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ABSTRACT: The violations of parity and Lorentz symmetries in gravity can change the
propagating properties of gravitational waves (GWs) in the cosmological background, which
can arise from a large number of parity- and Lorentz-violating theories. In this paper, through
a systematic parametrization for characterizing possible derivations from the standard GW
propagation in general relativity, we study both the parity- and Lorentz-violating effects
on the power spectra and the polarization of the primordial gravitational waves (PGWs)
during the slow-roll inflation. To this end, we calculate explicitly the power spectrum
and the corresponding circular polarization of the PGWs analytically by using the uniform
asymptotic approximation. It is shown that the new contributions to power spectra contain
two parts, one from the parity-violating terms and the other from the Lorentz-violating
terms. While the Lorentz-violating terms can only affect the overall amplitudes of PGWs,
the parity-violating terms induce nonzero circular polarization of PGWs, i.e., the left-hand
and right-hand polarization modes of GWs have different amplitudes.
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1 Introduction

The inflationary paradigm offers a dominant framework for understanding the generations of
both the primordial density perturbations and primordial gravitational waves (PGWs) [1-4].
The former provides primordial seeds for the formation of the large-scale structure (LSS)
in the Universe as observed today, and is also responsible for the temperature anisotropies
detected in the cosmic microwave background (CMB) by numerous experiments, including
WMAP [5, 6] and PLANCK (7, 8]. On the other hand, PGWs can imprint distinct signatures
in the CMB spectra [9-13] and influence the galaxy power spectrum [14-20]. In the CMB,
PGWs are expected to generate TT, EE, BB, and TE spectra, while the TB and EB
spectra should be absent if parity symmetry in gravity is preserved [9-13]. This makes their
observation a crucial goal for forthcoming CMB experiments [21-25]. Similarly, in the galaxy
power spectrum, PGWs leave discernible effects in the B-mode polarization, whereas the E-B
correlation is expected to vanish when parity conservation holds [14-20]. As such, upcoming
galaxy surveys may offer critical insights into the physics underlying PGWs [20, 26, 27].
Most inflation models that produce PGWs use the theory of general relativity (GR) as
the theory of gravity. In GR, parity and Lorentz symmetries are two fundamental symmetries.
However, possible violations of these two symmetries may arise in theories that try to unify
quantum physics with gravity. Because of this, various modified theories of gravity have been
proposed to explore the nature of parity and Lorentz violations in gravity, to mention a few,
including the Chern-Simons modified gravity [28, 29], the symmetric teleparallel equivalence



of GR theory [30, 31], Horava-Lifshitz theories of quantum gravity [32-38], chiral scalar-tensor
theory [39], the Nieh-Yan teleparallel modified gravity [40-42], parity-violating scalar-tensor
theory in teleparallel gravity [43], parity violation induced by couplings between dual Reimann
tensor and Kalb-Ramond two-form field [44], the linearized gravity in standard model exten-
sion [45, 46], Einstein-Fther theories [47-54], and the spatial covariant gravities [55-60], etc.

The violations of parity and Lorentz symmetries in gravity could induce possible deriva-
tions from the standard propagation properties of GWs in GR, the two independent GW
polarizations propagate at the speed of light with an amplitude damping rate as the inverse
of the luminosity distance of the GW sources. Different mechanisms of parity and Lorentz
violations may induce different effects in GW propagations. For example, parity violation
in gravity in general can induce an asymmetry of the propagation speed and amplitude
damping between left- and right-hand polarizations of a GW, which leads to the velocity
and amplitude birefringence, respectively. On the other hand, the Lorentz violation can
result in two distinct effects on the propagation of GWs. First, with Lorentz violation, the
conventional linear dispersion relation of GWs can be modified into a nonlinear one, which in
turn changes the phase velocities of GWs at different frequencies. Second, Lorentz violation
can introduce frequency-dependent friction into the propagation equation of GWs, resulting
in varying damping rates for GWs of different frequencies during their propagation.

Thus, it is expected that the above-mentioned new effects could induce some distinguish-
able signatures in the power spectrum of PGWs. Such considerations have attracted a great
deal of attention lately and several phenomenological implications of both parity and Lorentz
violations on the power spectra of PGWs have already been investigated in several specific
parity- and Lorentz-violating theories of gravity, see refs. [61-69] and references therein. On
the other hand, considering that there are a large number of parity- and Lorentz-violating
gravities, it is challenging to study their observational effects on the PGWs systematically,
instead of studying each specific theory separately. Recently, a systematic parametric frame-
work for characterizing possible derivations of GW propagation in GR was constructed in
refs. [70, 71]. This parameterization provides a general framework for studying the GW
propagation of possible modifications caused by various modified gravitational theories [70, 71].
This parameterization has also been used to study the effect of parity/Lorentz violation on
the modified GW waveforms of the binary inspiral system and their constraints from the
data of compact binary merging events detected by LIGO-Virgo-KAGRA collaboration [71].
For other alternative parametrized frameworks, see refs. [72-75].

