Al = %{cos K1 sin kg [2(24 3e2) cos(@—+11) +3e; cos(a+28V — )| + (1 + 2)} sine (A.5a)

1 _
_ 7{16(34- 5eZ)sin2(¢+a)+2 (21 —4e?) eZ sin2(@+ BV) cos Az/J} cos Lsin Ky sin kg

1
+ 663(3 —4e2)sin2(a+ FV) cos  cos ky cos Kz,
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Al = %eT{ cos k1 sin ko [3(4+e2) cos(a+1h1) +2(3+e2) cos(@+28V — )] + (1 <> 2)} sine
- %er{ {— 7562 sin 2(6 — 1 +28V) + (304 + 66¢2) sin 2(1) + @)
+56sin2(a+ BV) cos Aw} } cOs 1 Sin K1 Sin Ko
— %e,«(ll+66%)sin2(d+BV)COSLCOS/91 COS K2,
A = {cosm sin ko [3eZcos (A +11) + (24 3€2) cos(@+28V — 1) ] + (1 2)}sinL
—l—%ef{ —34sin2(¢+ &) + T3sin2(G — 9+ 25V)
+6sin2(a+pV) COSA¢}COSLsinm sin ko
—(4+7e2)sin2(a+ BV) costcos Ky cos Kz,
A = ieT{ cos k1 sin ko [2e cos(@+11) +3(4+€2) cos(@+28V —1h1)] + (1 2)} sine
418 { 22e2sin2(y + &) + 17(24 4 5e?) sin 2(a@ — 1 +28V)
+2(4—5€2) cos Aipsin (2 (a+BV)) }COSLSinK:l sin kg
—13¢ e, (76 +13¢2)sin 2(a+ BV) cos L cos k1 COS kg,
Al = ;ef{ cos Ky sin kg cos(a+26V —1) + (1 2)} sine
—|—{2(2+3e$)sin2( ¢+2,8V)—%er sin2(a+£V) cosAw}COSLSinm sin Ko
— %eg sin2(&a+ V) costcos k1 cos Ka,
Al = iefj{ cos Ky sin kg cos (& 428V — 1)+ (1 < 2)} sine
418 {(232+57e +232)sin2(G— 3 +28V)
—6e2sin2(a@+BV) cos Aq/J}COSLSinm sin kg

1
— Zei’ sin2(&+ V) costcos Ky cos Ka,

25 4 -

AL = T 2sin2(& — 1 +26V) cos Lsin k1 sin kg,
5 —

AX = 1—66T 3sin2(&—1+26V) costsin k1 sin kg,

By = —%er{ cos k1 sin kg (6 +€2) sin(a+28V —1b1) + (1 2)}Sil’lb
- @er{él(ll— 9e2) cos 2(¢ + &) — 752 cos 2(a— ¢ +28V)
+4(14 —15€2) cos 2(a+ BV) cos Aﬂ)} cos ¢ sin K1 sin kg
- éer(22+2le%) sin2(&+ BV') costcos k1 cos ka,

By = —{ cos k1 sin ko (2+3e2)sin(a+ 26V — 1) + (1 < 2)}sinL

+ 112 {40052(1/)+a)—|—73c052( —1h+28V)
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+6cos2(a+ V) cos A¢} cos ¢ sin K1 sin Ko
— (4+7e2)sin2(a+ BV) cos L.cos k1 cos ko,

3
By = —Zer{cosm sin kia(4+€2) sin(@+28V — 1) + (1 < 2)}SinL

%er{éle cos2(Y+@&) +17(24+5e2) cos 2(a —1p +28V)

+2(4—5€2) cos 2(a+ BV) cos Aw} cos ¢ sin K1 sin kg

- Eer(76+ 13€2) sin 2(G + BV) cos ¢ cos k1 cos Kz,

3
B} = —iez{cosm sinkgsin(a+28V — 1)+ (1 + 2)}sinL

(A.6¢c)

(A.6d)

- )
+ {2(2+3e?+2) cos2(a—9+2pV)— Eeg cos2(a+ V) cosA@ZJ} cos ¢ sin K1 sin kg

13
— Eeg sin2(&+ V') cos tcos k1 cos K,

1.
B = —Zeﬁ{cosmsin@sin(d—i—QBV—%)%—(1 <—>2)}sinL

(A.6e)

1 _
+ @er{ (232 +57¢2) cos 2(a — b +2BV) — 62 cos 2(a+ BV) cos Aw} cos L sin K1 sin ko

1
- Zef sin2(&+ BV') costcos k1 cos ke,

25 -
B = Ee% cos2(& —1p+20V) costsin k1 sin Ko,

5 _
BY = Eei’ cos2(a—1+28V) costsin k1 sin Ka.

