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A R T I C L E I N F O A B S T R A C T

Editor: M. Trodden The recent local measurements of the Hubble constant 𝐻0, indicate a significant discrepancy of over 5𝜎 compared 
to the value inferred from Planck observations of the cosmic microwave background (CMB). In this paper, we 
try to test the standard cosmological model ΛCDM by testing the consistency of early and late cosmological 
parameters in the same observed data. In practice, we simultaneously derive the early and late parameters using 
baryon acoustic oscillation (BAO) measurements, which provide both low and high-redshift information. CMB 
data are also included in the analysis as a “distance prior”, which tracks the same BAO feature and resolve 
parameter degeneracy. By using the parameter 𝜔𝑚 = Ω𝑚ℎ

2, we introduce ratio(𝜔𝑚), defined as the ratio of 
𝜔𝑚 which are constrained from high and low-redshift measurements respectively, to quantify the consistency 
between early and late parameters. We obtained a value of ratio(𝜔𝑚) = 1.0069 ± 0.0070, indicating there is 
no tension between early parameters and late parameters in the framework of ΛCDM model. As a result, our 
test does not expose the defects of the ΛCDM model. In addition, we forecast the future BAO measurements 
of ratio(𝜔𝑚), using several galaxy redshift surveys and 21 cm intensity mapping surveys, and find that these 
measurements can significantly improve the precision of cosmological parameters.
1. Introduction

The standard cosmological model, ΛCDM, has withstood the rigor-
ous scrutiny due to significant advances in observations of the cosmic 
microwave background (CMB) [1–3], Type Ia supernovae (SNIa) [4,5]
and large-scale structure [6–8] in recent years. However, tensions have 
emerged for several parameters when they are inferred from distinct 
observations within the ΛCDM. The most significant tension is related 
to determinations of the Hubble constant 𝐻0. The representative dif-
ference is between the SH0ES1 [9] determination of 𝐻0 and the value 
inferred from Planck [1] for the ΛCDM cosmology, which has increased 
to 5𝜎 level [10,11]. Actually, the tension exists in not only these two 
values, but also in two sets of measurements [11].

One set contains indirect estimates at early times which are cos-
mological model dependent, such as CMB and Baryon Acoustic Os-
cillation (BAO) [12,13]. As mentioned above, the Planck 2018 re-
lease [1] predicts 𝐻0 = 67.36 ± 0.54 km s−1 Mpc−1 in combination 
with the CMB lensing. Moreover, the final combination of the BAO 
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measurements from galaxies, quasars, and Lyman-𝛼 forest (Ly-𝛼) 
from Baryon Oscillation Spectroscopic Survey (BOSS) prefers 𝐻0 =
67.64+0.94−1.03 km s−1 Mpc−1 [13] involving a prior on the physical density 
of the baryons Ω𝑏ℎ

2 derived from the latest Big Bang Nucleosynthesis 
(BBN) measurements of the primordial deuterium [14,15]. In contrast, 
another set includes direct late time cosmological model-independent 
measurements, such as distance ladders [9,16–20] and strong lensing 
[21]. The determination of 𝐻0 is based on calibration of the SNIa 
using the Cepheids, Miras and Tip of the Red Giant Branch (TRGB), 
which prefers a higher value. The latest SH0ES measurement gives 
𝐻0 = 73.04 ± 1.04 km s−1 Mpc−1 using Cepheid period–luminosity re-
lations to calibrate distances to Type Ia SNe host galaxies [9].

There are various potential solutions proposed for the Hubble ten-
sion. One kind of viewpoint thinks that some unknown systematic errors 
affect either early-universe or late-universe observation [22]. However, 
the other viewpoint is related to the new physics beyond the standard 
cosmological model. The late time modifications of the ΛCDM expan-
sion history have been showed that they cannot resolve the Hubble 
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tension through a model independent method in [23,24]. Therefore, 
many solutions to the Hubble tension are to introduce new physics 
about early universe that increases the value of the Hubble constant 
inferred from the CMB. An popular early-time resolution [25–27] is an 
exotic early dark energy (EDE) that behaves like a cosmological con-
stant at early time and dilutes faster than radiation at later time. It 
addresses the Hubble tension by decreasing the sound horizon while 
leaving the later evolution of the Universe unchanged.

In order to understand the Hubble tension, it is important to ask 
the question: Whether or not the ΛCDM cosmology is free of defects? 
On the one hand, the authors of Ref. [28–30] highlight that 𝐻0 should 
pick up redshift if the ΛCDM model is breaking down. On the other 
hand, our goal is testing whether the constant parameter 𝜔𝑚 =Ω𝑚ℎ

2 of 
ΛCDM changes with redshift. If we find 𝜔𝑚 derived from different red-
shift measurements are not consistent, then we can conclude the ΛCDM 
model fails the test and is necessary to be modified. For instance, the 
pressureless matter assumption may not be supported. In this paper, we 
achieve the simultaneous constraints on the early and late cosmolog-
ical parameters 𝜔𝑚 with the help of BAO measurements that contain 
both low and high-redshift universe information. In practice, two dis-
tinct ΛCDM cosmological parameter sets are employed to construct the 
expansion history of the early and late universe separately. However, 
due to the degeneracy, CMB data is combined with BAO data for break-
ing it and 𝐻0 is replaced by a new parameter ratio(𝜔𝑚), which will be 
introduced detail in Section 2. As a result, we find the consistency of 
early and late cosmological parameter protects the standard cosmolog-
ical model. In other words, there is no evidence of new physics beyond 
ΛCDM cosmology.

This article is organized as follows. In Section 2, we introduce the 
methods and datasets used in this analysis. The results and related 
discussions are presented in Section 3. We simulate future BAO exper-
iments and analyze the results in Section 4. Finally, Section 5 presents 
our conclusions in this article.

