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In this work, we test for gravitational parity violation in the PSR J1141-6545 system by analyzing the
orbital plane inclination precession induced by the misalignment between the white dwarf’s spin axis
and the system’s total angular momentum. Using the parity-violating metric of gravity that incorporates
terms from both the exterior and boundary of the field source, we calculated corrections to the relative
acceleration and orbital inclination precession rates, which exhibit significant deviations from the general
relativity (GR) prediction. The parity-violating contributions depend on the projection of the spin vector
along the orbital angular momentum direction, contrasting with GR, where it depends on the projec-
tion within the orbital plane. The corrections are perpendicular to GR contribution, highlighting a
fundamental distinction. The exterior field correction is linear in the theoretical parameter and coupled to
eccentricity e, while the boundary term correction is quadratic. By comparing these corrections with GR
and incorporating observational uncertainty, we derive the constraint on the theoretical parameter, yielding
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I. INTRODUCTION

Since Einstein first proposed the theory of general
relativity (GR) in 1915, research on gravitational inter-
actions has advanced significantly, with GR demonstrating
remarkable accuracy in numerous experiments and obser-
vations [1]. Symmetry is a fundamental feature of modern
physical theories, providing a powerful framework for
understanding gravitational interactions. Following the
ground breaking discovery of parity violation in weak
interactions [2,3], it became clear that nature does not
always respect parity symmetry. However, GR is a fully
symmetric theory and does not incorporate parity violation.
To explore the possibility of parity violation in gravitational
interactions, it is necessary to consider modified or alter-
native theories of gravity [4].
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The most classical modified gravity theory incorporating
parity violation is Chern-Simons (CS) modified gravity,
which extends the metric beyond GR by introducing an
additional term for the parity-violating Pontryagin density
coupled to a scalar field [5-10]. However, CS gravity
suffers from the Ostrogradsky instability due to its higher-
order derivative field equations, limiting its applicability to
a low-energy effective theory [11]. To address this issue,
CS gravity has been generalized to ghost-free parity-
violating gravity by incorporating derivative terms of the
scalar field [12]. Simultaneously, a variety of modified and
alternative gravitational theories have been proposed to
explore the phenomenon of parity violation. These include
Horava-Lifshitz gravity [13,14], parity-violating spatial
covariant gravity [15-17], Nieh-Yan modified teleparallel
gravity [18], and symmetric teleparallel gravity within
parity-violating frameworks [19-21]. Unlike conventional
modified gravity theories, these alternative gravitational
models are constructed within a non-Riemannian geo-
metric framework, often utilizing nonmetric or torsion
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descriptions of spacetime. These parity-violating gravities
can produce observable phenomena that deviate from the
predictions of GR.

Considering the presence of parity violation in gravity,
the time-space component of the metric is corrected in the
weak field limit using the parametrized post-Newtonian
(PPN) approximation, introducing an additional PPN
parameter [22-25]. This component of the metric is closely
related to the spin and angular momentum of the gravita-
tional system, suggesting that the evolution of such
dynamics can be used to test for parity violation in gravity.
Naturally, parity violation would modify the frame-
dragging effect predicted by GR, where spinning objects
drag spacetime around them. In the Solar System, the
impact of parity violation on spin precession has been
studied using data from the Gravity Probe B experiment,
leading to constraints on the relevant parameters
[22,24,26]. Additionally, the influence of parity violation
on orbital evolution has been investigated through obser-
vations of the LAGEOS and LARES satellites, providing
further constraints on parity-violating parameters [26,27].

Compared to constraints derived from the Solar System,
which rely on the ratio of parity-violating corrections to
the precession rates predicted by GR, gravitational waves
(GWs) provide a more direct and robust avenue for probing
parity-violating effects in gravity. The presence of parity
violation modifies the dispersion relation and/or the friction
term in the field equations, leading to velocity birefringence
and/or amplitude birefringence during the propagation of
GWs [28]. For instance, Refs. [29,30] utilized velocity
measurements from the GW170817 event to place bounds
on the parity-violating parameter. Similarly, Refs. [31-37]
investigated parity-violating effects in GW data by incor-
porating parity-violating waveforms, thereby deriving con-
straints on the relevant parameters in conjunction with
observed GW events. Beyond GWs from isolated sources,
parity violation in gravity can also be probed through
B-mode polarization in the cosmic microwave back-
ground (CMB), which encodes information about primordial
gravitational waves (PGWs) [38-40]. In the CMB, PGWs
generate TT, EE, BB, and TE power spectra, whereas the TB
and EB spectra vanish if the parity symmetry is preserved in
gravity. The detection of nonzero TB and EB spectra at a
large scale would provide strong evidence for parity viola-
tion in the gravitational sector [41-43]. Furthermore,
Refs. [14,44-47] explored the search for parity-violating
signatures in the GW sector of the CMB polarization
spectrum, offering additional insights into the nature of
parity violation in the early Universe.

In addition, the discovery of the first binary pulsar has
provided a completely new test bed for gravitational
tests [48]. The discovery and continued observation of
various binary pulsar systems have enabled the study of
various aspects of gravitational interactions in strongly self-
gravitating objects. Depending on the properties of the

orbital evolution of the system and the characteristics of its
companion star, these pulsar observations allow the testing
of different aspects of gravity. Reference [49] investigates
the effect of parity violation on the orbital pericenter
precession of binary pulsar systems, where the compact
object is constant density. Reference [50] further inves-
tigates the effect of parity violation on the pericenter
precession in a binary system by considering more factors,
thus giving constraints on the parity-violating parameter.
The temporal evolution of the orbital inclination of this
pulsar has recently been observed in the binary system PSR
J1141-6545, which consists of a pulsar and a massive white
dwarf companion [51]. The change in orbital inclination :
comes from orbital plane precession due to the spin of the
white dwarf companion. The effect ultimately contributes
to the temporal evolution of the observed projected semi-
major axis, which was thus measured. This additional
observed post-Keplerian parameter provides new opportu-
nities to explore the parity violation in gravity. In this paper,
we focus on the effect of parity violation on the temporal
evolution of the orbital inclination. We use the observations
to constrain the parity-violating parameter by investing the
corrections to the orbital inclination precession.

