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In this paper, we systematically study spherically symmetric static spacetimes in the framework of
Einstein-aether theory and pay particular attention to the existence of black holes (BHs). In the theory, two
additional gravitational modes (one scalar and one vector) appear, due to the presence of a timelike aether
field. To avoid the vacuum gravi-Cerenkov radiation, they must all propagate with speeds greater than or
at least equal to the speed of light. In the spherical case, only the scalar mode is relevant, so BH horizons
are defined by this mode, which are always inside or at most coincide with the metric (Killing) horizons.
In the present studies, we first clarify several subtle issues. In particular, we find that, out of the five
nontrivial field equations, only three are independent, so the problem is well posed, as now generically
there are only three unknown functions, F(r), B(r), A(r), where F and B are metric coefficients, and A
describes the aether field. In addition, the two second-order differential equations for A and F are
independent of B, and once they are found, B is given simply by an algebraic expression of F, A and their
derivatives. To simplify the problem further, we explore the symmetry of field redefinitions, and work first
with the redefined metric and aether field, and then obtain the physical ones by the inverse trans-
formations. These clarifications significantly simplify the computational labor, which is important, as the
problem is highly involved mathematically. In fact, it is exactly because of these, we find various
numerical BH solutions with an accuracy that is at least two orders higher than previous ones. More
important, these BH solutions are the only ones that satisfy the self-consistent conditions and meantime
are consistent with all the observational constraints obtained so far. The locations of universal horizons are
also identified, together with several other observationally interesting quantities, such as the innermost
stable circular orbits (ISCO), the ISCO frequency, and the maximum redshift z,,,, of a photon emitted by a
source orbiting the ISCO. All of these quantities are found to be quite close to their relativistic limits.
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I. INTRODUCTION

The detection of the first gravitational wave (GW) from
the coalescence of two massive black holes (BHs) by
the advanced Laser Interferometer Gravitational-Wave
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Observatory (LIGO) marked the beginning of a new era,
the GW astronomy [1]. Following this observation, soon
more than ten GWs were detected by the LIGO/Virgo
Scientific Collaboration [2—4]. More recently, about 50 GW
candidates have been identified after LIGO/Virgo resumed
operations on April 1, 2019, possibly including the
coalescence of a neutron-star/black hole (BH) binary.
However, the details of these detections have not yet been
released [5]. The outbreak of interest on GWs and BHs has
further gained momentum after the detection of the shadow
of the M87 BH [6-11].

One of the remarkable observational results is the
discovery that the mass of an individual BH in these binary
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systems can be much larger than what was previously
expected, both theoretically and observationally [12-14],
leading to the proposal and refinement of various formation
scenarios [15,16]. A consequence of this discovery is that
the early inspiral phase may also be detectable by space-
based observatories, such as the Laser Interferometer
Space Antenna (LISA) [17], TianQin [18], Taiji [19],
and the Deci-Hertz Interferometer Gravitational wave
Observatory (DECIGO) [20], for several years prior to
their coalescence [21,22]. Such space-based detectors may
be able to see many such systems, which will result in a
variety of profound scientific consequences. In particular,
multiple observations with different detectors at different
frequencies of signals from the same source can provide
excellent opportunities to study the evolution of the binary
in detail. Since different detectors observe at disjoint
frequency bands, together they cover different evolu-
tionary stages of the same binary system. Each stage of
the evolution carries information about different physical
aspects of the source.

As a result, multiband GW detections will provide an
unprecedented opportunity to test different theories of
gravity in the strong field regime [23-28]. Massive
systems will be observed by ground-based detectors
with high signal-to-noise ratios (SNRs), after being
tracked for years by space-based detectors in their inspiral
phase. The two portions of signals can be combined to
make precise tests for different theories of gravity.
In particular, joint observations of binary black holes
(BBHs) with a total mass larger than about 60 solar
masses by LIGO/Virgo and space-based detectors can
potentially improve current bounds on dipole emission
from BBHs by more than 6 orders of magnitude [23],
which will impose severe constraints on various theories
of gravity [29].

In recent works, some of the present authors generalized
the post-Newtonian (PN) formalism to certain modified
theories of gravity and applied it to the quasicircular inspiral
of compact binaries. In particular, we calculated in detail
the waveforms, GW polarizations, response functions, and
energy losses due to gravitational radiation in Brans-Dicke
theory [30], and screened modified gravity [31-33] to the
leading PN order, with which we then considered projected
constraints from the third-generation detectors. Such stud-
ies have been further generalized to triple systems in
Einstein-aether (&-) theory [34,35]. When applying such
formulas to the first relativistic triple system discovered in
2014 [36], we studied the radiation power and found that
quadrupole emission has almost the same amplitude as that
in general relativity (GR), but the dipole emission can be as
large as the quadrupole emission. This can provide a
promising window to place severe constraints on &-theory
with multiband GW observations [23,26].

More recently, we revisited the problem of a binary
system of nonspinning bodies in a quasicircular inspiral

within the framework of @-theory [37-42] and pro-
vided the explicit expressions for the time-domain and
frequency-domain waveforms, GW polarizations, and
response functions for both ground- and space-based
detectors in the PN approximation [43]. In particular,
we found that, when going beyond the leading order in the
PN approximation, the non-Einsteinian polarization
modes contain terms that depend on both the first and
second harmonics of the orbital phase. With this in mind,
we calculated analytically the corresponding parametrized
post-Einsteinian parameters, generalizing the existing
framework to allow for different propagation speeds
among scalar, vector, and tensor modes, without assuming
the magnitude of its coupling parameters, and meanwhile
allowing the binary system to have relative motions with
respect to the aether field. Such results will particularly
allow for the easy construction of Einstein-aether tem-
plates that could be used in Bayesian tests of GR in the
future.

In this paper, we shall continuously work on GWs and
BHs in the framework of @-theory, but move to the
ringdown phase, which consists of the relaxation of the
highly perturbed, newly formed merger remnant to its
equilibrium state through the shedding of any perturbations
in GWs as well as in matter waves. Such a remnant will
typically be a Kerr BH, provided that the binary system is
massive enough and GR provides the correct description.
This phase can be well described as a sum of damped
exponentials with unique frequencies and damping times—
quasinormal modes (QNMs) [44].

The information contained in QNMs provides the keys in
revealing whether BHs are ubiquitous in our Universe and
more important whether GR is the correct theory to
describe the event even in the strong field regime. In fact,
in GR according to the no-hair theorem [45], an isolated
and stationary BH is completely characterized by only three
quantities, mass, spin angular momentum, and electric
charge. Astrophysically, we expect BHs to be neutral, so
it must be described by the Kerr solution. Then, the
quasinormal frequencies and damping times will depend
only on the mass and angular momentum of the final BH.
Therefore, to extract the physics from the ringdown phase,
at least two QNMs are needed. This will require the SNR to
be of the order 100 [46]. Although such high SNRs are not
achievable right now, it was shown that [47] they may be
achievable once the advanced LIGO and Virgo reach their
design sensitivities. In any case, it is certain that they will
be detected by the ground-based third-generation detectors,
such as Cosmic Explorer [48,49] or the Einstein Telescope
[50], as well as the space-based detectors, including LISA
[17], TianQin [18], Taiji [19], and DECIGO [20], as just
mentioned above.

In the framework of @-theory, BHs with rotations have
not been found yet, while spherically symmetric BHs have
been extensively studied in the past couple of years both
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analytically [51-62] and numerically [63—-69]. It was
shown that they can also be formed from gravitational
collapse [70]. Unfortunately, in these studies, the parameter
space has all been ruled out by current observations [71].
Therefore, as a first step to the study of the ringdown phase
of a coalescing massive binary system, in this paper we
shall focus ourselves mainly on spherically symmetric
static BHs in the parameter space that satisfies the self-
consistent conditions and the current observations [71]. As
shown explicitly in [72], spherically symmetric BHs in the
new physically viable phase space can be still formed from
the gravitational collapse of realistic matter.

It should be noted that the definition of BHs in &-theory
is different from that given in GR. In particular, in
@-theory there are three gravitational modes, the scalar,
vector, and tensor, which will be referred to as the spin-0,
spin-1, and spin-2 gravitons, respectively. Each of them
moves in principle with a different speed, given, respec-
tively, by [73]

0123(2—014)
cla(l1=c3)(2+ci3+3¢)’

o
T“iv
I

2¢) — C13(2C1 —013)

2 p—
v 2c14(1 —c13) ’
1
z = , 1.1
°r 1—cps (1.1)

where c¢;’s are the four dimensionless coupling constants
of the theory, and ¢;; = ¢; +¢j, ¢y = ¢; + ¢; + ¢, The
constants cg, ¢y, and ¢y represent the speeds of the spin-0,
spin-1, and spin-2 gravitons, respectively. In order to avoid
the existence of the vacuum gravi-Cerenkov radiation by
matter such as cosmic rays [74], we must require

(1.2)

Cs,Cy,Cr 2 C,

where ¢ denotes the speed of light. Therefore, as far as the
gravitational sector is concerned, the horizon of a BH
should be defined by the largest speed of the three
different species of gravitons. However, in the spherically
symmetric spacetimes, the spin-1 and spin-2 gravitons are
not excited, and only the spin-0 graviton is relevant. Thus,
the BH horizons in spherically symmetric spacetimes are
defined by the metric [75]

(5)

gﬂl/ = g/w - (13)

(¢ = Du,u,,
where u, denotes the four-velocity of the aether field,
which is always timelike and unity, u,u* = —1.
Because of the presence of the aether in the whole
spacetime, it uniquely determines a preferred direction at
each point of the spacetime. As a result, the Lorentz

symmetry is locally violated in &-theory [76]." It must
be emphasized that the breaking of Lorentz symmetry can
have significant effects on the low-energy physics through
the interactions between gravity and matter, no matter how
high the scale of symmetry breaking is [81], unless
supersymmetry is invoked [82]. In this paper, we shall
not be concerned with this question. First, we consider
@-theory as a low-energy effective theory, and second the
constraints on the breaking of the Lorentz symmetry in the
gravitational sector is much weaker than that in the matter
sector [76]. So, to avoid this problem, in this paper, we
simply assume that the matter sector still satisfies the
Lorentz symmetry. Then, all the particles from the matter
sector will travel with speeds less or equal to the speed of
light. Therefore, for these particles, the Killing (or metric)
horizons still serve as the boundaries. Once inside them,
they will be trapped inside the metric horizons (MHs)
forever and never be able to escape to spatial infinities.

With the above in mind, in this paper, we shall carry out a
systematical study of spherically symmetric spacetimes in
@-theory, clarify several subtle points, and then present
numerically new BH solutions that satisfy all the current
observational constraints [71]. In particular, we shall show
that, among the five nontrivial field equations (three
evolution equations and two constraints), only three of
them are independent. As a result, the system is well
defined, since in the current case there are only three
unknown functions: two describe the spacetime, denoted
by F(r) and B(r) in Eq. (3.1), and one describes the aether
field, denoted by A(r) in Eq. (3.2).

An important result, born out of the above observations,
is that the three independent equations can be divided into
two groups, which decouple one from the other, that is,
the equations for the two functions A(r) and F(r)
[cf. Egs. (3.5) and (3.6)] are independent of the function
B(r). Therefore, to solve these three field equations, one
can first solve Egs. (3.5) and (3.6) for A(r) and F(r). Once
they are found, one can obtain B(r) from the third equation.
It is even more remarkable, if the third equation is chosen to
be the constraint C¥ = 0, given by Eq. (3.10), from which

"It should be noted that the invariance under the Lorentz
symmetry group is a cornerstone of modern physics and strongly
supported by experiments and observations [77]. Nevertheless,
there are various reasons to construct gravitational theories with
broken Lorentz invariance (LI). For example, if space and/or time
at the Planck scale are/is discrete, as currently understood [78],
Lorentz symmetry is absent at short distance/time scales and must
be an emergent low-energy symmetry. A concrete example of
gravitational theories with broken LI is the Horava theory of
quantum gravity [79], in which the LIis broken via the anisotropic
scaling between time and space in the ultraviolet, t — b~%t,
x' = b7'x, (i=1,2,....d), where z denotes the dynamical
critical exponent, and d the spatial dimensions. Power-counting
renormalizability requires z > d at short distances, while LI
demands z = 1. For more details about Horava gravity, see, for
example, the review article [80], and references therein.
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one finds that B(r) is then directly given by the algebraic
equation (3.11) without the need of any further integration.
Considering the fact that the field equations are in general
highly involved mathematically, as it can be seen from
Egs. (3.5)—(3.10) and Egs. (A1)—(A4); this is important, as
it shall significantly simplify the computational labor, when
we try to solve these field equations.

Another important step of solving the field equations is
Foster’s discovery of the symmetry of the action, the so-
called field redefinitions [83]: the action remains invariant
under the replacements,

(1.4)

(gmn u”? Ci) - (.amﬂ ft”, é\‘i)7

where §,,, i, and ¢; are given by Egs. (2.23) and (2.24)
through the introduction of a free parameter ¢. Taking the
advantage of the arbitrariness of ¢, we can choose it as
6 = ¢}, where c% is given by Eq. (1.1). Then, the spin-0 and
metric horizons for the metric g, coincide [63,65,67].
Thus, instead of solving the field equations for (g, u*), we
first solve the ones for (§,,.#"), as in the latter the
corresponding initial value problem can be easily imposed
at horizons. Once (g,,. ") is found, using the inverse
transformations, we can easily obtain (gw,, ut).

With the above observations, we are able to solve
numerically the field equations with very high accuracy,
as to be shown below (cf. Table I). In fact, the accuracy is
significantly improved and in general at least 2 orders
higher than the previous works.

