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Waveform of gravitational waves in the ghost-free parity-violating gravities
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Gravitational waves (GWs) provide an excellent opportunity to test the gravity in the strong gravitational
fields. In this article, we calculate the waveform of GWs, produced by the coalescence of compact binaries,
in an extension of the Chern-Simons gravity by including higher derivatives of the coupling scalar field. By
comparing the two circular polarization modes, we find the effects of amplitude birefringence and velocity
birefringence of GWs in their propagation caused by the parity violation in gravity, which are explicitly
presented in the GW waveforms by the amplitude and phase modifications, respectively. Combining the
two modes, we obtain the GW waveforms in the Fourier domain and find that the deviations from those in
general relativity are dominated by effects of velocity birefringence of GWs. In addition, we also map the
effects of the parity violation on the waveform onto the parametrized post-Einsteinian (PPE) framework

and identify explicitly the PPE parameters.
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I. INTRODUCTION

The discovery of gravitational-wave (GW) compact
binary coalescence source GW150914, as well as the
other sources, opens the new window of GW astronomy
[1-3], which also provides an excellent opportunity to
test Einstein’s general relativity (GR) in the strong
gravitational fields [4-9]. In our series of works, we
focus on the test of parity symmetry of gravity with
GWs. According to Poppers argument: Scientists can
never truly “prove” that a theory is correct, but rather all
we can do is to disprove, or more accurately to constrain
a hypothesis. The theory that remains and cannot be
disproved by observations becomes the status quo [10].
Therefore, the studies of GW, in particular the calcu-
lations of GW waveforms, in the alternative gravita-
tional theories, are the crucial role for the tests of
gravity [11,12].

Symmetry permeates nature and is fundamental to all
the laws of physics. One example is the parity sym-
metry, which implies that flipping left and right does not
change the laws of physics. As well known, nature is
parity violated. Since it was first discovered in weak
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interactions [13], the experimental tests become more
interesting in the other interactions, including gravity.
The birefringence of GWs is a fundamental phenome-
non when the parity symmetry is violated in the
gravitational sector [14]. In general, the parity violation
can affect the propagation of the GWs in two ways. The
first one is it can modify the conventional dispersion
relation of the GWs. As a result, the velocities of left-
hand and right-hand circular polarization of GWs can be
different. This phenomenon is also called velocity
birefringence of GWs. One of the examples is the
Horava-Lifshitz theory of gravity [15] (see Refs. [16—
21] for its extensions and a recent review), in which the
parity symmetry can be violated by including the third
and fifth spatial derivative terms in the action of the
theory. The second way of the parity violation is that it
could change the friction term in the propagation
equation of GWs; see examples in the Chern-Simons
(CS) modified gravity [14,22] (see [23] for a review).
Mainly, such additional friction term will modify the
amplitude of GWs, and therefore the amplitude of left-
hand circular polarization of gravitational waves will
increase (or decrease) during the propagation, while the
amplitude for the right-hand modes will decrease (or
increase). This phenomenon is also called amplitude
birefringence of GWs, and its corrections to the GWs
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waveform have been studied in the framework of CS
modified gravity in [24-27].

Recently, based on the specific parity-violating CS
modified gravity, a ghost-free parity-violating theory of
gravity has been explored in [28] by including higher
derivatives of the coupling scalar field. The speed of the
GW in this theory and its constraints by GW170817 has
been explored in [29]. A more general modified theory of
gravity with parity-violating terms has been constructed in
the framework of spatial covariant formulations and its
evolution of the GWs in the cosmological background has
also been discussed [30]. In the ghost-free parity-violating
gravities, the parity violation can lead to both the velocity
and amplitude birefringences in the propagation of the
GWs [31]. In this paper, we study in detail the effects of
both velocity and amplitude birefringences on the GWs
waveform. Decomposing the GWs into the left-hand and
right-hand circular polarization modes, we find that the
effects of velocity and amplitude birefringences can be
explicitly presented by the modifications in the GW phase
and amplitude, respectively. Converting the circular polar-
izations to the general plus and cross modes, we obtain GW
waveforms in the frequency domain and derive the cor-
rection terms in the amplitude and phase of GWs, relative to
the corresponding results in GR. The corresponding para-
metrized post-Einsteinian parameters in the general ghost-
free parity-violating gravities are also identified.

