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1 Introduction

Gravitational lensing is one of the most significant phenomena predicted by general relativity
(GR), occurring when a massive object lies between a distant source and Earth [1–3]. The
gravitational field bends light rays from the source, creating multiple images or producing
arcs and rings [4]. One direct consequence is magnification, enabling us to observe objects
that would otherwise be too distant and faint to detect at high redshift [5]. Gravitational
lensing serves as a powerful tool to probe the Universe and test gravity on the astrophysical
scale [6–9]. Since the lensing effect directly depends on the mass distribution of the lens object,
including both visible and dark matter, it enables researchers to measure the dynamical mass
of the galaxies and galaxy clusters, and to study the distribution of dark matter [10].

Similar to light, gravitational waves (GWs) are lensed when they pass through massive
objects [7, 11–17]. Several studies have started searching for lensed GW signals in the current
LIGO/Virgo/KAGRA catalog; however, no strong evidence for lensing imprints has been
found [18–24]. As predicted, future third-generation ground-based GW observatories are
expected to detect hundreds of lensed GW events, providing valuable insights into gravitational
theory, cosmic structure, dark matter, and more [25–27].

An ideal scenario arises when the typical wavelength of the lensed signal is much shorter
than the background curvature scale. Through eikonal expansion, it is found that the behavior
of light and GWs is analogous to that of massless particles in the lowest order, with their paths
following the null geodesics [28–30]. Within this framework, the lensing process is described
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by the lens equation [31, 32], given a specific surface mass density model for the lens object.
The primary observational quantities of the lensing events consist of magnification and shear.
In the conventional approach, these quantities are calculated using the Jacobian matrix,
∂β/∂θ [31, 32], where β and θ represent the angular coordinates of the wave source and the
lensed image. The lens equation β = β(θ) is derived by solving the null geodesic equation [32].

In this work, we revisit the lensing process by a Schwarzschild black hole from a different
perspective.The lensed signal consists not of a single photon/graviton, but of a congruence
of light/gravitational rays [33]. During propagation, the geometry of the congruence is
significantly affected by the tidal forces of the Schwarzschild lens [34, 35]. The geometry of
the congruence is typically described by a deviation vector ξ, which is the solution to the
geodesic deviation equation (GDE) [2]. Some references, such as [36], also refer to ξ and
the GDE as the Jacobi field and Jacobi equation. The solution for ξ at any point along the
geodesics is generated by the Jacobi map, along with its initial values [36]. In this work,
we study the evolution of geodesic congruence by solving the GDE, which is significantly
different from the Jacobian matrix-based approach, where only the geodesic equation needs
to be solved. In the weak deflection limit, where the impact distance is much larger than the
gravitational radius of the lens [31, 32], we find an analytical solution through the Dyson-like
series expansion [37]. Based on this, we analytically reproduce the magnification and axis ratio
of the images. Furthermore, we refine the previous lens equation and its results, correcting
the omission of several higher-order terms that were previously overlooked.

This paper is organized as follows. In section 2, we review the geodesic deviation equation
(GDE) and project it onto the Newman-Penrose (NP) tetrad. In section 3, we present the
Dyson-like series solution to the GDE and discuss the physical interpretation of the optical
scalars. In section 4, we explore Schwarzschild lensing, focusing on the evolution of the
deviation vector and optical scalars, and most importantly, we reproduce the magnification
and shear of the Schwarzschild lens. We summarize our findings in section 5. Note that
we do not consider the cosmological background or redshift in this work. Throughout the
paper, we adopt geometric units in which c = G = 1, where c is the speed of light in a
vacuum and G is the gravitational constant.

2 Geodesic congruence

In this section, we investigate the behavior of the geodesic congruence [33]. The arm length
of GW detectors and the aperture of optical telescopes are much smaller than the scale of
lens objects. Therefore, the detected light and gravitational rays are very close to each other
and approximately located within a common geodesic congruence.

For simplicity, we focus on two neighboring points, whose trajectories are denoted by

xα(λ, µa), and xα(λ+ δλ, µa + δµa), (2.1)

where λ is the affine parameter and µa is the a-th motion constant of a massless particle
in the given background. The differences δλ and δµa are assumed to be sufficiently small.
The geodesic deviation vector is defined as the difference between such two trajectories, and
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can be expanded in terms of the small parameters δµa and δλ,

ξα ≡ xα(λ+ δλ;µa + δµa) − xα(λ;µa) = ∂xα

∂λ
δλ+

∑
a

∂xα

∂µa
δµa + O(2). (2.2)

where O(2) denotes the second and higher order of δλ, ξα, and δµa. We denote the tangent
vector of the geodesics as kµ ≡ ∂xµ/∂λ, which satisfies the geodesic equation, kα(∇αk

ν) = 0.
The difference in wavevectors associated with each trajectory is then expanded in terms
of the deviation vector,

δkν = (∂αkν)ξα + O(2). (2.3)

This difference can also be expanded in terms of small quantities δλ and δµa,

δkν =
∑
a

∂kν

∂µa
δµa + ∂kν

∂λ
δλ+ O(2) =

∑
a

∂2xν

∂µa∂λ
δµa + ∂2xν

∂λ2 δλ+ O(2)

= ∂

∂λ

[∑
a

∂xν

∂µa
δµa + ∂xν

∂λ
δλ

]
+ O(2) = ∂ξν

∂λ
+ O(2) = kα∂αξ

ν + O(2),
(2.4)

By combining eqs. (2.3) and (2.4) up to the linear order of δλ and δµα, we obtain [34, 35]

ξα∇αk
ν = kα∇αξ

ν , (2.5)

where ∇α is the covariant derivative operator compatible with the background metric. An
equivalent interpretation to eq. (2.5) is that the Lie derivative of deviation vector along geodesic
vanishes, i.e., Lkξ

ν = kα(∇αξ
ν) − (∇αk

ν)ξα = kα(∂αξν) − (∂αkν)ξα = 0. Multiplying kν on
both sides of eq. (2.5), and combining the geodesic equation, one gets conservation law that

kα∇α(kνξν) = 0, (2.6)

Setting the inner product kνξν to zero means that the points xα and xα + ξα lie on the same
wavefront, with equal phases, as defined by kµ ≡ −∇µΦ [2]. This is demonstrated by

Φ(xα + ξα) ≈ Φ(xα) + (∂αΦ)δxα = Φ(xα) − kαξ
α = Φ(xα). (2.7)