This paper is organized as follows. In the next section,
we briefly introduce parity-violating scalar-tensor gravity.
In Sec. III, we describe the motion in the N-body system
and compute the modified acceleration. In Sec. IV, we
study the effect of the parity violation on the orbital
evolution in binary systems and discuss constraints on
the theoretical parameter. Conclusions and discussion are
given in Sec. V.

Throughout this paper, the metric convention is chosen
as (—,+,+,+), and Greek indices (u,v,---) run over
0, 1, 2, 3 and Latin indices (i, j, k) run over 1, 2, 3.

II. GHOST-FREE PARITY-VIOLATING GRAVITY

The parity violation in gravitational interaction can arise
from various beyond-GR theories, for example, ghost-free
parity-violating gravity. In this subsection, we present a
brief introduction to ghost-free parity-violating gravity. The
action of the ghost-free parity-violating gravity has the
following form [12]:

1
162G

/ d*x\/=gIR + Loy + L4+ L), (2.1)

where G is Newton’s gravitational constant, R is the Ricci

scalar, Lpy is the Lagrangian which contains parity-

violating terms coupled to a scalar field ¢, L is the

Lagrangian for the scalar field and given by
1

£¢ = _Egﬂl/aﬂ¢al/¢ - V(¢)’ (22)

where V(¢) is the potential energy term. £, denotes the
Lagrangian density of the matter field. The parity-violating
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Lagrangian Lpy has different expressions for different
theories. The CS Lagrangian can be written in the form [22],

Les = ;9(9)RR. 2:3)

where

“RR = %e"””"RmaﬁR"‘ﬂ » (2.4)
is the Pontryagin density defined with ¢,,,4 being the Levi-
Civitd tensor defined in terms of the antisymmetric symbol
e as & =%/ /=g and 9(¢) is an arbitrary
function of ¢. The action of CS theory is generalized by
including the first and second derivatives of the scalar field:
¢, = 0,¢ and ¢, = 9,¢, in Ref. [12].

Lpy; is the Lagrangian that contains the first derivative
of the scalar field, which is given by [12]

4
Lovi =Y ax(¢.¢"d,)La,
A=1

L= 8”y(l/}Raﬂp6Ruuﬂg¢ﬂ¢/lv
LZ = 8ﬂyaﬂRaﬂpﬁRuifm¢u¢l7
L3 = 8ﬂyaﬂRaﬂmeﬁy¢p¢y’

L4 = gﬂypﬂR/ma[)’Raﬂﬂuqblqﬁﬂv (25)
with ¢# = V#¢, and a, are a priori arbitrary functions of ¢
and ¢ ¢,,. In order to avoid the Ostrogradsky modes in the
unitary gauge (where the scalar field depends on time only),
it is required that 4a; + 2a, + a3 + 8a4, = 0. With this
condition, the Lagrangian in Eq. (2.5) does not have any
higher-order time derivative of the metric, but only higher-
order space derivatives.

One can also consider the terms which contain second
derivatives of the scalar field. Focusing on only these that
are linear in Riemann tensor and linear/quadratically in the
second derivative of ¢, the most general Lagrangian Lpy, is
given by [12]

7
Lovs =Y baldh ') M.
A=1

My = PR s s’ b,
My = PR, 7.

M3 = PR o0 Pl ;.
My = PR o tb Blutp3 ",
Ms = e PR 0’ Ppdpi.
Mg = PRy, o Blicbichs.

M; = (V2p)M,, (2.6)

with ¢ =V°V, ¢. Similarly, in order to avoid the
Ostrogradsky modes in the unitary gauge, the following
conditions should be imposed: b; =0, bg = 2(by + bs)
and b, = —A2(b3 — b,)/2, where A, = ¢(t)/N and N is
the lapse function. In this paper, we consider a general
scalar-tensor theory with parity violation, which contains
all the terms mentioned above. So, the parity-violating term
in Eq. (2.1) is given by

Ley = Lcs + Loyi + Lpya. (2.7)
Therefore, the CS modified gravity in [22], and the ghost-
free parity-violating gravities discussed in [12] are all the
specific cases of this Lagrangian. The coefficients a, and
b, depend on the scalar field ¢ and its evolution. The field
equations for this modified gravity theory have been
explicitly derived in Ref. [24].

III. MOTION OF COMPACT BODIES

This section begins by presenting the equations of
motion of the system when the fluid splits into multiple
separated components, i.e., the post-Newtonian N-body
problem. The equation of motion of the system is derived
by employing a covariant expression for the conservation
of the energy-momentum tensor and calculating the energy-
momentum tensor with the required accuracy, which has
been widely used in the investigation of binary or N-body
systems in astronomy. According to Ref. [52], we first
present the method briefly, assuming that a form of the
metric to post-Newtonian order as

2 2
goo = —1 +§U+?U(‘P - U?) + 0(c™®),

4
Joi = —?Ui + 0(c™),

2
9ij = <1+?U>5"/+0(0_6)’ (3.1)

where U, U;, and ¥ are gravitational potentials to be
determined.
The energy-momentum tensor of a perfect fluid is

11
T = (p —l—i—z + g) uu + pg®, (3.2)

where p is the proper mass density, I1 is the proper internal
energy, p is the pressure, and u“ is the velocity field. The
equation of energy-momentum conservation is

0= VT = 0;T% + 10,7 + T T, (3.3)

applying the relation,
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1
Ly = 59095 = (=0)/20,(=9)'%.  (3.4)
simplifies to
0 = 9p(v/=gT™) + g, (/=gT"). (3.5)

The square root of the metric determinant is given by
V=9=1+2c2U+ O(c™*). The components of the
energy-momentum tensor are given by

1 /1
2T = /)[l +3 (5112 -U+ H)} + O(c™?),

) . 1 /1
Y% = po/ [1 +— <§U2 - U+H+£>} + O(c™),
c p

. - /1, )4
TV =pv'v |1+ (50" =-U+1I1+ =
¢ \2 p

+ p(l —%U)&"/ +O(c™). (3.6)

A. Energy conservation

The zeroth component of Eq. (3.5) gives rise to a state-
ment of energy conservation. The expanded equation is

0= 2O/(V/=AT*) +0,(y/=GT) + T /=T
+ 205 (v=9T%) + T3 (V=9T").