In theories with breaking Lorentz symmetry, another
important quantity is the universal horizon (UH) [66,67],

TABLE I. The cases considered in [63,67] for various ¢; with
the choice of the parameters ¢,, ¢3, and ¢4 given by Eq. (4.3).
Note that for each physical quantity, we have added two more
digits, due to the improved accuracy of our numerical code.

¢ ol FuAy Trr

0.1 0.98948936 2.0961175 1.6028048
0.2 0.97802140 2.0716798 1.5769479
0.3 0.96522924 2.0391972 1.5476848
0.4 0.95054650 1.9965155 1.5140905
0.5 0.93304411 1.9405578 1.4748439
0.6 0.91106847 1.8666845 1.4279611
0.7 0.88131278 1.7673168 1.3702427
0.8 0.83583029 1.6283356 1.2959142
0.9 0.74751927 1.4155736 1.1921231
0.91 0.73301185 1.3870211 1.1790400
0.92 0.71650458 1.3563710 1.1652344
0.93 0.69745439 1.3232418 1.1506047
0.94 0.67507450 1.2871125 1.1350208
0.95 0.64816499 1.2472379 1.1183101
0.96 0.61476429 1.2024805 1.1002331
0.97 0.57133058 1.1509356 1.0804355
0.98 0.51038168 1.0889067 1.0583387
0.99 0.41063001 1.0068873 1.0328120

which is the causal boundary even for particles with
infinitely large speeds. The thermodynamics of UHs and
relevant physics have been extensively studied since then
(see, for example, Sec. III of the review article [80] and
references therein). In particular, it was shown that such
horizons can be formed from gravitational collapse of a
massless scalar field [72]. In this paper, we shall also identify
the locations of the UHs of our numerical new BH solutions.

The rest of the paper is organized as follows: Sec. Il
provides a brief review to @-theory, in which the intro-
duction of the field redefinitions, the current observational
constraints on the four dimensionless coupling constants
¢;’s of the theory, and the definition of the spin-0 horizons
(SOHs) are given.

In Sec. III, we systematically study spherically sym-
metric static spacetimes and show explicitly that among the
five nontrivial field equations, only three of them are
independent, so the corresponding problem is well defined:
three independent equations for three unknown functions.
Then, from these three independent equations, we are
able to obtain a three-parameter family of exact solutions
for the special case c¢;3 = cj4 =0, which depends in
general on the coupling constant ¢,. However, requiring
that the solutions be asymptotically flat makes the solutions
independent of ¢,, and the metric reduces precisely to the
Schwarzschild BH solution with a nontrivially coupling
aether field [cf. Eq. (3.34)], which is timelike over the
whole spacetime, including the region inside the BH. To
further simplify the problem, in this section, we also
explore the advantage of the field redefinitions [83]. In
particular, we show step by step how to choose the initial
values of the differential equations Eqgs. (3.63) and (3.64)
on SOHs, and how to reduce the phase space from four
dimensions, spanned by (F H F }{,AH,A’H), to one dimen-
sion, spanned only by A. So, finally the problem reduces
to finding the values of A that lead to asymptotically flat
solutions of the form (3.79) [63,67].

In Sec. IV, we spell out in detail the steps to carry out our
numerical analysis. In particular, as we show explicitly,
Eq. (3.65) is not independent from other three differential
equations. Taking this advantage, we use it to monitor our
numerical errors [cf. Eq. (4.7)]. To check our numerical code
further, we reproduce the BH solutions obtained in [63,67],
but with an accuracy 2 orders higher than those obtained in
[67] (cf. Table I). Unfortunately, all these BH solutions
have been ruled out by the current observations [71]. So,
in Sec. IV. B, we consider cases that satisfy all the observa-
tional constraints and obtain various new static BH solutions.

Then, in Sec. V, we present the physical metric and
@-field for these viable new BH solutions, by using the
inverse transformations from the effective fields to the
physical ones. In this section, we also show explicitly that
the physical fields, g,, and u*, are also asymptotically flat,
provided that the effective fields g,, and @ are, which are
related to g,, and & via the coordinate transformations
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given by Eq. (3.42). Then, we calculate explicitly the
locations of the metric, spin-0, and universal horizons, as
well as the locations of the innermost stable circular orbits
(ISCO), the Lorentz gamma factor, the gravitational radius,
the orbital frequency of the ISCO, the maximum redshift of
a photon emitted by a source orbiting the ISCO (measured
at the infinity), the radii of the circular photon orbit, and the
impact parameter of the circular photon orbit. All of them
are given in Tables IV and V. In Table VI, we also calculate
the differences of these quantities obtained in @-theory and
GR. From these results, we find that the differences are very
small, and it is very hard to distinguish GR and @-theory
through these quantities, as far as the cases considered in
this paper are concerned.

Finally, in Sec. VI, we summarize our main results and
present some concluding remarks. In the Appendix, the
coefficients of the field equations for both (g,,,#") and
(G, ) are given.

II. A-THEORY

In @-theory, the fundamental variables of the gravita-
tional sector are [84]

(g/w’ u#’l),

with the Greek indices yu, v = 0, 1, 2, 3, and g,,, is the four-
dimensional metric of the spacetime with the signature
(=, +,+,+) [37,70], u* is the aether four-velocity, as
mentioned above, and 4 is a Lagrangian multiplier, which
guarantees that the aether four-velocity is always timelike
and unity. In this paper, we also adopt units so that the
speed of light is one (¢ = 1). Then, the general action of the
theory is given by [75]

(2.1)

S=S.+S,, (2.2)

where §,, denotes the action of matter, and S, the
gravitational action of the @-theory, given, respectively, by

1 4 a
Sae - 167TG35/ V_gd X[Ea“.(g/w’ u 7Ci)

+ E/l(g;lw ua’ ﬂ')]’

Sm_/\/__gd4x[’cin(g/4u’ua;l//)]'

(2.3)

Here y collectively denotes the matter fields, R and g are,
respectively, the Ricci scalar and determinant of g,,, and
El = ﬂ(ga/}uau/} + 1)’

‘Cm = R(g/w) - Maﬁ;w(Dauﬂ)(Dﬁuy)’ (24)

where D, denotes the covariant derivative with respect to
Gu» and M is defined as

M* = c1g%g,, + czé;'é{j + cﬁ,‘féﬁ —cyuu’y,,. (2.5)

Note that here we assume that matter fields couple not only
o g but also to the aether field u*. However, in order to
satisfy the severe observational constraints, such a coupling
in general is assumed to be absent [75].

The four coupling constants c¢;’s are all dimensionless,
and G, is related to the Newtonian constant G via the
relation [85]

Ge

GN :]71.
—2Cu4

(2.6)

The variations of the total action with respect to g, u*
and 4 yield, respectively, the field equations,

1
R — > MR — SH = 8nG T, (2.7)
&, =8rG,.T,, (2.8)
ga/iuauﬁ =-1, (29)
where R* denotes the Ricci tensor, and
S(l/)’ = Du [Jﬂ(a“/’) + J(a/i) ut — u(/i']a)”]
+ ¢1[(Dgu,, ) (Dpu) — (Dyug) (DHuap)]
1
+ C4aaa[)’ + Zu{,u/; - EgaﬁjéﬂD{sug,
B, =D,J; + cya,D,u” + duy,
THY = 2 5( V _g[’m) ,
N
1 6(\/=gL
T” = _ ( g m)’ (2.10)
/=g  Su*
with
J% =M, Dgu, a' =u*Dou*. (2.11)
From Eq. (2.8), we find that
A=ugD,J? + c,a* — 87G T u”, (2.12)

where a’ = a,a*.

It is easy to show that the Minkowski spacetime is a
solution of @-theory, in which the aether is aligned along
the time direction, i1, = 52 Then, the linear perturbations
around the Minkowski background show that the theory in
general possess three types of excitations, scalar (spin-0),
vector (spin-1), and tensor (spin-2) modes [73], with their
squared speeds given by Eq. (1.1).

In addition, among the ten parametrized post-Newtonian
(PPN) parameters [86,87], in @-theory the only two
parameters that deviate from GR are @; and a,, which
measure the preferred frame effects. In terms of the four
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dimensionless coupling constants c;’s of the @-theory, they
are given by [88]

8(ciciy —c_ci3)

a=- 2c1 —c_cp3
azzl(ll—|—(614_2613)(3C2+C13+C14), (2.13)
2 c123(2 = ci)

where c¢_ = ¢| — c3. In the weak-field regime, using lunar
laser ranging and solar alignment with the ecliptic, Solar
System observations constrain these parameters to very
small values [86],

| <1074, Jan| < 1077 (2.14)

Recently, the combination of the GW event GW170817
[89], observed by the LIGO/Virgo Collaboration, and the
event of the gamma-ray burst 170817A [90] provides a
remarkably stringent constraint on the speed of the spin-2
mode, —3 x 10715 < ¢; — 1 < 7 x 10716, which, together
with Eq. (1.1), implies that

13| < 10715, (2.15)

Requiring that the theory (i) be self-consistent, such as
free of ghosts and instability and (ii) satisfy all the
observational constraints obtained so far, it was found that
the parameter space of the theory is considerably restricted
[71]. In particular, ¢4 and ¢, are restricted to

0<c.<25%1075, (2.16)

0=< ey S £0.095. (2.17)

The constraints on other parameters depend on the values
of c4. If dividing the above range into three intervals:
0= <2x107, ()2 %x 1077 < ¢4 £2x 107, and
(iii) 2x 1070 <)y <2.5%x 107, in the first and last
intervals, one finds [71]

(1) Os Ci4 <2x 10_7,

Cl4 5 () 5 0095, (218)
(iii) 2 1076 < ¢14 2.5 x 1073,
OsCZ—C1452X]0_7. (219)

In the intermediate regime (ii) 2 x 1077 < ¢4 <2 x 1076,
in addition to the ones given by Egs. (2.16) and (2.17), the
following constraints must be also satisfied:

c1a(cia 4 2¢5¢14 — ¢3)

02(2 - 014)

-107 < <107 (2.20)

Note that in writing Eq. (2.20), we had set ¢;3 = 0, for
which the errors are of the order O(c;3) ~ 107'3, which can

be safely neglected for the current and forthcoming experi-
ments. The results in this intermediate interval of ¢, were
shown explicitly by Fig. 1 in [71]. Note that in this figure,
the physically valid region is restricted only to the half
plane ¢4 > 0, as shown by Eq. (2.16).

Since the theory possesses three different modes, and all
of them are moving in different speeds, in general these
different modes define different horizons [75]. These
horizons are the null surfaces of the effective metrics,

(4)

Gop = Gap — (¢ = Dy, (2.21)

where A = S, V, T. If a BH is defined to be a region that
traps all possible causal influences, it must be bounded by a
horizon corresponding to the fastest speed. Assuming that
the matter sector always satisfies the Lorentz symmetry, we
can see that in the matter sector the fastest speed will be the
speed of light. Then, overall, the fastest speed must be one
of the three gravitational modes.

However, in the spherically symmetric case, the spin-1
and spin-2 modes are not excited, so only the spin-0
gravitons are relevant. Therefore, in the present paper,
the relevant horizons for the gravitational sector are the
SOHs.” In order to avoid the existence of the vacuum gravi-
Cerenkov radiation by matter such as cosmic rays [74], we
assume that cg > 1, so that SOHs are always inside or at
most coincide with the metric horizons, the null surfaces
defined by the metric g,3. The equality happens only
when cg = 1.

A. Field redefinitions

Due to the specific symmetry of the theory, Foster
found that the action S, (g, u%, c;) given by Egs. (2.3)-
(2.5) does not change under the following field redefini-
tions [83]:

(ga/)’v u”, ci) - (?]a/}v a, 6i)9 (222)
where
; (0-1) =
= — (06— 1)ugyuyg, u* =—u",
gaﬁ gaﬁ a”p \/E
9 = g% — (67! = Duu’, fy = ou,,  (2.23)

and

’If we consider Hofava gravity [79] as the UV complete theory
of the hypersurface-orthogonal @-theory (the khronometric
theory) [91-94], even in the gravitational sector, the relevant
boundaries will be the UHs, once such a UV complete theory is
taken into account [80].
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&1 =211+ 02)er + (1=0)es = (1= 07,
6‘2 :U(Cz+1—6_l),
& =2 [(1=0)e; + (1 +02)es = (1-072)]
12 1 12
cmecg[(-Yor (=20
2 c c o

(2.24)

with ¢ being a positive otherwise arbitrary constant. Then,
the following useful relations between c¢; and ¢; hold:

¢y =o(ciz—1)+1,

e_=o0c_+o-1).

Clqa = C1a,
C123 = 0C123,

(2.25)

Note that §*g, = 6% and @, = s’ Then, from
Eq. (2.23), we find that
f]a/}ﬁaﬁﬁ = -1, f] = o0g, (226)

where § is the determinant of g,z. Thus, replacing G, and
L, by G, and £, in Eq. (2.3), where

Go =v0Ge, L= Mapt®tl + 1), (2.27)
we find that
Sx (ga/ﬁ u, ¢, Gm’ /1) = Sa: (gaﬂ’ ﬁav 61" G$’ /1) (228)

As a result, when the matter field is absent, that is, £,, = 0,
the Einstein-aether vacuum field equations take the same
forms for the fields (g4, 2%, ¢;. 4),

o 1 o N
R —SgeR =5, (2.29)
E, =0, (2.30)
Gopl®tlf = —1, (2.31)

where R* and R are the Ricci tensor and scalar made of
Tap- S and }Eﬂ are given by Eq. (2.10) simply by replacing
(guw uﬂv Ci) by (gyw i\tﬂ’ él)

Therefore, for any given vacuum solution of the Einstein-
aether field equations (gﬂ,,, u*,c;, ), using the above
field redefinitions, we can obtain a class of the vacuum
solutions of the Einstein-aether field equations, given by
(G- 0", €5, 2).” Certainly, such obtained solutions may not

*It should be noted that this holds in general only for the
vacuum case. In particular, when matter present, the aether
field will be directly coupled with matter through the metric
redefinitions.

always satisfy the physical and observational constraints
found so far [71].