In this paper, through the systematic parametrization for characterizing possible deriva-
tions from GW propagation in GR constructed in refs. [70, 71], we investigate both the
parity- and Lorentz-violating effects on the power spectra and the polarization of PGWs.
For this purpose, we employ the third-order uniform asymptotic approximation to calculate
explicitly the power spectrum and the corresponding circular polarization of the PGWs
analytically. We also compare our approximate results with those special cases with exact
results. In addition, the observational implications of the parity- and Lorentz-violating effects
on PGWs are also briefly discussed.

The structure of this paper is organized as follows. In section 2, we introduce the
parameterization for characterizing the possible derivations from GW propagation in GR.



With this parameterization, we then derive the master equation that describes the propagation
of GWs during inflation in section 3. In section 4, by using the third-order uniform asymptotic
approximation, we calculate explicitly the power spectra and the polarization of PGWs during
the slow-roll inflation. We also compare our approximate results with those special cases which
have exact results in section 5. Our main conclusions and outlook are summarized in section 6.

Throughout this paper, the metric convention is choosen as (—,+,+,+), and greek
indices (u,v,--+) run over 0, 1, 2, 3 and latin indices (7,7, k,---) run over 1, 2, 3.

2 Parameterization for characterizing possible derivations of GW
propagation

In this section, we provide an introduction of a universal parameterization, for characterizing
the possible derivations from GW propagation in GR [70, 71]. To start, let us consider GWs
propagating on a homogeneous and isotropic background,

ds? = a*(1)[—dr* + (8;j + hij)da'da?), (2.1)

where a(7) is the conformal scale factor, and we set its resent value as agp = 1 in this paper.
T represents the conformal time which relates to the cosmic time by dt = adr. 2’ is the
comoving coordinates. The GWs are represented by h;; which are transverse and traceless, i.e.,

6ijhij = 0, and 8th3 =0. (22)

It is convenient to expand h;; over spatial Fourier harmonics,

hra) = 3 / (;‘l:;ghA(T, k)it A (1), (2.3)

where ef} is the circular polarization tensor and obeys the following rules
eFnien = ipAe{A (2.4)
with pr = 1 and p, = —1. Here the unite vector n* = k’/k with k = (k;k*)"/? which

satisfies nief} = 0.

To study the Lorentz and parity-violating effects in the propagation of GWs, let us first
write the modified propagation equations of the two GW modes in the following parametrized
form [70, 71]

WA 24 7+ v MR+ (14 i+ pa)k®ha =0, (2.5)

where a prime denotes the derivation with respect to the conformal time 7 and H = a’/a. Then
the new effects caused by different modified theories are characterized by four parameters, v,
i, va, and 4. These effects can be divided into the following three categories: 1) the Lorentz-
violating effects induced by frequency-dependent © and i, including the frequency-dependent
damping and nonlinear dispersion relation of GWs; 2) the parity-violating effects induced
by frequency-dependent v4 and p4, including the amplitude and velocity birefringences of



GWs; and 3) the frequency-independent effects induced by frequency-independent v and fi,
including modifications of the GW friction and speed.

The parameters i and r, when they are frequency-independent, correspond to the
modifications to the GW speed and friction, respectively. These two modifications can
arise from a broad class of modified gravities that are generally irrelevant for parity and
Lorentz violations, see table I of ref. [71] for the relevant modified theories. Some of Lorentz-
violating theories, in which the Lorentz violations can be induced by the presence of the
background fields including the Einstein-Ather theory [76, 77], the bumblebee gravity [78],
and Lorentz violation with an antisymmetric tensor [79] and a Kalb-Ramond field [44], can
induce modifications to GW speed and friction as well. In the slow-roll inflation phase, these
two modifications lead to an effective sound speed and mass squared terms in the equation of
motion of the PGWs. By treating all the slow-roll quantities in the equation as constants,
the corresponding analytical solution of the PGWs can be solved exactly. Their effects on
the power spectra of PGWs have been well-understood and studied extensively in a broad
class of modified gravities. Therefore, this paper only focuses on the PGWs with new effects
when the four parameters v, i1, v4, and p4 are frequency-dependent.

The parameters v4 and p4 correspond to the gravitational parity-violating effects. The
parameter v4 induces amplitude birefringence, leading to different damping rates of left-
and right-hand circular polarizations of GWs, while the parameter 4 induces velocity
birefringence, leading to different velocities of left- and right-hand circular polarizations of
GWs. For both v4 and p4 are frequency-dependent, they can be parametrized as [70, 71]

HqulpAmﬂ( i )B] , (2.6)

aMpV

pa=paon(e) ()" 2.7

where «,,, o, are arbitrary functions of time and 3,, 3, are arbitrary numbers, Mpy denotes
the energy scale of the parity violation, and “,7” represents the derivative with respect to 7.
In principle, the frequency dependencies of Hv 4 and v4 may encompass multiple k-terms
characterized by different integers 3, and 3, as well as distinct time-dependent coefficients,
as parameterized in [80, 81]. Indeed, as evidenced by table I in ref. [71], certain modified
theories can give rise to more than one non-GR parameter with multiple k-depencence terms.
However, in our parametrization [70, 71], we assume that among the various k-terms in
each non-GR parameter, only one term is dominant. We focus on this dominant term to
consider its potential effects on observables generally. It is also fairly straightforward to
add up the effects of different k-terms if needed.