2. Methodology

In the standard Friedmann-Lemaitre-Robertson-Walker (FLRW) uni-
verse, the Hubble parameter 𝐻(𝑧) on the basis of flat ΛCDM is given 
by:

𝐻(𝑧) =𝐻0

√
Ω𝑟(1 + 𝑧)4 + Ω𝑚(1 + 𝑧)3 + ΩΛ, (1)

where Ω𝑟, Ω𝑚 and ΩΛ are the fractional densities of radiation, matter 
and dark energy at redshift 𝑧 = 0 and constrained by Ω𝑟 +Ω𝑚 +ΩΛ = 1.

As previously indicated regarding the Hubble tension, the 5𝜎 differ-
ence between early time and late time inspires us to investigate whether 
its reason is from ΛCDM model. It will be completed through a test 
of the cosmological parameter consistency. In practice, the BAO data 
which contains both low and high-redshift universe information will 
be analyzed in the framework of the flat ΛCDM cosmology. We em-
ploy two distinct independent cosmological parameter sets to describe 
the expansion history of the early and late universe separately. There-
fore, the consistency of these two cosmological parameter sets can help 
us distinguish the potential time-dependence of cosmological parame-
ter. In order to realize it, the parameters in the standard cosmological 
model can be generalized as follows:

(i) Parameter set undergoes a transition from
{𝐻0, Ω𝑚} to {�̃�0, Ω̃𝑚, 𝐻0, Ω𝑚}. Note that, here and afterwards, the 
parameters with tilde label that their values are derived from early 
cosmological information and we call them as “early cosmological 
parameters” in this article, while the parameter without tilde label 
that their values are derived from late cosmological information 
and we call them as “late cosmological parameters”.

(ii) Recombination redshift 𝑧∗ serves as the dividing line between the 
early and late universe. Namely the early parameters 

(
�̃�0, Ω̃𝑚

)
are 
2

determined from the measurements whose redshift is larger than 
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the recombination redshift 𝑧∗, while the late parameters remain 
similar. Therefore we realize constructing the early and late ex-
panding history of the Universe individually.

(iii) In order to test ΛCDM model through the constraint of both early 
and late parameters simultaneously, we can compare whether 
early parameters 

(
�̃�0, Ω̃𝑚

)
and 

(
𝐻0,Ω𝑚

)
are consistent. We are 

able to determine whether the tension between early and late pa-
rameters of ΛCDM exists by the combination of BAO and CMB 
data.

More details will be discussed in the data analysis part.

2.1. BAO data

In the primordial plasma of the early universe, photon-matter inter-
actions give rise to substantial heat and outward pressure. This pressure 
drives baryons and photons out of the overdensity area at a speed of 
sound 𝑐𝑠. As a result, the spherical sound waves propagate baryon den-
sity fluctuations in the Universe until the recombination epoch. The 
distance traveled by sound waves between the end of inflation and the 
decoupling of baryons from photons after recombination is referred to 
as the sound horizon 𝑟𝑠. Dark matter remains at the center of acous-
tic wave since it is influenced solely by gravity. Finally, the baryons 
and dark matter resulted in a structure that included matter overdensi-
ties both at the original site and at the sound horizon scale. Thus, we 
can anticipate observing a more significant number of galaxy pairs sep-
arated by the sound horizon distance than other length scales. In other 
words, the BAO method relies on the imprint left by propagation of 
acoustic density waves to provide a cosmic standard ruler which has a 
comoving scale 𝑟𝑠.

The comoving sound horizon 𝑟𝑠(𝑧) is given by [31]:

𝑟𝑠(𝑧) =
𝑐

𝐻0

∞

∫
𝑧

𝑐𝑠

𝐸(𝑧′)
d𝑧′, (2)

where 𝑐 is the speed of light, the sound speed is 𝑐𝑠 = 1∕
√
3(1 +𝑅𝑏𝑎), 

with 𝑅𝑏𝑎 = 3𝜌𝑏∕(4𝜌𝑟), and 𝑅𝑏 = 31500𝜔𝑏(𝑇𝐶𝑀𝐵∕2.7𝐾)−4 with 𝜔𝑏 =
Ω𝑏ℎ

2 and the CMB temperature 𝑇𝐶𝑀𝐵 = 2.7255𝐾 . It is necessary to 
emphasize that the radiation component cannot be ignored when cal-
culating the comoving sound horizon 𝑟𝑠. It can be described by the 
matter fraction 𝜔𝑚 applying matter-radiation equality relation Ω𝑟 =
Ω𝑚∕(1 + 𝑧𝑒𝑞), and 𝑧𝑒𝑞 = 2.5 × 104𝜔𝑚(𝑇𝐶𝑀𝐵∕2.7𝐾)−4.

The BAO feature appears in both the line-of-sight direction and 
the transverse direction and provides a measurement of 𝐷𝐻 (𝑧)∕𝑟𝑑 and 
𝐷𝑀 (𝑧)∕𝑟𝑑 individually:

𝐷𝐻 (𝑧)
𝑟𝑑

= 𝑐

𝐻(𝑧)𝑟𝑑
, (3)

𝐷𝑀 (𝑧)
𝑟𝑑

= 𝑐

𝐻0𝑟𝑑
Γ(𝑧), (4)

where 𝑟𝑑 is the sound horizon at the drag epoch 𝑟𝑠(𝑧𝑑 ) and 𝐷𝑀 is the 
same as transverse comoving distance [32]. The transverse comoving 
distance, which depends on FLRW metric to an object at redshift 𝑧, is 
given by

𝐷𝑀 (𝑧) = 𝑟(𝑧) = 𝑐

𝐻0
𝑆𝑘(Γ(𝑧)), (5)

where Γ(𝑧) = ∫ 𝑧

0 d𝑧′∕𝐸(𝑧′), 𝐸(𝑧) =𝐻(𝑧)∕𝐻0. Note that the angular di-
ameter distance 𝐷𝐴(𝑧) has relation with the comoving angular diameter 
distance 𝑟(𝑧): 𝐷𝐴(𝑧) = 𝑟(𝑧)∕(1 + 𝑧). Because 𝑆𝑘(𝑥) = 𝑥 for flat ΛCDM 
model, we have 𝑟(𝑧) = 𝑐Γ(𝑧)∕𝐻0 in the following analysis.