A.3 The MQ-coupling coefficients involved in eq. (5.7)

C:io: 116 {(3 4e2)cos2(a+ BV ) (1+cos?t) —2(7—2e2)sin? L}

+33 { [3¢2(15—4€2)cos2(@+BV) +8(3+5¢7) cos2(d-+1ha) | (14cos?s)

- {26@cosQ(ﬂV—z/)A)—|—6(8—|—5e$—{—26f)} sin2b}sin2/@4
3
+§ [2(2+362)sin(&+¢,4)+3e$sin(&+2ﬂV—¢A)} Sin.CostSinK 4 cosK 4,

CXJ: er{2(11+6e )cos2(a+BV) (14-cos? 1) +3(4+€2)sin? L}

£
16

1
+mer{ |(304+66¢2) cos2(G-+1.4)—63¢Zcos2(G+2BV —1ha)

+24(1—2e§)cos2(d+,8V)] (14-cos®s)

+[432+108¢2+8(25+9¢2) cos(28V —200) | sin®s bsin?ria

+%er {3(4—%63)sin(d—H/JA)+2(3+e%)sin(d+26V—¢A)} sinccostsink 4cosk A,

CX,QZg{(4+7e$)cos(2(d+ﬁV))(1+cos2L)+e,%sin%}

1
32 { [346 cos2(G+ha)—b5e2cos2(a+28V —1ha)
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(A7)

(A.7¢)



—6(4+96%)C082(5[+5V)} (1+cos?t)
—{54634—4(84—136 )cos2(BV — ¢A)} sin L}Sin2/<cA
+§[Sstin(d—FdJA)+(2+362)sin(d+25V—¢A)} sinccostsink 4 cosk 4,

CX’3 312{er(76+13e )COSQ(@—FBV)(1+COS2L)+2€§SiH2L} (A.7d)
+1;8 {{226 cos2(a-+1)4) —49e2cos2(a+28V —1h4) —6(28+€2) cos2(a+BV)
+264cos2(d+2BV—¢A)](1+COSQL)

—{366%4—2(100—#276 )cos(28V — 21/114)} sin L}SinQﬁA
1—36@ [26 sin(a@+1va)+3(4+e; )sin(d+2ﬂV—d)A)} sinccostsink 4 cosk 4,

1
CA4_TZCTCOS2(04+BV)(1+COSQL) (A.Te)

— o {342 43¢2) cos2(a+ 2BV ) +eZeos2(a-+ V)] (L o)

9
—26636082(ﬂV—wA)sin2L}sin2 HA-’-g@%Sin(&—l-QﬂV—l/JA)SinLCOSLSinF&ACOSH}A,

CZ75—%ercos2(a+ﬂV)(1+cos%) (A.7f)
+1;8 o{ [6}cos2(a-+BV)— (88+21e2)cos2(a-+28V ~1pa)] (1+coss)
+18€TCOS(26V—2¢A)SiH2L}SiIl2HA+%€§Sin(d+2ﬁv—wA)SinLCOSLSinKACOS/{A,

626: 3—7267&052( +28V —1p4)(14cos?i)sin?k 4, (A.7g)

CXJ: 1;86T0082(a+2ﬂV—wA)(1+cosQL)sin2/<cA, (A.7h)

D}, —Eer(22+2lez)sin2(&+5V)(1—|—COSZL) (A.8a)

— e { [4(4-9¢2)sin2(G-+1.4) — 63esin2(G+26V ~1ha)
+12(2—17e,2n)sin2(d+BV)} (1+COSQL)+4(5O+96%)Sin2(ﬁV—1/)A)Sin2L}Sin2 KA
+ger(ﬁ—Fez)COS(@+2BV—T,Z)A)SinLCOSLSiIlK,ACOSIiA,
DA#Q:_g(4+7ez)smg(awvxucos%) (A.8h)
+3i2{ |4e2sin2(G-+1ha)+55¢2sin2(G+28V ~1ha)
+6(4+9e,2n)sin2(d+6V)} (14-cos?s)—4 (1363—}—8) sin(2ﬁV—2¢A)sin2L}sin2 KA
+Z(2+3e$)cos(d+2ﬁV—¢A)SinLCOSLSin/{ACOS/iA,

1
DjB = —3—2@(764— 13€2)sin2(a+BV) (14cos®e) (A.8c)
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+1;8 {[46 sin(2(a+14))+(264+49¢2)sin2(a+28V —1h 4)