The GDE governs the evolution of the congruence, namely

D2ξν

Dλ2 = −Rνραβkρkβξα, (2.8)

where D/Dλ ≡ kα∇α and Rνραβ is the background Riemann tensor. To solve eq. (2.8) more
conveniently, we construct the NP tetrad along the null geodesics, with its four legs are
denoted as [3, 38]

e(a) = {k,n,m, m̄}. (2.9)

The subscript (a) denotes the tetrad indices. The first leg is the wavevector of the lensed
waves, defined as the gradient of a scalar field Φ. The second leg is in the spatially opposite
direction. The third and fourth legs are orthogonal to the propagation direction of the waves
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and are complex conjugates of each other. The plane spanned by m and m̄ is generally
referred to as the polarization plane, representing the oscillation direction of light or GWs. The
orthogonality of the NP tetrad is expressed as −k·n = m·m̄ = 1, with all other inner products
vanish. Most importantly, all of the tetrad legs are required to be parallel-transported along
the geodesics, kα∇αe

µ
(a) = 0. We project the deviation vector onto the NP tetrad as follows,

ξα = ξ(a)eα(a), with ξ(a) = ξαe(a)
α . (2.10)

Setting ξα to satisfy the equal-phase condition, we obtain ξn = kαξ
α = 0.1 Substituting

eq. (2.10) into eqs. (2.5), (2.8), we derive [34–36, 38–41]

Dξm = ρξm + σ̄ξm̄, (2.11)

and
D2ξm = Ψ̄0ξ

m̄, (2.12)

for the m-components. The derivative operator is D ≡ kµ∂µ = d/dλ. One obtains similar
equations for m̄-component by taking the complex conjugate of these two equations. In
eqs. (2.11), (2.12), the Greek letters ρ and σ represent the spin coefficients, defined as
ρ ≡ mµ(∇µkν)m̄ν and σ ≡ mµ(∇µkν)mν . These two scalars are also referred to as optical
scalars, which describe the geometry and evolution of the geodesic congruence. The Weyl
scalar Ψ0 is defined as Ψ0 ≡ −Rµναβkµmνkαmβ . We assumed the spacetime to be a vacuum
throughout this work, in which case the Weyl tensor is identical to the Riemann tensor. Some
details to derive eqs. (2.11), (2.12) are shown in appendix A.

At the end of this section, we discuss the tetrad transformation of eqs. (2.11) and (2.12).
The three classes of tetrad rotation which preserve orthogonality are

(1): k → k, m → m + ak, n → n + ām + am̄ + |a|2k, (2.13a)
(2): n → n, m → m + bn, k → k + b̄m + bm̄ + |b|2n, (2.13b)
(3): k → A−1k, n → An, m → eiψm. (2.13c)

To ensure that the transformed tetrad satisfies the parallel-transported condition, a, b,
A, and ψ must be constant along the geodesics. In this work, the k is defined as the
wavevector of photon/graviton, determined by solving the geodesic equation, such that we
ignore the transformation involving b and A. Under rotation (2.13a), ξm, Ψ0, ρ, and σ remain
unchanged. Under rotation (2.13c) with A = 1, we have

ξm → e−iψξm, Ψ0 → e2iψΨ0, ρ → ρ, σ → e2iψσ. (2.14)

From transformation (2.14), we conclude that eqs. (2.11) and (2.12) are tetrad-independent.
This indicates that we can always choose the appropriate tetrad to make solving
eqs. (2.11), (2.12) as convenient as possible.

The simplest scenario occurs when Ψ0 has a constant phase, allowing us to eliminate
it by applying rotation (2.14), making Ψ0 a real number, and simplifying eq. (2.12) as

1The superscript n represents the components along n-axis. A similar convention applies to the m and m̄

superscript in eq. (2.11) and (2.12).
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D2ξm = Ψ0ξ
m̄. By adding/subtracting this equation and its complex conjugate, and defining

ξ± ≡ ξm ± ξm̄, we get

D2ξ± = ±Ψ0ξ±, (2.15)

two decoupled equations about ξ±. It is noted that the null tetrad leg m is related to a
spacelike tetrad by m = (1/

√
2)(ex + iey). Therefore, ξ± are nothing but ξx and ξy, two

orthogonal components of geodesic deviation vector along basis ex and ey.
In section 4, we will demonstrate that when the NP tetrad is parallel-transported along

the null geodesics, Ψ0 in the Schwarzschild background retains a constant phase. Weyl scalar
Ψ0 becomes real when the basis vector ex lies on the equatorial plane or equivalently the
orbital plane of the particle. Therefore, the discussion in this article is restricted to eq. (2.15).

3 Solution to deviation vector

In this section, we present the solution to the geodesic vector from eq. (2.15). By transforming
these two equations into a set of first-order differential equations, we obtain the equivalent
matrix form

DY = AY , with Y ≡
(

ξ±
Dξ±

)
, and A ≡

(
0 1

±Ψ0 0

)
. (3.1)

In a typical lensing system, the impact parameter of the photon/graviton paths is much
larger than the gravitational radius of the lens object. Meanwhile, the source and observer
are far from the lens, and the background curvature approaches zero sufficiently at these two
points. These two conditions are typically referred to as weak deflection and thin lens limits.
We assume that the lensed wave is emitted by a point source and propagates freely near the
source. Therefore, the initial conditions for the deviation vector can be set as ξ± = 0 and
Dξ± = c±. The initial derivative is proportional to the open angle of the congruence near
the wave source. In these two limits, the right-hand side of eq. (3.1) is always perturbation,
and its 0-th solution can be set as

Y0 = c±

(
λ

1

)
. (3.2)

The Dyson-like series solution is then written as [37, 40, 42]

Y1 =
∫ λ

0
dλ′A(λ′)Y0(λ′), (3.3)

Y2 =
∫ λ

0
dλ′A(λ′)Y1(λ′) =

∫ λ

0
dλ′

∫ λ′

0
dλ′′A(λ′)A(λ′′)Y0(λ′′), (3.4)

· · · ,

Yn+1 =
∫ λ

0
dλ′A(λ′)Yn(λ′). (3.5)

The solution to ξ± is finally iteratively given by,

ξ± = c±ξ̃±, ξ̃± ≡
∞∑
n=0

(±1)nIn, (3.6)
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where the integrations In are

In =
∫ λ

0
dλ′

∫ λ′

0
dλ′′Ψ0(λ′′)In−1(λ′′) =

∫ λ

0
(λ−λ′)Ψ0(λ′)In−1(λ′)dλ′, with I0 = λ. (3.7)

and ξ̃± are real. The In defined in eq. (3.6) is just the first component of Yn, except an
overall factor (−1)nc±. Since ξ+ is real and ξ− is purely imaginary, such that the integration
constants c+ and c− are real and purely imaginary, respectively.