In this paper, we shall take advantage of such field
redefinitions to simplify the corresponding mathematic
problems by assuming that the fields described by
(g/w, w”,c;,A) are the physical ones, while the ones
described by (§,,. ii", ¢;, 1) as the “effective” ones, although
both of the two metrics are the vacuum solutions of the
Einstein-aether field equations, and can be physical, pro-
vided that the constraints recently given in [71] are satisfied.

The gravitational sector described by (g, . &, ¢;, 1) has
also three different propagation modes, with their speeds ¢4
given by Eq. (1.1) with the replacement c; by ¢;. Each of
these modes defines a horizon, which is now a null surface
of the metric,

A(A) _ A A A oA
) = Bup = (&5 = 1)italty, (2.32)
where A = S, V, T. It is interesting to note that
2
2 =4 (2.33)

Thus, choosing ¢ = c%, we have ¢g=1, and from
Eq. (2.32), we find that

(8)

Jop = Japr (0 =5), (2.34)

that is, the SOH of the metric g,4 coincides with its MH.
Moreover, from Egs. (2.21) and (2.23), we also find that

(8)

05 = bup. (2.35)

(0=cl).
Therefore, with the choice 6 = cg, the MH of g, is also the
SOH of the metric g .

B. Hypersurface-orthogonal aether fields

When the aether field u, is hypersurface-orthogonal
(HO), the Einstein-aether field equations depend only on
three combinations of the four coupling constants c;’s. To
see this clearly, let us first notice that, if the aether is HO,
the twist w* vanishes [75], where w* 1is defined as
w* = e Pu,D,u;. Since

w,0" = (D,u,)(D*u") — (D, u,)(D"u")

— (u*D,u,)(u*Dyu®), (2.36)
we can see that the addition of the term
AL, = cow,0* (2.37)

to L, will not change the action, where ¢, is an arbitrary
real constant. However, this is equivalent to replacing c; by
¢; in L., where
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EIEC1+C0, 625027

Gy = c3 — ¢y, Cy=cy4—Cy. (2.38)
Thus, by properly choosing c¢,, we can always eliminate
one of the three parameters, ¢, c3, and ¢4, or one of their
combinations. Therefore, in this case, only three combi-
nations of ¢;’s appear in the field equations. Since
5'2 = C»p, (239)

C13 = C13s Cia4 = Ci4s

without loss of the generality, we can always choose these
three combinations as ¢z, ¢4, and ¢;.

To understand the above further, and also see the
physical meaning of these combinations, following
Jacobson [94], we first decompose Dju, into the form

1
D/}I/ta = gehaﬁ + Gaﬁ + C()a/} - aauﬂ, (240)

where 6 denotes the expansion of the aether field, /4 the
spatial projection operator, .4 the shear, which is the
symmetric trace-free part of the spatial projection of Dgu,,,
while w,; denotes the antisymmetric part of the spatial
projection of Dyu,, defined, respectively, by

hap = Gap + Ugllp, 0= D,u*,

1
Oup = D(/iua) + AalUp) — gehaﬂv

Wap = D gty + ajqy, (2.41)

with (A,B) = (AB+ BA)/2 and [A,B]|= (AB— BA)/2.
Recall that a, is the acceleration of the aether field, given
by Eq. (2.11).

In terms of these quantities, Jacobson found

/d“x\/—gﬁZe :/d“xw/—g{R—%c@Gz

+cqa* — ¢ 0* — c(,,a)2] , (2.42)
where
cop=c13+ 3¢y, Cs =C13,
Cp =C) — Ca, Cy = Clan (2.43)
and
1
o = —§92 + (D,u,)(D*u”) + a*. (2.44)

Note that in the above action, there are no crossing terms of
(0,045, @y5.a,). This is because the four terms on the
right-hand side of Eq. (2.40) are orthogonal to each other,

and when forming quadratic combinations of these quan-
tities, only their “squares” contribute [94].

From Eq. (2.43), we can see clearly that ¢, is related to
the acceleration of the aether field, c¢,5 to its shear, while its
expansion is related to both ¢, and c¢y3. More interesting,
the coefficient of the twist is proportional to ¢; — ¢3. When
u,, is hypersurface-orthogonal, we have ®* = 0, so the last
term in the above action vanishes identically, and only the
three free parameters cgy, c,, and ¢, remain.

It is also interesting to note that the twist vanishes if and
only if the four-velocity of the aether satisfies the con-
ditions [95]

u[”D,,ua] =0. (245)
When the aether is HO, it can be shown that Eq. (2.45) is
satisfied. In addition, in the spherically symmetric case,
Eq. (2.45) holds identically.

Moreover, it can be also shown [95] that Eq. (2.45) is the
necessary and sufficient condition to write the four-velocity
u, in terms the gradient of a timelike scalar field ¢,

— —¢’”
Rl

Substituting it into the action (2.42), one obtains the action
of the infrared limit of the healthy extension [91,92] of the
Horava theory [79], which is often referred to as the
khronometric theory,4 where ¢ is called the khronon field.

It should be noted that the khronometric theory and the
HO @-theory are equivalent only in the action level. In
particular, in addition to the scalar mode, the khronometric
theory has also an instantaneous mode [66,96], a mode that
propagates with an infinitely large speed. This is mainly
due to the fact that the field equations of the khronometric
theory are the four-order differential equations of ¢. It is the
presence of those high-order terms that leads to the
existence of the instantaneous mode.’ On the other hand,
in @-theory, including the case with the HO symmetry, the
field equations are of the second order for both the metric
9w and the aether field u,. As a result, this instantaneous
mode is absent. For more details, we refer readers to [80]
and references therein.

(2.46)

III. SPHERICALLY SYMMETRIC VACUUM
SPACETIMES

A. Field equations for g, and u*

As shown in the last section, to be consistent with
observations, we must assume cg > 1. As a result, SOHs
must be inside MHs. Since now SOHs define the boundaries

*In [93,94], it was also referred to as T-theory.
In the degenerate higher-order scalar-tensor theories, this
mode is also referred to as the “shadowy” mode [97].
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of spherically symmetric BHs, in order to cover spacetimes
both inside and outside the MHs, one way is to adopt the
Eddington-Finkelstein (EF) coordinates,

ds?* = g, dx*dx"

= —F(r)dv® + 2B(r)dvdr + r?dQ?, (3.1
where dQ? = d6? + sin’0d¢? and x* = (v, 1,0, ¢), while
the aether field takes the general form

1 — F(r)A2(r)

u”d, = A(r)o, — 2BAG)

9,  (3.2)

which is in respect to the spherical symmetry and satisfies
the constraint u,u* = —1. Therefore, in the current case,
we have three unknown functions, F(r), A(r), and B(r).

Then, the vacuum field equations E** = G* — S* =0
and A£# = 0 can be divided into two groups [63,67]: one
represents the evolution equations, given by

E" = E% = E' =0, (3.3)

and the other represents the constraint equation, given by

C’" =0, (3.4)
where C*=E™ + u"E* =0, and G"[=R*" — Rg" /2]
denotes the Einstein tensor. Note that in Eq. (35) of [67]
two constraint equations C' = C" =0 were considered.
However, C” and C? are not independent. Instead, they are
related to each other by the relation C" = (F/B)C". Thus,
C?" = 0 implies C" = 0, so there is only one independent
constraint. On the other hand, the three evolution equations
can be cast in the forms,’

F'=F(A A F,F.rc)

= m(fo + [1F + foF? + f3F? + f4F*),  (3.5)
A" = AA A F,F r,c;)
=5a0pl0taF + a,F? + asF?), (3.6)
B
EzB(A,A’,F,F’,r,ci)
#(b0+b1F+b2F2), (3.7)

~2/A7D

®It should be noted that in [67] the second-order differential
equation for F [cf. Eq. (36) given there] also depends on B. But,
since from the constraint C” = 0, given by Eq. (3.10), one can
express B in terms of A, F and their derivatives, as shown
explicitly by Eq. (3.11), so there are no essential differences here,
and it should only reflect the facts that different combinations of
the field equations are used.

where a prime stands for the derivative with respect
to r, and

D=d_(J>+1)+2dJ, (3.8)
with J = FA? and
dy = (c5 £ el =cp3)(2 4 i3+ 3ca). (3.9)

The coefficients f,, a,, and b, are independent of F(r) and
B(r) but depend on F'(r), A(r), and A’(r), and are given
explicitly by Eqs. (A1)-(A3) in the Appendix. The con-
straint equation (3.4) now can be cast in the form

no—l—n1F+n2F2 :O, (310)

where n,’s are given explicitly by Eq. (A4) in the
Appendix.

Thus, we have three dynamical equations and one
constraint for the three unknown functions, F, A, and B.
As a result, the system seems over determined. However, a
closer examination shows that not all of them are inde-
pendent. For example, Eq. (3.7) can be obtained from
Egs. (3.5), (3.6), and (3.10). In fact, from Eq. (3.10), we
find that the function B can be written in the form

1
21/2A?
—(2¢; + c13)(J + 1)) + 4rA2AT — 4JA’

+ e (J=1)(JA = A" = AJ")]
+ r2[614(JA’ +AI —AJ/)2
—(cy +cp3)(JA = A" = AT}/,

B(r) = + {2A%[4J(1 + 2¢5 + ¢13)

(3.11)

Recall that J/ = FA?. Note that there are two branches of
solutions for B(r) with opposite signs, since Eq. (3.10) is a
quadratic equation of B. However, only the “+” sign will
give us B = 1 at the spatial infinity, while the “—" sign will
yield B(r — o) = —1. Therefore, in the rest of the paper,
we shall choose the + sign in Eq. (3.11). Then, first taking
the derivative of Eq. (3.11) with respective to r, and then
combining the obtained result with Eqgs. (3.5) and (3.6), one
can obtain Eq. (3.7).7

To solve these equations, in this paper we shall adopt the
following strategy: choosing Eqs. (3.5), (3.6), and (3.11) as
the three independent equations for the three unknown
functions, F, A, and B. The advantage of this choice is that
Egs. (3.5) and (3.6) are independent of the function B.
Therefore, we can first solve these two equations to find F'
and A, and then obtain the function B directly from
Eq. (3.11). In this approach, we only need to solve two
equations, which will significantly save the computation

"From this proof, it can be seen that obtaining Eq. (3.7) from
Eq. (3.11) the operation of taking the first-order derivatives was
involved. Therefore, in principle, these two equations are
equivalent modulated an integration constant.
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labor, although we do use Eq. (3.7) to monitor our
numerical errors.

To solve Egs. (3.5) and (3.6), we can consider them as
the “initial” value problem at a given “moment,” say, r = r
[63,67]. Since they are second-order differential equations,
the initial data will consist of the four initial values,

{A(ro), A'(ro), F(ro), F'(ro)}.

In principle, ry can be chosen as any given (finite) moment.
However, in the following, we shall show that the most
convenient choice will be the locations of the SOHs. It
should be noted that a SOH does not always exist for any
given initial data. However, since in this paper we are
mainly interested in the case in which a SOH exists, so
whenever we choose ry = rggy, it always means that we
only consider the case in which such a SOH is present.

To determine the location of the SOH for a given
spherical solution of the metric (3.1), let us first consider
the out-pointing normal vector, N,, of a hypersurface
r = constant, say, ro, which is given by N, = d(r —ry)/
Ox* = 6. Then, the metric and spin-0 horizons of g,, are
given, respectively, by

(3.12)

JupN*NP = 0, (3.13)
g N*N? =0, (3.14)

where N* = ¢**N,, and g&? is defined by Eq. (1.3). For the
metric and aether given in the form of Egs. (3.1) and (3.2),

they become

F(ryn) =0,
(2= 1)(J(rsom)? + 1) +2(c: + 1)J(rsop) = 0,

where r = ryy and r = rgyy are the locations of the metric
and spin-0 horizons, respectively. Note that Egs. (3.15) and
(3.16) may have multiple roots, say, ri,; and réOH. In these
cases, the location of the metric (spin-0) horizon is always
taken to be the largest root of ri,, (’“§0H)-

Depending on the value of cg, the solutions of Eq. (3.14)
are given, respectively, by

_lq:CS—

J(r&n) = J=E, 1 3.17
(Som) 1+ cs cs # ( )
and
J(rSOH) :O, Cg = 1. (318)
It is interesting to note that on SOHs, we have
D(rSOH) = 0, (319)

as it can be seen from Egs. (3.8), (3.9), and (3.16).
As mentioned above, for some choices of ¢;, Eq. (3.14)
does not always admit a solution; hence, an SOH does not

~F —A B —J

J*

———

FIG. 1. The solution for ¢; = 0.051, ¢, = 0.116, ¢3 = —¢y,
and ¢4 = 0, first considered numerically in [63]. There are outer
and inner MHs, at which F vanishes. But, J does not cross the
constant line of J*, so that an SOH is absent. This graph is the
same as the one given in [63] (up to the numerical errors).

exist in this case. A particular choice was considered in
[63], in which we have ¢; = 0.051, ¢, = 0.116, ¢; = —cy,
and ¢4, = 0. For this choice, we find that cg~ 1.37404,
J*t ~—0.157556, and J~ ~ —6.34696. As shown in Fig. 1,
the function J(r) is always greater than J*, so no SOH is
formed, as first noticed in [63]. Up to the numerical errors,
Fig. 1 is the same as that given in [63], which provides
another way to check our general expressions of the field
equations given above.