The violations of Lorentz symmetry or diffeomorphisms can lead to nonzero and frequency-
dependent v and ji. The parameter i1 induces frequency-dependent friction in the propagation
equation of GWs, while i1 modifies the conventional linear dispersion relation of GWs to
nonlinear ones. For both © and fu are frequency-dependent, they can be parametrized as [70, 71]

Ho — [ay(r) (a];w)ﬂ (2.8)
i = ag(r) (a ]\ZV)BH : (2.9)



where oy, a; are arbitrary functions of time and 35, 8; are arbitrary numbers. My means
the energy scale of the Lorentz violation.

The corresponding modified theories with specific forms of the four parameters Hv, [,
Hva, and pa, and their GW frequency dependences are summarized in table I of ref. [71].

3 Equation of motion for GWs

Let us now study the propagation equations of GWs with the above parametrization for
possible parity- and Lorentz-violating effects. For later convenience of calculating the
primordial power spectra of GWs, let us introduce a new variable

1
Uy = izAhA’ (3.1)
with
k Bﬁ k 51/ 1/2
= 1 7 v . 2
2a=all+as(n) (GMLV> T pacu(r) (aMPV) (3:2)

Then the equation of motion (2.5) can be rewritten as

"
u'y + (wi - ZA) uyg =0, (3.3)
ZA
where
w2 k By k B
=1 _ o —_ ) 4
A =140 (50-) +old) () (3:4)

In the above expression, we expect the derivations from GR to be small. In this way, one can
expand 2{/z4 in terms of non-GR parameters about its GR result, which is

A= [ Foea) i”a-%wf”] a
+;k@—mmm4MZQ soer( )]
+[a=gact (=) + 0 - et () 2
43 [t () at() ] (3.5)

Note that in the above expansion, we only consider the first-order terms of each coefficient.

In this article, the PGWs are considered during the inflationary stage, with the background
evolution varying slowly. Under this condition, all the coefficients o, oy, oy, and oy can be
treated as slowly varying quantities. Then we can expand the modified dispersion relation
w? in (3.4) and effective time-dependent mass term 2’j/z4 in (3.5) in terms of the slow-roll
quantities as

HkT)ﬁu +a—(— Hk:T)Bﬁ

wi
Y4 g - 3.6
= 1+ paou( = = Vi (3.6)



and

— ~ 243
ZA 72( +3e1)
PA HET\Bv 9 ) B
+ 27—2H2 ( o Mpv) |:(_3 + BV)BVOCVH + (3 - QBV)QVH + al/:|
1 HET Pr 2 ) B}
+ s~ any) [(C3F B)SarHE + (3= 280)H + . (37)

Here H = a/a denotes the Hubble parameter and a dot represents the derivative with
respect to the cosmic time ¢. Note that in deriving the above expressions, we have used
the approximate relation

1+¢

a~——p, (3.8)

where the slow-roll parameter ¢, = —H/H?.
With the expressions of w?/k? and 2/4/za, the equation of motion in (3.3) can be
changed into the form of

2 _ 1
wh+|1— ”]’;Q—T; + padi (k)72 4 dy(—kT)P 72 4 pads(—kT)P + dy(—k7)P" | KPuy =0,
(3.9)
where
v? = % + 3eq,
g (H Bu B, (3 — By, H? — (3 —283,)én, H — é,
1= (Mpv> 2H? ’
d o H By ,613(3 - ,B,;)O[DH2 - (3 - 25,7)0[5[‘] - &,j
2 (MLV) 2H? '
H \bu
d3 = (MPV> O[l“
H \B:a

All of these coefficients (i.e. vy, d1, ds, ds, ds) are slowly varying and dimensionless. It is easy
to see that there are no exact and analytical solutions for this equation, even if all the slowly
varying quantities are considered as constants. In this paper, we will employ the uniform
asymptotic approximation to construct the approximate analytical solutions to the above
equations. The uniform asymptotic approximation was developed in a series of papers for
better treatment of the second-order ordinary differential equations with turning points
and poles, and widely applied in the calculations of primordial spectra of various inflation
models [67, 82-86]. This approximation is also used in applications in studying the reheating
process [87] and quantum mechanics [88]. In the next section, an approximate solution of (3.9)
will be constructed through this approximation. Then the corresponding primordial tensor
power spectra with both the parity- and Lorentz-violating effects can be derived.