The GDE (2.12) is a second-order equation, and therefore, there should be two independent
solutions. Supposing ξm1 and ξm̄2 to be two independent solutions of deviation vector, each
with different c±. Therefore, from eq. (2.11), the optical scalars are determined by [34]

(
ρ

σ

)
=
(
ξm̄1 ξm1
ξm̄2 ξm2

)−1(D(ξm̄1 )
D(ξm̄2 )

)
, (3.8)

and explicitly given by [43],

ρ = D ln
√∣∣∣ξ̃+ξ̃−

∣∣∣, and σ = D ln
√∣∣∣ξ̃+/ξ̃−

∣∣∣, (3.9)

which is independent of the integration constant c±.
Based on the previous statement, ξ̃± are identified as the geometric scale of geodesic

congruence along the ex and ey directions. Thus, the product ξ̃+ξ̃− is proportional to the
cross-sectional area, and ξ̃+/ξ̃− represents the axis ratio of the congruence. We can define
such area and axis ratio as

A ≡ ξ̃+ξ̃−, and R ≡ ξ̃−/ξ̃+, (3.10)

The corresponding evolution equations are derived as [34, 43, 44]

DA = 2ρA, and DR = −2σR. (3.11)

The physical meanings of the optical scalars are the relative rate of the cross-sectional area
and the axis ratio of the null congruences.

4 Application: Schwarzschild lensing

4.1 Null tetrad and Weyl scalars

In the coordinates {t, r, θ, φ}, the line element of Schwarzschild black hole of mass M is [1–3]

ds2 = −f(r)dt2 + f−1(r)dr2 + r2(dθ2 + sin2 θdφ2), f(r) ≡ 1 − 2M
r
, (4.1)

and the tangent vector of the null geodesics equations are

kµ =
{
f−1(r), Ur, 0,

L

r2

}
, (4.2)
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Because of the spherical symmetry of the Schwarzschild background, the orbits of the massless
test particle lie in the equatorial plane of the black hole, with θ = π/2. L is the angular
momentum of the photon or graviton. The radial potential Ur is defined as

Ur ≡ ±

√
1 − L2

r2 f(r), (4.3)

where the overall sign is negative and positive when the particle moves toward or backward
to the pericenter, respectively. In a general stationary spacetime, the spacelike basis ey is
constructed using the Newton gauge [45, 46], where the time component e0

y is set to 0. Its
spatial components e⃗y are determined by defining a local r⃗-axis along the free-fall acceleration,
i.e., r⃗ = (1, 0, 0), requiring the e⃗y to be perpendicular to the 3-wavevector, k⃗, and the local
r⃗-axis, i.e., e⃗y ∝ r⃗ × k⃗. Finally, the basis vector ey is

ey =
{

0, 0, 1
r
, 0
}
. (4.4)

And then another basis vector ex is solved from the orthogonality, ex · ex = 1, ex · ey = 0,
and ex · k = 0,

ex = 1
E

{
0,−L

r
f(r), 0, Ur

r

}
. (4.5)

The transverse null tetrad vector m0 is defined as

m0 = 1√
2

(ex + iey) = 1√
2

{
0,−L

E

f(r)
r
,
i

r
,

1
E

Ur
r

}
, (4.6)

and n0 is obtained by solving orthogonality k0 · n0 = −1, n0 · n0 = 0, and n0 · m0 = 0,
presented as

n0 = 1
2E

{
1,−f(r)

E
Ur, 0,−

L

E

f(r)
r2

}
. (4.7)

The null tetrad (4.2), (4.7), and (4.6) satisfies the orthogonality condition but does not
satisfy the parallel-transported condition. Using Rotation (2.13a), we can construct the
parallel-transported tetrad as

k = k, m = m0 + αk, n = n0 + α(m0 + m̄0) + α2k, (4.8)

where α is function about r and determined by
dα

dr
= ML√

2Er3U
−1
r . (4.9)

Under tetrad (4.8), we calculate Ψ0 as

Ψ0 = 3ML2

r5 . (4.10)

Note that Ψ0 is a spin-2 quantity and its value depends on the choice of the tetrad. In
this work, we have chosen ey to lie on the equatorial plane and ex perpendicular to the
equatorial plane, Ψ0 is a real number, ensuring that we can apply the framework in section 3
to solve GDE in Schwarzschild background. If we rotate m, or equivalently e⃗x and e⃗y, by
an angle ψ around the wave vector k⃗, we have Ψ0 → Ψ0e

2iψ, producing a constant phase of
2ψ. However, the GDE is covariant under such tetrad transformations, without influence
on the subsequent derivation.
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4.2 Analytical solution under the weak deflection limit

We use the Dyson-like series to re-express the solution to the geodesic deviation vector and
optical scalars. This work analytically integrates these integrations under weak deflection
and thin-lens assumptions. In these limits, the angular momentum L (with mass dimension)
is much larger than the Schwarzschild radius, therefore, the impact parameter b ≡ L/M ≫ 1.
The distances to the emitter and observer are much larger than the impact distance, i.e.
rs, ro ≫ L. The solutions to the null geodesic equation can be found in ref. [3] and appendix B.

To perform the integration (3.7), it is convenient to express the affine parameter in terms
of a new parameter x, defined as x ≡ u/um, with u ≡ M/r and um ≡ M/rm, where rm is
the pericenter radius of the photon/graviton trajectory. The solution to affine parameter
λ = λ(x) is given in appendix C, where two distinct forms of solution exist in the intervals
[λs, λm] and [λm, λo], denoted by λI(x) and λII(x). Here, λs, λm, λo, represent the affine
parameter λ evaluated at the source, pericenter, and observer positions, respectively. As a
result, the integration takes on different forms in these two intervals. When λs < λ < λm,
the integral is expressed as

In(x) =
∫ x

xs

[λI(x) − λI(x′)]Ψ0[λI(x′)]In−1[λI(x′)]dλI(x)
dx′ dx′, (n = 1, 2, 3, · · · ). (4.11)

When λm < λ < λo, the integral is split into two parts:

In(x) =
∫ 1

xs

[λII(x) − λI(x′)]Ψ0[λI(x′)]In−1[λI(x′)]dλI(x)
dx′ dx′ (4.12)

+
∫ x

1
[λII(x) − λII(x′)]Ψ0[λII(x′)]In−1[λII(x′)]dλII(x)

dx′ dx′, (n = 1, 2, 3, · · · ).