In addition, we also find that the two exact solutions
obtained in [53] satisfy these equations identically, as it is
expected.

B. Exact solutions with ¢;4=c;3=0

From Egs. (2.15)—(2.20), we can see that the choice
c14 = c;3 = 0 satisfies these constraints, provided that c,
satisfies the condition®

0 < ¢5 < 0.095. (3.20)

Then, we find that Egs. (3.5) and (3.6) now reduce to

2 e F(r)
A ]
P= s

(3.21)

*When ¢4 = ¢;3 = 0, the speeds of the spin-0 and spin-1
modes can be infinitely large, as it can be seen from Eq. (1.1).
Then, cautions must be taken, including the calculations of the
PPN parameters [88].
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2

Al = 2A/2_AA/_A2

Paran AT

F(r)
— FABAN(F + rF) 4 A*F] - — 2230
rA*A'(F + rF') + A'F] 4r7(A 1 A°F) (3:22)

where
F(r)=[rA' —2A + rA’A'F + A*(2F + rF')]>.  (3.23)

Combining Eqgs. (3.21) and (3.22), we find the following
equation:

2 2
W'+ W24+ =W - = =0, (3.24)
r r
where
1 - FA?
W=l . 3.25
() (3.25)
Equation (3.24) has the general solution
1 3
W =Inw,+In <¥> (3.26)

where w; and w, are two integration constants. Then, the
combination of Egs. (3.25) and (3.26) yields

1 %) 1
Substituting Eq. (3.27) into Eq. (3.21), we find
2
F'=——F 4+ F,, (3.28)
r

where Fy = 9c,wiw3 /4. Integrating Eq. (3.28), we find
2m FO

F(r)=F,(1-2") +70,2

(r) 2( p ) + 6

where m and F, are two other integration constants. On the
other hand, from Eq. (3.27), we find that

1 4F 1 2
ﬁ—i—wlr + W—%+ ﬁ—f—wlr .

(3.30)

(3.29)

wr
2F

A(r) =

Substituting the above expressions for A and F into the
constraint (3.11), we find that

B =/F,.

Note that the above solution is asymptotically flat only
when w; = 0, for which we have

(3.31)

F(r) = F2(1 —27m> B(r) = \/Fs,

A= -2 (2 4 -
(r) 2F <r2 w%+r4>

Using the gauge residual v' = Cyv + C; of the metric (3.1),
without loss of the generality, we can always set F, = 1, so
the corresponding metric takes the precise form of the
Schwarzschild solution,

(3.32)

r

2
ds? — — <1 _ _m> dv* + 2dvdr + r2dQ?, (3.33)

while the aether field is given by

_w VW3 + 413 (r —2m)

Ar) = 2r(r—2m)

(3.34)

It is remarkable to note that now the aether field has no
contribution to the spacetime geometry, although it does
feel the gravitational field, as it can be seen from Eq. (3.34).

It should be also noted that Egs. (3.33) and (3.34) were a
particular case of the solutions first found in [53] for the
case cj4 = 0 by further setting c;3 = 0. But, the general
solutions given by Eqs. (3.29)—(3.31) are new, as far as
we know.

C. Field equations for g,, and #*

Note that, instead of solving the three independent
equations directly for A, B, and F, we shall first solve
the corresponding three equations for A, B, and F, by
taking the advantage of the field redefinitions introduced in
the last section, and then obtain the functions A, B, and F
by the inverse transformations of Egs. (3.39) and (3.41) to
be given below. This will considerably simplify mathemati-
cally the problem of solving such complicated equations.

To this goal, let us first note that, with the filed
redefinitions (2.23), the line element corresponding to
9y in the coordinates (v, r, 0, ¢) takes the form

ds? = G dxtdx”
_ IL,_~_(0—1)(A2F—|—1)2
B 4A2

1
+ 2[3 +5 (0= DB(AF + 1)]dvdr

}va

— (6 = 1)A’B%dr* + r?dQ?. (3.35)

To bring the above expression into the standard EF form,
we first make the coordinate transformation

7= Cyv—C(r), (3.36)

where C is an arbitrary real constant and C(r) is a function
of r. Then, choosing C(r) so that
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dC(r)  2CoA’B(\/o—1) 337

dr  J(o-1)+(Jo+1)

we find that in the coordinates ¥ = (7,r,0, ¢) the line
element (3.35) takes the form

ds? = G dx*dx” = g, dx+dx”

= —F(r)dv* + 2B(r)dvdr + r*dQ?, (3.38)
where
F—J2(G_ 1)+2J(c+1)+(c—1)
B 4C3A? ’
= B
B = Vo . (3.39)
Co

On the other hand, in terms of the coordinates X, the
aether four-velocity is given by

0 0 ~ 1- F(r)f\z( )
a — % = Al(r 35 — — — ar’ 3.40
Vg =AU 2B(rA(r (3.40)
where
- 2CHA
A= , 3.41
JWVo—-1)+(Jo+1) (341)
which satisfies the constraint ﬁ“ﬁﬁgaﬂ = —1, with
B _ax"’@xﬂA . Ox*
g;w = ﬁwgaﬂ’ u}l = OFH Ug- (342)

It should be noted that the metric (3.38) still has the
gauge residual,
?=Cv+ Cy, (3.43)

where C; and C, are two arbitrary constants, which will
keep the line element in the same form, after the rescaling,

z F B
F=—, =—.
C% C,

Son

(3.44)

Later we shall use this gauge freedom to fix one of the
initial conditions.

In the rest of this paper, we always refer (g,,, %) as the
field obtained by the field redefinitions. The latter is related
to (g, %) via the inverse coordinate transformations of
Eq. (3.42). Then, the Einstein-aether field equations for
(G- %) will take the same forms as those given by
Egs. (2.29)-(2.31), but now in terms of (g,,. " ¢;) in
the coordinates X*, where ¢; = ¢;.

On the other hand, since the metric (3.38) for g, takes
the same form as the metric (3.1) for g,,, and so does the
aether field (3.40) for #i* as the one (3.2) for u#, it is not

difficult to see that the field equations for F(r), A(r), and
B(r) will be given precisely by Eqs. (3.5)—(3.10), if we
simply make the following replacement:

(F,A,B.,c;) —» (F,A,B.¢,). (3.45)
As a result, we have
F'=F(AA F F.re)
= = ot uF + BB + P+ . (346)
A" = A(AA' F F',r¢)
= 2r21142f) [ag + @ F + ay F* + a3 F3] (3.47)
B oL
== BA A F. F' r¢)
=255 [by + b F + byF?], (3.48)
and
C? =g+ i F 4+ i, F? = 0, (3.49)
where

2(r),
d. =83+ 1)E4(1 = ¢13)(2 + 3 +38).  (3.50)

The coefficients f,,a,, b,, and 7, are given by f,, a,,, b,,,
and n,, after the replacement (3.45) is carried out.

Then, the metric and spin-0 horizons for g, are given,
respectively, by

JupN*NP =0, (3.51)
g NeRP = o, (3.52)
where N, = (0x*/0%*)N, = &}, = &, and
08 = Gup — (€2 = )ity 3.53
Jop = Jap — (E5 — D)itgily. (3.53)

In terms of F and A, Egs. (3.51) and (3.52) become

F(#yy) =0, (3.54)

(@3 = DI (Fsom)* +1) +2(3 + 1)J (Fsor) = 0. (3.55)

where r = 7y and r = Fgy are, respectively, the loca-
tions of the metric and spin-0 horizons for the metric gy, .
Similarly, at r = 759y, we have
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Comparing the field equations given in this subsection
with the corresponding ones given in the last subsection,
we see that we can get one set from the other simply by the
replacement (3.45).

In addition, in terms of g,; and N,, Egs. (3.51) and
(3.52) reduce, respectively, to

JapNNP = 0, (3.57)
A5 NeNP = 0. (3.58)

Since 7 = r, we find that
Fyur = Tmu. Fson = Tsom (3.59)

where 7y and oy (7pm, Pson) are the locations of the
metric and spin-0 horizons of the metric gop (Jqp)- The
above analysis shows that these horizons determined by g,
are precisely equal to those determined by §.

— 2
D.o=c5

To solve Egs. (3.46)—(3.49), we take the advantage of the
choice ¢ = ¢, so that the speed of the spin-0 mode of the
metric g, becomes unity, i.e., ¢g = 1. Since ¢; = ¢;, we
also have ¢g = ¢y = 1. Then, from Eq. (1.1), we find that
this leads to

~ ~ ~2 ~
& — 2014 — 2013 — T30
2 —_— - ~ - .
2—4C4 + 301301

(3.60)

For such a choice, from Eq. (3.50), we find that d_=0and

D(r) = 2d.,J(r) = 2d A*(r)F(r). (3.61)
Then, Eq. (3.56) yields F(7gy) = 0, since A # 0, which
also represents the location of the MH, defined by
Eq. (3.54). Therefore, for the choice ¢ = c%, the MH
coincides with the SOH for the effective metric g,,, that is,

Fyu = Tson, (3.62)
As shown below, this will significantly simplify our
computational labor. In particular, if we choose this surface
as our initial moment, it will reduce the phase space of

initial data from four dimensions to one dimension only.
For ¢ = 1, Egs. (3.46)—(3.49) reduce to

//:ﬁ T+ + F+ F2+ F3 N 363

read (SRS L

A”:%(@q% +a,F+a F2> (3.64)
4d, PAC\F TN P

B 1 by - - -
B 4d+rA4(F ! 2) (3.65)
fig + i F + i, F? = 0. (3.66)

As shown previously, among these four equations, only
three of them are independent, and our strategy in this paper
is to take Egs. (3.63), (3.64), and (3.66) as the three
independent equations. The advantage of this approach is
that Egs. (3.63) and (3.64) are independent of B(r), and
Eq. (3.66) is a quadratic polynomial of B(r). So, we can
solve Egs. (3.63) and (3.64) as the initial value problem first
to find () and A(r), and then insert them into Eq. (3.66)
to obtain directly B(r), as explicitly given by Eq. (3.11),
after taking the replacement (3.45) and the choice of ¢, of
Eq. (3.60) into account.

From Egs. (3.63) and (3.64), we can see that they
become singular at r = gy [recall F(7gy) = 0], unless
Fo(Fson) = ag(Fson) = 0. As can be seen from the expres-
sions of fo(r),ag(r) given in the Appendix, fo(Fsor) =
Gy (o) = 0 implies by(7goy) = 0. Therefore, to have the
field equations regular across the SOH, we must require
bo(Fsor) = 0. It is interesting that this is also the condition
for Eq. (3.65) to be nonsingular across the SOH. In addition,
using the gauge residual (3.43), we shall set By = 1, so
Eq. (3.66) [which can be written in the form of Eq. (3.11),
after the replacement (3.45)] will provide a constraint
among the initial values of F s AH, and A}I, where F by =
F'(¥so) and so on. In summary, on the SOH we have the
following:

Fy =0, (3.67)
bo(Ap. Ay, Fiy, Fson) = 0, (3.68)
By =1 (3.69)

From the expression for b, given in the Appendix, we can
see that Eq. (3.68) is quadratic in A, and solving it on the
SOH, in general, we obtain two solutions,

A = A/Ii-l (AHv F}{ Fsom)- (3.70)
Then, inserting it, together with Eqgs. (3.67) and (3.69), into
Eq. (3.10), we get

iz (Ay, Fly, Fson) = 0, (3.71)
where the “4” signs correspond to the choices of
A'y = A';. In general, Eq. (3.71) is a fourth-order poly-
nomial of F }1 so it normally has four roots, denoted as
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FEED = B (R Feon), (3.72)

(+.n)

where n = 1, 2, 3, 4. For each given F 1, substituting it

)

into Eq. (3.70), we find a corresponding A’fqi’" , given by

A“/(j:,n) _ A’“/(j:,n)

H H (3.73)

(Au. Fson)-

Thus, once Ay, and 75y are given, the quantities £/} ") and

Al 5?") are uniquely determined from Egs. (3.72) and
(3.73). For each set of (A, Fsyy), in general, there are
eight sets of (A}, F",).

If we choose r =75y as the initial moment, such
obtained (N’H F’H) together with F,; =0, and a proper
choice of Ay, can be considered as the initial conditions for
the differential equations (3.63) and (3.64).

However, it is unclear which one(s) of these eight sets of
initial conditions will lead to asymptotically flat solutions,
except that the one with F%, < 0, which can be discarded
immediately, as it would lead to F =0 at some radius
r > Fgon, Which is inconsistent with our assumption that
r = Fgoy 1s the location of the SOH [67]. So, in general
what one needs to do is to try all the possibilities.

Therefore, if we choose r = Fgyy as the initial moment,
the four-dimensional phase space of the initial conditions,
(Fy.F 2 Ay, Al), reduces to one-dimensional, spanned by
Ay only.