After inserting the components of 7% and I' Ww» at order ¢ in
the continuity equation,

(3.7)

0=0,p+0;(pv). (3.8)
At order ¢! have
0 = po, <%U2 + H) + pvlo; (%112 + H>
+0;(pv’) — pv/o;U. (3.9)

This equation expresses the local conservation of energy
within the fluid.

B. Momentum conservation

The spatial components of Eq. (3.5) provide a statement
of momentum conservation and are expressed as

0= 20,(y=aT) + 0 (y=3T) + o (v=31")
2 (v=gT™) + T, (V=9T*).

After some algebra and simplification, the equation
becomes

(3.10)

dv/

1 . 1 /1
+—2{—v-’a,p—l-—z(—112+U+H+£>0JU}
c c=\2 P

1 :
+ = pl(v* —4U)0;U — v/ (30U + 4v*0, U)
C

+40,U; 4+ 40 (0,U; — 0;U;) + 0;¥] + O(c™).
(3.11)

This equation is the post-Newtonian version of Euler’s
equation. Generally this equation, together with the con-
tinuity equation (3.8) and the equation of state, provides a
complete description of the dynamical behaviour of a
slowly moving fluid in a weak gravitational field.

The equations of motion for the center-of-mass positions
r, () can be written as

d
My, :/pvde.
A

- (3.12)

Now, we only need to determine the expression for the
gravitational potential and substitute Eq. (3.11) into the
above equation, where the expression for the acceleration
can be explicitly derived through intricate integration and
meticulous mathematical manipulation. The definitions of
Newtonian and post-Newtonian potentials included in
the metric we list in the Appendixes (Al)-(A8). In the
following analysis, we focus on the influence of the rotating
body’s spin on the system’s motion. Consequently, only the
expressions for the spin-dependent component of the poten-
tial are provided. The spin angular momentum tensor and
vector of a rotating body are defined as follows, respectively:

S = /p(xiv-f — Xl dPx;
A

S= /px x vdx; (3.13)
A
which are related to each other as
i 1 ijk ok ij ijk gk
S :Ee S Si = €Sy, (3.14)

The expressions for the spin-dependent component of the
potential are

gio 1 GS%nf"
2 " X
3« G, Sn)

where x is the position of a fluid element relative to the
body’s center-of-mass, and n' = x/x defines the unit vector
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in the direction of x. In GR, the contribution of the spin-
orbit coupling to the acceleration of a rotating body,

a},[SO, is finally calculated as [52]

a4150] = 225 S I Ll [0 (3857 + 435)
A#B 'AB
~ vh (383 +48Y)]

ol (o - o (38 +48) ). (3.16)
which 8% = §%7 /m,, s/ = eitr s n{¥) denotes a sym-
metric traceless relational equation as
n%) = nl onk , — %51"‘. (3.17)
Equation (3.16) presents the contribution of the spin-orbit
coupling to the acceleration in GR, which is linear in each
spin tensor. Furthermore, rotating celestial bodies in the
system exert mutual influences, giving rise to spin-spin
acceleration. This contribution is not considered in the
present work, as spin-spin acceleration is a secondary effect
compared to spin-orbit acceleration. In the observational
effects of the binary system PSR J1141-6545 that we will
apply below, only the contribution from spin-orbit inter-
action has been detected so far. Therefore, we neglect the
contribution of spin-spin interaction to the acceleration
here. As established by the action in Eq. (2.1), the parity-
violating terms under investigation are introduced as addi-
tional contributions to the GR framework. Consequently,
it is natural to infer that these parity-violating terms will
generate the new correction terms in the acceleration
Eq. (3.16). This correction will be discussed in detail below.

C. Spin-orbit acceleration from parity-violating terms

The acceleration derived from the post-Newtonian
N-body equations of motion in GR has been previously
established. In this study, we investigate how these N-body
accelerations are modified when parity-violating terms are
introduced to correct the metric. Specifically, within the
framework of parity-violating gravity, we focus on a single
source characterized solely by rotational dynamics. Using
the PPN formalism, the metric correction term for GR in
this context is given by [22]

. i ind .
8901 = fev [—%+3Sr—?n’], (3.18)

where fpy = 9(¢p) + (—2a, + a5 — 8a4)¢*. This correc-
tion term reflects the additional contributions arising from
parity-violating effects, which are not accounted for in the
standard GR framework. Our analysis seeks to quantify the
impact of these corrections on the N-body dynamics and
explore their implications for gravitational interactions in
systems where parity violation may play a significant role.

The solution to the field equations is derived as a lower-
order approximation by treating the source as a point
particle. However, this approximation only describes the
external gravitational field of the source and fails to ensure
continuity of the field as it transitions through the surface of
the sphere [22,26].

With the correction to the metric given by Eq. (3.18), we
can follow the same procedure as before to derive the
corresponding correction to the N-body acceleration. This
correction takes the form,

. 1. St Stnl,

bay = —?fpv; {—’g +3 Br312 1
1, 1 . .

+ —2fPVZ_4 [3U§ ity + 3v5Skni,

c T g
+ 304,8yn1, — 1508Syn1,ni,nk, . (3.19)
From the above expression, it is evident that the correction
to the N-body acceleration induced by the parity-violating
term originates solely from the spin effect of the external
source B. In contrast, within the GR, both the resultant
source A and the external source B simultaneously con-
tribute to the acceleration. Our calculations further reveal
that for body A, the spin-orbit effects are mutually cancel-
ing and thus, do not contribute to the acceleration. This
highlights a key distinction between the parity-violating
correction and the standard GR contributions, emphasizing
the unique role of spin effects in modifying gravitational
dynamics. It is worth noting that, similar to Eq. (3.16),
Eq. (3.19) is also only valid at the linear order in spin.