This paper is organized as follows. In Secs. I and III, we
briefly introduce the theories of ghost-free parity-violating
gravity and the propagation of GWs in these theories of
gravity, respectively. In Sec. IV, we discuss the amplitude
and velocity birefringence effects of GWs. In Sec. V, we
calculate the waveform of GWs produced by the coales-
cence of compact binary systems and particularly focus on
the deviations from those in GR. The summary of this work
is given in Sec. VL

Throughout this paper, the metric convention is chosen
as (—, +, +, +), and Greek indices (¢, v, ...) run over 0, 1,
2, 3 and the Latin indices (i, j, k, ...) run over 1, 2, 3. We
set the units to ¢ = A = 1.

II. PARITY-VIOLATING GRAVITIES

We consider parity-violating gravity with the action of
the form

5= 162G
=+ / d4x vV _g(ﬁz/) + ‘Cother)’

d*x\/=g(R + Lpy)
(2.1)

where R is the Ricci scalar, Lpy is a parity-violating
Lagrangian, L is the Lagrangian for a scalar field, which
may be coupled nonminimally to gravity, and L., denotes
other matter fields. As one of the simplest examples, we
consider the action of the scalar field

1
Ly = zg””(?”qba,,qﬁ + V(). (2.2)

Here V(¢) denotes the potential of the scalar field. The
parity-violating Lagrangian Lpy has different expressions
for different theories. CS modified gravity with Pontryagin
term coupled with a scalar field is a widely studied parity-
violating gravity in the previous works. The Lagrangian of
CS reads [23]

1 Q
‘CCS = g&((b)&'ﬂylmeaaﬂRﬂ'f, (23)

with &”°% being the Levi-Civité tensor defined in terms of
the antisymmetric symbol e”°% as 77 = ¢#o% /| /=g and
the CS coupling coefficient 9(¢p) being an arbitrary
function of ¢. CS modified gravity is an effective
extension of GR that captures leading-order, gravitational
parity-violating term. The similar versions of this theory
were suggested in the context of string theory [32] and
three-dimensional topological massive gravity [33].
However, this theory has higher-derivative field equation,
which induces the dangerous Ostrogradsky ghosts. For
this reason, CS modified gravity can only be treated as a
low-energy truncation of a fundamental theory. To cure
this problem, the extension of CS gravity by considering
the terms which involve the derivatives of a scalar field is
recently proposed in [28]. Lpy; is the Lagrangian con-
taining the first derivative of the scalar field, which is
given by

4
Lpy; = ZQA((ﬁ’ ¢ $.) LA,
A=l

L= S”D(lﬁRaﬁpaRZyﬁ¢6¢ﬂz
L, = gﬂvaﬂRaﬁpaRlp,Zd)yd)lv
L3 = 8ﬂvaﬂRaﬂpURS¢p¢y7

L,= SHDPURPU(Z/}RZ/3¢A¢/1’ (24)

with ¢# = VA, and a, are a priori arbitrary functions of
¢ and ¢*¢,,. In order to avoid the Ostrogradsky modes in
the unitary gauge (where the scalar field depends on time
only), it is required that 4a; + 2a, + a3 + 8a4 = 0. With
this condition, the Lagrangian in Eq. (2.4) does not have
any higher order time derivative of the metric, but only
higher order space derivatives.

One can also consider the terms which contain second
derivatives of the scalar field. Focusing on only these that
are linear in Riemann tensor and linear/quadratically in the
second derivative of ¢, the most general Lagrangian Lpy, is
given by [28]
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7
Lovy =Y balgh ') M.
A=1

Ml = Sﬂy(lﬁR(z/i/)a¢ﬂ¢ﬂ¢g’
MZ = gﬂy{l/}Rali/)6¢Z¢g7
M; = 8ﬂyaﬂRaﬂpo¢g¢g¢ﬁ¢b
M, = 8ﬂyaﬂRaﬂpa¢v¢z¢j¢ﬂ’
Ms = PR’ st
M6 = 8ﬂvaﬂRﬂy¢a¢l};¢ﬁ¢/{v
M; = (V*¢)L,, (2.5)
with ¢? =V°V,¢. Similarly, in order to avoid the
Ostrogradsky modes in the unitary gauge, the following
conditions should be imposed: b; =0, bg = 2(b, + bs),
and by, = —A2(b; — b,)/2, where A, = ¢(t)/N and N is
the lapse function. In this paper, we consider a general
scalar-tensor theory with parity violation, which contains
all the terms mentioned above. So, the parity-violating term
in Eq. (2.1) is given by