In the following, we shall show further that 7y can be
chosen arbitrarily. In fact, introducing the dimensionless
quantity, & = Fgoy/r, we find that Egs. (3.63)—(3.65) and
(3.49) can be written in the forms

d*F (&) i
2 =Gi(£¢), (3.74)
d?A(E) ~
e = Gy(£.¢). (3.75)
LdBE) g

C'(A(&).A'(8). F(&).F(&).B(&).£.¢;) =0,  (3.77)

where G;’s are all independent of Fgy, C? = rky C?, and
the primes in the last equation stand for the derivatives
respect to &. Therefore, Eqs. (3.74)—(3.77), or equivalently,
Eqgs. (3.46)—(3.49), are scaling invariant and independent of
7son- Thus, without loss of the generality, we can always set

?SOH - 1, (378)
which does not affect Egs. (3.74)—(3.77) and also explains
the reason why in [63,67] the authors set 75 = 1 directly.
At the same time, it should be noted that once 7ggy = 1 is

taken, it implies that the unit of length is fixed. For instance,
if we have a BH with 7o = 1 km, then setting 7goz = 1
means the unit of length is in km.

Once Ay is chosen, we can integrate Eqgs. (3.74)
and (3.75) in both directions to find F(&) and A(&),
one is toward the center, £ = Fgyy/r = oo, in which we
have &€ (l,00), and the other is toward infinity,
& = Fgo/r = 0, in which we have & € (0, 1]. Then, from
Eq. (3.11), we can find B(&) uniquely, after the replacement
of Eq. (3.45). Again, to have a proper asymptotical
behavior of B(r), the + sign will be chosen.

At the spatial infinity & = Fgoy/r — 0, we require that
the spacetime be asymptotically flat, that is [63,67),

1
48
~ 1. L.,
A(‘S)ZI_EF@—FEA%
| B | . 1. -
—(%014F?—BF?+§F1A2>§3+--',
1

i o 1.
B(f):1+E014F%§2—5014F?§3+'“,

F) =1+Fé+—e¢ &+,

(3.79)

where F; = F'(6 =0) and A, = A"(£ = 0).
It should be noted that the Minkowski spacetime is
given by

(3.80)

- 1 - [~
F:FM, A: — N B: FM,
VFu

where F,, is a positive otherwise arbitrary constant.
Therefore, in the asymptotical expansions of Eq. (3.79),
we had set F,, = 1 at the zeroth order of £&. However, the
initial conditions imposed at r = Fgyy given above usually
leads to F; # 1, even for spacetimes that are asymptoti-
cally flat. Therefore, we first need to use the gauge residual
(3.43) to bring F(6=0)=A(E=0)=B(E=0)=1,
before using Eq. (3.79) to calculate the constants A,
and F,.

From the above analysis, we can see that finding
spherically symmetric solutions of the @-theory now
reduces to finding the initial condition A that leads to
the asymptotical behavior (3.79), for a given set of c¢;’s.

Before proceeding to the next section, we would like to
recall that when ¢ = ¢%, we have g(? = Jqap» as shown by

Eq. (2.35). That is, the SOH for the metric g,; now
coincides with the MH of g,;. With this same very choice,
¢ = c%, the MH for Jap also coincides with its SOH. Thus,
we have

’Note that in [63,67] a factor 1 /2 is missing in front of A, in
the expression of A(x).
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_ s e _ 2
rsoH = I'son = 'mMH = YsoH = "mMH = TH» (U—Cs)-

(3.81)

It must be noted that r defined in the last step denotes the
location of the SOH of g,4, which is usually different from
its MH, defined by

g(l/)’NaNﬁ| = 07

r'=rmun

(3.82)
since in general we have cg# 1, so gfj,) = Gop —
(cF = Vgl # gop. As a result, we have ryy # ryoy for
cg # 1.

However, it is worth emphasizing again that, for the
choice ¢ = c§, we have ¢g = ¢g = 1, so the metric and
spin-0 horizons of both g,; and g, all coincide, and are
given by the same ry, as explicitly shown by Eq. (3.81).
More importantly, it is also the location of the SOHs of the
MELric ggp.

IV. NUMERICAL SETUP AND RESULTS

A. General steps

It is difficult to find analytical solutions to Eqs. (3.74)—
(3.77). Thus, in this paper, we are going to solve them
numerically, using the shooting method, with the asymp-
totical conditions (3.79). In particular, our strategy is the
following:

(i) Choose a set of physical ¢;’s satisfying the con-
straints (2.16)—(2.20) and then calculate the corre-
sponding ¢;’s with 6 = ¢3.

(i1) Assume that for such chosen c;’s the corresponding
solution possesses an SOH located at r = ry, and
then follow the analysis given in the last section to
impose the conditions F,; = 0 and By = 1.

(iii) Choose a test value for Ay, and then solve
Eq. (3.71) for A}, in terms of ', and A, i.e., A}, =
Apy(Fly. Ap).

(iv) Substitute A}, into Eq. (3.71) to obtain a quartic
equation for 7, and then solve it to find F/,.

(v) With the initial conditions {F, Ay, F};, Al }, inte-
grate Eqs. (3.74) and (3.75) from £ =1 to £ = 0.

However, since the field equations are singular at
£=1, we will actually integrate these equations
from £=1—¢€ to £~0, where € is a very small
quantity. To obtain the values of F(&) at £ =1 —,
we first Taylor expand them in the form

2 F(k)|§:1

F(l—¢)= Z 0
k=0
where F = {A, A", F,F'} and F%) = d*F/dg*. For
each F, we shall expand it to the second order of e,
so the errors are of the order €. Thus, if we choose
e =107 the errors in the initial conditions

(=1)kek + O(e?), (4.1)

F(1 —¢) are of the order 10~*2% For F = A, F, we
already obtained F(1) and F’(1) from the initial
conditions. In these cases, to get A”(1) and F"(1),
we use the field equations (3.74) and (3.75) and
L’Hospital’s rule. On the other hand, for F = A’,
expanding it to the second order of €, we have

Al—e)=A(1) = A" (e + %A@)(l)ez +O(E),
(4.2)

where AG) (1) = d*A(£)/dE |1 can be obtained by
first taking the derivative of Eq. (3.75) and then
taking the limit £ — 1, as now we have already
known A(1),A’(1),A"(1), F(1),F'(1), and F"(1).
Similarly, for F = F', from Eq. (3.74), we can
find FO)(1).

(vi) Repeat (iii)—(v) until a numerical solution matched
to Eq. (3.79) is obtained, by choosing different
values of Ay with a bisectional search. Clearly,
once such a value of Ay is found, it means that we
obtain numerically an asymptotically flat solution of
the Einstein-aether field equations outside the SOH.
Note that, to guarantee that Eq. (3.79) is satisfied, the
normalization of { ¥, A, B} needs to be done accord-
ing to Eq. (3.80), by using the remaining gauge
residual of Eq. (3.43).

(vii) To obtain the solution in the internal region
£e(1,00), we simply integrate Egs. (3.74) and
(3.75) from £ = 1 to £ - oo with the same value of
Ay found in the last step. As in the region & € (0, 1),
we cannot really set the initial conditions precisely at
£ =1. Instead, we will integrate them from & =
1+etoé=¢&, > 1. Theinitial valuesatE =1 + ¢
can be obtained by following what we did in
Step (v), that is, Taylor expand F (&) at £ =1+,
and then use the field equations to get all the
quantities up to the third order of e.

(viii) Matching the results obtained from steps (vi)
and (vii) together, we finally obtain a solution of
{F(&),A(&)} on the whole spacetime & € (0, c0)
(or r € (0, 0)).

(ix) Once F and A are known, from Eq. (3.11), we can
calculate B, so that an asymptotically flat black hole
solution for {A, B, F} is finally obtained over the
whole space r € (0, o).

Before proceeding to the next subsection to consider the
physically allowed region of the parameter space of ¢;’s, let
us first reproduce the results presented in Table I of [67], in
order to check our numerical code, although all these
choices have been ruled out currently by observations [71].
To see this explicitly, let us first note that the parameters
chosen in [63,67] correspond to
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~3
A~ (&1 o N
—_— , =0=¢,=0, 4.3
@ 36‘% —4¢, +2 “ € (43)

so that now only ¢ is a free parameter. With this choice of
¢;’s, the corresponding c;’s can be obtained from Eq. (2.25)
with ¢ = ¢%, which are given by

A

Ci4 = Cy,
—2013 +2€’1 + 2C136'1 —26% — C13€’%
€2 = - -
2 —4¢ +322

. (4.4)

where c;3 is arbitrary. This implies that Eq. (2.25) is
degenerate for the choice of Eq. (4.3). It can be seen from
Eq. (4.4), in all the cases considered in [67], we have
c1y > 2.5x 107, Hence, all the cases considered in
[63,67] do not satisfy the current constraints [71].

With the above in mind, we reproduce all the cases
considered in [63,67], including the ones with ¢; > 0.8.
Our results are presented in Table I, where

Vrp=atug™, (4.5)
dF
Fo=—ry x g%d—(;) = 2G M spm. (4.6)

where 1™ is the tangent (unit) vector to a radial free-fall

trajectory that starts at rest at spatial infinity, and M spym
denotes the Komar mass, which is equal to the Arnowitt-
Deser-Misner (ADM) mass in the spherically symmetric
case for the metric g,4 [53].

From Table I, we can see that our results are exactly the
same as those given in [67] up to the same accuracy. But,
due to the improved accuracy of our numerical code, for
each of the physical quantity, we provided two more digits.

Additionally, in Fig. 2, we plotted the functions F, B, A,
and C for four representative cases listed in Table I
(¢; =0.1,0.3, 0.6, 0.99). Here, the quantity C is defined as

. InB
¢ ‘d“ : (4.7)

= dé: _g3

which vanishes identically for the solutions of the field
equations, as it can be seen from Eq. (3.76). In the rest of
this paper, we shall use it to check the accuracy of our
numerical code.

From Fig. 2, we note that the properties of {F ,A,B’}
depend on the choice of ¢,. The quantity C is approximately
zero within the whole integration range, which means that
our numerical solutions are quite reliable.

B. Physically viable solutions with SOHs

With the above verification of our numerical code, we
turn to the physically viable solutions of the Einstein-aether

/a/ —
1 S— b - 10713 g
T 107"
0 T
< 102"
~
-1 \\\ 10—25
0 1 2 10°° 102 110 10*
""" | 10
BN 10-15 d
0 o - -19
o 10
- -23
1 ~ 10
> o
0 1 2 10°° 1072 110 104
1i/57 7b\ 101
T -15 d
0 S 10
P 10719
_1 *\\\\ 10723
.
~ 10727
0 1 2 1075 102 110 104
-4
1 — b 10
e — 107 d
0 AN 10—14
‘\\ 1019
'c
1 \ 1072
! 1072
0 1 2 10°° 1072 110 10*
FIG. 2. In the above graphs, we use a, b, ¢, and d to

represent A, B, F, and C. In each row, ¢; is chosen, respectively,
as¢; = 0.1,0.3,0.6,0.99, as listed in Table I. The horizontal axis

is ry/r.

field equations, in which an SOH always exists. Since c3 is
very small, without loss of the generality, in this subsection,
we only consider the cases with ¢35 = 0.

As the first example, let us consider the case
cla =2x1077, ¢, =9 x 1077, and c3 = —c,, which sat-
isfy the constraints (2.18). Figure 3 shows the functions F,
A, B, in which we also plot J = FA? and the GR limit of F,
denoted by FOR with FOR =1 — ry/r.

In plotting Fig. 3, we chose ¢ = 107!4. With the shooting
method, Ay is determined to be Ay ~ 2.4558992."° In our
calculations, we stop repeating the bisection search for A,
when the value A giving an asymptotically flat solution is
determined to within 10723, Technically, these accuracies
could be further improved. However, for our current
purposes, they are already sufficient.

1()During the numerical calculations, we find that the asymp-
totical behavior (3.79) of the metric coefficients at £ = ry/r ~0
sensitively depends on the value of A;. To make our results
reliable, among all the steps in our codes, the precision is chosen
to be not less than 37.
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FIG. 3. The solution for ¢;y =2 x 1077, ¢; =9 x 1077, and

¢y = —c,. Here, A, B, J, F, and FCR are represented by the red
line (labeled by a), green line (labeled by b), orange line (labeled
by c), blue line (labeled by 1) and cyan line (labeled by 2)
respectively.
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FIG. 4. A, B, and F for different combinations of {c,,c4}
listed in Table II and their corresponding C’s. Here the horizontal
axis is ry /r. A, B, F, and C are represented by the red solid line
(labeled by a), green dotted line (labeled by b), blue dash-
dotted line (labeled by c), and orange solid line (labeled
by d), respectively. To be specific, (a) and (b) are for the
case {9x1077,2x 1077}, (c) and (d) are for the case
{9%x107%,2x 1078}, (¢) and (f) are for the case
{9x107,2 x 10™°}. Note that the small graphs inserted in
(b), (d), and (f) show the amplifications of C’s near r = ry.

TABLE 11 c%, Ay, and 7y/ry calculated from different
{¢3, c14} with ¢13 = 0 and a fixed ratio of ¢;/c 4.

Cy Cl4 C% AH ?g/rH

9x 1077 2x1077  4.4999935  2.4558992  1.1450729
9x 1078 2x107%  4.4999994  2.4559003  1.1450730
9x 107 2x1077 4.4999999  2.4559004  1.1450730

As we have already mentioned, theoretically Eq. (3.76)
will be automatically satisfied once Eqgs. (3.74), (3.75), and
(3.77) hold. However, due to numerical errors, in practice,
it can never be zero numerically. Thus, to monitor our
numerical errors, we always plot out the quantity C defined
by Eq. (4.7), from which we can see clearly the numerical
errors in our calculations. So, in the right-hand panels of
Fig. 4, we plot out the curves of C, denoted by d, in
each case.