The analytical expressions for the integrations In are presented in appendix D. Due to the
complexity of these expressions, we performed numerical calculations to better illustrate
their behavior.

The typical configuration of gravitational lensing under the weak deflection and thin
lens approximations is depicted in figure 1. The two panels correspond to the two possible
photon/graviton paths, forming two images in the geometric optics. For simplicity, we denote
the left panel as image 1 and the right panel as image 2. In figure 1, O, L, and S represent
the observer, lens object, and wave source, respectively. The light blue line roughly indicates
the photon/graviton path, and I is the resulting image on the source plane. Correspondingly,
the line OS represents the free-propagation path. And α, β, and θ are the deflection angle,
the angular coordinate of the source and image. These quantities are related by lens equation,
discussed in appendix B. The symbols DL, DS , and DLS represent the distances between
the observer, the lens plane, and the source plane. In our numerical calculation, we set
DL = 780M and DLS = 750M . The well-known Einstein angle is defined by [4]

θE ≡
√

4M DLS

DSDL
, (4.13)

which, for our setup, evaluates to approximately 0.0501381 rad ≈ 2.8727◦. This small
value is consistent with the weak deflection assumption. Given the distances DL and
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Figure 1. Geometrical configuration of gravitational lensing system (left: for image 1, right: for
image 2). The points O, L, and S represent the observer, the lens object, and the wave source. The
straight line ON represents the optical axis. The planes passing through the lens and source, both
perpendicular to the optical axis are referred to as the lens and source plane. The distances from the
observer to the lens and source planes are denoted by DL and DS , respectively, with DLS = DS −DL

representing the distance between the lens and the source. The deflection angle is denoted by α, and
the angular coordinates of the source and image are β and θ. Point Z is an auxiliary point, and the
line SZ is perpendicular to the source plane.

β0 ≡ β/θE β (rad) θ0 ≡ θ/θE α (rad) b um λc(M) µ R

0.2 0.0100276
+1.1049880 0.0961826 44.57491 0.0229677 / +3.0300350 +0.0932811

−0.9049876 0.1174096 37.06395 0.0277617 1295.4090 −2.0459700 −0.0910933

0.4 0.0200552
+1.2198040 0.0870816 48.91776 0.0208831 / +1.8169000 +0.1857575

−0.8198039 0.1294972 33.88811 0.0304500 1152.5960 −0.8320377 −0.1772210

0.6 0.0300828
+1.3440310 0.0789617 53.63810 0.0190082 / +1.4357270 +0.2746534

−0.7440307 0.1424925 31.07548 0.0333071 1058.9230 −0.4496574 −0.2561892

0.8 0.0401105
+1.4770330 0.0717680 58.71282 0.0173352 / +1.2607480 +0.3577646

−0.6770330 0.1563105 28.59841 0.0363085 994.5211 −0.2732032 −0.3265907

Table 1. We list the example values of the lensing parameters involved in our discussion. With
DL = 780M and DLS = 750M fixed, the system is entirely determined by source position. The
first two columns show the (normalized) source coordinates. The remaining columns present the
normalized image coordinates, deflection angle, impact parameter, magnification, and axis ratio, for
the two images produced by the Schwarzschild lensing. For each value of β0, the first row corresponds
to the value for image 1, while the second row corresponds to image 2.

DLS (in units of lens mass), the only free parameter is the angular coordinate of the
wave source, β. For convenience, we introduce the normalized coordinate β0 ≡ β/θE
and set β0 = {0.2, 0.4, 0.6, 0.8}. The corresponding image position, deflection angle, and
impact parameter are listed in table 1. In the weak deflection limit, these quantities satisfy
β, θ, α, um ≪ 1 and b ≫ 1.

In figure 2, we show the evolution of the first four terms in the Dyson-like series given
in eq. (3.7). The first two terms I0 = λ, represented as a straight line with slope 1, and
I1 are the dominant contributions to the geodesic deviation vector. An obvious turning
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Figure 2. The evolution of the first four terms in the Dyson-like series (3.6) along the geodesic. These
curves are plotted based on the analytical solution shown in eqs. (C.2), (C.4), (D.1), (D.2), (D.3).

point is observed at λ/M ∼ 750, which indicates that the external gravitational field deflects
the photon/graviton path at slightly different angles. The subsequent terms, I2 and I3,
are nearly zero, representing high-order weak deflection correction. This suggests that the
Dyson-like series converges within the weak-deflection limit.

Figure 3 illustrates the evolution of the transversal components of the geodesic deviation
vector along the null geodesics. Before the photon/graviton enters the external gravitational
field, the evolutions of ξ̃+ and ξ̃− are nearly identical. However, after exiting the gravitational
field, their slopes differ significantly. As we mentioned before, the component ξ̃+ lies on
the equatorial plane of the Schwarzschild black hole, while ξ̃− is perpendicular to it. Due
to the tidal forces, ξ̃+ continually increases, with the rate of increase becoming larger after
leaving the lens object than before entering. In contrast, the growth of ξ̃− is suppressed.
For relatively large impact parameters b, the tidal force is strong enough to cause ξ̃− to
decrease rapidly, as shown in the second row of figure 3. Here, ξ̃− reaches zero, marking
the moment where the cross-sectional area and axis ratio approaches 0. This is known as
the caustic point, denoted by λc, where ξ̃−(λc) = 0. At this point, the lensing image is
inverted (negative parity). On the other hand, for the smaller impact parameters, no caustic
point is observed, and ξ̃− remains positive throughout the entire path, ultimately resulting in
an upright (positive parity) image. In addition to the approximate analytical solution, we
also present the numerical solution to eq. (2.15), with initial conditions ξ±(λ = 0) = 0 and
Dξ±(λ = 0) = 1. These results, also shown in figure 3, validate that the Dyson-like series
solution is accurate under the weak deflection and thin lens approximations.

As shown in eq. (3.11) and its surrounding context, we can define the cross-sectional area
(A) and axis ratio (R) based on the deviation vector. Figure 4 illustrates their evolution
along the photon/graviton path. For image 1 (shown in the left panels), both the area and
axis ratio are always positive, but they approach zero at the caustic point in image 2 (shown
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Figure 3. The evolution of the transversal components of the geodesic deviation vector, ξ̃± from
different source positions and images. The red curves show the evaluated results based on the analytical
expressions from the Dyson-like series (3.7). The blue curves are obtained by numerically solving the
GDE (2.15), together with the radial geodesic equation in eq. (4.2).

in the right panels). The relative rate of change of A and R are defined as the optical scalars,
ρ and σ, respectively, which are shown in figure 5. As the photon/graviton approaches the
wave source (point-like as we have assumed), all geodesics in congruence focus on a single
point, subsequently leading to ρ becoming infinite. Initially, ξ̃+ and ξ̃− are set with the
same initial conditions, such that σ remains zero until the photon/graviton approaches the
lens object. Notably, in image 1, both optical scalars remain continuous, while in image
2, a discontinuity arises due to the caustic point.