4 Power spectra and circular polarization of PGWs in the uniform
asymptotic approximation

4.1 General formula for the power spectra

In this subsection, we present a brief introduction of the general formulas of primordial
perturbation spectra in the uniform asymptotic approximation. Most of the expressions and
results used here can be found in [63, 65, 82, 86].

Firstly, in the uniform asymptotic approximation, we write the equation of motion (3.9)
in the following standard form [82, 85, 89],

d*ua(y)
g~ )+ aW]uaw), (4.1)
where y = —k7 is a dimensionless variable, and
21
9(y) +aly) = = L 1= padiy™ % — doy’" 7 — padsy® — dyy’r. (4.2)

Normally, the functions g(y) and ¢(y) given in the above contain poles and turning points.
Their properties depend on the values of the four parameters 8,, 8,, 87, and 8;. In this
paper, we focus on those cases with 3,, 3; > 0 and §,, Bz > —2. As shown in table. I
of ref. [71], the values of 3, B,, Bz, and ; with the above conditions include most of the
modified gravities with parity and Lorentz violations. For these cases, it is easy to observe
that the function g(y) + q(y) at least contains a second-order pole at y — 0T. It can also
have another pole at y — +o0 if 8,, 87 > 2 or B,, Bz > 0.

In the uniform asymptotic approximation, to make the approximate solution valid around
the second-order pole (the pole at y — 07), one has to ensure that the error control function
associated with the approximate solution is convergent. For the equation of motion in (4.1)
with g(y) + q(y) given by (4.2), it has been proved in [82, 89] that to make its error control
function to be convergent around the second-order pole at y = 0T, one must select

1
-——. 4.3
o) =13 (4.9
Then g(y) can be written as
2
v _ __ _
gly) = y% —1—y*2pady — doy? % — padsy® — dyy?n. (4.4)

Besides the two poles at y = 0" and y = +o00, g(y) may have another single zero in the
range y € (0, +00), which is called a single turning point of g(y). Since we have v? ~ % + 3eq,
and di = 0 = dy = d3 = d4 in GR, we expect all the new terms with coefficients dy, ds, ds,
and d4 can be considered as small corrections. Then with this consideration and solving
the equation g(y) = 0, we obtain the turning point,

_ pAdiv; vl + davy vl + padsv, ket + d4vtﬁﬁJrl

5 (4.5)

Yo = Ut

With the above choices of ¢(y) and ¢(y), as given in eqs. (4.3) and (4.4) respectively, the
analytical approximate solution of eq. (4.1) associated with the single turning point yy can



be constructed in terms of Airy functions. With these analytical and approximate solutions,
the general formulas of the power spectra of the PGWs can be written as follows [84],

2

2k |u
PITL‘ == A(y)
™ RA  ly—0+t
k2 —kr vo ?(+o0)
~ 2 ’d')xl I 4.6
oo (27 oy ) < |1 o + P (4:6)
Here we only consider the third-order uniform asymptotic approximation and “---” denotes

the contributions beyond the third-order. . (+o0) is the error control function which is
given by [84]

y—07T

H(+o0) = 3‘% {/y: Mdy,}—l

y—0t 5 2 /"
q g g /
= — = dy'. 4.

Yo g

Y—Yo

Thus, to calculate the power spectra, one has to perform the integral of \/g(y) and the
integrals appearing in eq. (4.7), which are presented in appendix A.

4.2 Power spectra and circular polarization of PGWs

With the above general formulas, we can compute the primordial power spectra for each
polarization mode of the PGWs as y — 0. The power spectrum for each polarization mode
is typically calculated using:

2

2k3 |ur,(y)
L _ LY
PT — 72 2 ) (48)
23 | ur (y 2
P == ) (4.9)
7r ZA
Using (A.4) and (A.16) and after tedious calculations we obtain,
1 4
P~ §7>$R’UAA (1 - ZdiCi> , (4.10)
i=1
where
GR.UAA _ 362H? { ( 496> ]
Pr = 9ein2 1+ (2In2 81/ €| (4.11)

represents the power spectrum of PGWs calculated from the third-order uniform asymptotic
approximation [63, 65] and C;’s represents the contributions from the Lorentz-violating and



parity-violating effects, and are given by

10 37~ /mpal (%)

€= 1 583~ (8, - 2) () (4.12)
Co= 1= 5z a(3 — 1)(05 - 2) v (E) (4.13)
2 _ 543 7 (B s 2551“(@) .
_ 10 3ﬂ“+1prP(ﬁ“+2)
Cs = |1~ gl DB +2)| —— = ; (1.14)
- 35M+1fr Bit2
Ca=1- 514035 (Ba + 1)(@#2)] (% ) (4.15)

9Ba+2T (%)

Note that in the above calculations, we have used vy ~ 3/2 to simplify the expressions of C;’s.
Setting dy = dy = d3 = d4 = 0 one recovers the standard GR result in the uniform asymptotic
approximation. The Lorentz-violating terms (ds and d4 terms) primarily influence the overall
amplitude of the left- and right-handed polarization modes of GW, while the parity-violating
terms (d; and ds terms) distinctly affect the amplitude of these modes, which tend to amplify
the power spectrum of one mode while suppressing that of the other.