The BAO measurements were also historically summarized by a sin-
gle quantity representing the spherically averaged distance
𝐷𝑉 (𝑧) ≡ [𝑧𝐷2
𝑀
(𝑧)𝐷𝐻 (𝑧)]1∕3. (6)
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Table 1

Datasets measuring the BAO peak that are used in our cosmological analysis.

𝑧𝑒𝑓𝑓 Measured Quantity Value Dataset Reference

0.106 𝑟𝑑∕𝐷𝑉 0.336 ± 0.015 6dFGS [38]
0.15 𝐷𝑉 ∕𝑟𝑑 4.47 ± 0.17 SDSS DR7 [39]
0.38 𝐷𝐻∕𝑟𝑑 25.00 ± 0.76 SDSS DR12 [7]
0.38 𝐷𝑀∕𝑟𝑑 10.23 ± 0.17 SDSS DR12 [7]
0.51 𝐷𝐻∕𝑟𝑑 22.33 ± 0.58 SDSS DR12 [7]
0.51 𝐷𝑀∕𝑟𝑑 13.36 ± 0.21 SDSS DR12 [7]
0.70 𝐷𝐻∕𝑟𝑑 19.33 ± 0.53 eBOSS LRG [7]
0.70 𝐷𝑀∕𝑟𝑑 17.86 ± 0.33 eBOSS LRG [7]
0.85 𝐷𝑉 ∕𝑟𝑑 18.33+0.57−0.62 eBOSS ELG [7]
1.48 𝐷𝐻∕𝑟𝑑 13.26 ± 0.55 eBOSS Quasar [7]
1.48 𝐷𝑀∕𝑟𝑑 30.69 ± 0.80 eBOSS Quasar [7]
2.33 𝐷𝐻∕𝑟𝑑 8.93 ± 0.28 eBOSS Ly𝛼× Ly𝛼 [40]
2.33 𝐷𝑀∕𝑟𝑑 37.6 ± 1.9 eBOSS Ly𝛼× Ly𝛼 [40]
2.33 𝐷𝐻∕𝑟𝑑 9.08 ± 0.34 eBOSS Ly𝛼× Quasar [40]
2.33 𝐷𝑀∕𝑟𝑑 37.3 ± 1.7 eBOSS Ly𝛼× Quasar [40]
In the Appendix E of Ref. [33], the authors develop fitting functions 
for convenience which are valid at the percent level for an extended 
range of parameter space, 0.0025 ≤ 𝜔𝑏 ≤ 0.25 and 0.025 ≤ 𝜔𝑚 ≤ 0.64. 
Therefore, the fitting functions of drag epoch redshift 𝑧𝑑 and recombi-
nation redshift 𝑧∗ are widely used in relevant works [34–37]. We also 
introduce these fitting functions to calculate the sound horizon. The 
redshift of the drag epoch can be approximated as [33]

𝑧𝑑 =
1345𝜔0.251

𝑚

1 + 0.659𝜔0.828
𝑚

[1 + 𝑏1𝜔
𝑏2
𝑏
], (7)

where

𝑏1 = 0.313𝜔−0.419
𝑚

[1 + 0.607𝜔0.674
𝑚

], 𝑏2 = 0.238𝜔0.223
𝑚

. (8)

It is obvious that BAO measurements provide simultaneous infor-
mation about the early and late universe through the comoving sound 
horizon 𝑟𝑑 and Hubble parameter 𝐻(𝑧), which enables us to determine 
the physics in the early and late universe simultaneously.

To calculate the sound horizon 𝑟𝑑 and complete the set of cosmolog-
ical parameters, we must also include information on baryon density Ω𝑏

as an early parameter not only because it derives from CMB observa-
tion, but also it is just entailed to compute sound horizon 𝑟𝑑 . Carrying 
over the remaining parameters introduced above, the initial full param-
eter set is now:

{Ω̃𝑏, Ω̃𝑚, �̃�0,Ω𝑚,𝐻0}.

Then, the BAO measurements can be expressed in this parameter 
set:

𝐷𝐻 (𝑧)
𝑟𝑑

=
[
(1 + 𝑧)3 + Ω𝑙 − 1

]− 1
2

∫ ∞
𝑧𝑑

[
3
(
1 + 𝑅𝑏

1+𝑧′

)
(1 + 𝑧′)3𝑓 (�̃�𝑚,𝜔𝑚)

]− 1
2 d𝑧′

, (9)

where Ω𝑙 ≡ 1∕Ω𝑚, and

𝑓 (�̃�𝑚,𝜔𝑚) ≡ �̃�𝑚

𝜔𝑚

(
1 + 1 + 𝑧

1 + 𝑧𝑒𝑞

)
. (10)

The Hubble constant 𝐻0 and matter density fraction Ω𝑚 are fully 
degenerate with the form 𝜔𝑚. We can also find in Eq. (10) the ratio of 
𝜔𝑚 is degenerate with the late cosmological parameter 𝜔𝑚 in the form 
of a sum due to 𝑧𝑒𝑞 ∝ �̃�𝑚. We will see the CMB data can break this de-
generate relation in the next section. In addition, constraining this ratio 
help us compare the early and late cosmological parameters directly. 
Therefore, we introduce ratio(𝜔𝑚) ≡ �̃�𝑚∕𝜔𝑚 as a new parameter. The 
analysis of transverse measurement 𝐷𝑀 (𝑧)∕𝑟𝑑 is similar to 𝐷𝐻 (𝑧)∕𝑟𝑑 .