IV. BINARY SYSTEMS

We now consider a binary system in which two objects
have masses m; and m,, velocities v; and v,, and positions
r; and r,. We define the separation vector and the relative
velocity of the binary system as, respectively,

F=r, —r,, V=V, — vy, (4.1)

and we set

r=lrl,  n=l, w=lu. (4.2)
r

A. Relative acceleration in binary systems

According to the spin-orbit acceleration of the
Eq. (3.16), the expression for the relative spin-orbit accel-
eration a = a; — a, of a binary star system reads

3G
2c23

al = {nUR P 36+ + 4SkP | nkplpP 367K + 48K] 1,

(4.3)

which translates into a vector of the form,
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azzifp{n(n X v)-(4S+36) + (n-v)n x (4S + 30)
2
—3UX (4S+30')}, (4.4)
in which
:ﬁ%&+f%&, S=8,+S,. (45

The following relationship is used in the expression of
relative acceleration:

vlzﬂv, vzz—ﬂv, m=m; +m,. (4.6)
m m

In the binary system according to the modified acceleration

Eq. (3.19), we give the relative modified acceleration

éa =da, —da, as

. 1. 1. . CoL .o
oa' = ?fpvﬁ [Slz - Sll + 3Sjln/n’ — 3S12n/n’]

1. 1 ny i ny f
+?fpvﬁ [—3;1}"5211’C - 3;1}"5’2‘11

Ml Lo ml L.
—3—v'Sn/ + 15— vk S4n/n'nk

m m

nmy . nmy .
+3—=0vkSink +3—=0okSkn’

m m

+ 3@1/5{111 - ISEUkS{njn"nk}. (4.7)
m m

In the above expressions, we have derived the correction to
the relative acceleration induced by parity violation at the
linear order of spin. Analysis shows that in this corrected
relative acceleration, the second-order time derivative of the
theoretical parameter fpy is directly coupled to the spin,
while its first-order time derivative fpy is coupled to both
the velocity and the spin. Using this corrected relative
acceleration, we can directly calculate the orbital elements
and further obtain the contribution of the parity-violating
term to the observable quantities. A detailed discussion on
this will be presented in the following subsections.

W=a-h

¢ p

VGmp(1 + ecos f)

B. Evolution of orbital inclination

The binary system is subject to spin-orbit effects, which
will lead to different changes in orbital evolution. Calcula-
tions in GR show that the spin-orbit interaction will produce
Lense-Thirring precession, which cumulates the orbital ele-
ments in the secular evolution. The temporal evolution of a
pulsar’s orbital inclination has been observed and is inferred
to be due to a combination of Newtonian quadrupole
moments and Lense-Thirring orbital precession due to the
fast rotation of the white dwarf. Here, we are interested in how
the presence of the parity-violating terms affect the evolution
of the orbital inclination. In the following, we will specifically
calculate the results of the parity-violating correction.

The positions and velocities of the orbits are defined in
respect of the orbital elements as follows:

r=— "t 4
" 1+4ecosf
) h
v=in+—A,
r

h=+/Gmp,

where p is the semilatus rectum of the elliptical motion, e is
the orbital eccentricity, and f is the true anomaly. The unit
vectors n and A denote the radial and transverse direction,
respectively. With n and 4 we can introduce the unit normal

(4.8)

vector b = n x A.

The motion of binary system can be treated as perturba-
tions to the Kepler problem in Newtonian mechanics. The
equations of motion are equivalent to the equations of the
osculating orbital elements. Here, we are only concerned
with the change in orbital inclination, the equation for
orbital inclination can be given [53]

di  p* cos(w+f)
df ~ Gm (1 + ecos f)3 W, (49)

where WV denotes the projection of the acceleration in the h
direction. We find the projections of Egs. (4.3) and (4.7) in

the h-direction, respectively, as

1 G(l+ecosf)? |1 [Gm . .
= 2(;3f) 3 Tmesmf(—smfex—l—cosfey).(4S+36)

+ (cos fe, +sin fe,) - (48 + 30) o,

p

oW =éa-h

G. 1 .G, 1] .m my .
:C—szvF[Sz—Sﬂ 'h+?fpvg {—3z("'")52+3;(v'")51 “h.

(4.10)
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We insert the above equation into the orbit inclination
element Eq. (4.9) and average with integration over the
interval [0, 27] of one orbital period. Finally, we get

1 2r
ﬂ:_/ dfﬂ
dt T ) df
1 G my
e Y 2.
2¢2a3(1 - e?)3? {( +3m1> S
+<4+3ﬂ>1-sz],
my
di 1 [2= di
o0—=— dfé—
dt TA f df
G

__ G fwe
2¢ta*(1 = )2

(4.11)

x sinw[—3 Mg, b3, ﬁ} . (4.12)
m m

where I = cos we, — sinwe, is a unit vector. These two
expressions are the GR and parity-violating terms that
produce orbital inclination variations in a period, of which
the first formula was first given by Damour and Schifer
[54]. From Egs. (4.11) and (4.12), we can see that the first
expression shows that the variation of the orbital inclination
in GR is related to the contribution of the spin vector
projected in the orbital plane. On the other hand, the second
expression is the parity-violating contribution, which is
mainly related to the projection of the spin in the direction
of the total orbital angular momentum. It is important to
note that our procedure above does not give a decom-
position of the spin vectors. If the spin vectors are assumed
to be parallel to the direction of the total orbital angular
momentum, then the first expression above are zero. In
binary systems, if the two spin vectors are not parallel to the
direction of the total orbital angular momentum of the
binary system, the total angular momentum must remain
conserved (up to the 2PN approximation), which leads to a
corresponding change in the direction of the orbital angular
momentum when the spin direction changes [51,54,55].
This effect can be measured by experimental observations,
which can then be applied to test gravity.

C. Contribution of orbital inclination in observations

PSRJ1141-6545 is a radio pulsar with a spin period of
394 ms in a 4.74 hr eccentric orbit, and it has a massive
WD companion. PSR J1141-6545 has been continuously
observed by researchers since 2000. The observing team
has given measurements of some of the PK parameters
through sustained observations (among them periastron
advancement, relativistic time dilation, gravitational wave
damping, and the Shapiro delay) all of which show that the
observational data for these parameters are in excellent
agreement with the GR. Recently, the observing team has

given additional measurement of the PK parameter, that is
the temporal evolution of the projected semimajor axis X.