We now proceed to evaluate the degree of circular polarization of PGWs, defined as the
amplitude difference between the two circular polarization states:

PRk
- PR+ Pk

10 3oL/l (5
~ —dy [1 ~ =5 Bu(By ~ (B, - 2)} (%)

28T (5u+1)

ey (4

9Bu+2T (@)

As anticipated, the circular polarization degree II is exclusively influenced by parity-violating

—dy |1 S B8+ V(B +2)| (4.16)

effects. This formulation aligns with findings from Chern-Simons modified gravity, chiral
scalar-tensor theory, and Horava-Lifshitz gravity. For comprehensive discussions on these
theories, we refer to ref. [90], ref. [65], and ref. [62], respectively.

5 Some specific examples with exact solutions

In this section, we consider several specific cases of 3; = 2, 8z = 2, f, = 1, and 8, = —1,
respectively. For these specific cases, the equations of motion of PGWs have exact and
analytical solutions. Each case can also arise from one or several specific modified gravities.

5.1 ,8,7 =2

The case with 7 = 2 can arise from the spatial covariant gravities [55, 91] and the Horava-
Lifshtz gravity with mixed derivative coupling [37]. This case corresponds to a specific



Lorentz-violating damping rate on the GW propagation. Constraining these effects with
currently available data of GW events from LIGO-Virgo-KAGRA collaboration and future
ground-based and space-based GW detectors have also been studied in refs. [71, 92].1 For
this case, the equation of motion in eq. (3.9) for GWs takes the form

2

1
’l) =
u'y + (1 +da — 22724> k2uq = 0. (5.1)

This equation has an exact solution if we treat all the slow-rolling quantities and do as
constants, which can be expressed analytically as a linear combination of Hankel functions,

V=TT
2

ug =~ [clﬂétl)(—l:#) + CQHl(,?)(—I;:T)}, (5.2)
where k = /T + dak, ¢; and ¢y are two integration constants, and HQ(,tl)(—/;:T) and Hq(,tz)(—/;:v')
are the first and second kinds of Hankel function respectively. Using the asymptotic form of
the Hankel functions in the limit —kr — +o00 and imposing the normalization condition

i

(el — i) = 1, (53)

and initial condition

. 1 —ifwAdT
Jim ual) = , (5.4)

the two constants ¢; and ¢y can be fixed to be
c1 = 1, Cy = 0. (55)

Then one can use the above exact solution to calculate the power spectra of PGWs
in the limit —k7 — 0. In this limit, the Hankel function Hq(,tl)(—l;n') takes the following
asymptotic form

B . —IA{} —Vt
lim H{V(—kr) ~ () <T> , (5.6)
—kT—0 ™ 2
and one finds
A —7T —kr\ "

uA = i () <2> : (5.7)

Then the power spectrum of PGWs reads

1

pLE ~ S Pt (1 - idg) : (5.8)

'In general, the constraints derived from gravitational wave event data analysis cannot be directly applied
as bounds on the values of these parameters during the inflationary slow-roll phase. To make this connection
requires prior knowledge of how these parameters evolve over time, from the start of slow-roll inflation through
to the present era.

,10,



where

2k% 1 L N
GR _— 2% * 12 M
Pro=—go F()(2) ) (5.9)

is the power spectrum of PGWs in GR calculated from the exact solution (5.2). The Lorentz-
violating damping effects with 5, = 2 case affects the overall amplitude of the power spectrum
of both the left- and right-handed polarization modes of GW in the same way.

Comparing the above exact result (cf. (5.8)) to that in eq. (4.10), we would like to
mention that we have considered the third-order approximation in the uniform asymptotic
approximation. The corresponding relative difference between PSE in (5.8) and 77%" R.UAA
n (4.10) is less than 0.15% [86]. Although with such a small error in the calculation of
77% R’UAA, the small correction to the power spectrum from the Lorentz-violating damping
with £, = 2 in the bracket of (4.10) exactly reduces to that in the bracket of (5.8).

