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Abstract In the decoupling of the early universe, photons interacted with
electrons via Thompson scattering, whereby any anisotropy in the spatial dis-
tribution of the photon gas will lead to polarization of the cosmic microwave
background (CMB) radiation which has recently been observed by WMAP . In
this paper, starting from the Boltzmann equation of the photon gas and adopting
the general expression of the optical depth function, we have derived separate,
approximate analytic solutions for the polarization of the CMB radiation induced
by primordial deunsity perturbation and remnant gravitational waves, solutions
that are valid for the general recombination process. For the scalar type of
perturbations Fj, the derived approximate analytic expression of polarization is
Bs ~ —CFy(14)A7y4, where 74 and A, are the decoupling time and the decou-
pling duration, respectively, and C' =~ (0 08 ~ 0 12) depending on the recombina-
tion model For the tensorial type of perturbations Fir, the calculation is made in
the long-wave approximation By expanding the perturbation function in terms
of the wave number and keeping the first two terms Fp =~ F;l) + F:(FQ), we obtain
the analytic expression of polarization Gy ~ —[CFY(}) (Td)'i'DFz(?) (14)]ATq, where
D ~ (0.22 ~ 0 32), again depending on the recombination model. Our results
may help to nterpret the observed temperature-polarization cross correlation
and to detect the contribution of remnaut gravitational waves to the anisotropy
of the CMB radiation.
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1. INTRODUCTION

To study the cosmic microwave background (CMB) radiation 1s not only necessary for explor-
ing the evolution of the universe, and it 1s also important for the other branches of astronomy
and particle physics. In the recent ten years or more, many achievements have been made
in the observational and theoretical research of the CMB radiation. The large-scale inho-
mogeneity of the microwave background radiation AT/T =~ 2 x 1075 was detected for the
first time by COBE (Cosmic Background Explorer)!)| since then, observations are gradually
moving mto smaller scales’>=4 Recently, the observations of WMAP (Wilkinson Microwave
Anisotropy Probe) have not only obtained a rather complete curve (the heights and positions
of the first three peaks) for the power spectrum C; of AT/ 7581 but also observed clearly the
polarization of the CMB radiation”’~% and calculated the temperature-polarization cross
correlation, which indicates that a reionization happened in the early universe. These new
observational results are of important significance.

The mechanism leading to the polarization of the CMB radiation is the recombina-
tion process i which protons and electrons in the 1onized state were combined into neutral
hydrogen in the early universe at redshift z ~ 1000. At that time a large number of free
electrons still existed and, as the gas temperature was far less than the rest mass of the elec-
tron, the electrons were non-relativistic. When photons and electrons interacted with each
other, Thompson scattering took place. If the photon gas was completely homogeneous and
1sotropic in space, then the Thompson scattering will not make the photon gas polarized. In
fact, in the universe the spatial distribution of the photon gas is inhomogeneous, containing
particularly the quadrupole components of inhomogeneity « Y, (6,¢),1 = 2, so after the
Thompson scattering the photon gas became linearly polarized. After the recombination
process the protons and electrons in the universe were combined into neutral hydrogen, and
after the decoupling of the photons and electrons, the polarization of photons remains to be
the observed polarization of the CMB radiation now. The observations of WMAP indicate
that after the decoupling the reronzation process took place which further affected the po-
larization of the CMB radiation At present, the mechanism of reionization 1s not yet clear
and still awaiting further study We will not discuss it any more 1 this paper