—|—6(28—|—e7,)sin2(d+ﬁV)} (1+cos? L)—2(100—{—276%)SiHQ(ﬂV—wA)SiHQL}SiHQ KA

9
+—ep(4+e2)cos(a+2B8V —1h4)sinccosising 4 coska,

16
DjA:—%er31n2(a+BV)(l+cos2L) (A.8d)
312{+3[ (2+3¢2)sin2(a-+28V —a)+efsin2(a-+BV)| (1+cost)sin k.4
—266TSiH2(BV—1l}A)SiH2L}COS2H,A—l—%6?COS(@+2BV—1/)A)SinLCOSLSiIlI{ACOSHA,
Djé: 332ers.1n?(oz—|—ﬁV)(14—(3052L) (A.8e)
—%eT{ [6¢2sin2(@+ V) —(88+21€2)sin2(G-+28V —1ha) | (1+cos?)
+18e2sin2(BV —1 4 )sin? L}sm /<;A—|—136e cos(@+28V —1)4)sinLcostsink 4 cosk 4,
ngﬁ:B%e%sin2(d+2ﬁV—¢A)(1+COSQL)sin2nA, (A.8f)
Djj %ers1n2(a+2/BV—wA)(l+c0s2L)sin2/€A, (A.8g)
Cio= ; (3 — 4€2)sin2(a + BV) cos v (A.92)
+ %{36%(15 — 4e2)sin2(a& + BV) + 8(3 + be?) sin 2(a + 1/},4)} cos tsin® k4
- %{2(2 + 3e2) cos(@ + 1a) + 3eZ cos(a + 28V — 1/1,4)} sincsink g cosk 4,
X, = ier(ll 4 6¢2) sin 2(a + BV) cos ¢ (A.9b)
- 6146{ — 2(152 + 33¢2) sin 2(a + va) + 632 sin 2(a + 26V — )
— 24(1 - 2¢2) sin2(@ + V) } cos esin® k.4
- %er{3(4 +e2) cos(@ + 1) 4+ 2(3 + €2) cos(a + 28V — wA)} sincsin k4 cos kA,
Cho= %(4 + 7e2)sin 2(& + BV) cost (A.9¢)
~ 16 {(556 sin2(a + 28V —a)
— 34eZsin2(a + ¥a) + 6(4 + 9e?) sin 2(a + BV)} costsin? k4
- %{363 cos(a +1¥a) + (36% + 2) cos(a + 28V — 1/1,4)} sincsinkg cosk4,
Cis= %er(76 + 13€2) sin 2(@ + BV) cos (A.9d)

1
674(376{226 sin 2(6 + 14) — (264 + 49¢2) sin 2(& + 28V — 4)

— 6(28 4 €2)sin 2(a + 6V)} cos tsin? k4
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3
- —er{2e$ cos(@ +1¥4) + 3(4 + €2) cos(a + 28V — ¢A)} sintsin kg coska,

16
Chs= %362 sin2(a + BV) cost — 1%{4(2 + 3e2) sin 2(a& + 28V — 1p4) (A.9e)
+ €2 sin2(a& + ﬁV)} costsin® k4 — %ez cos(a+ 28V —1pa)sintsin kg cos K,
Chs= %ei sin2(a + BV) cost — 6i4eT{(88 +21e2)sin 2(& + 28V — 4) (A.9f)
— 6e2sin2(a + BV)} costsin® kg — %e? cos(a + 2BV — wA)} Sin ¢ sin k4 cos K A,
Cie= —%eg sin(2(& + 28V — 1b4)) cos tsin® ki 4, (A.9g)
Chr= —6%62 sin(2(& + 28V — 1p4)) cos tsin? ki 4, (A.9h)
2 :éer(22+21e$)cos(2(d+ﬂV))cosa—567{4(4—963)0032(64—1—1#,4) (A.10a)

+636$COSZ(@+2,@V—¢A)—12(2—176%)C082(d’+ﬁ‘/)}COSLSin2 KA

3
+§67~(6+€3)Sin(d+2ﬁv—w/§)SinLSin/iACOSKA,

3
DXQ:Z(4+7ez)cos2(d+6V)COSL (A.10b)

_%{463cos2(o?+wA)+55e,%cosQ(a+25V—sz)+6(4+9e,%)cosQ(@+5v)}COSLszM
+%(24—363)sin(d+2BV—wA)sianin/iAcosmA,

D= er (T6-413¢2) con2(+ 8V eosi— e decos2(a+14) (A.100)
+(264+496%)C082(0~é+2ﬁv—1/)14)+6(28+6%)COSQ(d-f-ﬁV)}COSLSin2 KA

9
+—er(4+ez)sin(d+2ﬁV—¢A)sianinf<cACOSHA,

16
Dj,= %363COS2(@+5V)COSL— 1—36 {4(2+36%)C082(@+2,@V—¢A) (A.10d)
+6%COSQ(O~H-5V)}COSLSin2 /iA—i-gefsin(d—ﬂﬁv-sz)sianin/iAcosmA,
Dy5= %efcos%d—i—ﬁ‘/)com— G%er{(88+2le$)c052(d+25V—@Z)A) (A.10e)
—66?0082(d+BV)}COSLsin2 KA+%e§sin(d+2ﬁV—¢A)sinbsinﬁAcosmA,
wa:—%efcos2(d+26V—¢A)COSLsin2KA, (A.10f)
Dj;j:—%efﬁcosQ(&—l—ZﬁV—wA)COSLsiHQHA. (A.10g)
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