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Abstract The predictions of the modified gravitational model MOND and
the model of dark matter for the earth’s gravitational system are examined. We
focus on the commonly used MOND models. For the simplest of these models, we
present a general expression for the gravitational potential in the case of spherical
symmetry, and calculate the predicted angular velocity of a satellite moving in
the field. It is found that the angular velocity is different in the different MOND
models, that the differences between the predictions of these models and the
Newtonian theory are very small, but that the difference in the simplest case
(n = 1) is larger. In the case of the moon, actual measurements with existing
techniques can be possibly made for this difference in angular velocity. We have
also estimated the influence on the angular velocity of the moon due to the model
of dark matter, and found it to be far smaller than the effect of the MOND theory.
Therefore, the measurement of this difference in angular velocity may provide a
criterion for discriminating the MOND theory and the model of dark matter.
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1. INTRODUCTION

It is well known that the classical Newtonian theory of gravitation, as the weak-field ap-
proximation of the general theory of relativity, has been confronted with great difficulties
in interpreting the curve of rotation of spiral galaxies. For instance, for spiral galaxies the
curve of rotation, which shows the relation between the observed velocity of rotation v and
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the radial distance r, does not possess the Kepleriaﬁ range of descent predicted by Newto-
nian dynamic theory, instead, it is an extended smooth curve. For clusters of galaxies, the
virial masses of galaxies yielded by dynamic methods in Newtonian theory are far larger
than those estimated with the luminosities of the galaxies [!=%. The answers given by the
model of dark matter to these problems are as follows =%, Newtonian dynamics is still
valid, but it is necessary to suppose that in cosmos there exists an immense amount of
diffuse dark matter in the form of dark halos around galaxies and clusters of galaxies. The
spatial scales may be many times larger than those of the luminous galaxies. Moreover, it is
suggested that the particles of dark matter participate only in gravitational interaction, so
their existence can be detected only via gravitational effect. By means of some appropriate
distribution of dark matter in space, the above-mentioned smooth curve of rotation may be
interpreted. There is another possibility, however. Namely, in the vicinity of galaxies there
does not exist the so-called invisible dark matter, but instead, on the scale of galaxies, the
Newtonian theory itself does not hold. In other words, the gravitational behavior might
deviate from the general theory of relativity. This second possibility has been explored by
many authors, in particular, Milgram et al.'0~15] made a most detailed study in the 1980s.
These authors proposed a Modified Newtonian Dynamics (hereafter abbreviated to MOND).
This theory revises Newton’s second law or his gravitational theory, thereby accounting for
the rotation curves of galaxies without invoking dark matter. Present observations on the
scales of galaxies and clusters of galaxies cannot discriminate between these two theories.
This implies that they are degenerate theories. Until the present, all the studies of the
observational effect of the MOND theory have been focused on large-size bodies such as
galaxies. Now we like to probe whether the effect of this theory can be directly observed
in the terrestrial gravitational system on a rather smaller scale, and whether it could be
compared with the effect of dark matter. If the effect can actually be measured and the two
theories could be discriminated, then this would be of great significance for gravitational
theory and astronomy. With the continual development of techniques of time determination,
the accuracy of time measurement is being greatly raised all the time, and the detection of
various subtle effects has become possible. Nowadays the stability of cesium atomic clocks
has attained 1015 s. With the method of time determination with atomic interference [16:17]
currently being developed, the accuracy may attain 4 x 10717 s within the next few years.
Therefore the effect under investigation may be directly observed in the near future.

2. EQUATION OF MOTION IN MOND THEORY

As stated above, direct application of Newtonian dynamical theory to spiral galaxies has
met with some difficulties. In order to overcome them, the existence of certain dark matter
has been invoked. Up to now all the lines of evidence for the existence of dark matter
are indirect ones. On the other hand, according to the MOND theory [1°-181 it is not
at all needed to introduce dark matter. According to it, Newtonian dynamical theory
holds only in the extreme case of large acceleration a 3> ao, and does not hold in the
extreme case of small acceleration (or large scales) a < ag, the constant acceleration ag =~
2 x 1078(Hy /50 km s~! Mpc~!) cms~2, marking the transition is a parameter obtained by
fitting the observed rotation curves of galaxies (Hp is the Hubble constant in cosmology).
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At present all the researches on the gravitational effect of MOND theory are made for large-
scale galaxies and clusters of galaxies. Moreover, both the MOND theory and model of dark
matter can satisfactorily interpret the rotation curves and other observations. Now we like to
discuss the MOND theory, for the following reasons. In the existing literature, this theory
has not been applied to gravitational system of the earth and to its actual observations.
Also, present studies have not made any discrimination of various models of MOND theory,
or pointed out any possible observational differences. What is more important is that in the
earth gravitational system the effects of dark matter and MOND theory are different, and
this point will be proved in this paper. Specifically, the effect predicted by the MOND theory
cannot be ignored and, on the technical level of time determination in the future, it might be
actually observed. By contrast, for the same system the effect of dark matter is extremely
trivial. This is important for a check of the MOND theory and model of dark matter. Now,
let’s briefly introduce the equation of motion in the MOND theory. According to its usual
formulation, either the Newtonian gravitational theory (the inverse square law of gravity)
or the second law in Newtonian mechanics should be modified. Maybe both have to be
modified. In practice, when a gravitational field exists, the two alternatives are equivalent.
Here, we do not intend to make a detailed study of the revision of gravitational theory or
the technical details on the revision of the dynamical theory. What will be investigated
is whether it is possible to discriminate the model of dark matter and the MOND theory
via an analysis in the system of the earth’s gravitation. According to the usual Newtonian
theory of gravitation, the acceleration gained by a test particle in the gravitational field is
equal to the gravitational acceleration a = g5. However, according to the MOND theory,
the acceleration gained by a test particle of unit mass in a given gravitational field, a, is
specified by the following dynamical equation:

ula/ag)a =gy - (1)
Here ao is the constant acceleration parameter of MOND theory, and g is the gravitational
acceleration in the usual Newtonian theory. In the case of a symmetrical gravitational field
with total mass M, we have gy = —(GMr/r3), and the function u(zx) represents just the
difference between the MOND and Newtonian theories. Because the study of the theoretical
structure of MOND theory is still not so mature as that of the general theory of relativity,

the function p(z) in principle may be expressed in many different ways. For instance, one
way is

pz) = g(1 +2™) 7", (2)
with n an arbitrary positive number. In the literature, it is commonly taken to be either 1
or 2. So we have

we) =z(l+2)7", (3)

wz) = z(1+z%)~2, (4)

In the extreme case of x > 1, all Egs.(2)-(4) have p(z) ~ 1, then the MOND theory
returns to the Newtonian theory. However, in the extreme case of z < 1, all the equations
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have u(z) & z, then the MOND theory deviates greatly from the Newtonian theory. But,
besides these differences between the two extreme cases, the functions p(z) for different
values of n also lead to different forms of Eq.(1). In the following we shall spell out their
differences in physical prediction. Let us substitute in Eq.(1) the Eq.(3) in the simplest
case of n = 1 in MOND theory, then we have the solution for the acceleration, a/ay =
(gn/ao++/(gn/a0)? + gn/ao)/2. Here gy = GM/r®. Moreover, we use the relation between
the acceleration a and the equivalent gravitational potential ¢, a = -V, and make a direct
integration in the radial direction, and we obtain the following usual expression of equivalent
gravitational potential j in the case of spherical symmetry,

o(r) = —GM/2r—GM+/(1 + 4a0/gn)/2r+/(a0/GM) In(v/(ao/gn) +/(1 + dao/gn)) +¢,

(5)
where c is a constant of integration. When ag/gn < 1, Eq.(5) returns to the usual Newtonian
potential, i.e. o(r) & —GM/r. When ag/gn > 1, o(r) ~ (MGag)*/? In(r/ro), where r is an
arbitrary radial distance, and this is just the extreme case formula given by Milgrom (o] If
the MOND theory is like the theory of general relativity and a metric can be used to express
gravitational field, then the ¢(r) thus obtained can be used to calculate the light-time delay,
etc. Here, we do not wish to discuss this problem in detail.

3. SATELLITE MOTION IN THE MOND THEORY

We apply the equation of motion (1) in the MOND theory to a gravitational system with
the scale of the earth, propose a theoretical prediction and examine whether the effect may
be observed. Specifically, we first calculate the theoretical value of the angular velocity of
an earth’s satellite according to Eq.(1), then we compare it with the calculated result of the
Newtonian theory. We carry out calculations for the two MOND models with n = 1 and
n = 2 as represented by Egs.(3) and (4). The earth with mass M is taken to be the source of
gravitation with spherical symmetry. We first consider a satellite moving in a circular orbit
of radius r around the earth. Substituting Eqgs.(3) and (4) into Eq.(1), we get, respectively,

o=+ 2 /T dao/on, (6)
gn ;
a= 7\/l+\/1+4a§/g12\,. )