Lpy = Lcs + Lpyi + Lpya. (2.6)
Therefore, the CS modified gravity in [23], and the ghost-
free parity-violating gravities discussed in [28] are all the
particular cases of this Lagrangian. The coefficients &, a4,
and b, depend on the scalar field ¢ and its evolution.

III. GRAVITATIONAL WAVES IN
PARITY-VIOLATING GRAVITIES

Let us investigate the propagation of GW in the theories
of gravity with the action given by (2.1). We consider the
GWs propagating on a homogeneous and isotropic back-
ground. The spatial metric in the flat Friedmann-
Robertson-Walker Universe is written as

gij = @ (2)(8;j + hij(z.x)), (3.1)
where 7 denotes the conformal time, which relates to the
cosmic time t by dt = adr, and a is the scale factor of the
Universe. Throughout this paper, we set the present scale
factor ay = 1. h;; is the GW, which represents the trans-
verse and traceless metric perturbations, i.e.,
With the above definitions, we need to derive the equation
of motion for the GWs. For this purpose, we first need to
substitute the metric perturbation into the action (2.1) and
expand it to the second order in h;;. After tedious
calculations, we find

2 2
S — 1671'G/ drd’xa*(7) [E(Gli + EE:JL (33)
where
1
2
Lan = 73 [(Hy)? = (0chy)?), (34)
@ _ 1 [al@) 4 ©2(7) i
Lyv = 4a® |aMpy ¢ /khglajh;d T me jkazh”ajhkl :

(3.5)

Here, Mpy labels the parity-violating energy scale in this
theory. ¢; and ¢, are the coefficients normalized by the
energy scale Mpy, which are given by

al®) _ 9 —4d\* = 8arp p+8a,HP — 2rd” — 4arp
Mpy
+ s + 2a3 ~4asHP — 4y — Sasdp
—2by® + 4b,(2HY — p )
+2b3 (') — HP*) + 2b4(§*h — HY'*)
—2bsHY* + 2b1¢° . (3.6)
®) _5_ 2irg? = darp §p—dis® — 2asp
Mpy
— 4d,p* —8ash . (3.7)

In this paper, a dot denotes the derivative with respect to the
cosmic time ¢, and H = a/a is the Hubble parameter. In
Chern-Simons gravity, as shown in [34], the energy scale
Mpy of the parity violation has been constrained to be
Mpy > 33 meV by using the observation of binary pulsars.
One can also constrain Mpy by testing the amplitude
birefringence effects in the observations of GWs [25].
For the ghost-free parity-violating gravities, as we have
shown later in this paper, the parity violation can lead to
another birefringence phenomenon, the velocity birefrin-
gence effects in GWs. It is expected that one could be able
to constrain Mpy more tightly by testing velocity birefrin-
gence with current and future GW detections.

We find that the terms b, appear only in the ¢,
coefficient, while the terms & and a, appear in both
coefficients ¢; and c¢,, which is consistent with the state-
ment in [29]. From these expressions, we obtain the
following quantities:
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D =) _ 4 52— 8aydp 4 8ay H?
Mpy

+ 2d3(.ﬁ2 + 4a3g}5 ¢ —4a3H¢2
— 20,4 +4b,(2H$* ~ § )
+2b3(¢°p ~ HP') +2b4(d°h ~ HP)
—2bsHp* + 20197, (3.8)
which will be used in the following discussion.
We consider the GWs propagating in the vacuum and

ignore the source term. Varying the action with respect to

h;;, we obtain the field equation for #;

lj’ lj’

2
h -+ 2Hh — 8 hy
ilk

+aM

al[Cll’le+(HC1 +C ) —Cza h ] 0

(3.9)

where H = d’/a, and a prime denotes the derivative with
respect to the conformal time 7.