The expression for projected-semi major axis X, in a
binary system with the necessary accuracy can be written as

Xy, = sini+ A, (4.13)
C

where A describes how the aberration of the pulsar’s signal
affects the measurement of x. Current research suggests
that generally in binary pulsar systems, the observed
variation in the projected semi major axis of the pulsar
orbit, X, may be due to a variety of physical and
geometrical factors, which can be decomposed as follows:
xobs = xPM + XD + XGW + x[h + x3rd + jCSA + xSo, (414)
where Xpy is the proper motion of the system, xp is the
changing radial Doppler shift, xgy is gravitational wave
emission, Xy is mass-loss in the system, i34 is the presence
of a hypothetical third body in the system, ¥, is a secular
change in the aberration of the pulsar beam due to geodetic
precession, and kgq is spin-orbit coupling, with contribu-
tions from mass quadrupole moments Xgpy and Lense-
Thirring orbital precession X . The present observational
investigation in Ref. [51] suggests that only two of these
effects, X, and igo, have a dominant contribution on the
same order of magnitude, meanwhile ., contributes less
than 21% to the x,,, at 99% confidence level.

In this section, we are concerned with the parity-
violating corrections to the prediction in GR, which depend
exclusively on the spin-orbit coupling igo. We mainly
analyze the constraints on the parity-violating parameter
provided by the observed effect of Xgg. In the binary system
of PSR J1141-6545, we assume a spin of S; for the pulsar
and a spin of S, for the massive white dwarf companion.
The temporal evolution of the projected semimajor is due to
Newtonian quadrupole moments Xgpy and Lense-Thirring
orbital precession X resulting from rapid rotation of the
white dwarf. Xopy and Xpp are simultaneously modulated
by the spin misalignment angle 6, and the precession phase
@, of the white dwarf during selected periods. The Lense-
Thirring precession is always present throughout the
evolution of the system, regardless of the choice of the
two parameters {5.,®.} within a reasonable range of
values. Reference [51] uses simulations to give the relation-
ship between Jigpy and Xpr as a function of the white
dwarf’s spin period Pgy. In order to consider the effect of
the parity-violating correction in the Lense-Thirring pre-
cession, the extreme case may be chosen here: the Lense-
Thirring precession dominates when Pwp > 270 s; then
the effect of kgpy can be ignored. Reference [51] reveals
that when the spin period Pwp < 200 s, the contribution
from the mass quadrupole moment exhibits an opposite
sign to that of the LT precession, leading to a partial
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cancellation of the LT effect. This cancellation mechanism
motivates our adoption of the condition Pywp > 270 s, as
established in Ref. [51], where the LT precession dominates
the dynamical evolution.

We began by considering the LT precession of the orbital
plane, whose main contribution comes from the spin of the
white dwarf companion. Since the variation rate induced by
the pulsar’s spin moment is smaller than the measurement
error for nearly all physically plausible parameter values, this
contribution can be safely neglected in Egs. (4.11) and (4.12).
In the PSR J1141-6545 system, the maximum values of the
pulsar’s mass quadrupole moment and angular momentum
are Q, <3.1 x10°" kgm? and S, <4 x 10* kgm?s~!,
respectively [56]. By comparing the maximum absolute
values of their contributions to the pulsar’s observable
quantity x5, we find that the resulting observable quantity
i£, < 2.8 x 107 357! [56] of the pulsar is actually slightly
smaller than the uncertainty of the observable quantity
0.3 x 107 ss7!. Neglecting the spin contribution of the
pulsar, from Eqgs. (4.11) and (4.13), we have [51,54,55]

GS,

XLr = —X (1 - 2yl

3
X (2 + ﬂ) cotzsin g, sin @,
27”’7,2
fpv@GSz . 3m1
sin @ ——cot1cos ..

x62a4(1 —e?)/? 2m (4.15)

5XLT - —

The first expression above is the contribution to the
temporal evolution of x from the Lense-Thirring precession
given in GR, and the second expression is the correction
from the parity-violating terms we are considering. Note
that the main contribution of the second expression scales
with e, whereas the eccentricity is small but does not vanish
in the system discussed here. The reason for the scaling of e
occurs is that the terms of e do not vanish upon integration.
In contrast to this it has been shown in Ref. [49] that
CS term scales with 1/e in the contribution of w.
Calculations indicate that both Eq. (4.15) and w contain
the eccentricity e. In a binary system, the eccentricity
satisfies e < 1; consequently, the eccentricity in Eq. (4.15)
suppresses the contribution of the parity-violating terms,
whereas 1/e in w acts to enhance the contribution of the
parity-violating terms [49].

Timing observations of PSR J1141-6545 have been
conducted using the 64-meter Parkes radio telescope and
the UTMOST telescope. Based on these observations, we
have presented a set of measured and derived parameters
for the system, which are summarized in Table I [51]. The
current observations give a measurement of X, as Xps =
(1.7 £0.3) x 10713 ss7! [51], where the contribution from
spin-orbit interactions Xgo dominates the contribution
by more than 79%, which, in the extreme case, we are
considering can well be regarded as a contribution from the

TABLE I. Model parameters for PSR J1141-6545 [51].

Measured quantities

1.858915 +£3 x 1076
80.6911 £6 x 107*
0.171876 £ 1 x 10°°
(1.7£0.3) x 10713
1.02 4 0.01
2.28967 + 6 x 107>

Projected semimajor axis, x(s)
Longitude of periastron, @, (deg)
Orbital eccentricity, e

First derivative of x, i(ss™!)
Companion mass, m.(Mg)

Total mass, mror(Mg)

Derived quantities

1.27 £0.01
71+2 or 109 +£2

Pulsar mass, m, (M)
Orbital inclination, ¢ (deg)

Lense-Thirring precession. From the observation of the pro-
jected semimajor axis, we deduce that a = 5.3 x 10° km,
and this result is consistent to that level of accuracy regardless
of which derived inclination value is used.

Therefore, the parity-violating contribution we consider
must be smaller than the error bounds of this measurement.
With Eq. (4.15), we give the ratio of the parity-violating
contribution to the Lense-Thirring precession in GR as

oxpr _ feve 3mym,
fir a(l —e*)m(4m, +3m))

sin w cotd,. cos D,..