In the theoretical study of the CMB, we mainly deal with the group of Boltzmann
equations of photons, baryons, neutrinos and other probably existing dark matter in the
expanding Robertson-Walker spacetime. Not only does this group of equations contain cou-
plings among the different components, a small perturbation of spacetime 1tself will enter
directly mto the equations of the different components to affect the perturbations of the
different components. Therefore, this group of equations involve a number of physical quan-
tities and parameters, and their solution becomes rather complicated. Some solution can
be made by some numerical method (such as cmbfast and so on) or some approximate an-
alytic method(!®. The latter is very important because 1t can display clearly the roles of
the different parameters in the cosmological model, so leading to a better understanding
of the various physical mechanisms and characteristics of the CMB. An important physical
quantity m the polarzation theory of the CMB is the function g, i.e. the Fourier compo-
nent of linear polarization in the momentum space, by which the autocorrelation function
of polarization, temperature-polarization cross correlation and other important observable
quantities can be built up References [11,12] have given the approximate analytic expres-
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sion o~ —0.17F(74)A71q, 1n which F(74) 15 the value of the primordial perturbation at the
time of decoupling 74, and A7y is the duration of the decoupling. But in the derivation
of Reference [11], as an approximation, the integral was simply taken to be the product
of the peak value of a Gaussian approximation of the curve of visibility function and the
decoupling duration (width of the peak). Generally, the curve of the visibility function for
the recombination process consists of a very sharp peak and a rather broad wing on each
side, the result obtaned by the above direct multiplication is obviously greater than the
actual value, even by a factor of several units. Besides, in this way the particular optical
depth function during the recombination process and the effect of the baryon density €, can
not be seen

In this paper, the polarization formula will be re-derived by adopting a general optical-
depth function for the recombination process and by improving the integration process. In
addition, the values of the decoupling time 7; and the decoupling duration A7y will be
given in a conformal time-coordinate by adopting the newest WMAP data. The result
fits the general recombination process, and it shows obviously the effect of the cosmological
parameter, the baryon density €1, on the polarization. We will give the approximate analytic
solution of the polarization by integrating separately primordial perturbations of the sealar
type (density) and tensorial type (gravitational wave) .

2. MODEL OF THE OPTICAL DEPTH OF THE RECOMBINATION
PROCESS

As we have mentioned, the formation of the CMB was performed 1n an expanding spacetime
background, affected by perturbations of the spacetime metric and by anisotropy of the
photon gas. We take the Robertson-Walker metric of flat space as the spacetime background,

d52 = aQ(T)[_dT2 + (61J + hz])dzldx‘j] ) (1)

in which h,, is the spacetime perturbation, representing the inhomogeneity and anisotropy of
generally both scalar and tensorial types; 7 is the conformal time—1t is convenient to use the
conformal time coordinate system The recombination process, during which polarization 1s
produced, 1s i the matter-dominant period The scale factor 1s a(7) = (7/70)2, in which 7o
is the present time, and it is equivalent to normalizing the scale factor by a{rg) = 1. The
redshuft is defined by a(7) = a(79)/(1 + z), from which we can obtain the relation between
the conformal time and the redshift in the matter-dominant period: = = 75/+/1+ 2z and
dr = -1+ z)73/%dz.

The details of the recombination process, forming neutral hydrogen atoms from protons
and electrons, affect directly the production of polarization, in which the major relevant
physical quantity is the optical depth function &(7), which has been studied in many papers
(13-15] " The optical depth function from the present time 7y (29 = 0) to a past time T
(redshaft z) is defined as.

k(T) = K(10,7) = /TO g(r")dr, (2)

in which ¢(7) is the differential optical depth, proportional to the degree of iomization, the
number density of electrons and the Thompson scattering cross-section. g depends on the
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total amount of matter 2 and other cosmological parameters, and 1t is generally defined by
the adopted cosmological model and the particular recombination model By definition we
have

k(r, 7)) = k(") — &(7). (3)

Instead of 7, the redshift z is generally taken as the argument of the optical depth function,
and is denoted by (0, z) Studies indicate that for the general recombination process m the
early universe, the optical depth function can be expressed in the following power-law form.