In the parity-violating gravities, it is convenient to
decompose the GWs into the circular polarization modes.
To study the evolution of k;;, we expand it over spatial
Fourier harmonics,

Ij’

hij(z.x7) = /dk J(r k) ek e (k). (3.10)

where e . denotes the circular polarization tensors and
satisfies the relation

elknielt = ipjelt, (3.11)
with prg = 1 and p; = —1. We find that the propagation
equations of these two modes are decoupled, which can be
casted into the form

Wi+ (2 +va)HE, + (14 pp)k*hy = 0, (3.12)
where
pak(c/H — C/l)/<aHMPV)
= , 3.13
A 1 _pAkCl/(aMPV) ( )

1- pAkcl/(aMPV)

The effects of the parity-violation terms are fully
characterized by two parameters: 4 and v,. The parameter
u, determines the speed of the gravitational waves, which
leads to different velocities of left-hand and right-hand
circular polarizations of GWSs. For the left-hand and right-
hand GWs, we find p, have the same value but opposite

signs. As a result, the arrival times of the two circular
polarization modes could be different. The parameter 4, on
the other hand, can provide an amplitude modulation to the
gravitational waveform; therefore, the amplitude of left-
hand circular polarization of gravitational waves will
increase (or decrease) during the propagation, while the
amplitude for the right-hand modes will decrease (or
increase). It is interesting to note that in CS modified
gravity, since ¢; = ¢, = MPV{9, which follows that y4 = 0.
So, there are no modifications on the velocity of GWs and
the parity violation can only affect the amplitude. However,
in the ghost-free parity-violating gravities with Lpy; and/or
Lpys, both terms v4 and u4 are nonzero. Therefore, both
amplitude and velocity birefringence effects exist during
the propagation of GWs. In the following section, we shall
study these two effects in detail.

IV. AMPLITUDE AND VELOCITY
BIREFRINGENCES

In this section, we study the phase and amplitude cor-
rections to the waveform of GWs arising from the para-
meters v, and p4. In parity-violating gravities, described by
(2.1), assuming k/Mpy < 1, the expressions of v, and py
in Egs. (3.13) and (3.14) can be written as

| = ¢2)(k/aMpy),

— ¢y /H)(k/aMpy).

Ha = palc (4.1)

va = paler (4.2)

The assumption k <« Mpy is based on the consideration
that Mpy > 33 meV ~ 103 Hz [34], which is about 10
orders of magnitude greater than the sensitive frequency
range f ~ k/2x < 10 Hz for most of GW detectors.

We further decompose /1, as

hy = hye 00, (4.3)
hy = Aye @0, (4.4)

where £, satisfies
Ry + 2HK, + (1 + puy)kPhy = 0. (4.5)

Here A, denotes the amplitude of /14 and ®(7) is the phase.
With the above decomposition, 8(7) denotes the correction
arising from v,, while the corrections due to u, is included
in I:lA.

A. Phase modifications

We first concentrate on the corrections arising from
the parameter u,, which leads to velocity difference of
the two circular polarizations of GWs. To proceed, we
define it (t) = La(r)Mph,(r) and then Eq. (4.5) can be

written as
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dzﬁA a// B
drzk - (wg - ;> i =0, (4.6)

where
w3 (7) = k(1 + ua) (4.7)

is the modified dispersion relation. With this relation, the
speed of the graviton reads

v =K/ =1 =pa(c; — ) (k/aMpy),  (4.8)
which leads to
va=1—(1/2)pa(c) — c3)(k/aMpy). (4.9)

Since p, has the opposite signs for left- and right-hand
polarization modes, we find that one mode is superluminal
and the other is subluminal. Considering a graviton emitted
radially at r = r, and received at r = 0, we have

dr 1 | 1 ( ) k
—_— = = — - cCi —¢C .
dt a 2/0A ! 2 ClMpV

Integrating this equation from the emission time (r = r,) to
arrival time (r = 0), one obtains

/fo dt 1 k /ZOCI—Czdt
r, = —_——— .
‘ 1, a(t) 2pA Mpy ) /i, a’