(4.16)

Combined with the observations we can obtain from this
correction ratio a constraint on the relationship of parity-
violating parameter, which is expressed as

a(l —e?)m(4m, + 3m;)
3mim,

tan o, 0.3
sinwcos®, 1.7 x 79%’

(4.17)

Sfrv <

where in the order-of-magnitude estimation, the trigono-
metric functions related to 5, and ®,. are approximated as
O(1) (i.e., their values can be roughly regarded as constants
of order 1). The precession of the spin vector S, induces the
corresponding changes in angles d, and ®_; this precession,
which arises from the contribution of orbital precession, is a
small quantity that accumulates over time. Equation (4.16)
represents the ratio of the corrected parity-violating LT
precession to GR precession within one orbital period
P,=4.74 hr for SR J1141-6545. When performing the
final order-of-magnitude estimation based on Eq. (4.17),
the changes in the two parameters §,. and @, from the initial
to the final moment within one orbital period can be safely
neglected, without significantly affecting the rationality of
the estimation results. Based on the observations in Table I
and the semimajor axis a, we can approximate the bounded
range of the parameter as

Fpy < 108 m. (4.18)
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At this gravity, the most relaxed constraints on the
parity-violating parameters given by all current gravita-
tional experiments come from the Solar System experi-
ments, and the result we give here from the PSR
J1141-6545 system is much weaker than those from the
solar system fpy < 10* m [24,27], for instance, as shown
in Refs. [24,27], both the measurements of the periastron
precession of LAGEOS satellites and the spin precession
of the gyroscopies in Gravity Probe B give the constraint
as fpy < 10* m. Even though we are considering a system
of two compact bodies, the contribution of the parity-
violating terms to kgq is suppressed by the eccentricity e,
when it is clear that the contribution produced by the
parity-violating terms in the observations is very small.

D. Parity-violationg correction of boundary terms

Previously, our analysis of the effect of parity violation
terms on the evolution of the system’s orbital plane was
based only on solutions derived from equations describing
the external fields of the source. The final calculations
show that the eccentricity of the system orbit suppresses
the contribution of these terms. However, since the field
equations are considered to have continuity at the field-
source boundary, it is clear that the solutions to these
equations must contain an additional oscillatory component.
Homogeneous solutions in CS gravity are given in Ref. [26],
which contain oscillatory terms that ensure that the gravi-
tational field is continuous at the boundary of the source.
These oscillatory terms produce contributions that distin-
guish them from external solutions in the observation of
dynamical systems. Both Solar System studies and studies of
pericenter precession in pulsar systems have demonstrated
that there is a corrective influence of these components on
the evolution of the system’s orbit that is not suppressed by
eccentricity [26,50]. These findings therefore enable exper-
imental observations to impose tighter constraints on the
|

. 1 15G i .
Ad' = - ———=sin(mR,) Mk 7s1n(mcsr) whn*
c“2mRs m r

m [Sin(mCs r) e, — cos(mer) el it —

cos(mer)
r 2 r

my [sin(mcsr) ik
m

cos(megr)

n’ek/’”n/wﬁ” -

relevant theoretical parameters. We must therefore consider
the effect of these additional oscillatory terms in the
evolution of the orbital plane of the system, namely, the
following terms in [26] will be present in dgy; of Eq. (3.18):

og = —%[C1S+C2n xS+ Cyn x (n xS)],
(4.19)
with
¢ =R 1 (maR)Y ),
Cy = meRIy(meR)Y | (megr),
C3 = meRI5(meR)Y 5 (mer), (4.20)

where the spin angular momentum S = /w, with [ =
2mR?/5 is the moment of inertia and m = 4zR%p/3 is
mass of the sphere. J; and Y; are spherical Bessel functions
of first and second kind. The quantity m. = 1/fpy repre-
sents the parity-violating parameter of the gravity, and here,
we adopt the notation from the literature to facilitate
comparison with the results in Ref. [26].

Next, we focus on investigating whether these oscillatory
terms significantly influence the orbital evolution of the
system, potentially yielding stronger constraints on the
theoretical parameters through experimental observations.
To achieve this, we calculate the corrections to the relative
acceleration arising from the presence of these correction
terms, following the previous procedure. We clearly observe
that the metric in Eq. (4.19) includes spherical Bessel
functions associated with the parameter mg. Here, we
introduce an approximation by retaining only the lowest-
order contribution to the metric with respect to the parameter
when calculating the corrections to the relative acceleration.
Below, we directly present the calculated corrections as

n*elimpl @l — 7sm(mcsr) nkni(nja)é)
r r
sin(mer) nknin-fa)é]

r

sin(mer) .,
cs n’nkn/wé]}

1 15G, m sin(myr) . cos(megr o sin(mger S
- _2_p|3 sin(meR;){ —v _sin(mesr) )a)’lnk _ coslimesr) nkelimpi @'t —l——( ") n*n'(n'o?)
¢ 2meRy m r r r
L [_ sin(mer) i — cos(my,r) neiim i + sin(mr) nkninjw{]
m r r r

m r r

m [_ sin(mer) ok, cos(mer) piekimmion + sin(mr) ninknjw'{] }

(4.21)
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In the equations above, R; and R, denote the radii of the
pulsar and the white dwarf companion, respectively, and m1;
and m, represent their masses, and m = m; + m, is the
total mass of the system. In the above expression, we
observe that while each term of the corrected acceleration is
of order 1/r, it also depends on the radius of the object as
1/R3 (where i =1, 2). This is explicitly different from
Egs. (4.3) and (4.7), where both equations are of order 1/r3
at least. The quantitative difference between the 1/R; and
1/} magnitudes reflects the distinction between the con-
tributions of Egs. (4.21) and (4.7) to the orbital evolution of
the system.

To evaluate the contribution generated by the above
correction terms, we use the orbital inclination element
Eq. (4.9) and average it by integrating over the interval
[0,27] of one orbital period. Note that in the integral
treatment, to ensure the integrals are cumulative and to
obtain an analytical expression, we can use the approxi-
mation r(f) ~ a(1 — e cos f). This simplification allows us
to proceed with the calculations while maintaining trac-
tability and providing meaningful results. After tedious
calculations, we directly give the result as

1 1J 15G -
A = _2—2Mcosa) ——=sin(mR,)S, - h
2R;

(4.22)

From the above equation, it is evident that the contribution of
the boundary terms arising from the parity-violating effect is
perpendicular to the orbital plane, aligning with the direction
specified in Eq. (4.12). However, unlike Eq. (4.12), where
the contribution depends linearly on the theoretical param-
eter fpy, the contribution here is quadratically dependent on
the theoretical parameters 1/m2, = f12>v~ This distinction
underscores the unique nature of the parity-violating boun-
dary terms’ influence on the system dynamics compared to
the effects described in Eq. (4.22).