The weak deflection and thin-lens approximation introduces errors in the analytical
solutions. For example, slight deviations can be seen between the slopes of the numerical
and analytical solutions for ξ̃± (see figure 3). These errors are amplified when calculating σ,
particularly as the photon/graviton approaches the observer, as shown in the bottom-left
panel of figure 5. It is important to note that the parameters listed in table 1 deviate
significantly from those in realistic systems. A typical lens object, with mass M ∼ 108M⊙ and
redshift z ∼ 1, has an angular separation of the image and lens of approximately θ ∼ 1′′. We
can estimate the distance and impact parameter for such a system as DL ≈ 4.3 × 103 Mpc ≈
9.0 × 1014M and b ∼ 4.8 × 10−6DL. This estimation shows that the impact parameter is
much larger than the Schwarzschild radius and that DL is much greater than the impact
distance, validating the weak deflection and thin-lens approximations.

4.3 The magnification and axis ratio of the lensing images

In the last subsection, we explored the behaviors of the geodesic deviation vector, cross-
sectional area/axis ratio, and spin coefficients along the photon/graviton trajectories. In this
subsection, we turn to the observational imprints of these evolutions. The magnification of a
lensing image is defined as the ratio of the lensed to the unlensed energy flux at the observer.
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Figure 4. The evolution of the area and axis ratio of the geodesic congruence. Same with figure 3, the
blue and red curves are obtained from the analytical solutions and corresponding numerical solutions
to eq. (2.15).
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Figure 5. The evolution of the spin coefficients ρ and σ. Same with figure 3, the blue and red curves
are obtained from the analytical solutions and corresponding numerical solutions to eq. (2.15). The
vertical dotted lines in the right panels represent the caustic points. The corresponding values are
listed in table 1.
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In geometric optics, the energy flux of light and GWs is covariantly conserved within the
congruence, making it proportional to 1/A. Therefore, the magnification can be written as

µ = Â(λo)
A(λo)

. (4.14)

where Â represents the cross-sectional area of a congruence propagating freely along the
unlensed path (OS, see figure 1). By setting the initial conditions Â(λ = 0) = 0 and
DÂ(λ = 0) = 1, the solution is

Â(λ) = 1
OS2 , with OS =DS

√
1+tan2 β = ro√

1+tan2 β

[
1+

√
1−(1+tan2 β)

(
1− r2

s

r2
o

)]
.

(4.15)
We recall that rs and ro are the radial Schwarzschild coordinates of the source and observer,
which is related with DL and DS by

ro = DL, and, rs = D2
S(1 + tan2 β) − 2DLDS +D2

L (4.16)

The area of the lensed congruence is computed using the Dyson-like series in eq. (3.7). At the
observer position, we obtain the following expressions for the first four terms in this series,

I0(λo) = λo ≈ M

um

( 1
xs

+ 1
xo

)[
1 − 1

2xsxo
(

1 − 4um
xs + xo

)]
, (4.17)

I1(λo) ≈ 2M
xsxo

{
2 +

(45π
16 − 4

)
um

+
[(192

5 − 135π
16

)
u2
m + 2um(xs + xo) − (x2

s − xsxo − x2
o)
]}

, (4.18)

I2(λo) ≈ M

xsxo

{15π
8 um + um

[(
48 − 45π

8

)
um − 4(xs + xo)

]}
, (4.19)

and
I3(λo) ≈ M

xsxo

16
5 u

2
m. (4.20)

Under the weak deflection and thin-lens approximations, um ≪ 1, and xs,o ≡ rm/rs,o ≪ 1
with the same order of magnitude as um, we expand these expressions in terms of small
parameters um, xs, and xo, up to the zeroth order, as shown in eqs. (4.17)–(4.20). By
inserting these into eq. (3.6), and then into the definition in eq. (3.10), we can compute
the area A(λo). Finally, combining this with the unlensed area in eq. (4.15) and applying
eq. (4.14), we obtain the magnification.

Next, we transform the parameters used here into the commonly employed lensing
parameters. This is done as follows: (1) Transform um into the impact parameter b via
eq. (B.3), where b = ±DL sin θ/M for image 1 and 2, respectively. (2) Transform xs and
xo into β, DL, and DLS using their definition and eq. (4.16). (3) Substitute the relation
between β and θ from lens equation in eq. (B.12). (4) In the weak deflection and thin lens
limit, we expand the image position as

θ = θE
[
θ0 + θ1ϵ+ θ2ϵ

2 + O(ϵ3)
]
, (4.21)

– 13 –



J
C
A
P
0
1
(
2
0
2
5
)
0
9
2

where the bookkeeper ϵ is defined as,

ϵ ∼ θE
4D

, with D ≡ DLS

DS
. (4.22)

After these transformations, the magnification is expanded in powers of ϵ as

µ= θ4
0

θ4
0 −1

∓ 15πθ3
0

16(1+θ2
0)3 ϵ+

θ2
0

384(1−θ2
0)2(1+θ2

0)5

{
−1024(3−2D2) (4.23)

+1024(9+12D−14D2)θ2
0 +[4096(3−D2)−2025π2]θ4

0 −
[
2048(6+15D−17D2)−2025π2

]
θ6

0

−1024(9+6D−8D2)θ8
0 +1024D(3+18D−20D2)θ10

0 +6144D(1−D)θ12
0

}
ϵ2+O(ϵ3),

The leading-order result is well-documented in standard textbooks, such as [4]. When θ = θE ,
the Einstein angle, and θ0 = 1, the magnification diverges to infinity. These positions, where
the magnification becomes infinite, define the critical curve. When the image lies outside
the critical curve, the magnification is positive, corresponding to an upright image with
positive parity. Conversely, inside the critical curve, the magnification is negative, indicating
an inverted image with negative parity, as summarized in table 1. In the second-order
terms, the ± sign distinguishes between the two images: the upper sign for image 1 and
the lower for image 2. The higher-order corrections have been derived by ref. [31] using
the Jacobian matrix formalism.