The BAO measurements used in this work are taken from the 6dF 
Galaxy Survey (6dFGS, [38]), the complete Sloan Digital Sky Survey 
3

(SDSS) data release, including SDSS-Main Galaxy Sample (MGS, [39]), 
the BOSS and the extended Baryon Oscillation Spectroscopic Survey 
(eBOSS) DR16 data [7,40]. A specific description of BAO data is shown 
in Table 1.

The likelihood of BAO 𝐵𝐴𝑂 has different forms for different 
datasets. The covariance matrix of SDSS DR12 and eBOSS Quasar data, 
and the full (non-Gaussian) likelihoods for the Ly𝛼 forest data [40] and 
emission line galaxies (ELG) analysis [41], are from the public SDSS 
repository.2

2.2. CMB data

CMB reflect the distance to the surface of last scattering 𝑟(𝑧∗) by 
the precisely measured locations and amplitudes of peaks of the acous-
tic oscillations. In practice, CMB measures two distance ratios: (i) the 
comoving distance to the surface of last scattering 𝑟(𝑧∗) divided by 
the sound horizon size at the recombination epoch, 𝑟(𝑧∗)∕𝑟𝑠(𝑧∗), and 
(ii) the comoving distance to the surface of last scattering 𝑟(𝑧∗) di-
vided by the comoving Hubble horizon size at the recombination epoch, 
𝑟(𝑧∗)𝐻(𝑧∗)∕𝑐(1 + 𝑧∗). The two ratios can be quantified and defined 
as the CMB distance prior 𝑙𝑎 and 𝑅 separately. The CMB tempera-
ture power spectrum in the transverse direction is characterized by the 
acoustic scale 𝑙𝑎, which determines the peaks spacing. Additionally, the 
shift parameter 𝑅 affects the CMB temperature spectrum along the line-
of-sight direction, leading to the heights of the peaks. Therefore, CMB 
observation contribution in the constraint of cosmological parameter 
can be converted to CMB shift parameters for breaking degeneracy of 
parameters, instead of using the full CMB power spectrum [35,36]:

𝑅 =
√

Ω𝑚𝐻
2
0 𝑟(𝑧∗)∕𝑐, (11)

𝑙𝑎 = 𝜋𝑟(𝑧∗)∕𝑟𝑠(𝑧∗). (12)

These parameters can be considered as the CMB measurements which 
are extracted from CMB likelihood, where 𝑧∗ is the redshift of recom-
bination. The sufficient information of Planck data release [1] for con-
straint is given by CMB shift parameters with baryon density 𝜔𝑏 =Ω𝑏ℎ

2.
The redshift 𝑧∗ can be calculated by the fitting formula [33]:

𝑧∗ = 1048[1 + 0.00124𝜔−0.738
𝑏

][1 + 𝑔1𝜔
𝑔2
𝑚 ], (13)

where

𝑔1 =
0.0783𝜔−0.238

𝑏

1 + 39.5𝜔0.763
𝑏

, 𝑔2 =
0.560

1 + 21.1𝜔1.81
𝑏

. (14)

2 https://svn .sdss .org /public /data /eboss /DR16cosmo /tags /v1 _0 _0 /

likelihoods/.

https://svn.sdss.org/public/data/eboss/DR16cosmo/tags/v1_0_0/likelihoods/
https://svn.sdss.org/public/data/eboss/DR16cosmo/tags/v1_0_0/likelihoods/
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Fig. 1. Posterior likelihoods (68% and 95% confidence level) for the final parameter set considering the full samples of CMB and BAO.
The final result, which is extracted from Planck 2018 TT,TE,EE+lowE 
chains, can be transformed in terms of a data vector 𝒗 = (𝑅, 𝑙𝑎, 𝜔𝑏)𝑇 3

and their covariance matrix. For a flat universe [37], this data vector is

𝒗 =
⎛⎜⎜⎝

1.74963
301.80845
0.02237

⎞⎟⎟⎠ (15)

and the covariance matrix is

𝑪𝒗 = 10−8 ×
⎛⎜⎜⎝
1598.9554 17112.007 −36.311179
17112.007 811208.45 −494.79813
−36.311179 −494.79813 2.1242182

⎞⎟⎟⎠
The compression of CMB data forms the so-called distance priors 

[35], which can help us break the degeneracy of the BAO data:

𝑙𝑎 =
𝜋𝑅

∫ ∞
𝑧∗

[
3
(
1 + 𝑅𝑏

1+𝑧′

)
(1 + 𝑧′)3

(
1 + 1+𝑧′

1+𝑧𝑒𝑞

)]− 1
2
d𝑧′

. (16)

Apparently, �̃�𝑚 is the only cosmological parameter to be determined 
in the CMB shift parameter 𝑙𝑎. Namely, combining the CMB data can 
give a constraint on �̃�𝑚 and break the degeneracy to release ratio(𝜔𝑚). 
Therefore the final parameter set is now

{�̃�𝑏, �̃�𝑚,Ω𝑚, ratio(𝜔𝑚)}.

In summary, the baryon density �̃�𝑏 and the matter density �̃�𝑚 serve 
as early parameters to compute sound horizon 𝑟𝑠. Ω𝑚 describes the evo-
lution of late universe and ratio(𝜔𝑚) is a bridge between them.

3 Actually, spectral index of the primordial power spectrum 𝑛𝑠 is entailed for 
4

completeness, however we neglect 𝑛𝑠 because it doesn’t relate to our constraint.
Table 2

Cosmological constraints on early and 
late parameters simultaneously.