In the above, the earth ’s radius is taken to be r = 6.4x 103 km. Then we get ag/gn < 1.
This implies that for the earth-satellite system the MOND theory differs very little from the
Newtonian theory. Taking ag/gn as a small quantity, making Taylor expansions of Eqgs.(6)
and (7) and retaining only the lowest order terms, we have

a=gn(l+ao/gn), (8)

a=gn(1+a3/2g%) - ©
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Eqgs.(8) and (9) are the expressions for the acceleration, and they contain terms of revision
to different powers of the small quantity ag/gn. The centripetal acceleration is given by
a formula of dynamics, i.e. a = w?r, where w is the angular velocity of the satellite.
Substituting Eqs.(8) and (9) into this formula and retaining terms up to the respective
lowest orders, we get the following expressions of angular velocity for the two models with
n =1 and n = 2 of the MOND theory,

w=wp(l + a0r2/2GM) , (10)

wo(l + (apr®/2GM)? ) (11)

where wy is the angular velocity given by Newtonian grav1tat10nal theory, ie. wp =
(GM/r®)/2. Then Eqs.(10) and (11) may be written as:

(w — wo)/wo = apr?/2GM . (12)

(w = wo)/wo = (aor®/2GM)*. (13)

These are the explicit expressions for the difference in angular velocity between the Newto-
nian theory and the two models of the MOND theory. For the ordinary model represented
by Eq.(2) and with an arbitrary n, we can get by the above method of deduction:

(w — wo)/wo = (agr®/2GM)™[2n. (14)

It may be seen that the larger n is, the smaller the difference in the angular velocity will
be. Moreover, the larger the radius r of the satellite’s orbit, the larger the difference. This
is precisely the characteristic of the MOND theory: it clearly differs from the Newtoman
theory on large scales.

Substituting the orbital radius r and the earth’s mass M into Eq.(12), we get (w —
wo)/wo &~ 107!, Substituting these into Eq.(13), we have (w — wp)/wo ~ 10721, Again
substituting the last into Eq.(14), we obtain (w — wp)/wp &~ 10711"/n. This implies that
the model with n = 1 has the largest difference of angular velocities. For the other models,
the value decreases by a factor of 107! at each step.” As may be seen from Eq.(12), in
order to enlarge the difference of angular velocities, we need to increase the value of r. As a
satellite of the earth, the moon may be thought to revolve in an approximately circular orbit.
Substituting the earth-moon distance r = 3.8 x 10° km into, respectively, Eqs.(12) and (13),
the difference of the moon’s angular velocities given by the MOND theory and Newtonian
theory can be obtained, and they may be transformed to the equivalent differences of periods,
ie.

(To —T)/Ty = 3.5 x 1078, (15)

(To—T)/To=12x10713, (16)
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Both these values are very small, and they are equivalent to discrepancies of, respectively,
10~3s and 107%%s in one revolution of the moon. Nowadays the accuracy of actual mea-
surement of the period of the moon’s revolution has attained the level of 10725 (18], The
period difference given by Eq.(15) is the largest, and it lies in the range of measurements
and can be directly measured. The period difference given by Eq.(16) is far smaller than
the accuracy of measurements. For the model with n > 2, the difference of periods will be
smaller- still. Therefore, if a sufficiently large n is taken in the MOND model then a null
result in the period will not negate the MOND theory. In the deduction of Egs.(12) and (13)
we assumed the values of M and r to be accurate, but in practice they themselves possess
some errors. As these involve problems of environmental influence and techniques, they will
not be discussed here. We believe that with the progress of time determination with atomic
clocks in space 6171 it will be possible in the foreseeable future to carry out practical
observations. Let’s suppose that within the accuracy of observation such a difference is not
discovered, then MOND models with n > 1 will still not be denied. At the same time, the
dark matter model remains to be viable. However, if the frequency difference is actually
‘observed, then the dark matter model will have difficulties and the MOND theory will be
extremely worthy of investigation.

4. INFLUENCE OF MODEL OF DARK MATTER ON EARTH-MOON
SYSTEM

It is well known that up to the present the existence of dark matter is still a theoretical
hypothesis, and the particles of dark matter have not yet been directly observed. So the
model of dark matter is in the same status as that of the MOND theory, that is, both are still
theoretical models awaiting observational confirmation. Evidence for the existence of dark
matter comes mainly from the rotation curves of spiral galaxies, from the mass-luminosity
ratios of clusters of galaxies 20211 of the central nuclei of elliptical galaxies 22 and of the
solar neighborhood of the Galactic disk (23], and from a necessity in the theory of formation
of large-scale structures in the universe (24, Hence it may be inferred that if cosmic dark
matter really exists, then it will be widespread around various cosmic bodies, especially
in the vicinity of the Galaxy. So in the neighborhood of the earth there should also be
dark matter. However, it may be predicted that any dark matter around the earth will
be extremely dilute, and only by means of theoretical analysis can we predict whether this
dark matter may be directly observed. In the existing models of dark matter, the spatial
distribution of the energy density of dark matter has not yet been determined, and this is a
topic of general interest. Now we like to adopt a rather simple model and assume that the
energy density p of the halos of dark matter in the Galaxy exhibits the following dependence
on the Galactocentric distance r,

2 32
_ 3 +b

p(r) = P (17)