Let us compare our result (4.23) with the previous work [31] [eq. (76-79), with A1 = 4,
A2 = 15π/4, and A3 = 128/3] and highlight the differences. In [31], the magnification is
defined using the Jacobian matrix,

µ =
∣∣∣∣sin βsin θ

dβ

dθ

∣∣∣∣−1
, (4.24)

which is consistent with eq. (4.23) at the leading order, O(ϵ0). The inconsistency appears
at the first and second-order corrections, due to some missing corrections when ref. [31]
derives the higher-order corrections.

(1): It is noted that the images formed at the same and opposite sides to the source
correspond to positive and negative angular momentum. Therefore the lens equations
for images 1 and 2 are slightly different if we require the impact parameters to be
positive. This is shown in eqs. (B.12), (B.13). However, ref. [31] defined the impact
parameter as b ≡ L/ME, rather than b ≡ |L|/ME, thus missing an extra ± symbol in
the first-order correction.

(2): As mentioned before, the plane perpendicular to the optical axis and passing through
the lens object is usually referred to as the lens plane. As shown in figure 1, the
deflection point (marked by A) is not at such plane, unless SN = 0 and DL = DLS .
However, ref. [31] assumed that point A always lies on the lens plane, which leads to
inconsistency in the second order. The above two corrections are raised from the lens
equation derived by ref. [31], which is incompatible with high-order approximations
of weak deflection limit. Once a more accurate lens equation is given, one can still
calculate the magnification from the Jacobian matrix (4.24).
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(3): The definition in eq. (4.24) ignored the slight difference between paths SAO and SO,
shown in figure 1. In the unlensed case, the signal detected by the observer is emitted
from the source in the direction of SO, while the lensed signal is emitted in the direction
of SA. To calculate such corrections, we denote the energy flux along SO and SA as
FSO and FSA, respectively. With the help of SZ, which is perpendicular to SN and
shown as the red line in figure 1, the ratio FSA/FSO is calculated as

FSA
FSO

= cos∠ZSA
cos∠ZSO = cos(α∓ θ)

cosβ , (4.25)

where we have used ∠ZSO = β and ∠ZSA = π/2−∠ASI = π/2−(π−α−∠SIA) = α∓θ,
with ∓ corresponding to the image 1 and image 2. Considering corrections (1) and (2),
and multiplying the factor (4.25) onto eq. (4.24), one obtains the improved magnification,
which is consistent with eq. (4.23).

Another direct observational quantity is the axis ratio of the images, which describes the
shape distortion of the background wave source. Similar to the derivation of magnification,
the axis ratio R(λo) is given by,

R = θ2
0 − 1
θ2

0 + 1
∓ 15π(θ2

0 − 1)(1 + 3θ2
0)

16θ0(1 + θ2
0)3 ϵ+ (θ2

0 − 1)
768θ2

0(1 + θ2
0)5

{
− 9(2048 − 225π2)

− [4096(18 + 3D − 4D2) − 8100π2]θ2
0 − 3[4096(6 + D − D2) − 3375π2]θ4

0

− 8193D2θ6
0 + 6144(3 − 2D + 2D2)θ8

0 − 4096D(3 − 4D)θ10
0

}
ϵ2 + O(ϵ3).

(4.26)

The axis ratio is zero when the lensing image is located at the critical curve, with θ0 = 1.
This means the extended source is distorted into a line segment, with zero area and infinite
amplitude. Similar to the magnification, the axis ratio is positive/negative for the images
located outside/inside the critical curve, representing whether the image is upright (positive
parity) or inverted (negative parity). The numerical results of R are listed in table 1.

In the leading order of weak deflection limit, the magnification and axis ratio are related
to the convergence (κ) and shear (γ1 and γ2) by

µ = 1
(1 − κ)2 − γ2 , and R = 1 − κ− γ

1 − κ+ γ
, (4.27)

with γ =
√
γ2

1 + γ2
2 . The convergence depends on the lens mass density within the geodesic

congruence. The shear γ1 characterizes the stretching of the lensing images and γ2 character-
izes its orientation. For the Schwarzschild lens, which is vacuum and axisymmetric, κ = 0,
γ2 = 0, and γ = γ1. Through the Jacobian matrix [4], the shear of the point-mass lens is
calculated as γ = 1/θ2

0 at the leading order of weak deflection approximation, resulting in
µ = θ4

0/(θ4
0 − 1) and R = (θ2

0 − 1)/(θ2
0 + 1), as shown in the leading terms of eqs. (4.23)

and (4.26). However, higher-order correction has been rarely studied. As calculated by
ref. [47], κ and γ2 are expected to be nonzero at the subleading order. More importantly,
besides convergence and shear, another optical scalar, rotation, should be defined to represent
the anti-symmetric component of the Jacobian matrix. We are developing this calculation,
which goes beyond the scope of this work and will be investigated in our future work.
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5 Conclusion

In this work, we revisited the Schwarzschild lensing of light or GWs from geodesic deviation.
The detected lensed signal consists of a congruence of light/GW rays, and their collective
behavior is described by the GDE. To solve it, we projected the GDE onto the NP tetrad
constructed along the null geodesics and got a pair of decoupled equations for ξ+ and
ξ− (2.15) for real Weyls scalar Ψ0. Similar to the Dyson series, we presented the solution to
the transverse components ξ± of the deviation vector in eqs. (3.6) and (3.7). In addition, the
relationship between the deviation vector and the optical scalars, ρ and σ, were presented in
eq. (2.11). The physical meaning of these two scalars is the relative rate of change of the
congruence cross section and the axis ratio [see eq. (3.9)].

Subsequently, we considered the lensing process in the weak deflection limit, where
the impact parameter is sufficiently large. The general signature is shown in figure 1; two
images are formed by Schwarzschild lensing. In this assumption, the Dyson-like series was
calculated from eq. (4.11), (4.12) analytically. We depicted such results in figure 2, and
compared them with the numerical solution for a group of parameters listed in table 1. We
also found that I0 and I1 are dominant, and I2, I3 are close to zero, implying the series (3.6)
is convergent in the weak deflection limit. Figure 3 shows the evolution of the deviation
vector. ξ̃+ increases more rapidly after lensing and keeps positive. And ξ̃− increases more
slowly or even decreases after lensing, meeting the caustic point, and finally forms an inverted
image at the observer. Correspondingly, figures 4 and 5 show the cross-sectional area, axis
ratio, and optical scalars, defined in eqs. (3.10), (3.11).