5.2 Bu=2

The case with 8; = 2 can arise from a large number of Lorentz-violating theories of gravity,
including the chiral Weyl gravity [93], spatial covariant gravities [55, 91], Hofava-Lifshitz
gravity [32, 33, 35], diffeomorphism/Lorentz violating linear gravity in the standard model
extension [45, 46], consistent four-dimensional Einstein-Gauss-Bonnet gravity [61, 94, 95],
Lorentz-violating Weyl gravity [96], etc. This case corresponds to a nonlinear dispersion
relation of GWs. The new effect for this case on the PGWs has been studied in ref. [95]
with the corresponding exact solution of PGWs. The calculations of the power spectra of
PGWs for this case by using the uniform asymptotic approximation has also been carried
out in refs. [61, 66, 86].
For this case, the equation of motion (3.9) takes the form

U2 1
u'y + (1 - 3 44 dyk?®? ) kPug = 0. (5.10)

By treating all the slow-rolling quantities and d4 as constants, the exact solution of this
equation can be written in terms of the Whittaker functions, which is [95, 97]

1 ¢ W [ < :
a2k vk

where c¢3 and ¢4 are two integration constants, and W(

—in/dyk>T 2) + C4M(

4f2 sz;“ﬂ (5.11)

\iﬁ,z, i\/cﬂk%'?) and

M ( 4\}, =+, —i/dak?T 2) are Whittaker functions [98, 99]. Using the asymptotic forms

of the Whittaker functions in the limit —k7 — +oo [99], i.e
W<4\F VTR e VTR g W (5.12)

M (4\;(1» 2 —q d4k’2 2) ~ 1F+(1 + vt)' 6—%\/d4k27—2(_2. d4k27_2)_41 /(147 (513)
UVt 2
T ( z 4\/d4)

and imposing the normalization condition (5.3) and initial condition (5.4), the two constants

c3 and ¢4 can be fixed to be

C3 = 1, cy = 0. (5.14)
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Then one can use the above exact solution to calculate the power spectra of PGWs in

the limit —k7 — 0. In this limit, the Whittaker function W (4\%—4, =, —i\/d4k272) takes

the following asymptotic form

1 vt
. _ . 2 2 5_7 F
lim W<Z,vt,—i\/d4k2¢2) ~ (WA F T () (5.15)
—kr—0 4v/dy' 2 T (% +% -2 Zd4>

and one finds

up — ——(—i) T e W (—kr)2 v, (5.16)

Then the power spectrum of PGWs reads

™

1 GR 920t ﬁd; %t 6_ 4\/dy
2 T 1 v /)
‘F (5 +t3- 4@)

where P%R is given by eq. (5.9). Considering the correction term dy is small, one can employ

LR
Prt =

- (5.17)

the following asymptotic form of Gamma function I'(x + iy) (note that x and y are both

3 x? T 1 1
1+<6—4+12>Z/2+0(y4)], (5.18)

and then the power spectrum of PGWs can be approximately expressed as

real) for large y [100],2

Do+ iy)| = Varlyl e x

Pl ~ — pGR (1 — d4) : (5.19)

Similar to the 8, = 2 case, the Lorentz violation with 8; = 2 case only affects the overall
amplitude of the power spectrum of PGWs.

Comparing to (4.10), as we already mentioned in the last subsection, the corresponding
relative difference between PSR in (5.8) and P%R’UAA in (4.10) is less than 0.15% [86]. We
also observe a ~ 0.4% relative difference in the coefficient of dy in the brackets of (5.19)
and (4.10), while the value of the coefficient in (4.10) is —22 for 8; = 2 case.

5.3 By =1and B, =—1

The cases for 8, = 1 and 8, = —1 share the same form in equation eq. (3.9), thus we
discuss them together in this subsection. These two cases correspond to two distinct effects.
The 8, = 1 case corresponds to the amplitude birefringence of GWs, resulting in different
and frequency-dependent damping rates of left- and right-hand circular polarizations of
GWs. This case can arise from Chern-Simons gravity [28, 29, 101], Palatini-Chern-Simons
gravity [102], spatial covariant gravities [55, 91], chiral scalar-tensor theory [39, 65], parity-
violating scalar-nonmetricity theory [30, 31, 103], and a parity-violating coupling between a
Kalb-Ramond field and the Riemann curvature [44]. The studies of PGWs for this case can
be found in refs. [90, 101]. The 3, = —1 case corresponds to velocity birefringence, leading

2See appendix B in [100] for the derivation of this asymptotic form.
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to different and frequency-dependent velocities of left- and right-hand circular polarizations
of GWs. This case can appear in parity-violating scalar-nonmetricity theory [30, 31, 103],
metric-affine Chern-Simons gravity [104], Nieh-Yan teleparallel modified gravity [40-42],
diffeomorphism-violating linear gravity in the standard model extension [46], the new GR
with parity violation [105], and a parity-violating coupling between a Kalb-Ramond field and
the Riemann curvature [44]. The polarized PGWs for this case have been briefly discussed
in parity-violating scalar-nonmetricity theory in [103].
For these two cases, the equation of motion (3.9) takes the form

" Ut2 — i dA 2
u'y + (1 ~ 2 + k) k*ugq =0, (5.20)

where d’143 = pa(di + ds). By treating all the slow-rolling quantities and d’143 as constants, the
exact solution of this equation can be written in terms of the Whittaker functions [98, 99],

idfy
92 13 A - 1A
ug = (”6\/72)7:2 [C5W <—d2 vt,2zk:7'> +66M< d23 Ut,21k7'>‘| , (5.21)

where c; and cg are two integration constants. Using the asymptotic forms of the Whittaker
functions in the limit —k7 — 400 [99], i.e