K(z) = £(0,2) = b (ﬁ) : (4)

in which b and ¢ are dunensionless parameters to be determined by the particular model.
The differential optical depth 1s

dr(7) dz d

0=-3- :—d—TEH(z)- (5)

The quantity e"‘i’f, which appears very often in the discussion of the recombination pro-
cess, 18 called the visibility function, and its physical meaning 15 the probability that the
photon was last scattered at redshift z The curve of the visibility function is single-peaked,
close to a Gaussian distribution But for the recombination process, the curve of its visibility
function has a very high and sharp peak, as well as rather broad gentle slopes on the two
sides of the peak. In the discussions of this paper the following two commonly used models
will be used

(1) Solving the equation of the degree of 10mization with the calculation of the recombi-
nation process, and fitting to observational data, Jones et al 4 obtained the optical depth
function:

z
1000
The corresponding parameters are b = 0 37, ¢ = 14 25.

(2) The optical depth 1s related to the baryon density {2, in the universe. Especially
for the dark matter model, in which €, < ©Q, the above recombination model has to be
revised Considering the correction for the baryon composition 2 in the model of @ = 1,
Hu et al 1% have presented the following optical depth formula-

14 25
n(O,z):O37( ) . 800 < z < 1200, (6)

ya
k(0,2) = QF 43(1@)16“ Bln 800 < z < 1200, (7)

corresponding to b = QY 43, ¢ = 16 + 1 81n . This model 1s quite different from the Jones-
Wyse model If we take the baryon density € = 0.045, then the two models will have a
difference of about 60% in the peak value and width of the visibility function curve, and a

corresponding difference between the CMB polarizations given by these two recombination
models 1s expected
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3. BOLTZMANN EQUATION FOR THE CMB POLARIZATION

For the study of the CMB, the usual way 1s to obtain a series of equations of multipole
moments by spherical-harmonic expansion, then to solve the equations according to the
order But for an approximate analytic solution of polarization, it 1s simpler mathematically
to adopt the Basko-Polnarev method[1®:17 The distribution function n of polarized photons
satisfies the Boltzmann equation!*®)

d , 0 dv on
(5}““5&)“"&75;“‘1("‘”’ ®)
where

L ' Nmdu'de’
TJ-1Jo

in which e* 1s the unit vector in the propagating direction of photons, specified in the given
spherical coordinate by (4,¢). The differential optical depth is ¢ = orNea, or and N, are
the Thompson scattering cross-section and the number density of free electrons, respectively.
P(u, ¢, 1/, ¢") is the square matrix describing the effect of the electromic gas component on
the photons, 1.e , the effect of the Thompson scattering on the polarization!*®, and p = cos 6
~§§%—? on the right side of the equation represents the variation of the photon frequency

v caused by the perturbation of spacetime metric. More specifically, it is reflected by the
Sachs-Wolf effect:

Lav _1on,

vdr 2 0r
Here, the metric perturbation h,, may be a density perturbation or gravitational waves The
most common distribution function of polarized photons n is the column matrix
nv,0,¢) = (I, I, U, V), whose components are the 4 Stokes parameters. In this paper
we study the Thompson scattering which induces only a linear polarization, and the param-
eter of circular polarization is V' = 0. The radiation intensity 1s [ = I; + I., and Q = I, — I
describes the linear polarization. For polarization induced by density perturbations, we can
take U = 0. But for polarzation induced by gravitational waves, we have generally U # 0
Adopting the Basko-Polnarev method, we assume that n 1s divided into two parts, ie., a
non-polarized and a polarized part.

1
n = ng 1] +nq|,
0

m which ng 1s the Planck spectrum, dependent only on the frequency v, and independent of
the direction. 7, 15 the polarized part that we are mostly concerned with. After the Fourier
transformation i space domain, 1ts components satisfy the following equation

any (k)

o + thpna (k) =y’ F = q(na (k) = (k). (10)

dlnno

dinv )
component of the Sachs-Wolf effect term (—1h,,e%e’), and F is the primordial perturbation

source For the density perturbation, let

in which v = ~ 1 in the Rayleigh-Jeans low-frequency region, u?F 1s the Fourier



ZHANG Yang et al / Chinese Astronomy and Astrophysics 29 (2005) 250-262 255

1 1 1
ni(k) = a(u’ - 3) (1) +B-u?) | -1 ],
0

for the perturbation of gravitational waves, let

N 1 (14 p?) cos 2¢
ni(k) = —Q—(I—HQ)cosZgb L] +8] —(1+p*)cos2¢ |,
0 4psin2¢

in which o and 8 are functions of time to be defined, depending on the wave number &, and
[ is the polarization Thus the complicated Boltzmann equation is reduced to the following
group of 2-element first-order differential equations with the same coupling(11:16:17:19,20]

%3

E-i—qf:F,

98 3 1
5‘7:+16(Jﬁ— —1—OQ§~

in which £ = a + 4. By formal integration, we can obtain the following formulae.