Clearly, outside the SOH, C <107V, while inside the
SOH, we have C < 107'0. Thus, the solutions inside the
horizon are not as accurate as the ones given outside of
the horizon. However, since in this paper, we are mainly
concerned with the spacetime outside of the SOH, we shall
not consider further improvements of our numerical code
inside the horizon. The other quantities, such as c% and 7,
are all given by the first row of Table II.

Following the same steps, we also consider other cases,
and some of them are presented in Tables II and III. In
particular, in Table II, we fix the ratio of ¢,/c4 to be 9/2.
In addition, the values of {c,, ¢4} are chosen so that they
satisfy the constraints of Eq. (2.18). In Table III, the ratio
¢p/c14 changes and the values of {c,, ¢ 4} are chosen so
that they spread over the whole viable range of ¢4, given
by Egs. (2.16)—(2.20).

From these tables, we can see that quantities like Ay and
7, are sensitive only to the ratio of ¢,/c 4, instead of their
individual values. This is understandable, as for c;3 =0
and ¢4 < 2.5 x 1075, Eq. (1.1) shows that cg ~ cg(cy/c14).
Therefore, the same ratio of c¢,/c;4 implies the same
velocity of the spin-O graviton. Since SOH is defined by
the speed of this massless particle, it is quite reasonable to
expect that the related quantities are sensitive only to the
value of cg.

The resulting F, A, B, and C for the cases listed in
Tables II and III are plotted in Figs. 4 and 5, respectively.

TABLE II. ¢}, Ay, and 7,/ry calculated from different
{Cz,C14} with Ciz3 — 0 and Changing C2/C14.

&) Cl4 c} Ay Fol T

201 x 107 2x 1073 1.0049596  1.4562430 1.0005850
7 x 1077 5x 1077 1.3999982  1.6196457 1.0381205
9 x 1077 2x 1078 44.999939 6.4676346 1.2629671
9x 1073 2x 1077 449.93921 19.053220  1.3091657
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FIG. 5. A, B, and F for different combinations of {c,,c4}
listed in Table III and their corresponding C’s. Here the horizontal
axis is ry/r. A, B, F, and C are represented by the red solid line
(labeled by a), green dotted line (labeled by b), blue dash-dotted
line (labeled by c), and orange solid line (labeled by d), res-
pectively. To be specific, (a) and (b) are for the case {2.01 x 1073,
2 x 1073}, (c) and (d) are for the case {7 x 1077,5 x 1077}, (e)
and (f) are for the case {9 x 1077,2 x 1078}, (g) and (h) are for
the case {9 x 107,2 x 1077}. Note that the small graphs inserted
in (b), (d), (f), and (h) show the amplifications of C near r = ry.

V. PHYSICAL SOLUTIONS (g3, u")

The above steps reveal how we find the solutions of the
effective metric g,, and aether field #*. To find the
corresponding physical quantities g,, and u*, we shall
follow two steps: (i) reverse Eqgs. (3.39) and (3.41) to find a
set of the physical quantities {F(&), A(€), B(€)} (note that
we have & = Fyoy/r = ryop/r)- (il) Apply the rescaling
v — Cov to make the set of {F(&),A(¢), B(€)} take the
standard form at spatial infinity r = oo.

To these purposes, let us first note that, near the spatial
infinity, Egs. (3.79), (3.39), and (3.41) lead to

C 1
F(&) 7 1+F15+4—C14F?§3>+0(§4)7
C
B(¢) 7%(14‘—014175 C14F fg>+0(~f4)
A@) ?{ S FiE g
0
1 1 1 3\ 3 4
EAZFI 16F +%c14F E1+0(EY, (5.1)
where
F, =F,, Ci4 = Cra)
-~ 3 -

The above expressions show clearly that the spacetimes
described by (g, ") are asymptotically flat, provided that
the effective fields (g,,.#*) are. In particular, setting
Cy = \/E, a condition that will be assumed in the rest of
this section, the functions F, A, and B will take their
standard asymptotically flat forms.

It is remarkable to note that the asymptotical behavior of
the functions F, A, and B depends only on ¢4 up to the
third order of &, but ¢, will show up starting from the four
order of &*.

A. Metric and spin-0 horizons

Again, we take the case of c;u=2x1077,
c; =9%x 1077, and c3 = —c, as the first example. The
results for the normalized F, A, B, and J in this case are
plotted in Fig. 6. To see the whole picture of these functions
on r € (0, 00), they are plotted as functions of r/ry inside
the horizon, while outside the horizon they are plotted as
functions of (r/ry)~". This explains why in the left-hand
panel of Fig. 6, the MH (r = ryy) stays in the left-hand
side of the SOH, while in the right-hand panel, they just
reverse the order. In this figure, we did not plot the GR
limits for B and F since they are almost overlapped with
their counterparts. From the analysis of this case, we find
the following:

(1) The values of F and B are almost equal to their GR
limits all the time. This is true even when r is
approaching the center » = 0, at which a spacetime
curvature singularity is expected to be located.

(i1) Inside the SOH, the oscillations of A and J become
visible, which was also noted in [63].11 Such
oscillations continue and become more violent as
the curvature singularity at the center approaches.

IJ In [63], the author just considered the oscillational behavior
of A. The physical quantities F, A, and B were not considered.
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FIG. 6. The evolutions of the physical quantities F, A, B, and J for the case c13 = 0, c; = 9 x 1077, and ¢4 = 2 x 1077. Here, A, B, J,
and F are represented by the red solid line, green dotted line, orange dashed line, and blue dash-dotted line, respectively. The positions of
r = ryy and r = rgyy are marked by a small full solid circle and a pentagram, respectively. Note that we have ry; > rgy. The values J*
and J~ are given, respectively, by the brown and purple solid lines with J™ > J~. The left panel shows the main behaviors of the functions
outside the SOH in the range rgyy/r € (0,1.105), while the right panel shows their main behaviors inside the SOH in the range

r/rSOH S (0, 12)

The functions of {F, A, B, J} for the other cases listed in
Tables II and III are plotted in Fig. 7. In this figure, the plots
are ordered according to the magnitude of c3. Besides,
some amplified figures are inserted in (a)-(d) near the
region around the point of F = 0. Similarly, in (e) and (f),
some amplified figures are inserted near the region around
the point of J = J . The position of r = ryy, at which we
have F(ryy) = 0, is marked by a full solid circle, while the
position of r = rgyy, at which we have J(rgoy) = J [cf.,
Eq. (3.17)], is marked by a pentagram, and in all these cases
we always have ryy > rgoy. The values of J* and J~ are
given by the brown and purple solid lines, respectively.
Note we always have J© > J~ for ¢y > 1. By using these
two lines, we can easily find that there is only one rgyy in
each case, i.e., riy, in Eq. (3.17).

From the studies of these representative cases, we find the
following: (i) as we have already mentioned, in all these
cases, the functions B and F are very close to their GR limits.
(i1) Changing cg will not influence the maximum of A much.
In contrast, the maximum of |J| inside the SOH is sensitive to

c%. (iii) The oscillation of A(r) gets more violent as c3

increases. (iv) The value of |ryy — rson| gets bigger as ¢3
deviates from 1. (v) In all these cases, we have only one rgyy,
i.e., only one intersection between J(r) and J*, in each case.
(vi) Just like what we saw in Tables II and III, in the cases
with the same cg (but different values of ¢4 and c¢,), the
corresponding functions {F, A, B, J} are quite similar.
From Tables II and III and Fig. 7, we would like also to
note that the value of ryy is always close to the corre-
sponding 7,. To understand this, let us consider Eq. (5.1),

from which we find that

F(g) =1 +F1§+4LSCI4F?§3 —|—0(§4,C14,C2) (53)

after normalization. Recall £ = ry/r and ry = rgoy. Then,
from Egs. (4.6), (3.79), (5.2), and (5.3), we also find that

r, ~
b —_F, =-F, (5.4)
I'son
On the other hand, from Eq. (3.15), we have
FE . =14y Lo (o)
T Y 48 N\
+ O(&* ciyy 3)
=0, (5.5)
from which we obtain
"MH 1 Tsom \ 2 T'SoH
M _p - — B2 o2
r'soH 48 'mH 'mH
7 1 7, \3 2
a2 ()
rsop 48 T'son "'MH
+ 0(53’ Ci4, 62)’ (56)

where Eq. (5.4) was used. For the expansion of F to be
finite, we must assume

1 7o \3/(r 2
O(&,cinc S(’)[—c (—g> <ﬂ> } 5.7
(&, c1a.02) PR - - (5.7)

At the same time, recall that we have ¢, < 2.5 x 107 and
rson < ryy- Besides, we also have 7,/rgoy =~ O(1). Thus,
from Eq. (5.6), we find
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FIG.7. Solutions for different combinations of {c¢;, ¢4} listed in Tables Il and III. Here, A, B, J, and F are represented by the red solid
line, green dotted line, orange dashed line, and blue dash-dotted line, respectively. These figures are ordered according to the magnitude
of 3. In each of the figures, the values J* and J~ are given, respectively, by the brown and purple solid lines with J= > J~, while the
positions of r = ryy and r = rgyy are marked by a small full solid circle and a pentagram, respectively. Additionally, the value of

ryu/Tsor 18 also given in each case.
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panels (b) and (d) show the region inside the SOH.

v _ Ty

S O(cha). (5.8)

r'soH  TSoH

This result reveals why the values of 7y /g0 and 7,/ rsop
are very close to each other, although not necessarily the
same exactly.

Finally, let us take a closer look at the difference between
GR and @-theory, although in the above we already
mentioned that the results from these two theories are
quite similar. To see these more clearly, we first note that
the GR counterparts of F and B are given by

FOR =1 - MH  pGR _ |, (5.9)
r
Thus, the relative differences can be defined as
F — FOR B — BOR

Again, considering the representative case ¢, = 9 x 1077,
c1a =2x 1077, and ¢;3 = 0, we plot out the differences
AF and AB in Fig. 8, from which we find that in the range
&€ (1072, 1) we have O(AF) < 107°. On the other hand,

0.000025
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w

<
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¢
(d)
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AF and ABforc, =9 x 1077, ¢;4 = 2 x 1077, and ¢;5 = 0. The panels (a) and (c) show the region outside the SOH, while the

in the range &€ (1,10'%2), we have O(AF) <1075.
Similarly, in the range &€ (107'2,1), we have
O(AB) <1078, In addition, in the range ¢ € (1,107),
we have O(AB) < 1073. Thus, we confirm that F and B
are indeed quite close to their GR limits.

B. Universal horizons

In theories with the broken LI, the dispersion relation of
a massive particle contains generically high-order momen-
tum terms [80],

2(z=1) k\n
E?=m?+ k(1 — . 5.11
(e X)) e

from which we can see that both the group and phase
velocities become unbounded as k — oo, where E and k are
the energy and momentum of the particle considered, and
¢, and a,,’s are coefficients, depending on the species of the
particle, while M, is the suppression energy scale of the
higher-dimensional operators. Note that there must be no
confusion between c; here and the four coupling constants
c;’s of the theory. As an immediate result, the causal
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structure of the spacetimes in such theories is quite different
from that given in GR, where the light cone at a given point
p plays a fundamental role in determining the causal
relationship of p to other events [98]. In a UV complete
theory, the above relationship is expected even in the
gravitational sector. One of such examples is the healthy
extension [91,92] of Horava gravity [79,80], a possible
UV extension of the khronometric theory (the HO
@-theory [93,94]).

However, once LI is broken, the causal structure will be
dramatically changed. For example, in the Newtonian
theory, time is absolute and the speeds of signals are not
limited. Then, the causal structure of a given point p is
uniquely determined by the time difference, Ar =1, —1,,
between the two events. In particular, if Az > 0, the event ¢
is to the past of p; if At <0, it is to the future; and if
At = 0, the two events are simultaneous. In theories with
breaking LI, a similar situation occurs.

To provide a proper description of BHs in such theories,
UHs were proposed [66,67], which represent the absolute
causal boundaries. Particles even with infinitely large
speeds would just move on these boundaries and cannot
escape to infinity. The main idea is as follows. In a given
spacetime, a globally timelike scalar field ¢ may exist [99].
In the spherically symmetric case, this globally timelike
scalar field can be identified to the HO aether field u, via
the relation (2.46). Then, similar to the Newtonian theory,
this field defines globally an absolute time, and all particles
are assumed to move along the increasing direction of the
timelike scalar field, so the causality is well defined. In such
a spacetime, there may exist a surface at which the HO
aether field u,, is orthogonal to the timelike Killing vector,
{(=0,). Given that all particles move along the increasing
direction of the HO aether field, it is clear that a particle
must cross this surface and move inward, once it arrives at
it, no matter how large its speed is. This is a one-way
membrane, and particles even with infinitely large speeds
cannot escape from it, once they are inside it (cf. Fig. 9). So,
it acts as an absolute horizon to all particles (with any
speed), which is often called the UH [66,67,80]. At the
horizon, as can be seen from Fig. 9, we have [100]

1

— (1 4+J =0,

r=ryg

¢ u|r:rUH = (512)

where J = FA?. Therefore, the location of an UH is exactly
the crossing point between the curve of J(r) and the
horizontal constant line / = —1, as one can see from Figs. 6
and 7. From these figures, we can also see that they are
always located inside SOHs, as expected. In addition, the
curve J(r) oscillates rapidly and crosses the horizontal line
J = —1 back and forth infinite times. Therefore, in each
case, we have infinite number of ryy_;(i = 1,2, ...). In this
case, the UH is defined as the largest value of
rua—i(i =1,2,...). In Table IV, we show the locations

B
Q. >

©

i

P=o

Black Hole

Y

0 rUHY 'vH r

FIG. 9. Illustration of the bending of the ¢p = constant surfaces,
and the existence of the UH in a spherically symmetric static
spacetime, where ¢ denotes the globally timelike scalar field, and
t is the Painlevé-Gullstrand-like coordinates, which covers the
whole spacetime [101]. Particles move always along the increas-
ing direction of ¢. The Killing vector {# = &, always points
upward at each point of the plane. The vertical dashed line is the
location of the metric (Killing) horizon, r = ryy. The UH,
denoted by the vertical solid line, is located at r = ry, which is
always inside the MH.

of the first eight UHs for each case, listed in Tables II
and III. It is interesting to note that the formation of
multiroots of UHs was first noticed in [67] and later
observed in gravitational collapse [72].