’Ld{% . —ikT (o, —%
w - , Vg, 26kT | ~ e T (2ikT)” 2, (5.22)
jdf (142 idi}
M(—Z;’,vt,%m) ~ A 200) ke (ginry 3, (5.23)

~ -
r(;+vt— 2213)

and imposing the normalization condition in eq. (5.3) and initial condition (5.4), the two
constants c¢5 and cg can be fixed to be

Cy = 1, Ce = 0. (5.24)

Then one can use the above exact solution to calculate the power spectra of PGWs
in the limit —k7 — 0. In this limit, the Whittaker function W ( iy , Vg, 21k7> takes the

following asymptotic form

A . -
lim W <—d vt,szT> o, (2ikr)> T I(2v) (5.25)

~ ot
r(;+vt+“§3)

- (5.26)
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where PSR is given by eq. (5.9). Considering that the correction term di} is small, the power
spectrum can be approximately expressed as

P4~ % CGR 11— gpA(dl +d3)]. (5.27)
Comparing the above result to (4.10), it is not difficult to check that the correction term in
the bracket of (4.10) exactly reduces to that in (5.27). The cases for 8, = 1 and §, = —1
affect the power spectra of left- and right-handed polarization modes of PGWs in different
ways. This effect is due to the violation of the parity symmetry in gravity. For a positive
value of dy + ds in the above expression, the new effect trends to enhance (suppress) the
power spectra of the left (right) -handed modes.

Because of the difference between the two modes of PGWs, the circular polarization
of PGWs can be expressed as

IT ~ —g(d1 +d3), (5.28)

which is the same as the result given in (4.16) for cases with 5, = 1 and §, = —1 from
the uniform asymptotic approximation.

6 Conclusions

Violations of parity and Lorentz symmetries in gravity can result in several distinct effects
on the propagation of GWs. The parity violation in general leads to an asymmetry of the
propagation speed and amplitude damping between left- and right-hand polarizations of GW,
which induces the velocity and amplitude birefringence, respectively. Lorentz violation, on
the other hand, can result in two distinct effects: one is the modified dispersion relation
and another is a frequency-dependent damping of GWs. These new effects can arise from
a large number of parity- and Lorentz-violating theories of gravity.

In this paper, to study the parity- and Lorentz-violating effects on both power spectra
and circular polarization of PGWs, we employ a systematic parametric framework constructed
in refs. [70, 71], for characterizing possible derivations of GW propagation in GR. It is
also shown in refs. [70, 71] that the GW propagations in a large number of parity- and
Lorentz-violating theories of gravity can be well described by this parameterization.

With this parameterization, we calculate explicitly both the power spectra and for the
two polarization modes and the corresponding degree of circular polarization of PGWs with
parity- and Lorentz-violating corrections in a unified way. To verify the validity and accuracy
of our approximate results, we also compare our approximate power spectra and the circular
polarization derived from the uniform asymptotic approximation with several special cases
that have exact results. It is shown that the approximate results from the uniform asymptotic
approximation fit the exact results extremely well.

Our results show that the power spectra can be modified due to the presence of both
parity and Lorentz violations. The Lorentz violation only affects the overall amplitude of both
left- and right-handed polarization modes of GW. The parity violation, on the other hand,
affects the amplitudes of left- and right-handed polarization modes of GW in different ways.
Because of this, the degree of circular polarization becomes nonzero, which is directly related
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to parity-violating parameters d; and ds. However, this effect is expected to be very small due
to the suppression of the parity-violating parameters dj, ds < O(1) and it seems very difficult
to detect it by using the power spectra of future CMB data, as shown in detail in ref. [106].
Here we would like to mention that in our study we only consider the power spectra
and the corresponding circular polarization of PGWs. It is pointed out in [107] that the
parity-violating effects in the non-Gaussianities of PGWs could be large enough and detectable
in the future CMB data and survey of the large-scale structure of the Universe. Thus it
is interesting to explore the possible signatures of the circular polarization of PGWs in
non-Gaussianities, large-scale structure, and EB correlation in the galaxy-shaped power
spectrum, etc. We would like to come back to these issues in our future works.
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A Calculations of the integral of /g(y) and the error control function
H (+00)

In this appendix, we present the detailed calculation of the integral of \/g(y) in eq. (4.6)
and the error control function J(400) in eq. (4.7). To perform these integrals, our strategy
here is to treat all the new terms that arise from the parity and Lorentz violations as small
corrections. With this consideration, we can expand the integrals in terms of the small
coefficients dq, ds, d3, and dg. Most of the formulas or expressions used here can also be
found in the appendix B.2 in ref. [108].