() = /OT F(T’)e—K(T’T/)dT/, (11)

1 /7 3
Br) =15 |, o )er e FC e 12)

From these two integration expressions, we see that the optical depth function & repre-
senting the recombination process, as well as the primordial perturbation F', will affect the
resulting polarnization The procedure of calculating the polarization is to obtain first £(7)
by integration, and then inserting 1t into the second integration to obtain 8(7).

4. THE CMB POLARIZATION INDUCED BY DENSITY
PERTURBATIONS

According to the current understanding of cosmology, in the inflationary stage of the early
unverse, quantum zero-pownt vibrations of the quantum field and gravitational field of the
dominant matter will be elongated by the expansion of the universe, and this makes the
large-scale matter distribution in the universe and the spacetime metric itself inhomoge-
neous and anisotropic As mndicated by the linearized Einstein equations, the inhomogeneity
and anisotropy of the matter distribution and those of the metric 1tself are interrelated and
nteractivel2!. When fluctuations corresponding to the inhomogeneity and anisotropy enter
again the visual field of the universe, they become the tiny primordial perturbations!??
As mentioned before, the primordial perturbations can be divided into two types: density
perturbation Fg and the perturbation of the remnant gravitational waves Fyp, and they
affect the photon gas via the Sachs-Wolf effect. In this paper, we assume that the primor-
dial perturbations are given. Next, we will calculate first the polarization induced by the
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density perturbation. The calculation 1s basically similar for the perturbation of remnant
gravitational waves
The density perturbation source is2l

Flr) = 72 (T (13

This 1s a linear function of the time 7, in which {(k) is a function of the wave number k,
independent of 7, and can be determined by the inflation model.
Let us calculate (7). Substituting Fs(7) into Eq (11) and from Eq.(13), we have

£g(r) = %g(k)k%““%(ﬂ, (14)

in which

A(T)z/ e Mar . (15)
0

This integration is difficult to yield a strict analytic solution. Reference [11] made an approxi-
mation for the integration {s(7) as follows: first, replace the factor F(7) of the integrand with
its value at the time of decoupling, i e , F'(73), and it is equivalent to A(7) >~ 74 foT e~y

de (") w(1")

Then, make the approximation o~ —
dr’ A1y
k(). , dr(r’)
an U=
and they can not reflect the effects of different recombination models. The following is our
improved approximation for the integration Replacing the variable of integration with z
and inserting the general optical depth formula «(7’) into Eq.(15), we have

. In fact, near the decoupling time we have

) =~ z4/Dzq ~ 5> 1. So the two approximations have rather large errors,

z
1000

2 z
Alr) = ——723/ (1+ 2) 2 exp (—b( )6)dz.

The lower limuit of this mtegration z = oo corresponds to 7 = 0. Our final purpose is
to obtain 8s by integration. The factor q(’r’)e“i%”(’”’) in the integrand is similar to the
vistbility function g(7/)e=*("™") and it makes its contribution mainly around the decoupling
time z ~ (800 ~ 1400). As A(7) appears in mtegrand of s and it is multiplied with the
factor g(r')e” 157 so A(r) will make its contribution around the decoupling time as
well Thus we can make an approximation for A(7) by (1 + 2)™% ~ z~2. Introducing the
variable of imtegration = (z/1000)¢, the optical depth function becomes x(7) = bzx. And

we have

2

A(T) ~ 1010731 /l g~ (It embrgy
2 o0

The integration in the above formula is an mcomplete I" function (refer to p 317 of Reference