In subsection 4.3, we reproduced the magnification from the geodesic deviation [see
eq. (4.23)], which is consistent with the one obtained using the Jacobian matrix in ref. [31].
Meanwhile, we found some missing corrections in the previous calculation, e.g., the deflection
point deviates from the lens plane and the lens equations are slightly different for the two
images. Additionally, we presented the result of the axis ratio, equivalently, the shear, of
lensing images up to the second-order weak deflection approximation [see eq. (4.26)].

This work provides a solid foundation for future studies. As discussed in refs. [35, 44], the
calculation of spin coefficients is indispensable when investigating the lensing effects beyond
geometric optics, in which richer information on light and GW polarization is presented [48–
53]. In this work, we calculated ρ and σ following the procedure in ref. [34] in the simplest
case, the Schwarzschild lensing. Furthermore, the astrophysical lens objects are more complex
than a Schwarzschild black hole [54]. Extending the computation to a more general lens
model is beneficial for lensing observations and tests of gravitational theories in the future.
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A Derivation to eq. (2.5) and (2.8)

From left-hand side of eq. (2.5), we have

mν (ξα∇αk
ν) = mν

[
ξ(a)eα(a)

]
∇αk

ν = ξ(a)
{
eα(a)(∇αkν)mν

}
= ξ(3)

{
eα(3)(∇αkν)mν

}
+ ξ(4)

{
eα(4)(∇αkν)mν

}
= ξm

[
mα(∇αkν)mν

]
+ ξm̄

[
mα(∇αkν)m̄ν

]
= σξm + ρξm̄.

(A.1)

And from the right-hand side of eq. (2.5), we have

mν (kα∇αξ
ν) = mν [kα(∇αξ

ν)] = mν

[
kα(∂αξν + Γναλξλ)

]
= mν

{
kα∂α

[
ξ(a)eν(a)

]
+ kαΓναλ

[
ξ(a)eλ(a)

]}
= mν

{[
kα∂αξ

(a)
]
eν(a) + ξ(a)kα

[
∂αe

ν
(a) + Γναλeλ(a)

]}
= mν

{[
Dξ(a)

]
eν(a) + ξ(a)kα∇αe

ν
(a)

}
= mν

[
Dξ(a)

]
eν(a) = Dξm̄.

(A.2)

Combining them gives Dξm̄ = σξm + ρξm̄, with its complex conjugate being eq. (2.11).
Similar with the derivation in eq. (A.2), the second derivative to ξν is

mν
D2ξν

Dλ2 = mν
Dzν

Dλ
= mνk

α∇αz
ν = Dzm̄ = D (mνz

ν) = D [mν (kα∇αξ
ν)] = D2ξm̄. (A.3)

And then the left-hand side of eq. (2.8) is

−mνR
ν
ραβk

ρkβξα = −Cνραβmνkρeα(a)k
βξ(a) = −Cνραβmνkρmαkβξm = −Cmkmkξm = Ψ0ξ

m,

(A.4)
where Cνραβ = Rνραβ is the Weyl tensor in vacuum, and we have used ξn = 0 and Rmkm̄k = 0.
The latter can be proved as follows. Firstly, from Cmkm̄k = Cm̄kmk = Cmkm̄k, we find
Cmkm̄k is real. And then

Cmkm̄k = 1
2(Cmkm̄k +Cm̄kmk) = 1

2Cνραβ(mνm̄α+m̄νmα)kρkβ = 1
2Cνραβ(gνα+kνnα+kαnν)kρkβ = 0,

(A.5)
where the background metric is gαβ = −kαnβ −kβnα+mαm̄β +mβm̄α. Combining eqs. (A.3)
and (A.4), we get D2ξm̄ = Ψ0ξ

m, with the complex conjugate being eq. (2.12).
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B Schwarzschild lensing

One defines u ≡ M/r, and then the photon/graviton trajectory is dictated by [3](
du

dφ

)2
= 1
b2 − u2(1 − 2u) ≡ f(u), (B.1)

The impact parameter is b = |L|/M . When b > 3
√

3, the function f(u) possesses two different
zero points, denoted by 0 < u2 < u3, the allowed orbits should be located at interval [0, u2]
and [u3,+∞], where f(u) > 0. These first kinds of orbits are open, in which the massless
particle moves between an infinite region and a pericenter, corresponding to the gravitational
lensing situation. The radial range of allowed motion is r0 < r < max{ro, rs}, or equivalently,
min{uo, us} < u < um ≡ M/rm. ro and rs denote the radial coordinates of the wave source
and observer. correspondingly, uo ≡ M/ro and us ≡ M/rs.

In this work, we only focus on the weak deflection limit and thin lens approximation,
in which the impact distance (Mb) is much larger than the gravitational radius of the lens
black hole, and the distances from emitter/observer to lens object are very larger than
the impact distance. Using a bookkeeper, ϵ, the order of magnitude impact parameter,
source/observer distance are

um ∼ 1
b

∼ ϵ,
rm
rs
,
rm
ro

∼ ϵ. (B.2)

The following calculations are based on the Taylor expansion by the bookkeeper ϵ. Additionally,
the explicit relationship between um and b is given by f(um) = 0,

b = 1
um

1√
1 − 2um

= 1
um

[
1 + um + 3

2u
2
m + 5

2u
3
m + O(u4

m)
]
. (B.3)

Following the standard steps, the trajectory equation u = u(φ) is

u = um cosφ+ u2
m

(
1 − cosφ+ sin2 φ

)
+ u3

m

[(
2 − 3

4 sin2 φ

)
cosφ− 2(1 + sin2 φ) + 15

4 φ sinφ
]

+ O(u3
m), (B.4)

Up to order O(u3
m). The deflection angle, α, is obtained from the asymptotic behavior of

solution (B.4), given by

α = 4um +
(

−4 + 15
4 π

)
u2
m +

(122
3 − 15π

2

)
u3
m. (B.5)

After giving the deflection angle (B.5), we re-drive the lens equation in this appendix.
We first investigate image 1 shown in figure 1(a), in which the source and image lie on the
same side of the optical axis. In △ASI, applying the sine theorem gives,

SI
sinα = AI

sin∠ASI ⇒ NI − SN
sinα = OI − OA

sin[π/2 − (α− θ)] = OI − OA
cos(α− θ) , (B.6)

where we use ∠ASI = π − α − ∠AIS = π − α − (π/2 − θ) = π/2 − (α − θ) and then(NI
OI − SN

OI

)
cos(α− θ) =

(
1 − OA

OI

)
sinα, (B.7)
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or, equivalently (
DS tan θ −DS tan β

DS sec θ

)
cos(α− θ) =

(
1 − OA

DS sec θ

)
sinα. (B.8)