We focus primarily on the effect of the white dwarf
companion on the evolution of the system’s orbital plane,
and therefore retain only the contribution of this object.
Using Eq. (4.11), we derive the contribution of the
boundary terms to the temporal evolution of the projected
semimajor axis as

As 1 8, 15G J|[mae]
Mr=—X5—S5——>—
LT c2a? 2R% m2

X cos wsin(mgR,) sin(mega) coticos§..  (4.23)
This expression represents the contribution to the observable
X over an orbital period, incorporating the parity-violating
boundary terms. From this expression, it is evident that
the result exhibits oscillatory behavior with respect to the
theoretical parameter. To combine observations and derive

constraints on these parameter, we perform further process-
ing. Compared to the results of general relativity, we find that

Ai 15 J
.XLT = a(l - 62)3/2 3 Sin(mcsRZ) l(miczsae)cos @
XGR 2R2 mcs
cotd, 2m,
4.24
X Sn o, sin(mega) dmy o+ 3m, ( )

The observations io,s= (1.7 +0.3) x 1073 ss~! in PSR
J1141-6545, as listed in Table I, indicate that the uncer-
tainty arising from spin-orbit interactions is approximately
13.9% in the observed data. Consequently, we can con-
strain the theoretical parameters graphically by requiring
the ratio of Eq. (4.24) to be less than 13.9%. In Eq. (4.24),
two key parameters are involved: the white dwarf mass M,
and radius R,. It should be noted that while the mass
parameter has been precisely determined through high-
precision observations, the radius parameter remains sub-
ject to uncertainty. From a rigorous theoretical perspective,
the most comprehensive approach would derive the
mass-radius relation from the white dwarf’s equation of
state. However, to meet the practical requirements of
this study, we adopt an alternative methodology that
balances efficiency with reliability. By considering the
currently observed reasonable range of white dwarf radii
(R, €[2.1 km, 10 km] [57]), we calculate the correspond-
ing parameter constraint spaces for both the lower and
upper radius limits. Through comparative analysis, we
select the most inclusive constraint condition as the final
allowable range for the theoretical parameters. Figure 1
through Fig. 3 systematically present the variation of
Eq. (4.24) with theoretical parameters under different white
dwarf radius assumptions, each providing corresponding
parameter constraints: Fig. 1 adopts the lower-bound
radius R = 2.1 x 10° km (most compact configuration),

0.6FT

0.4

0.2

AxLT/XGR
o
o

-0.2

-0.4

-0.6
0.000 0.001 0.002 0.003 0.004

mes (km™)

FIG. 1. The oscillating black solid line represents the variation
of the Axip/Xgr ratio with respect to the parameter, where
R, = 2.1 x 103 km. The 13.9% verification of the observations
(red dashed line) leads to a limit of m. = 0.14 x 107> km~! for
the parameter in the PSR J1141-6545.
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FIG. 2. The oscillating black solid line represents the variation
of the Ax;p/Xgr ratio with respect to the parameter, where
R, = 10* km. The 13.9% verification of the observations (red
dashed line) leads to a limit of m. = 0.95 x 1072 km™! for the
parameter in the PSR J1141-6545.

constraining the parameter to 1/m¢ = fpy < 1.0 x 10° m.
Figure 2 assumes the upper-bound radius R =
10 x 10% km (maximally extended case), yielding a relaxed
constraint of 1/mq = fpy < 7.1 x 10°> m. Figure 3 imple-
ments the canonical radius R = 5.4 x 10° km from
Ref. [51], resulting in 1/m = fpy < 3.3 x 10° m.
Through comparative analysis of these three scenarios,
we establish the final constraint on the theoretical param-
eter as 1/m. = fpy < 10° m. It is evident that the bound
on the parameter fpy is 2 orders of magnitude tighter than
the one obtained in Eq. (4.18). In the above three cases,
although we did not consider the specific equation of state
of white dwarfs, by taking into account the most extreme
boundary values of the current white dwarf radii, we
provided constraints corresponding to the parameters,

0.6 F

< <
[N ~

AX_T/XGR
o
o

-0.2

-0.4

—06 Cl Il Il Il Il Il Il
0.000 0.001 0.002 0.003 0.004 0.005 0.006

mcs(km_1 )

FIG. 3. The oscillating black solid line represents the variation
of the Ax;p/Xgr ratio with respect to the parameter, where
R, = 5.4 x 10° km. The 13.9% verification of the observations
(red dashed line) leads to a limit of m = 0.32 x 1072 km~! for
the parameter in the PSR J1141-6545.

AxLT/XGR

Mes (km™)

FIG. 4. The oscillating black solid line represents the variation
of the Ax;r/Xxgr ratio with respect to the parameter, where the
radius of pulsars R;=20 km. The 13.9% verification of the
observations (red dashed line) leads to a limit of m, = 2.5 km™~!
for the parameter in the PSR J1141-6545.

respectively. From the results, when the white dwarf radii
take the maximum and minimum values respectively, the
constraints on the corresponding theoretical parameters
only differ within an order of magnitude. This fully indi-
cates that considering the mass-radius relationship given by
the equation of state of white dwarfs has a very small
impact on the constraints of our final parameter.

Furthermore, as demonstrated in our earlier analysis, the
pulsar’s contribution currently falls below the detection
threshold of present measurement uncertainties. We antici-
pate that future advancements in observational precision
may render these contributions detectable. To systemati-
cally evaluate the pulsar’s capacity for constraining theo-
retical parameters within this system, we maintain a current
measurement precision of 13.9% as a conservative base-
line. By incorporating specific pulsar parameters into
Eq. (4.24) with an upper radius bound of R;= 20 km
based on the pulsar, we plot the corresponding parameter
variations presented in Fig. 4. We can derive that the
constraint on the parameter is 1/mg = fpy < 0.4 km,
which represents an improvement of four orders of magni-
tude compared to the constraints obtained from white
dwarfs.