(231), s0

2
1
A(r) = 120—10“30"152I‘(—%,bm). (16)
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And we obtain {5 to be

£5(r) = BUIT(—3, ) a7)

1n which

_ 1 27'02 ~3_ 1
:15((k)k 210 i

From the result obtained by WMAP recently®¥, the redshift at the decoupling time is
= 1089 + 1, the decoupling duration is Azg = 195 £ 2, and these are equivalent to

T4 = 3 % 107279, A1y ~ 2.7 x 107379 Then, by replacing 7 in the above formula with 74
and A7y, we obtam

B(k) (18)

50
8 13chi/c
Next, we will do the integration with the obtained {g to calculate the polarization 5(7').
From Eq (3), the mtegration for Gg(7) can be reduced to

B(k) ~ Fs(Td)ATd. (19)

1 T AlT i KT
Bs(r) = e ’/ a(r)es(r)e” Har’.
0
Inserting into &s(7) and using ¢(7’)dr’ = —dk = —bdz, we obtain

ol
Bs(r) = —l—e%'*(T)bB(k)/ (=1, baetsbodz, (20)
10 oo c
This is the result for arbitrary time. Taking 7 = 7y, z = 0, and from #(7o) = 0, we obtain
the polarization:

Bs = Bs(m0) = ——'bB(k)f() (21)
Here (refer to p.663 of Reference [23])
= [Tt pedtear = poir( - M P 210
_/0 D(==,ba)edz = 01 = =) F(1 - =, ;2 7o) (22)

By substituting F(0) and B(k) mto g, we obtain the final approximate analytic expression
for the polarization caused by the density perturbation:

ﬁs = *CFs(Td)ATd, (23)

in which the coefficient C 1s-

(85130271/0) Il - ) (“%71;2,%). (24)

This result suits the general recombination models, and the effects of the cosmological param-
eters on the polarization can be found directly from b and ¢. With b fixed and ¢ increasing,
the proportionality coefficient C and therefore the amplitude of 85 decrease This is the
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physical behavior that we expect: the greater the value of ¢, the narrower the peak of the
curve of the visibility function ge™", the shorter the time interval that photons undergo the
Thompson scattering, and the smaller the amplitude of the polarization produced. In the
Jones-Wyse model,

Bs =~ —0.075F5(r4) A1y (25)

The parameters b and ¢ of the Hu-Sugiyama model depend on the baryon density . If we
take €y = 0.045, then b =026, ¢ = 10.42, and

ﬂg ~ -0 119F5(Td)ATd . (26)

Harari and Zaldarriagal®*! have given a simple approximate formula: Gg ~ —0.17Fg(r4) A7y,
its amphitude 1s 1 5~2.3 times our result. Fig.1 shows the coefficient C in the Jones-Wyse
model as a function of ¢. Fig 2 gives the coefficient €' i the Hu-Sugiyama model as a
function of . It is obvious that C decreases with increasing ¢ and €2, respectively.

(11]

030+
040
0257 035 1
|®)
- U ]
S 020 g 030
— L
% 3 025
S 0151 £ 0201
@ 3
010 ~ 0104
005+
0 05 4—'7 T T T T T — T T T T T T T T T ~—T T T -
4 6 3 10 12 14 16 00 02 04 06 08 10
C Qy
Fig 1 The curve of the polarization coefficient C' Fig 2 The curve of the polanzation coefficient C
as a function of the power exponent ¢, as given 1n as a function of the baryon density £, as given 1n
Eq (24) for the Jones-Wyse model Eq (24) for the Hu-Sugiyama model, 1n which ¢ =
16 +181In2

5. THE CMB POLARIZATION INDUCED BY GRAVITATIONAL WAVES

The primordial perturbation source corresponding to remaining gravitational waves is25,26]

Fr(r) = %h(k)% (34%%’3@) . (27)

Here h(k) is the amplitude function of remnant gravitational waves, depending on the wave
number k, and 71 (z) = ~—j—x 202 15 the spherical Bessel function For this kind perturbation
source, direct integration 1s difficult The effect of remnant gravitational waves on the CMB
polarization is relatively remarkable at the long-wave stage, so we can make the calculation
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on the long-wave approximation. In this case k7 « 1, and, reserving the first two terms, we
have