Then the length of line OA can be expressed from the △OAL by sine theorem,

OL
sin∠OAL = OA

sin∠OLA . (B.9)

Here, the line AL divides ∠OAS equally, such that the above equation becomes

DL

sin(π − α)/2 = OA
sin[π − θ − (π − α)/2] . (B.10)

Using the expression of OA in terms of DL, θ, and α,

OA = DL
cos(α/2 − θ)

cos(α/2) . (B.11)

We finally arrived at

(tan θ − tan β) cos θ cos(α− θ) = sinα− 2DL

DS
cos

(
α

2 − θ

)
cos θ sin α2 . (B.12)

By replacing θ by −θ, and β by −β (equivalently, replace NI − SN by NI + SN) in eq. (B.12),
we get the lens equation for image 2,

− (tan θ − tan β) cos θ cos(α+ θ) = sinα− 2DL

DS
cos

(
α

2 + θ

)
cos θ sin α2 , (B.13)

in which the source and image lie on the different sides of the optical axis.
To solve the lens equation (B.12), (B.13), we rescale the source position and image

position as

β = β0θE , θ = θE
[
θ0 + θ1ϵ+ θ2ϵ

2 + O(ϵ3)
]
, (B.14)

where the bookkeeper ϵ is defined in eq. (4.22). Then the lens equation at leading order
is simplified as

β0 = θ0 − 1
θ0
, (B.15)

at the leading order, whose solution is

θ0 = 1
2

[
β0 ±

√
β2

0 + 4
]
. (B.16)

In the second and third orders, the solutions to θ1 and θ2 are

θ1 = ± 15π
16(1 + θ2

0)
, (B.17)
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and

θ2 = 1
3θ0(1 + θ2

0)3

{
48 − 675

256π
2 − 16D2 +

[
8(9 − 3D + 2D2) − 675

128π
2
]
θ2

0

+ 40D2θ4
0 − 8(3 − 9D + 4D2)θ6

0 + 8D(6 − 5D)θ8
0

}
.

(B.18)

The plus-minus symbol corresponds to the image 1 and 2, respectively. The leading-order
result (B.16) is consistent with ref. [31], but there is an extra plus-minus symbol in first-order
correction (B.17). And the second-order result (B.18) is different, because the deflection
point deviates from the lens plane.

C Solution to the radial motion

In weak deflection limit, the radial potential reduces to

Ur = ±
√

1 − x2

{
1 − um

(
x2

1 + x

)
− u2

m

[
x2(2 + x)2

2(1 + x)2

]}
+ O(u3

m). (C.1)

where x ≡ u/um, u = M/r ⩽ um, um = M/rm ≪ 1, with rm is the radius of pericenter.
When the particle moves toward the pericenter, the above equation is integrated by

M−1λI = M−1
∫ r

rs

U−1
r dr ≈ − 1

um

(
ν

x
− νs
xs

)
−
(

ν

1 + x
− νs

1 + xs

)
(C.2)

+ um
2

[
xν

(1 + x)2 − xsνs
(1 + xs)2 + 3 arcsin x− 3 arcsin xs

]
,

with initial condition λs = 0. For simplicity, we define ν =
√

1 − x2, and νs =
√

1 − x2
s.

When arriving the pericenter, r = rm, where x = 1, the affine parameter is

λm = 1
um

M

xs

[
1 + xs

(
um − xs

2

)]
, (C.3)

And then, when moving backward, the integration should be

M−1λII = M−1
{
λm +

∫ r

rm

U−1
r dr

}
≈ 1
um

(
ν

x
+ νs
xs

)
+
(

ν

1 + x
+ νs

1 + xs

)
− um

2

[
xν

(1 + x)2 + xsνs
(1 + xs)2 + 3 arcsin x+ 3 arcsin xs − 3π

]
.

(C.4)

And the affine parameter at the observer position has been shown in eq. (4.17).
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D The analytical expressions of eqs. (4.11) and (4.12)

In this appendix, we present the analytical solution of eqs. (4.11) and (4.12). The first three
orders of the Dyson-like series are

M−1I1 = ±
(

1 +
xs

x
−

2
xxs

)
ν ±

um

8xxs(1 + x)

{[
16(2 + x) − (61 + 61x− 15x2 − 7x3)xs

+ 8xx2
s + 7(1 + x)x2

s

]
ν + 15(3ννs ± xxs) arccosx

}
±

u2
m

40xxs(1 + x)2

[
− 8(192 + 364x+ 167x2)

+ (835 + 1709x+ 1143x2 + 326x3 + 119x4 + 42x5)xs + (543 + 1086x+ 523x2)x2
s (D.1)

+ 35x(1 + x)x3
s + 42(1 + x)2x4

s

]
ν ∓

3u2
m

8xxs(1 + x)(1 + xs)

{
± 15 [3 + 2x+ (2 + x)xs] ννs

+ (1 + x)
[
−8x− (8 + 13x− 4x2)xs − (8 + x− 4x2)x2

s + 4xx3
s

]}
arccosx∓ (x ↔ xs),

M−1I2 = ±
um

8xxs

{[
16x+ (1 − 3x2)xs − 8xx2

s − 3x2
s

]
ν ± 3(5ννs ∓ xxs) arccosx

}
±

u2
m

8xxs(1 + x)(1 + xs)

[
− 2(96 + 112x+ x2 − 7x3) − (179 + 151x− 60x2 − 6x3 + 5x4)xs

+ (139 + 199x+ 47x2 − 15x3 − 5x4)x2
s + (126 + 116x− 22x2 − 7x3)x3

s − (5 + 15x+ 7x2)x4
s (D.2)

− 5(1 + x)x5
s

]
ν +

3u2
m

8xxs(1 + x)(1 + xs)

{
− 5
[
3 + 5x+ 3x2 + (5 + 7x+ 3x2)xs + 3(1 + x)x2

s

]
ννs

± (1 + x)
[
10x+ (10 + 11x− 5x2)xs + (10 − 4x− 5x2)x2

s − 5xx3
s

]}
arccosx∓ (x ↔ xs),

and

M−1I3 = ± u2
m

40xxs

[
− 2(32 + 15x) − x(19 − 3x)xs + (107 + 15x2)x2

s + 15xx3
s + 3x4

s

]
ν

+ 3u2
m(x+ xs)

8xxs
(−5ννs ∓ 2 ± xxs) arccosx∓ (x ↔ xs).

(D.3)

The upper sign corresponds to the case where vs < v < vm, and the lower one to vm < v < vo.
(x ↔ xs) represents exchanging all x and xs in the formula.
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