Consider gravitons with same p, emitted at two different
times ¢, and 7, with wave numbers k and k" and received at
corresponding arrival times 7, and #, (r, is the same for
both). Assuming At, =t, — 1, < a/a, then the difference
of their arrival times is given by

(4.10)

(4.11)

1 k=K [toc;—c
A[0:<1+Z)Ate +§/OA Mpv /te 1612 zdt,
where z = 1/a(t,) — 1 is the cosmological redshift. Let us
focus on the GW signal generated by nonspinning, quasi-
circular inspiral in the post-Newtonian approximation.
Relative to the GW in GR, the term p, modifies the phase
of GW ®(z). The Fourier transform of /2, can be obtained
analytically in the stationary phase approximation, where
we assume that the phase is changing much more rapidly
than the amplitude, which is given by [35]

7 AA(f) e ¥alf)

hA(f):\/Ef—/a; ’

where f is the GW frequency at the detector and W is the
phase of GWs. In [36], it is proved that the difference of
arrival times as above induces the modification of GWs
phases W, as follows:

(4.12)

PA(f) = PIN(f) + 8Pa(f), (4.13)
with
SA(f) = Eau?, (4.14)
where
& =M:}W/’°C‘;CZ dt, (4.15)
u=naMf. (4.16)

The quantity M = (1 + z). M, is the measured chirp mass,
and M, = (m;m,)3>/(m; + my)'/3 is the chirp mass of
the binary system with component masses m; and m,. Note
that the phase modification in Eq. (4.14) is a simple
propagation effect, which is independent of the generation
effect of GWs. Although this formula is obtained in the
stationary phase approximation [36], we expect this result
is also applicable for the GWs in the more general cases in
the presence of spin, precession, eccentricity of compact
binaries, and/or for the GWs produced during the merger
and ring down of compact binaries. This extension has been
adopted by LIGO and Virgo Collaborations in [1,5].

B. Amplitude modifications

Now, let us turn to study the effect caused by v,.
Plugging the decomposition (4.4) into (4.5), one finds
the equation for @(1),

i@ + @2 + 2iH® — (1 +py)k> =0.  (4.17)

Similarly, plugging the decomposition (4.3) and (4.4) into
(3.12), one obtains

i(@” -|—d)”) + ((I)' _|_9/)2

+i(2+ v )H(O + @) — (1 +py k> =0.  (4.18)
Using the equation of motion (4.17) for ®, the above
equation reduces to

0" +200 + 0% +i(2+v,)HO + iv,H® = 0. (4.19)

The phase @ is expected to be close to that in GR ®gp, and
®p ~ k, where the wave number relates to the GW
frequency by k = 2zf. Assuming that

0" <« @0 ~ k0, k>H (4.20)
and keeping only the leading-order terms, the above
equation can be simplified into the form

20/ + iHy, =0, (4.21)
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which has the solution

i [
92_5/; HI/AdT.

e

(4.22)

We observe that the contribution of v, in the phase is purely
imaginary. This indicates that the parameter v, leads to
modifications of the amplitude of the GWs during the
propagation. As a result, relative to the corresponding mode
in GR, the amplitude of the left-hand circular polarization
of GWs will increase (or decrease) during the propagation,
while the amplitude for the right-hand mode will decrease
(or increase).

More specifically, one can write the waveform of GWs
with parity-violation effects in the form

l’lA = th(l + 5hA>€_i5q>A, (423)
where
1 7o
1 + 6hy = exp (—5/ Hl/AdT> (4.24)
and 6@, is given by (4.14). Noticing that
1 kCl !
Z =—|ln(1- 4.25
=gl (i) e
we find
|+ 6h, = 1 —pake,(z.)/[a(z.)Mpy]
1 = pakei(z)/[alzo) Mpy]
¢1(0) ci(ze) )
~14+=p k( - , 4.26
A (t0)Mpy  a(z.)Mpy ( )
which gives
1 c1(zo) ci(z.)
Ohy ~—pak -
A sz (a(TO>MPV a(t,)Mpy
nf
:PAM—[Cl(To) = (I +2)ei ()] (4.27)
PV
Using u and M, one can rewrite i, in the form
Sy = g glerm) = (L 2@l (428)

This relation indicates that the amplitude birefringence of
GWs depends only on the values of the coefficient c; at the
emitting and observed times.