1 1
Pr(r) ~ ——h(k)k®r + ——h(k)k*r?. 2
r(r) 2 —1eh(IKT + osh(k)k's (25)
The first term of the perturbation source Fq(}) = ﬁlloh(k')kﬂT is the major contributor,

it is a limear function of the time 7, as in the case of density perturbation The induced
polarization ,B(Tl ) can be given directly,

O _ _Gp® () Ary = — 3 1)
= d)RATd = Bs, 29
in which (g 1s the result caused by the density perturbation. It should be mentioned that
the present calculation can not determine directly the relative magnitude of the density per-

a k; . Various mflation models have different theoretical
predictions on this ratio And one of the major points of the study of the CMB polarization
is that by comparing the theory with the observation we can make a distinction between
the contributions from density perturbations and gravitational waves!27—30].

The second term of the perturbation source F}Z) = 1—4116h(k)k473 is the minor contrib-

utor, and, different from the first term, it has the form « 73 We first substitute FJ(?) into
Eq.(11) and obtain

turbation and gravitational waves

.
e (r) = —1—h,(k)k4e"(”/ T3 5y (30)
140 o

The mtegration on the right side of this formula 1s similar to the integration A(7) in the
calculation of density perturbations, when we have made the following alternations in A(7),
ie, b~Y¢ - b72%/¢ and I‘(—%,baz) — I‘(—%,ba:) Then, by expressing 7o with 74 and A7,
respectively, we obtain

2
67 (7) = B (k)etT(= =, ba), (31)
in which

100 1 )
145 8 cb2/c””

BE (k) = FP (1a) Aa (32)

Substituting 5;2) mto Eq.(12) and changing the variable of integration to z, then, from
g(7")dr’' = —bdz we have

1 ¢ 2 7
5"2)(7') = Eng)(k)/ F(—E,bm)el_@bxdx (33)
o0

By Eq (22), we can obtain the polarization caused by the second term of the gravitational
wave perturbation

(2 = 81 (70) = ~DF® (1) Ary, (34)

in which the coefficient D 1s

_ /107 1 2 2 7
D= (gggame) 0~ 2P0 215200 %)
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Similar to C, it decreases with increasing ¢, as does the amplitude of Bg? ). For the Jones-
Wyse model, D = 0 22. For the Hu-Sugiyama model, if we take Q, = 0.045, then D = 0.32.
In summary, under the long-wave approximation the polarization caused by the perturbation
of remnant gravitational waves is

Br ~ ~[CFY (r4) + DE® (rg)]Ary. (36)

6. ELECTRIC-TYPE AND MAGNETIC-TYPE POLARIZATIONS AND
CURRENT OBSERVATIONAL RESULTS

In general, we can use the spin-weighted spherical harmonics to construct the electric-type
polanzation Ag and the magnetic-type polarization Ap with the given Stokes parameters of
polarization. It helps us to distinguish the scalar perturbation from the tensorial perturba-
tion Density perturbation induces only electric-type polarization Ag and no magnetic-type
polarization Ag, while tensorial perturbation results in both Ag and Ag3Y,

For the scalar perturbation, during the recombination process and within the long-wave
Limits, the polanzation Ap(k,u), which depends on the angle 4 = cosf, can be obtained
directly from [s:

Ap(k,p) = (1 — p?)eulra=ml gy, (37)

Then, by operating continuously on Ap(k, 1) with the spin up operator for two tumes, the
so-called electric-type polarization can be obtained:

Ap =5 [-(1 = w)Ap(k )] = B [~(1 - p)e (=) g

Some direct calculations within the long-wave limits will yield the following simple linear
relation between g and Ap:

Agp = 4(1 - 3p?)erkulro =l gg

The Hu-Sujiyama model and Harari-Zaldarraga model differ from ours only in the coefficient
of Bs, and the amplitude of Ag given by these two models is 1 5~2.3 times of our result.