C. Other observational quantities

Another observationally interesting quantity is the ISCO,

which is the root of the equation,

2rF'(r)? — F[3F'(r) + rF"(r)] = 0. (5.13)
Note that in GR we have rigcq/ry = 3 [102]. Due to the
tiny differences between the Schwarzschild solutions and
the ones considered here, as shown in Fig. 8, it is expected
that rgco’s in these cases are also quite close to its GR
limit. As a matter of fact, we find that this is indeed the
case, and the differences in all the cases considered above
appear only after six digits, that is, |risco — rieo| < 1076,
as shown explicitly in Tables V and VI.

In Table V, we also show several other physical quan-
tities. These include the Lorentz gamma factor yf, the
gravitational radius r,, the orbital frequency of the ISCO
w1sco» the maximum redshift z;,,,, of a photon emitted by a
source orbiting the ISCO (measured at the infinity), and the
impact parameter b, of the circular photon orbit (CPO),
which are defined, respectively, by [67]

A ! 5.14
Yir = ( + 1 A> , (5.14)

r=rym
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TABLEIV. ryy_;’s for different cases listed in Tables II and III. Note that here we just show first eight UHs of Eq. (5.12) for each case.
C% Far/Tub-1 Fyu/Tub—2 Pan/TuH=3 Fagu/ Tub-4 Fvu/Tub-s Fmu/Tub-6 Fan/TuH-7 Fan/Tub-3
1.0049596  1.40913534  9.12519836  68.6766490 524.111256  4006.80012  30638.7274  234291.582 1791613.54
1.3999982  1.39634652  6.27835216  33.1700700  178.825436  967.454326  5237.31538 28355.5481 153524.182
4.4999935  1.36429738 2.74101697  6.42094860  15.6447753  38.6164383  95.7784255 238.000717  591.850964
4.4999994  1.36429738 2.74101595  6.42094387  15.6447581 38.6163818 95.7782501  238.000194  591.849442
44999999  1.36429738  2.74101584  6.42094340  15.6447564  38.6163762  95.7782326  238.000141  591.849289
44999939  1.33939835  1.56980254  1.91857535 2.41278107  3.08953425 4.00154026  5.22142096  6.84725395
449.93921  1.33429146  1.39226716  1.46010811  1.53855402  1.62835485 1.73026559 1.84507183  1.97362062
TABLE V. The quantities rgoy, ¥ff> Fisco» @1sco» Zmax» and b, for different cases listed in Tables II and IIL.
C% Tvn/ Fson Yrr risco/ Tmu ryWisco Zmax bph/ ry
1.0049596 1.00058469 1.62614814 3.00000083 0.13608278 1.12132046 2.59807604
1.3999982 1.03812045 1.63971715 3.00000002 0.13608276 1.12132035 2.59807621
4.4999935 1.14507287 1.67376648 3.00000000 0.13608276 1.12132034 2.59807621
4.4999994 1.14507298 1.67376647 3.00000000 0.13608276 1.12132034 2.59807621
4.4999999 1.14507299 1.67376647 3.00000000 0.13608276 1.12132034 2.59807621
44.999939 1.26296693 1.69777578 3.00000000 0.13608276 1.12132034 2.59807621
44993921 1.30916545 1.70149318 3.00000000 0.13608276 1.12132034 2.59807621
dF spacetimes described by F and B. As shown in Fig. 8, the
ry = —rsoH d_cf , (5.15) differences of these spacetimes between @-theory and GR
-0 are very small. To see this more clearly, let us introduce the
T quantities,
r
Wisco = 3 ] (5.16) GR
T lr=rsco A _ Isco (r ISCO)
r'sco = - )
| Iy 'MH 'MH
+ w rk—
Zmax = % -1, (5.17) Awnsco = ryoisco = (ry@isco) “F.
VI = Ogco’ =
" sco AZmax = Zmax — (Zmax)GR’
r b b, GR
b =—1= , (5.18) Ab,, =" - (L> : (5.20)
b \/F r=rpp, rﬂ rg
where the radius 7, of the CPO is defined as where the GR limits of risco/ryms ry@1sco> Zmax and
b,u/r, are, respectively, 3,2 x 6732, 3//2—-1, and
<2F _ rd_F> —0. (5_19) 3\/3_’/2. As can be seen from Table VI, all of these
dr/)|,_, quantities are fairly close to their GR limits.

ph

As pointed previously, these quantities are quite close to
their relativistic limits, since they depend only on the

Therefore, we conclude that it is quite difficult to
distinguish GR and @-theory through the considerations
of the physical quantities rigco, ®1sc0s Zmaxs OF b pp, as far as

TABLE VL. Arigco, Awigcos AZma. and Ab,, for different cases listed in Tables II and III.

c} Arigco Awrsco AZpmax Ab,,
1.0049596 8.3 x 1077 1.3x 1078 1.2x 1077 —1.7x 1077
1.3999982 1.8 x 1078 2.2 x 10710 2.0x%x 107 -32x107°
4.4999935 4.0x 107 1.5%x 10712 49 x 107! —42x 10710
4.4999994 4.0x 10710 1.5 x 107! —72x 1071 —32x 10710
4.4999999 4.0x 1071 23 x 1071 —-1.2x 10710 —4.5%x 10710
44.999939 1.5 x 10710 9.6 x 107! —5.6 x 10710 -1.9x%x107°
449.93921 1.1x 107 1.1x 107! —4.5x%x 10710 —1.1x107°
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the cases considered in this paper are concerned. Thus, it
would be very interesting to look for other choices of
{¢s,c13, €14} (f there exists), which could result in dis-
tinguishable values in these observational quantities.

VI. CONCLUSIONS

In this paper, we have systematically studied static
spherically symmetric spacetimes in the framework of
Einstein-aether theory, by paying particular attention to
black holes that have regular SOHs. In &-theory, a timelike
vector, the aether, exists over the whole spacetime. As a
result, in contrast to GR, now there are three gravitational
modes, referred to as, respectively, the spin-0, spin-1, and
spin-2 gravitons.

To avoid the vacuum gravi-Cerenkov radiation, all these
modes must propagate with speeds greater than or at least
equal to the speed of light [74]. However, in the spherically
symmetric spacetimes, only the spin-0 mode is relevant in
the gravitational sector [75], and the boundaries of BHs are
defined by this mode, which are the null surfaces with

respect to the metric g,(,i) defined in Eq. (1.3), the so-called
SOHs. Since now cg > ¢, where c; is the speed of the spin-0
mode, the SOHs are always inside or at most coincide with
the metric (Killing) horizons. Then, in order to cover
spacetimes both inside and outside the MHs, working in
the Eddington-Finkelstein coordinates (3.1) is one of the
natural choices.

In the process of gravitational radiations of compact
objects, all of these three fundamental modes will be
emitted, and the GW forms and energy loss rate should
be different from that of GR. In particular, to the leading
order, both monopole and dipole emissions will coexist
with the quadrupole emission [34,35,38—41,43]. Despite of
all these, it is remarkable that the theory still remains
as a viable theory, and satisfies all the constraints, both
theoretical and observational [71], including the recent
detection of the GW, GW170817, observed by the LIGO/
Virgo Collaboration [89], which imposed the severe
constraint on the speed of the spin-2 gravitational mode,
-3x 1075 < ¢y —1 < 7 x 10715, Consequently, it is one
of the few theories that violates Lorentz symmetry and
meantime is still consistent with all the observations carried
out so far [71,103].

Spherically symmetric static BHs in @-theory have been
extensively studied both analytically [S1-61] and numeri-
cally [63-69], and various solutions have been obtained.
Unfortunately, all these solutions have been ruled out by
current observations [71].

Therefore, as a first step, in this paper, we have
investigated spherically symmetric static BHs in @-theory
that satisfy all the observational constraints found lately in
[71] in detail, and presented various numerical new BH
solutions. In particular, we have first shown explicitly that
among the five nontrivial field equations, only three of

them are independent. More important, the two second-
order differential equations given by Egs. (3.5) and (3.6) for
the two functions F(r) and A(r) are independent of the
function B(r), where F(r) and B(r) are the metric
coefficients of the Eddington-Finkelstein metric (3.1),
and A(r) describes the aether field, as shown by
Eq. (3.2). Thus, one can first solve Egs. (3.5) and (3.6)
to find F(r) and A(r), and then from the third independent
equation to find B(r). Another remarkable feature is that
the function B(r) can be obtained from the constraint (3.10)
and is given simply by the algebraic expression of F, A and
their derivatives, as shown explicitly by Eq. (3.11). This not
only saves the computational labor, but also makes the
calculations more accurate, as pointed out explicitly in [67],
solving the first-order differential equation (3.7) for B(r)
can potentially be affected by numerical inaccuracies when
evaluated very close to the horizon.

Then, now solving the (vacuum) field equations of
spherically symmetric static spacetimes in @-theory simply
reduces to solve the two second-order differential equa-
tions (3.5) and (3.6). This will considerably simplify the
mathematical computations, which is very important,
especially considering the fact that the field equations
involved are extremely complicated, as one can see from
Egs. (3.5) to (3.10) and (Al) to (A4). Then, in the case
c13 = c14 = 0, we have been able to solve these equations
explicitly, and obtained a three-parameter family of exact
solutions, which in general depends on the coupling
constant c¢,. However, requiring that the solutions be
asymptotically flat, we have found that the solutions
become independent of ¢,, and the corresponding metric
reduces precisely to the Schwarzschild BH solution with a
nontrivially coupling aether field given by Eq. (3.34),
which is always timelike even in the region inside the BH.

To simplify the problem further, we have also taken the
advantage of the field redefinitions that are allowed by the
internal symmetry of &-theory, first discovered by Foster in
[83], and later were used frequently, including the works of
[63,65,67]. The advantage of the field redefinitions is that it
allows us to choose the free parameter ¢ involved in the
field redefinitions, so that the SOH of the redefined metric
Gy Wil coincide with its MH. This will reduce the four-
dimensional space of the initial conditions, spanned by
Fy. F A AH, A},, to one-dimension, spanned only by A i if
the initial conditions are imposed on the SOH. In Sec. III D.
we have shown step by step how one can do it. In addition,
in this same subsection, we have also shown that the field
equations are invariant under the rescaling » — Cr. In fact,
introducing the dimensionless coordinate & = rgy /7, the
relevant four field equations take the scaling-invariant
forms of Eqgs. (3.74)—(3.77), which are all independent
of rgoy. Thus, when integrating these equations, without
loss of generality, one can assign any value to rggy-.

We would like also to note that in Sec. III. C we worked
out the relations in detail among the fields (g”,,,u”,ci),
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A

(G, C;), and (g,,, @, ¢;), and clarified several subtle
points. In particular, the redefined metric g, through
Egs. (2.23) and (2.24) does not take the standard form
in the Eddington-Finkelstein coordinates, as shown explic-
itly by Eq. (3.35). Instead, only after a proper coordinate
transformation given by Egs. (3.36) and (3.37), the result-
ing metric g, takes the standard form, as given by
Eq. (3.38). Then, the field equations for (g,,, @, ¢;) take
the same forms as the ones for (g,,, u*, c;). Therefore, when
we solved the field equations in terms of the redefined
fields, they are the ones of (g,,.,#"), not the ones for
(gﬂw l:t'u)

After clarifying all these subtle points, in Sec. IV,
we have worked out the detail on how to carry out expli-
citly our numerical analysis. In particular, to monitor
the numerical errors of our code, we have introduced the
quantity C through Eq. (4.7), which is essentially
Eq. (3.65). Theoretically, it vanishes identically. But, due
to numerical errors, it is expected that C has nonzero values,
and the amplitude of it will provide a good indication on the
numerical errors that our numerical code could produce.

To show further the accuracy of our numerical code, we
have first reproduced the BH solutions obtained in [63,67],
but with an accuracy that are at least 2 orders higher
(cf. Table I). It should be noted that all these BH solutions
have been ruled out by the current observations [71]. So,
after checking our numerical code, in Sec. IV.B, we
considered various new BH solutions that satisfy all the
observational constraints [71] and presented them in
Tables II and III, as well as in Figs. 3-5.

Then, in Sec. V, we have presented the physical metric
9w and a-field w* for these viable new BH solutions
obtained in Sec. IV. Before presenting the results, we have
first shown that the physical fields, g,, and u*, are also
asymptotically flat, provided that the effective fields g,
and " are [cf. Egs. (5.1) and (5.2)]. Then, the physical BH
solutions were plotted out in Figs. 6 and 7. Among several
interesting features, we would like to point out the different
locations of the metric and spin-0 horizons for the physical
metric g,,, denoted by full solid circles and pentagrams,
respectively.