Parameters Value

�̃�𝑏 0.02237 ± 0.00014
�̃�𝑚 0.1430 ± 0.0011
Ω𝑚 0.3049 ± 0.0081
ratio(𝜔𝑚) 1.0069 ± 0.0070

The loglikelihood function for CMB can be written in the form:

𝐶𝑀𝐵 = −1
2
𝜒2
𝐶𝑀𝐵

= −1
2
(𝒗− 𝒗𝑡ℎ)𝑇𝑪−1

𝒗
(𝒗− 𝒗𝑡ℎ), (17)

and the complete likelihood for our cosmological analysis is the follow-
ing  = CMB + BAO. We run a Markov Chain Monte Carlo (MCMC) 
with the sampler emcee [42] to constrain parameters, where the priors 
chosen for our Bayesian calculations regarding the cosmological pa-
rameters are uniform distributions: �̃�𝑏 ∈ (0.001, 0.3), �̃�𝑚 ∈ (0.05, 0.5), 
Ω𝑚 ∈ (0.1, 0.9), ratio(𝜔𝑚) ∈ (0.1, 10).

3. Results and discussion

The limitations of the parameters using BAO+CMB are illustrated 
in Fig. 1, and the results are also summarized in Table 2. Notably, the 
parameters of initial set show complex degeneracy compared to those 
of the final set, particularly for early parameters such as Ω̃𝑏, Ω̃𝑚 and 
�̃�0. The fundamental reason for the degeneracy was elaborated in the 
previous section.

3.1. Comparison with separate constraints

There are early parameters and late parameters incorporated in 

our model, enabling the simultaneous constraint of both. Note that, 
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there are substantial cosmological parameters estimations obtained 
from high-redshift or low-redshift data alone. Therefore, we firstly com-
pare the results presented in this paper with other results which are 
constrained separately before discussing on the ratio(𝜔𝑚) and cosmo-
logical models.

Initially, we concentrate on the physical density of the early uni-
verse, denoted by �̃�𝑚 = 0.1430 ± 0.0011. Another recent estimation of 
early cosmological parameters from CMB observations almost indepen-
dently of the late-time evolution yields �̃�𝑚 = 0.1414 ±0.0013 [43]. They 
accomplish it by constructing a CMB likelihood that does not require a 
cosmological model to model the late-time effects. This indicates that 
the estimation of early parameters obtained independently is consistent 
with the simultaneous constraint.

In contrast of degeneracy of early parameters, we can analyze late 
parameters 𝐻0 and Ω𝑚 individually. Their posteriors are derived from 
�̃�𝑚, Ω𝑚 and ratio(𝜔𝑚) showed in Table 2, and given by

𝐻0 = 68.34 ± 0.97 km s−1Mpc−1,

Ω𝑚 = 0.3049 ± 0.0081. (18)

We can compare them with these values constrained by low-redshift 
observations, such as Supernovae. At first, we concentrate on the matter 
density Ω𝑚 and adopt Ω𝑚 = 0.298 ± 0.022 from the Pantheon analysis 
[4]. It is apparent that the Pantheon result is in agreement with ours. 
We also notice that constraint of Ω𝑚 in this work is also consistent with 
the result [44] Ω𝑚 = 0.294+0.014−0.016 constrained by BAO with a prior of 𝜔𝑚.

We divide the BAO measurements into early and late portions to 
limit the value of the Hubble constant, 𝐻0, using information from the 
late universe. Therefore it is interesting that compare it with 𝐻0 mea-
surements which are derived from local observation of SNIa, such as 
the SH0ES Team’s analysis. They measured via a three-step distance 
ladder employing a single, simultaneous fit between geometric dis-
tance measurements to standardized Cepheid variables, standardized 
Cepheids and colocated SNIa in nearby galaxies, and SNIa in the Hubble 
flow. Namely the analysis employs a direct and cosmological model-
independent measurement, refers 𝐻0 = 73.04 ±1.04 km s−1Mpc−1. The 
3.3𝜎 tension with constraint in this paper is not strange, because the 
late Hubble constant 𝐻0 is not only constrained by the low redshift in-
formation of the BAO, but also includes the help of the CMB. In fact, 
this tension is still the well-known Hubble tension. However, we have 
found that replacing Cepheid variables with TRGB method [45] to cal-
ibrate SNIa yields a consistent value of 𝐻0 = 69.8 ± 1.7 km s−1Mpc−1. 
We expect the local measurements of 𝐻0 will be more precise in the 
future.

3.2. Test of ΛCDM model

As mentioned above, differences in early or late cosmological pa-
rameters solely depend on the redshift of the measurements used in the 
constraint. Namely the two values of a cosmological parameter should 
be identical, or else the expansion history described by the ΛCDM 
model is not compatible. We take 𝜔𝑚 as a representative to analyze 
the potential difference between the early and late universe due to pa-
rameter degeneracy. We find that

ratio(𝜔𝑚) = 1.0069 ± 0.0070, (19)

with the unit falling within the 1𝜎 range. This result indicates there 
is no discrepancy between the early and late epochs of the universe 
in ΛCDM model. In other words, 𝜔𝑚 have no redshift-dependence as 
ΛCDM requires. It means our test does not expose the defects of the 
ΛCDM model.

4. Forecasts for the future surveys

We aim to analyze the surveys that measures BAO features with 
5

higher accuracy, assessing their potential to enhance precision in our 
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Table 3

Best-fitting coefficients for the fitting formula from Ref. [47], for the two types 
of standard ruler accuracy:𝐷𝐻 (𝑧)∕𝑟𝑑 and 𝐷𝑀 (𝑧)∕𝑟𝑑 .

Parameter Spec-z Tangential Spec-z Radial

𝑥0 0.0085 0.0148
𝑛0(×10−3ℎ3Mpc−3) 0.82 0.82
𝑧𝑚 1.4 1.4
𝛾 0.5 0.5
𝑏 0.52 0.52

cosmological parameter estimates ratio(𝜔𝑚). In this section, we consider 
two kinds of potention observations on BAO: the galaxy surveys and the 
neutral hydrogen surveys.