In this gravitational framework, the parity-violating
terms generated simultaneously outside the field source
and at the boundary exert an influence on the evolution of
the system’s orbital plane. Using experimental observations
of white dwarfs in binary systems, we have respectively
derived the constraints on the theoretical parameters arising
from these two types of corrections. By comparing the
two constraint ranges, we obtain the tightest constraint on
the theoretical parameter from the Lense-Thirring effect
of white dwarfs: fpy < 10° m, which corresponds to an
energy scale Mpy := 1/fpy = 10722 GeV. This constraint
range differs by only two orders of magnitude from that
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TABLE II. Constraints on the parity-violating energy scale Mpy form different experiments.

Theories Solar system Compact binary GWs
CS gravity(GeV) 10722 [26] 10718 [50] 10722 [32]
Ghost-free parity-violating gravity (GeV) 10720 [24,27] 1072 (WD) 1072 [32]

10~'3 (pulsar)

derived from the Solar System (fpy < 10* m) [24,27]. We
further predict the contribution of observing the pulsar
in this system in the future. Using pulsar observations,
the constraint on the theoretical parameter can be further
improved to fpy < 10? m, which corresponds to an energy
scale Mpy == 1/fpy = 10718 GeV. We find that this con-
straint is at the same level as the constraint on the parity-
violating parameter derived from the pericenter precession
in pulsar binary systems [50]. In Table II, we present
the constraints on the energy scales associated with the
parameters in ghost-free parity-violating and CS gravity,
derived from a range of experimental observations. The
constraints reported in this section apply to both CS and
ghost-free parity-violating gravity. For ghost-free parity-
violating gravity, the constraint fpy < 10° m, while less
stringent than that derived from GW events, is close to the
constraints inferred from solar system measurements.

V. CONCLUSIONS

In this work, we extend previous studies by employing
the observable progression of the orbital plane inclination
to test for gravitational parity violation in the PSR J1141-
6545 system. The misalignment between the white dwarf’s
spin axis and the system’s total angular momentum induces
a precession effect in the orbital plane inclination, which
can be detected through the temporal evolution of the
projected semimajor axis. We adopt a parity-violating
gravitational framework, where the spacetime metric incor-
porates parity-violating terms associated with both the
exterior and boundary of the field source, in contrast
to GR. Within this framework, we calculate the relative
acceleration of the system and find that the corrected
relative acceleration arising from the two-part parity-
violating terms exhibit an inverse proportionality to r of
different orders. We further compute the corrections to the
orbital inclination precession rates induced by the two-part
parity-violating terms, which demonstrate significant devi-
ations from the GR prediction. Specifically, the parity-
violating contribution to the orbital inclination precession
rates depends on the projection of the spin vector along
the orbital angular momentum direction, whereas in GR,
this contribution arises from the projection of the spin
vector within the orbital plane. The parity-violating terms
generate corrections to the orbital inclination precession
rates that are perpendicular to the GR, highlighting a
fundamental distinction between the parity-violating
framework and GR.

Furthermore, the two orbital inclination precession rates
corresponding to the parity-violating corrections exhibit
distinct dependencies on the orders of the theoretical
parameters. The correction associated with the gravitational
field outside the source is linear in the theoretical parameter
and coupled to the eccentricity e, while the correction
describing the boundary terms is quadratic in the theoretical
parameter. These differences reflect the distinct contribu-
tions of the two parity-violating components to the orbital
inclination precession effect. By comparing the orbital
inclination precession rates of the two parity-violating
corrections with those of GR, and incorporating the
uncertainties in the observational data, we derive the
constraints on the theoretical parameters as fpy < 10° m.
The constraints on the energy scales associated with ghost-
free parity-violating and CS gravity, derived from a range
of experimental observations, reveal distinct levels of
sensitivity for the theories. However, for ghost-free parity-
violating gravity, the constraint fpy < 10° m, while less
stringent than that derived from GW events, is close to the
constraint inferred from solar system measurements. We
also predict that when the pulsar is observed in the future,
the constraint on the theoretical parameter can be further
improved to fpy < 10> m using pulsar data, which is
consistent with the constraint derived from the periastron
precession of pulsars [50]. This indicates that compact
binary pulsar observations provide a more sensitive probe
for testing parity-violating gravity compared to traditional
Solar System tests.

In this work, we focus on the parity-violation-induced
corrections to the spin-orbit interaction, which are then tested
against current observational constraints. Given that the
pulsar’s contribution currently falls below the measurement
uncertainty threshold, we may provisionally neglect the
effects arising from its spin dynamics. Continued monitoring
of the binary system PSR J1141-6545 will likely yield
improved observational precision. As the measurement
accuracy approaches the magnitude of the pulsar’s contri-
bution, this previously negligible effect will become sta-
tistically significant. At such time, we propose to incorporate
this parameter into our result, enabling a refined constraint of
the theoretical parameter. Additionally, in the study of the
binary system PSR J1141-6545, the contribution from the
mass quadrupole moment becomes increasingly significant
as the white dwarf’s spin period decreases. Therefore,
incorporating parity-violation effects on the mass quadrupole
moment could provide an additional avenue for theoretical

064062-12



PARITY-VIOLATING CORRECTIONS TO THE ORBITAL ...

PHYS. REV. D 112, 064062 (2025)

validation, leveraging this mechanism to further constrain
model parameters.
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APPENDIX: PPN POTENTIALS

In this appendix, we present the explicit expressions for
the PPN potentials used to parametrize the metric in

Eq. (3.1). These potentials are given as follows [52]:

U= /fx()i/’xt,)' d*x, (Al)
T:2q>1—q>2+q>3+4cb4—%q>5—%q>6, (A2)
o= [ ;’ /_”Z,| B, (A3)
@, = |xp /_U;,| B, (A4)
D, = /%d%’, (AS)
D, = / x f/x’| &X' (A6)
@5 = / ’Wﬁ', (A7)
Dy = / p'V'U'.%aﬁx'. (A8)
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