C. Post-Newtonian orders of the correction terms

In general, we can write the GWs in the Fourier domain.
Similar to the parametrized post-Einsteinian framework of

GWs developed in [37], for each circular polarization
mode, we can also write the GW waveform in the following
parametrized form:

Fa(f) = KSR+ aPu)e T (4.29)

Al ) = iy A ’ :

where o u’” = 6hy and pRPuli” = ¥, represent the
amplitude and phase modification, respectively. These two
terms capture non-GR modifications in the waveform in a
generic way. The coefficients ai’* and b5 indicate the
post-Newtonian (PN) orders of these modifications. In

comparison with the results derived in the previous sub-
section, we obtain that

P = Mva i [e1(z0) = (1 4+ 2)ey(2.)], (4.30)
AP =1, (4.31)
P — £y, (4.32)
b =2 (4.33)

Let us now count the PN order of these parity-violating
corrections relative to GR. The relative correction from GR
is said to be n PN order if it is proportional to f2*/3. Thus,
the amplitude correction enters at 1.5 PN order and the
phase correction enters at 5.5 PN order (note that the phase
of GR « f/3 at leading order).

V. MODIFICATIONS TO THE GW WAVEFORM

In order to make contact with observations, it is
convenient to analyze the GWs in the Fourier domain,
and the responses of detectors for the GW signals /(f) can
be written in terms of waveform of 4, and &, as
R(f) = [P (f) + Fh (e, (5.1)
where F, and F, are the beam pattern functions of GW
detectors, depending on the source location and polariza-
tion angle [38]. At is the arrival time difference between the
detector and the geocenter. In GR, the waveform of the two
polarizations /. (f) and &, (f) is given by

R = (14 ) Ae™, (5.2)

hSR = 2y Aei(¥+7/2) (5.3)
where A and ¥ denote the amplitude and phase of the
waveforms AR, and y = cos: with  being the inclination
angle of the binary system. In GR, the explicit forms of A
and ¥ have been calculated in the high-order PN approxi-
mation (see, for instance, [39] and references therein). Now
we would like to derive how the parity violation can affect
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both the amplitude and the phase of the above waveforms.
The circular polarization modes %z and /; relate to the
modes /., and h, via

- hp + hg = hy — hg

h, N hy NI (5.4)
Similar to the previous work [27], throughout this paper, we
ignore the parity-violating generation effect, which is
caused by a modified energy loss, inspiral rate, and
chirping rate of the binaries. Since the generation effect
occurs on a radiation-reaction timescale, which is much
smaller than the GW time of flight, making its impact on
the evolution of the GW phase negligible [24]. Thus, the
circular polarization modes h, are given in (4.29), and the
waveforms for the plus and cross modes become

h

R

hSR — (i6h — 6¢p) SR, (5.5)

hy =~ hSR 4 (i6h — 5¢)hSR,

R

(5.6)
where 8¢ = 6Wy is given by Eq. (4.14) and 6h = Shy is

given by Eq. (4.28). Therefore, the Fourier waveform i(f)
becomes
h(f) = AsAe!(Y+oY) (5.7)

where

SA = \/(1 + 7P FL 4 47 F5
" 1+2)((1 + 72)(F% + F%)
(14 27)°F% 4 44 F5
(1 _12)2F+F><
- 8¢ + O((6h)*. (6¢)%) |
(14 7)°F% 4+ 447 F5 ((5h) )
ZZFX (] _)(2)2F+F><
(L+,AF ] (14 2)2F +4°F%
2¢(1 +x*)(F5 + F%)
8¢ + O((6h)*. (5¢)%).
(14 )2 F2% + 477 F5
(5.8)