The method with galaxy surveys has been discussed above, which 
catalog individual galaxies in angle and redshift to construct a map of 
matter distribution. While the method with neutral hydrogen surveys is 
proposed in [46], which detects structures in the universe traced by the 
redshifted diffuse 21 cm hyperfine transition line of neutral hydrogen 
(HI) using the intensity mapping (IM) technique. The idea is to measure 
the HI brightness temperature field to obtain information on the high 
levels of hydrogen abundance. This will result in a hydrogen map that 
can serve as a distinct tracer from galaxies, aiding in the measurement 
of the BAO scale. In both cases, the fiducial ΛCDM flat cosmological 
model with parameters is inferred by Planck [1] is used in the analysis, 
including 𝜔𝑏 = 0.02242, Ω𝑚 = 0.3111, 𝐻0 = 67.66 km s−1Mpc−1, 𝑟𝑑 =
147.09 Mpc.

4.1. Galaxy surveys

We use the analytic fitting formula developed by [47] to depict the 
standard ruler accuracies in terms of the galaxy redshift survey param-
eters. Their analysis is based on Monte Carlo realizations [48,49] and 
the covariance matrix evaluated in [50]. Three configuring parameters 
are required for spectroscopic redshift surveys: central redshift 𝑧, to-
tal volume 𝑉 (in ℎ−3Gpc3), average number density of galaxies 𝑛 (in 
10−3ℎ3Mpc−3). The formula is

𝑥 = 𝑥0

√
𝑉0
𝑉

(
1 +

𝑛𝑒𝑓𝑓

𝑛

𝐷(𝑧0)2

𝑏(𝑧)2𝐷(𝑧)2

)
, (20)

where 𝑥 is the fractional error, i.e. if 𝐴 is a measurement thus 𝑥 ≡
𝜎𝐴∕𝐴. 𝑥0 is a normalized coefficient and fiducial survey volume 𝑉0 =
2.16ℎ−3Gpc3. 𝐷(𝑧0) = 0.61 is linear growth factor defined in Ref. [51]
and 𝑏(𝑧)𝐷(𝑧) is bias factor which describe the difference between galaxy 
distribution with dark matter distribution. Note that, the fitting formula 
needs to reflect the effect of the non-linear evolution via an empirical 
power-law in redshift 𝑧

𝑥 = 𝑥0

√
𝑉0
𝑉

(
1 +

𝑛𝑒𝑓𝑓

𝑛

𝐷(𝑧0)2

𝑏(𝑧)2𝐷(𝑧)2

)(𝑧𝑚
𝑧

)𝛾
𝑧 < 𝑧𝑚

= 𝑥0

√
𝑉0
𝑉

(
1 +

𝑛𝑒𝑓𝑓

𝑛

𝐷(𝑧0)2

𝑏(𝑧)2𝐷(𝑧)2

)
𝑧 > 𝑧𝑚 (21)

where 𝑧𝑚 is the cut-off redshift and the effective number density of 
galaxies 𝑛𝑒𝑓𝑓 is

𝑛𝑒𝑓𝑓 = 𝑛0

[
1 − 𝑏

(
1 − 𝑧

𝑧𝑚

)]
𝑧 < 𝑧𝑚

= 𝑛0 𝑧 > 𝑧𝑚 (22)

The fitting formula contains five parameters 
(
𝑥0, 𝑛0, 𝑏, 𝛾, 𝑧𝑚

)
, which 
are listed in Table 3.
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Fig. 2. Fractional errors on 𝐷 (𝑧) and 𝐻(𝑧) for 21 cm IM surveys, as a function of redshift.
𝐴

Table 4

The configurations of spectroscopic galaxy surveys used in this paper. 𝑛 is the 
number density of galaxies. Note that 4MOST observe different sources in dif-
ferent sky coverage area.

4MOST N.Roman CSST Euclid

𝑧min 0.15 1.0 0 0.6
𝑧max 2.2 2.8 1.6 2.1
𝑆area[deg2] 7500(1000) 2000 17500 15000
𝑛 [52] [58] [59] [58]

Four surveys with distinct objectives are considered, including 
4MOST4 (4-meter Multi-Object Spectroscopic Telescope) [52], Roman5

(Nancy Grace Roman Space Telescope) [53], CSST6 (The China Space 
Station Telescope) [54,55] and Euclid7 [56,57]. The configuration pa-
rameters are listed in Table 4.

For N.Roman and Euclid we use the redshift bin Δ𝑧 = 0.1 and for 
CSST Δ𝑧 = 0.2, 4MOST use both for different targets. The bias factor 
𝑏(𝑧)𝐷(𝑧) is also from the same reference listed in Table 4, including 
𝑏(𝑧)𝐷(𝑧) = 0.76 for N. Roman and Euclid and a linear galaxy bias as 
1 + 0.84𝑧 for CSST, a set (1.34, 1.7, 0.84, 1.2) for different targets of 
4MOST. And the mean value of BAO measurements can be calculated 
based on the fiducial model. Then, by using the fitting formula Eq. (21), 
we can obtain the fractional errors for both transverse measurement 
𝐷𝑀 (𝑧)∕𝑟𝑑 and line-of-sight measurement 𝐷𝐻 (𝑧)∕𝑟𝑑 . Fig 3 shows the 
features of different surveys: 4MOST covers a large redshift range and 
CSST performs optimally for observing low-redshift objects (𝑧 < 1). 
However, in redshift range 1 < 𝑧 < 2 Euclid has advantages and Ro-
man are precise enough in the measurement of high redshift galaxies 
(𝑧 > 2).