To expand an integral in terms of a small parameter €, let us consider the following formula

b(e)
Ifa(e), b(e), €] = Fly,eldy’. (A.1)
a(e)
Now expanding the above integral in terms of € yields

b(0) b(0)

Ha(@b(0)d = [ TFW, 0y e [ EA, 0y + b 0)F (o, 0) — a0)F(ao,0)]
a(0 a(0
(A.2)
Here “,” in F, a., and b, denotes the derivative with respect to the small parameter e.

Using this formula, the integral of \/g(y) in eq. (4.6) can be expanded in terms of the
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coefficients d; (i = 1,2,3,4) as

Yo Ut
Nd /:/ /
/y VI )dy ; \/g(y)dhd2 o dat

4 vt
9.4;,Y")
+d; . (A3
=1 { v 2v/90) d17d2,d3,d4=0} (A-3)

Note that in the above expression, we have g(vt)\dl’d%ds’d4 = 0. Directly performing the

/

dy — Yo,a,1/9(ve)
dy,d2,d3,dy=

above two integrals, one obtains

vo vf TSy o tyar(e)
. Nl o Y _ t PA\f (5 _ t 2
lim g9(y)dy' ~ (1 +In . > v — d 4F(1+Bl’) do

e v AT (%5)
g leaa e ) i paA e )
AT (3 Pu AT (3P0

Now let us turn to the error control function J#(+0o0) in eq. (4.7), from which we can
divide S (+00) into two parts. We first consider the first part, which is

ot

5 1 5 1 1
> 1 F 2 _ , (A.5)
36 Iily,yo,di]l,,_. 36 LI1[0,90,di]  Ti[yo — &, y0, di]
where
000, yo, di = i / Jody',
[0, 90, d = Jim, )dy

Yyo—¢€
Ii[yo — €, v0,d / Vawdy'. (A.6)
Yo

Here ¢ is a positive and small quantity, representing the divergences in the expressions. The
integral of I1[0, yo, d;] is already calculated in eq. (A.4), which contains a divergent term
In 5% in the limit y — 0F. Thus we have

5 1

. ——— A.
36 10y, d] (A7)

Similarly, for Ii[yo — €, yo,d;], using (A.2) one has

Lilyo — €, y0,d; —;lg(l]/ v 9(
vt

where

Vt—€ /
di
Iy g, [ve — €,0, 0] = / 9a4,Y)
v

K d; lim — 0 A8
dl»d2:d37d4 Y +Z lm 1,d; Ut €, Ut, ]7 ( )

. 24/g(y’) ld1,da,ds,da=0
+ . —¢ — , A9
Yo,d;\/ 9(vt — €) by dydadieo YO g(vr) s i 0 (A.9)
Using this expression we find
5 5 L 5L g, —&,v1,0
~ -S4 Lai[ve = 06, 0] (A.10)

3611 [yo — €,90,di] ~ 36I1[vy — &, vy, 0] 3611 [v; — €, v,0]2
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Then combined with eq. (A.7), the first part of the error control function can be calculated
by using the following formula

5 1
36 Il[yay(]a d; ]

y=0" 5 4 517 4 [Ut — &,V 0]
~ — d;—=" L A1l
3611 [vy — &, vy, 0] +Z; 3611 [vy — €, vy, 0]2 (A.11)

Y=Yo—¢€

Now let us turn to consider the second part of the error control function. Let us first define

o+ q 5912 g// o+
L[0,yg — €, d; E—/ - + 2= v Jgdy = G(ydy, A.12
with
q 59/2 g//
=_-{2_ - . Al

According to the formula (A.2) we find

ot

5[0,y — &, d;] ~ G(y'

vVt—E&

4 ot
+> d; Ga, (v
i=1 vi—e

d1,d2,d3,ds4=0

4
dy' = diyo,q,G(ve — €)
=1

d1 7d2,d3,d4=0'
(A.14)

d1,d2,d3,ds=0

Thus finally we can calculate the error control function by using the following formulas

5 N 4 '5I1,di[vt—£,vt,0]
36[1[1&—5,1&,0} =1 23611[1&—5,1&,0}2

%(-FOO) ~ — + IQ[O,yO — €,di], (A15)

where Iy vy — €, v, 0], 11 g,[vr — €,v¢, 0], and I3]0, y0 — €, d;] are given by eq. (A.6), eq. (A.9),
and eq. (A.14), respectively. Then performing the integrals in the expressions of I [v; —¢, vy, 0],
I g,[ve — €,v,0], and I5[0,yo — €, d;], and after tedious calculations, one obtains

8,05, — 1)(5, —2) %" Vapal (%)

1
%”(—i—oo) -— + d1

6v; 24Ut QF(M)
A DBy —2) v Vapal (%)
’ 24v? QF(@)
+dy By <5u+1)(/8#_|_2) prF<ﬁu+2)
240} 2F(BH+3)
42
Ba(Ba +1)(Ba+2) " ( )

+dy

(A.16)

2402 or (2,7
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