8P = tan™! [

From these expressions, we find that relative to the wave-
forms in GR, the modifications of GWs are quantified by
the terms 0/ and 6¢. In the specific case with 6 = d¢p = 0,
the formula in (5.7) returns to that in GR. Since in the
parity-violating gravities, the evolution of polarization
modes i, and h, is not independent, the mixture of two
modes is inevitable. For this reason, we find that both terms
oh and 8¢ appear in the phase and amplitude modifications
of A(f). In the CS modified gravity, we have 8¢ = 0 and
oh #0, and the formulas in Eq. (5.8) return to the
corresponding ones in [27]. However, in the general

ghost-free parity-violating gravities, both correction terms
are nonzero. In the leading order, the modification 6.4 (or
oW) linearly depends on 6k and d¢, and it is important to
estimate their relative magnitudes. Let us assume the GW is
emitted at the redshift z ~ O(1) and approximately treat ¢
and ¢, as constants during the propagation of GW, we find
the ratio of two correction terms is 6¢p/5h ~ tof, where f is
the GW frequency and ¢, = 13.8 billion years is the
cosmic age. As known, f ~ 100 Hz for the ground-based
GW detectors and f ~ 0.01 Hz for the space-borne detec-
tors. For both cases, we find §¢ is more than 10 orders of
magnitude larger than 6. So, we arrive at the conclusion:
in the general ghost-free parity-violating gravities, both the
amplitude and phase corrections of GW waveform 7(f)
mainly come from the contribution of velocity birefrin-
gence rather than that of the amplitude birefringence.

VI. CONCLUSIONS

In the parity-violating gravities, the symmetry between
left-hand and right-hand circular polarization modes of
GWs is broken. So, the effect of birefringence of GWs
occurs during their propagation in the Universe. In this
article, we investigate the GWs in the general ghost-free
parity-violating theories of gravity, which is an extension of
CS modified gravity. We find that, in general, both
amplitude and velocity birefringence effects exist in these
theories, which exactly correspond to the amplitude and
phase modifications of waveforms for the circular polari-
zation modes. Combining these two modes, we obtain the
GW waveforms produced by the compact binary coales-
cence and derive the correction terms relative to that in GR.
We find that, in the general ghost-free parity-violating
theories, the dominant modifications in GW amplitude and
phase are both caused mainly by the velocity birefringence
effect. Considering the current and potential observations
of ground-based and space-borne GW detectors, the
explicit waveforms of GWs derived in this article can be
used as the template to constrain these theories with parity
violation. The comprehensive analysis on this topic will be
carried on in a separate paper of this series of works.
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APPENDIX: THE COEFFICIENTS a4, AND b, IN
DARK ENERGY MODELS

In this appendix, we estimate the values of ¢; and ¢, in
Eqgs. (3.6) and (3.7), which depend on the coefficients 9, a,,
and by, as well as the evolution of the scalar field. Since the
scalar field is always motivated to account for the late
acceleration of the Universe, in this appendix, we assume
that ¢ field plays the role of the dark energy, which satisfies
the following slow-roll conditions:

¢ <V(g).  |¢l<[3H|. (A1)
With this condition, we find that the quantities ¢, and ¢, are
slowly varying during the expansion of the Universe, which
can be approximately treated as constants during low-
redshift range. In the expression of ¢; — ¢,, we observe that
it contains only the terms with a;, a,, by, b,, bs, by, bs, by
and their derivatives with respect to ¢. Considering the
scalar field ¢ with the slow-roll condition (A1), the leading
contribution to ¢; — ¢, reads
M [ 8(2(11 —daj -+ 2b2)M%1H3€¢,

Moy (A2)

where H is the Hubble constant, and €, is the slow-roll
parameter, which is defined as

¢2

=— <.
T ML

(A3)

Note that in the above, we have considered that (i) the
coefficients ay, ...,as, b;...,b; and the derivatives of a,
and a3 with respect to ¢ and X = ¢, ", i.e., ay g, a1 x, az 4,
as x, are all at the same order of magnitudes, where a, 4 =
day/d¢ and a, x = da,/dX; and (ii) the terms higher than
O(ey) are ignored in the slow-roll approximation. In the
LCDM Universe, the magnitudes of H and ¢, (determined
by the equation of state of dark energy) are observables.
Thus, the energy scale Mpy of parity violation in the theory
is determined by the coefficients a, and b,. Note that ¢,
and ¢, can be absorbed by the definition of the energy scale
Mpy. For a given constraint of Mpy derived from the
potential GW observations, we have the following relation
to estimate the magnitudes of coefficients a, and b,:

1

O(ap,by) ~ s
8Mpy M3 He,,

(A4)

Note that all these coefficients have the unit of energy®.
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