We perform a Markov Chain Monte Carlo analysis using our simula-
tion data generated with the CMB distance prior to constrain cosmolog-
ical parameters. The forecast results using different surveys are plotted 
in Fig 4 and list 1𝜎 errors of ratio(𝜔𝑚) in Table 5. We can find that Ro-
man and 4MOST are similar in constraining the ratio of 𝜔𝑚. Thus, either 
Roman 𝜎(ratio(𝜔𝑚)) = 0.0075 or 4MOST 𝜎(ratio(𝜔𝑚)) = 0.0072 alone 
have comparable precision with the combination of current BAO probes 
𝜎(ratio(𝜔𝑚)) = 0.0070. CSST and Euclid can tighten the constraints due 
to their large sky cover area. Euclid gives the best constraints in galaxy 
redshift surveys, 𝜎(ratio(𝜔𝑚)) = 0.0050, which means Euclid alone can 
achieve about 30 percent improvement in precision.

4 https://4MOST.
5 http://roman .gsfc .nasa .gov.
6 http://www .nao .cas .cn /csst/.
6

7 https://www .euclid -ec .org.
Table 5

Forecast 1𝜎 errors of ratio(𝜔𝑚) de-
rived from future galaxy redshift sur-
veys combined with Planck CMB data.

Surveys 𝜎(ratio(𝜔𝑚))

Nancy Roman 0.0075
4MOST 0.0072
CSST 0.0054
Euclid 0.0050

4.2. 21 cm IM surveys

We use the public code RadioFisher [60] to obtain the Fisher 
matrix for 𝐷𝐴(𝑧) and 𝐻(𝑧), allowing us to invert it and derive the co-
variance matrix for observations of future IM surveys. The core of code 
is the construction and calculation of the Fisher matrix. For a cosmolog-
ical parameter set {𝑝}, the Fisher matrix can be expressed as [60–62]

𝐹𝑖𝑗 =
𝑉bin

8𝜋2

1

∫
−1

d𝜇

𝑘𝑚𝑎𝑥

∫
𝑘𝑚𝑖𝑛

𝑘2d𝑘𝜕 ln𝐶
𝑇

𝜕𝑝𝑖

𝜕 ln𝐶𝑇

𝜕𝑝𝑗
, (23)

where 𝑉bin is the physical volume, 𝜇 is the cosine of the angle between 
the line of sight and the direction of 𝑘. The parameter set {𝑝} of this 
analysis includes the angular diameter distance 𝐷𝐴(𝑧), Hubble param-
eter 𝐻(𝑧), redshift-space distortion (RSD) observable [𝑓𝜎8](𝑧), HI bias 
parameter [𝑏𝐻𝐼𝜎8](𝑧) and non-linear dispersion scale parameter 𝜎NL. 
And 𝐶𝑇 is the total covariance of 21 cm emission line measurements, 
including the contribution of signal 𝐶𝑆 , noise 𝐶𝑁 and foreground 𝐶𝐹 .

The signal model can be summarized simply as

𝐶𝑆 (𝑧, 𝑘) = 𝑇 2
𝑏
(𝑧)𝑃𝑡𝑜𝑡(𝑘) (24)

= 𝑇 2
𝑏
(𝑧)𝐹𝑅𝑆𝐷(𝑘)𝐷2(𝑧)𝑃 (𝑘, 𝑧 = 0),

where 𝑇𝑏 is the effective HI brightness temperature and 𝑃𝑡𝑜𝑡(𝑘) is the 
matter power spectrum with the effect of redshift space distortion 
(RSD). Note that, the signal covariance is totally a theoretical calcu-
lation which is determined by the cosmological parameters mentioned 
above. However, the noise covariance is based on the configuration of 
experiments

𝐶𝑁 (𝑘) = 𝜎2
𝑝𝑖𝑥

(𝑁𝑑,𝑁𝑏,𝑇𝑖𝑛𝑠𝑡,𝐷𝑑 )𝑉𝑝𝑖𝑥𝐵(𝑘), (25)

where 𝜎𝑝𝑖𝑥 and 𝑉𝑝𝑖𝑥 is the pixel noise temperature and volume. The 
noise temperature 𝜎𝑝𝑖𝑥 depends on configuration parameters, including 
the receiver instrument noise temperature 𝑇inst , the number of dishes 
𝑁𝑑 and beams 𝑁𝑏, diameter of the dish 𝐷𝑑 . And volume 𝑉𝑝𝑖𝑥 relates to 
the survey area 𝑆area. The factor 𝐵(𝑘) is used to describe the frequency 
and angular responses of the instrument. The residual foreground co-

variance 𝐶𝐹 is controlled by a scaling factor 𝜀𝐹𝐺 which describes the 

https://4MOST
http://roman.gsfc.nasa.gov
http://www.nao.cas.cn/csst/
https://www.euclid-ec.org
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Fig. 3. Fractional errors on 𝐷 (𝑧)∕𝑟 and 𝐷 (𝑧)∕𝑟 for galaxy surveys, as a function of redshift.
𝑀 𝑑 𝐻

Fig. 4. Constraints (68% and 95% confidence level) on ratio(𝜔𝑚) by using 
CMB+Nancy Roman, CMB+4MOST, CMB+CSST and CMB+Euclid.

efficiency of the foreground removal process. With the help of Ra-
dioFisher, we can calculate the total covariance 𝐶𝑇 = 𝐶𝑆 +𝐶𝑁 +𝐶𝐹

and derive the uncertainties of BAO measurements from Fisher matrix. 
More details are discussed in Sec. 2 of Ref. [62].

We determine several 21 cm IM surveys, including single-dish sur-
veys BINGO8 (Baryon Acoustic Oscillations from Integrated Neutral Gas 
Observations) [63–65], FAST9 (Five-hundred-meter Aperture Spherical 
Telescope) [66,67] and dish interferometer surveys MeerKAT radio tele-
scope10 [68–70], SKA11 (Square Kilometer Array) [71] and cylinder in-
terferometer surveys CHIME12 (Canadian Hydrogen Intensity Mapping 
Experiment) [72,73], Tianlai13 [74,75]. The configuration parameters 
of 21 cm IM surveys are listed in Table 6.