According to the common definition, the correlation function of the electric-type po-
larization < AgAg > 15 proportional to the square amphitude of Ag. However, the WMAP
observation can not provide this correlation of electric-type polarization, so a comparison
with the model calculation can not be made at present What is given by the WMAP obser-
vations 1s the power spectrum corresponding to the cross correlation < ArAg > between
the temperature and the electric-type polarization.

Crey = (4n)? [ Bk P(DATAE:,

B 1 [(+2) & .
AEz—\/m (l_g)!mzz:_l/dQYzmAE

i which
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It 1s equivalent to the projection of Ag in the function space on bases of spherical harmonics.
Similarly, Ap; is the projection of the temperature anisotropy AT, and P(k) is the spectrum
of the primordial perturbation of density fields, which is usually provided by the inflation
model It should be noticed that although certain differences in P(k) exist among the
different models, their functional forms are all close to a scale-invariant spectrum. The
greatest uncertamty 1s that, up to now, the theoretical amplitudes of P(k) given by all
inflation models are greater than the actual hmit by several orders of magnitude So, a
common practice is to make an arbitrary adjustment of the calculated amplitude. As Crg
contains simultaneously P(k) and 8s, so a 1~2-fold difference in the coefficient of Bs can
hardly be perceived Besides, i the observed [ < 20 large scale, Crg 1s quite diffuse. This
indicates that the relonization process happened at redshift z =~ 17+ 3!, In order to make
an accurate analysis, 1t 1s necessary to take the reionization process into consideration. In
this respect, the study of physical models 1s just beginning, and a lot of unknown factors
remain

Tensorial perturbation will cause magnetic-type polarization, this situation is more
complicated. WMAP has not yet observed magnetic-type polarization. As AT and Ag
have the positive parity, while Apg has the negative panty, so for the cross correlations
related to the magnetic-type polarization, we have < ATAp >= 0 and < AgAg >= 0.
Ounly 1if 188 correlation < AgpAp > 0, will the magnetic-type polarization be proportional
to the square of fr. The concrete formulae can be found in Reference [31]. To directly detect
remnant gravitational wave in the universe is rather difficult3? At present, we expect that
future CMB detection can observe directly magnetic-type polarization, but first we must
recewve signals of remnant gravitational waves And this 1s an important problem in the
study of the CMB and remnant gravitational waves.

7. DISCUSSION

In this paper, we have studied the CMB polarization produced by the Thompson scattering
of photons n the recombination stage of the early universe. Starting from the Boltzmann
equation, the polarizations induced by primordial density perturbation and remnant gravi-
tational waves are calculated separately for the general recombination process. In the case
of density perturbation, by giving the integration a careful treatment, an approximate an-
alytic expression of polarization valid for the general recombination process is obtained
For the Jones-Wyse model, our amplitude of polarization is less than that given by Hararri-
Zaldarriaga’s simple approximate formula by a factor of 2.3. As for the Hu-Sugiyama model,
if the baryon density is taken to be £, = 0045, then our amphtude of polarization is less
than that of Hararri-Zaldarriaga’s formula by a tactor of 1.5 times For the case of rem-
nant gravitational waves, we have made a discussion in the long-wave approximation By
expanding the primordial perturbation into a power series in the wave number, keeping the
first two terms, then inegrating separately, an approximate analytic formula for the polar-
ization 1s obtained, and 1t depends as well on the recombination model. The first term of
the result is similar to the result for the density perturbation, and the coefficient D of the
second term is different from the coeflicient C' of the first term. Our approximate analytic
solutions indicate clearly that for either case of density or gravitational wave perturbation,
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as the parameter ¢ of the optical-depth function decreases, the peak of the visibility function
curve of the recombination process becomes narrower, the decoupling time is shortened, so
decreasing the amplitude of the polarization induced by the Thompson scattering. Finally,
the present status of the observations of the electric-type and magnetic-type polarizations,
as well as theiwr relations with 3, are briefly mentioned.
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