Here, the parameter 7, ~ 8.5 Kpc is Galactic radius of the earth, and b =~ 50Kpc stands

for the radius of the Galactic halo, and pp is the energy density of dark matter in. the
neighborhood of the earth. From the existing data of astronomical observations it may
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be inferred that po = 7.1 x 10~25gcm™3. Here we concretely investigate the earth-moon

gravitational system in the framework of Newtonian gravitational theory and estimate the
influence of dark matter on the orbit of the moon around the earth. The model represented
by Eq.(17) can approximately illustrate the overall distribution of dark matter in the interior
of the Galaxy. Nevertheless, we know nothing about the spatial distribution of local dark
matter near the earth. According to a physical conjecture, due to the gravitational attraction
of the earth the density of dark matter is larger near the earth than in the space far away.
Moreover, the former may be spherically symmetrical. For the sake of simplicity, we take
the energy density of dark matter in the vicinity of the earth to be a constant pq. According
to the Newtonian mechanical theory, the gravitational force of dark matter on the moon is
equivalent to the attraction produced by all the dark matter inside the sphere of the lunar
orbit and put together at the earth’s center. Then the moon’s equation of motion is

Mmwir) = Gmy, (M +473py/3) /T2 . (18)

Here m.,, M and r, are, respectively, the moon’s mass, the earth’s mass and the distance
between their centers, and w; is the moon’s angular velocity around the earth. As may be
learned from Eq.(18), the gravitational effect of the dark matter is superimposed on that of
the earth, and it is equivalent to a small increment of the earth’s mass, i.e. 4w73p,/3. The
magnitude of this increment depends on the density of dark matter near the earth. If its
value is the py given by Eq. (17), then this increment, 47r3py/3 ~ 10721 M, is extremely
trivial. Even if p4 is by several orders of magnitude larger than pg, there can still be hardly
any observable effect. In short, in the case of spherically symmetric distribution, it is difficult
to discriminate the gravitational effects of dark matter and the earth. If the distribution is
not spherically symmetrical, then the dark matter’s gravitational effects at different places
of the moon’s orbit will be different and the motion of the moon will change according to
its location in the orbit. The density distribution of dark matter represented by Eq.(17) is
asymmetrical for the earth: on the moon’s orbit, the density on the side toward the Galactic
center is higher, while that on the outward side is lower. However, relative to the scale of
the Galaxy (10Kpc), the moon’s orbit around the earth is too small and the difference of
densities on two sides, i.e. Ap/p, is merely 10717. Moreover, the density of dark matter
near the earth is actually quite small. Hence the influence of Ap on the moon’s motion is
exceedingly trivial, and at present it still cannot by any means be detected. What appears
to be important is that this effect is far smaller than the amount of revision of the moon’s
orbital angular momentum given by Egs.(10) and (11) by the MOND models. So this effect
of dark matter cannot be directly observed on the earth even in the foreseeable future, unless
we suppose that the density of dark matter near the earth is many orders of magnitude larger
than the average density of dark matter in the Galactic System and that its distribution
is extremely asymmetrical; otherwise, the dark matter in the vicinity of the earth has no
observable effect. Of course, this discussion is an exceedingly idealized one. We have not yet
taken into account the effects of other factors, such as the existence of other gases between
the earth and moon, stochastic shakings on their surfaces, etc. In short, we think that for
the terrestrial gravitational system the effect of dark matter may be completely ignored.
However, the effect of the model with n = 1 in the MOND theory is not negligible, and
this provides a new observational criterion for discriminating the model of dark matter and
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MOND theory. This has very important significance for both astronomical research and the
development of new theory of gravitation.

5. CONCLUSIONS

For the earth’s gravitational system, the angular velocity of a satellite around the earth pre-
dicted by the MOND theory differs slightly from that predicted by the Newtonian theory.
Moreover, the angular velocities yielded by various models in MOND theory are also differ-
ent. Among these, the simplest model, namely the one with n = 1, gives rise to the largest
difference in the angular velocity, and it is of the order of magnitude (w—wp)/wo = a3 /2GM.
For the moon’s revolution around the earth, this difference amounts to 10~! and lies in the
range of the present time determination and may be actually observed. The differences of
angular velocities yielded by other models are higher-order powers of a2/2GM, and cannot
by actually measured. This provides an observational criterion for discriminating different
models in the MOND theory. We have also in this work made an estimation of the dark
matter that possibly exists in the earth’s gravitation system. We have shown that the in-
fluence of dark matter on the angular velocity of satellite is extremely trivial, and it is far
smaller than the effect of MOND theory: it cannot be observed by any present-day means.
This provides a new observational criterion for discriminating the MOND theory and the
model of dark matter in the terrestrial gravitational system. If this effect is actually mea-
sured in the future, it is needless to say that this effect possesses important significance for
astronomy and theoretical research of gravitation.
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