Because the rest frame frequency of the 21 cm line is 𝜈21 =
1420.4𝑀𝐻𝑧, the redshift range is often transformed to the range of 
frequency. The bin width is chosen as Δ𝜈 = 60𝑀𝐻𝑧 (Δ𝑧 ≈ 0.1) for 
all surveys and the same fiducial model is used to calculate the mean 
value of 𝐷𝐴(𝑧) and 𝐻(𝑧). The fractional errors of the BAO measure-
ments are showed in Fig. 2 and it is clear Tianlai have the most precise 
measurements. We perform a Markov Chain Monte Carlo analysis using 
our simulation data generated with the CMB distance prior to constrain 

8 https://bingotelescope .org.
9 https://fast .bao .ac .cn.

10 https://meerkat.
11 https://www .skatelescope .org.
12 https://chime -experiment .ca.
7

13 http://tianlai .bao .ac .cn.
𝑑

Table 6

The configurations of 21 cm IM surveys used in this paper are mainly from 
Ref. [60].

BINGO FAST MeerKAT SKA CHIME Tianlai

𝑁𝑑 1 1 64 190 1280 2048
𝑁𝑏 50 20 1 1 1 1
𝑇inst [K] 50 20 29 28 50 50
𝐷dish [m] 40 300 13.5 15 20 15
𝑧min 0.13 0 0.4 0.35 0.77 0.49
𝑧max 0.45 0.35 1.45 3 2.55 2.55
𝑆area[deg2] 3000 20000 25000 25000 20000 20000

Fig. 5. Constraints (68% and 95% confidence level) on ratio(𝜔𝑚) by us-
ing CMB+BINGO, CMB+MeerKAT, CMB+FAST, CMB+CHIME, CMB+SKA and 
CMB+Tianlai.

cosmological parameters. From the contours displayed in Fig. 5 and 
1𝜎 errors summarized in Table 7, BINGO and FAST provide weak con-
straints on ratio(𝜔𝑚) due to their narrow redshift range. Additionally, 
the constraint given by MeerKAT is between them because it covers a 
small sky area in contrast to FAST or SKA. However, CHIME, SKA and 
Tianlai performs tighter constraint than the combination of current BAO 
probes, with 𝜎(ratio(𝜔𝑚)) = 0.0063, 0.0058, 0.0047 respectively, for 
their wide redshift ranges and high spatial resolution. Especially Tian-
lai enhances the ability of constraining ratio(𝜔𝑚) significantly, which 
means we can investigate the potential discrepancy between early and 

late universe more accurately.

https://bingotelescope.org
https://fast.bao.ac.cn
https://meerkat
https://www.skatelescope.org
https://chime-experiment.ca
http://tianlai.bao.ac.cn
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Table 7

Forecast 1𝜎 errors of ratio(𝜔𝑚) de-
rived from future 21 cm IM sur-
veys combined with Planck CMB 
data.

Surveys 𝜎(ratio(𝜔𝑚))

BINGO 0.0110
MeerKAT 0.0098
FAST 0.0082
CHIME 0.0063
SKA 0.0058
Tianlai 0.0047

5. Conclusions

In recent years, the Hubble tension between the indirect model 
dependent estimates at early time and the direct late time model-
independent measurements have increased to 5𝜎. This huge discrepency 
prompt us to investigate its origin. Therefore, we desire to know 
whether the standard cosmological model is flawed or not through the 
consistency test of the cosmological parameter 𝜔𝑚. If 𝜔𝑚 changes with 
redshift, then we can conclude ΛCDM model breaks down. We utilize 
two discrete sets of parameters describing the expansion history of the 
Universe in its early and late stages respectively. The recombination 
redshift 𝑧∗ is chosen as the dividing line to distinguish between the early 
and late epochs. Because of the degeneracy, we convert the complete 
parameter set from {Ω̃𝑏, Ω̃𝑚, �̃�0, Ω𝑚, 𝐻0} to {�̃�𝑏, �̃�𝑚, Ω𝑚, ratio(𝜔𝑚)}.

The combination of BAO and CMB data gives constraints on both 
early and late parameters at the same time, allowing for a comparison 
with early and late parameters that are constrained separately. We find 
that our constraints are almost all consistent with separate constraints 
except 𝐻0 derived from SH0ES. The most important result is that the 
ratio of �̃�𝑚 to 𝜔𝑚 can help us judge the consistency between early and 
late cosmological parameters. The result ratio(𝜔𝑚) = 1.0069 ± 0.0070
implicates the early epoch and late epoch of the Universe described by 
ΛCDM are consistent. It means that ΛCDM expose no defects in our test 
and there is no evidence for new physics beyond ΛCDM model.

To assess the level of precision to which ratio(𝜔𝑚) can be con-
strained, simulation data of future BAO observations has been gener-
ated. This includes galaxy redshift surveys as well as 21 cm Intensity 
Mapping (IM) surveys. In galaxy surveys, we find Euclid gives the best 
constraint with a 30% improvement in precision, 𝜎(ratio(𝜔𝑚)) = 0.0050. 
In 21 cm IM surveys, SKA and Tianlai significantly tighten the con-
straints with 𝜎(ratio(𝜔𝑚)) = 0.0058 and 𝜎(ratio(𝜔𝑚)) = 0.0047. Taking 
into account new future CMB observations, the consistency of cosmo-
logical parameters will face a challenging assessment. We hope that 
these powerful future observations can shed light on the potential new 
physic beyond ΛCDM cosmology and the origin of the Hubble tension.
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