Another interesting point is that all these physical
BH solutions are quite similar to the Schwarzschild
one. In Fig. 8, we have shown the differences for the case
c; =9%x1077, ¢;4y =2x 1077, and ¢3 = 0, but similar
results also hold for the other cases, listed in Tables II
and IIL

In this section, we have also identified the locations of
the UHs of these solutions and several other observatio-
nally interesting quantities, which include the ISCO rgcq,
the Lorentz gamma factor y;, the gravitational radius r,
the orbital frequency wigcq of the ISCO, the maximum
redshift z,,,,, of a photon emitted by a source orbiting the

ISCO (measured at the infinity), the radii r,;, of the CPO,
and the impact parameter b, of the CPO. All of them are
given in Tables IV and V. In Table VI, we also calculated
the differences of these quantities obtained in &-theory and
GR. Looking at these results, we conclude that it is very
hard to distinguish GR and @-theory through these quan-
tities, as far as the cases considered in this paper are
concerned. We would also like to note that for each BH
solution, there are infinite number of UHs, r = ryy_;,
(i=1,2,3,...), which was also observed in [67]. In
Table 1V, we have listed the first eight of them, and the
largest one is usually defined as the UH of the BH. In
contrast, there are only one SOH and one MH for each
solution. These features are also found in the gravitational
collapse of a massless scalar field in @-theory [72].

An immediate implication of the above results is that the
QNDMs of these BHs for a test field, scalar, vector or tensor
[104], will be quite similar to these given in GR. Our
preliminary results on such studies indicate that this is
indeed the case. However, we expect that there should be
significant differences from GR, when we consider the
metric perturbations of these BH solutions—the gravita-
tional spectra of perturbations [105], as now the BH
boundaries are the locations of the SOHs, not the locations
of the MHs. This should be especially true for the cases
with large speeds cg of the spin-0 modes, as in these cases
the SOHs are significantly different from the MHs, and
located deeply inside them. Thus, imposing the non-out-
going radiation on the SOHs will be quite different from
imposing the non-out-going radiation on the corresponding
MHs. We wish to report our results along this direction
soon in another occasion.
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APPENDIX: THE COEFFICIENTS
OF f,, a,, b,, AND n,

In this Appendix, we shall provide the explicit expres-
sions of the coefficients of f,, a,,, b,, and n,,, encountered
in the Finstein-aether field equations in the spherically
symmetric spacetimes, for which the metric is written in the
Eddington-Finkelstein coordinates (3.1), with the aether
field taking the form of Eq. (3.2). In particular, the
coefficients of f,, a,, and b, appearing in Egs. (3.5)—
(3.7) are given by
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Jo=—4(cy+ci3)(cr + c13 = (2 + 1)) rA(r)A'(r)
—(c1465 =3+ ¢t + (ca + 1)y — (¢ +2)ci3c14)PA (r)?
—4((c14+1)ci; +2(cy + 1)egz + (€3 = 2)caeis + ca(ca +2) = 2(c5 4+ 3¢5 + 1)cy4) rA(r)*F'(r)
+2(c3 + (2 =3ca)c14¢2 — 9cizci40s + (€ + 1)cd, = 35 (deyy + 1)) PPA(r)3A (r)F' (1)
— (5cuc3 =3+ (e + 1), + (Tey = 2)cpzery + ¢33 (dery + 1) r2A(r)SF(r)?
=2(ez +e)ers(=cr + ey + e = HrPAFPA (NF () + (c2 + ciz)era(er = eiz + ca) PA(r)* F'(r)?
— (2 + ci3)A(r)*(=cra(er = c13 + ) PA (r)2F'(r) 4+ 4cy(c1s = 1) + 2¢13¢14),
f1==8(c2 + c13)(cracr 4¢3 + c13 + c1a) rA(r)*A'(r)
+4(c3 = 3ci3c1400 +2¢1405 + (e + 1)cty = c35(c1q + 1)) PPA(r)?A' (r)?
(1 =2c14)cts 4 (=cracy + 263 + ey +4)ciz + a(c +4) 4 (565 + 9y + 4)eyy) rA(r)°F'(r)
€14¢5 + 3¢5 = 3(cy + 1)ciy + (1ley + 6)cizciy + ey (dery = 3))rPA(r)A'(r)F'(r)
5+ (3er +2)cier + 3cizci1a6; + (cn 4+ 1)ty + ¢i3(2¢14 = 1)) ?A(r)* F'(r)?
¢y +ciz)eis(cr = ep3 +cg)PA(r) A (r)F' (r)?
2(ez + c13)enaA(n) (e + 13+ cu = 4)PA'(r)?F' (r) = 4(2¢; + ¢13 + 1)),
fa=2(c14¢3 +3c3=3(ca + 1), + (1lcy + 6)ci3¢14 + cl5(dery — 3))PPA(r)*A' (r)?
+4(=(c1a = 1)y +2(ca = 1)egs + (e +4)cpgers + (3 = 2)ey + (4¢3 + 8¢y + 2)cyy)rA(r)8F' (r)
+6((c1s + 1)c3 + cry(—ci3 + cia +2)cy — ¢35 + 2, r?A(r) A (r)F'(r)
+ (=(cra = 1)e3 + (13 = cra)erser = (13 = €1)*)r?A(r) O F (r)?
+ (=cy = e13)A(r)®(=cia(cy = 13 + €1a) PA'(r) F'(r) + 8¢y + 4(6¢; + 3c13 + 4)cyy),
f3=8(ca+ ciz)(cracy + ca + c13 + ) rA(r) A (r) + 8(2¢3 + 3cizey + ¢ + ¢y + c13)caA(r)
+4(c3 = 3ci3c146y +2¢1400 + (e + 1)cdy = 35(c1q + 1)) 2A(r)%A! (r)?
+4(cr +cp3)(er + i3 = (e + Der)rA(r) 'O F (1)
+2(ey = ez + cra)(er + g3 = (ea + D)) PA(r)°A'(r)F'(r),
fa=4(ca+ciz)(ea+ ez = (€2 + 1)erg) rA(r)’A'(r) = 2(cy + ¢13) (2¢a(c1a = 1) + c13¢14)A(r)"°
+ (e + 5 =ty — (cr + 1)cty + (e + 2)ci3c14) PA(r) A ()2, (A1)

—4(
+2(
+2(c
+2(

ay =4(—(c1q — 1)y + (—c140a + 205 + 214 — 2)c13 + (€3 = 2)cy +2(c3 + 3¢y + 1)eyy)rA(r)?A'(r)
+ (¢33 + (5cac1a 4+ 8) ez — (ca + 1)edy — (¢ — 8)cy — (563 + 18¢y + 8)c14) rPA(r)A! (r)?
+ (e + ciz)eu(cr = ez + 1) PA'(r) +4(cy + c13)(craca + ¢3 + c13 + c14) rA(r) F'(r)
= 2((2c14 = ety + ((Bea =2)erg +4)erz = (ea + 1)efy + calen +4) + (3¢5 + 4oy +4)cia) rPA(r)*A'(r) F'(r)
+ (—=c3 = (c3 + 2)c14¢2 + 1301462 + €33 — (c3 + 1)}y ) PA(r) F/(r)?
+ (c2 + ci3)ena(cr = ciz + c1g) PA(r)°A (r) F'(r)?
—2(ca + cia)A(r) (cra(=ca +ci3 + ey = )P A (1) F'(r) + 2¢5 + 2¢5¢14 + cp3¢14 + 4),
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a; =4((2ci4 + 1)ty + Bepgen + 205 + c14 —4)ci3 + (e —4) ey — (3¢5 + Tea + 4)c4)rA(r)*A' (r)
+ (=(8c1a = 3)cty = ((23¢5 + 14)c14 = 8)cys + 3(cp + D)ejy — 2(3¢y = 8) = (€3 = 8¢y = 8)cyy) PA(r) A (r)?
=2(cy + ep)era(=cr + i3+ ey = HrPA(r)?A'(r)? = 8(cy + 1) (e + c13)c14rA(r) F'(r)
+4((cra + D)ty +2(eac1s = Ders = (ea + Defy = ea(en +2) + (€3 + 2¢5 + 2)c14)r?A(r)°A' (r) F' (1)
+ (cluc3 — A3+l + (cy + 1)c3, = (ca 4+ 2)ci3c14)PPA(r)° F' (r)?
=2(cy + e3)A(r) (=eraler = ei3 + 1) PPA'(r)?F'(r) = 2¢3 = (6¢3 + 3c13 + 4)ca),
ay = =2(cy + c13)((6¢2 + 3c13 +4) ey = 2(cy +2))A(r)’
—4((c1q + 1)cdy + (c2(Berg +2) +2)c13 + ca(er +2) —2(2¢5 + 1)c14) rA(r)°A/ (1)
+ (3¢5 + (5¢3 = 6)ciacy + 19¢ 1301460 — 3(ca + 1)c3, + ¢35(8c14 + 3))rPA(r)3 Al (r)?
+ (e2 + ci3)era(er = cr3 + 1) PA(r) A (r)* = 4(ey + c13)(ea + 13 = (e2 + 1)era) rA(r) F'(r)
=2(cy = ez erg)(ea + ez = (ea + 1)) r?A(r)* A (r)F'(r),
az =2(cy + ¢13)(2¢5(c1a = 1) + c13¢14)A(r)” = 4(cy + c13)(ea + €13 = (€2 + 1)e1y) rA(r)*A'(r)
+ (c1a63 = 5 +cfs + (er + ey = (ea +2)erzeia) rPA(r) A’ (r), (A2)

and

by = 4(cy +1)(c2 + c13)caA(r)* = 4(cy + c13)%c1arA(r)A' (1)
+ (2 + cr3)era(er = er3 + 1) PA(r)? = 4(ey + c13)’crarA(r)*F'(r)
—2(cy + cp3)crs(=ca 4 13 + c1g =4 r?A(r)PA'(r)F'(r)
+ (c2 + c13)eraler = ci3 + c14) PPA(r)°F' (r)?,
by = =2(c; + ciz)cia(=ca + ¢35+ c1a = H)PA(r)?A'(r)? = 8(cy + 1) (e + €13)c1aA(r)*
+2(cx + cpz)eia(er = ci3 + cg)rPA(r) A/ (r)F'(r) +4(cy + ¢13)%ciarA(r)°F (),
by = 4(cy + ¢13)°c1arA(r)A'(r) + 4(cy + 1) (c2 + c13)e14A(r)°
+ (¢ 4 ciz)ena(cr = c3 4 c14)PPA(r)*A (r)2 (A3)

On the other hand, the coefficients n,’s appearing in Eq. (3.10) are given by

_ A _ C2 _ €13 1
" T A B} 2PAGB(r)  4PA(r?B(r)  PB(r)
(et ezt A (NF(r) (eateiz=cA(r)? (e +2)F(r)
4A(r)B(r)? 8A(r)*B(r)? 2rB(r)?
(eate— 014) (r)*F'(r)?
8B(r)’ ’
(—co—ci3 —cpy)A'(r)? CzA(”)zF/(”) 2c)+ci3+2

T AAG B () 2rB(r)’ 277B(r)
(—c2 = ci3 + cl)A(r)A'(r)F'(r)
4B(r)? ’
L A(r)A (r —cy—cC c1)A ()2 (=2¢c, — c13)A(r)?
ny = — 22r<3)(r)§ ) (e é;zi);d (r)?, ( ZrzB(li)>3 (r) _ (A4)
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When cg = 1, i.e., ¢y = (—2¢13 + 2¢14 — ¢33¢14) /(2 — 44 + 3c3¢14), the coefficients f, ag, by, and ny reduce to

Ci4C13 +2¢13 —2¢
— lra(m2F 14€13 13 14]17,
fo = [rAPF(r) + 2 =

2(cy3 = 1)eyyrA'(r) + (ej3 = 2)(c14 — 2)A(r)

4 = e A () + 1) 2) = 201 (rA(PF (1) £ 1)
1

bO - ((3C13 _ 4)014 + 2)2 {—2(C13 - 1)26‘%4(46'146%3 + (—36‘%4 - 4C14 + 4)6’13 + 4(C14 - 1)614)r2A’(r)2
—4(c13—1)2 cl4rA( VA'(r )[(4c14c%g (30%4 —16¢14 +4)c13 — 4(C%4 —deyy +2))rA(r)*F' (r)
+4(ci3 — 1)%c1a] = 2(ci3 — 1)2cA(r)?[(4eiacts + (=3ciy —4cis +4)cps
+4(c1q — 1)e1g) PPA(r)*F (r)? + 8(cy3 — 1)%c14rA(r)*F'(r) + 4(ci3 — 1)((c13 — 2)c1q + 2)]}, (A5)

and
ny — cia(=2ci3 + (3cig +4)ci3 — deiy)A(r)*F'(r)?

8((3¢13 —4)c1y +2)B(r)’
+ F'(r)[(c14(=2¢T; = 3c1qc13 +deyz +dery = 4)rA’(r) = 2(cracts + (2 = 6¢1g)ers + 6¢14 — 4)A(7))]
X [4((Bciy = 4)ery +2)rA(r)B(r)’] ! + [B((3c13 — 4)c1q +2)r*A(r)*B(r)*]™!
X [e1a(=2¢13 + (Bers +4)ciz = deiy)rPA'(r)? = 4(craciy + 2¢13 = 2¢14) rA(r)A' ()
—8((3c13 —4)ciy +2)A(r)*B(r)* + (=2c14¢t; + (8cis +4)ci3 — 8ci4)A(r)?]. (A6)
It should be noted that, due to the complexities of the expressions given in Eqs. (A1)-(A6), we extract these coefficients
directly from our Mathematica code. In addition, they are further tested by the exact solutions presented in [51,53], as well

as by the numerical solutions presented in [63,67]. In the latter, we find that there are no differences between our numerical
solutions and the ones presented in [63,67], within the errors allowed by the numerical codes.
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