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Recently Background Imaging of Cosmic Extragalactic Polarization (B2) discovered the relic gravitational waves at 7.0σ confi-
dence level. However, the other cosmic microwave background (CMB) data, for example Planck data released in 2013 (P13),prefer
a much smaller amplitude of the primordial gravitational waves spectrum if a power-law spectrum of adiabatic scalar perturbations
is assumed in the six-parameterΛCDM cosmology. In this paper, we explore whether thewCDM model and the running spectral
index can relax the tension between B2 and other CMB data. Specifically we found that a positive running of running of spectral
index is preferred at 1.7σ level from the combination of B2, P13 and WMAP Polarization data.
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1 Introduction

In the early of 2013, Planck (P13) [1] released its data which
precisely measured the temperature anisotropies of cosmic
microwave background (CMB), and claimed that it strongly
supports the standard spatially-flat six-parameterΛCDM cos-
mology with a power-law spectrum of adiabatic scalar per-
turbations. Actually the relic gravitational waves could also
make contributions to the temperature and polarization power
spectra in the CMB [2–6]. Combining Wilkinson Microwave
Anisotropy Probe (WMAP) 9-year data [7] with Baryon
Acoustic Oscillation (BAO) [8],H0 prior from Hubble Space
Telescope (HST) [9] and other highL CMB data, includ-
ing Atacama Cosmology Telescope (ACT) [10] and South
Pole Telescope (SPT) [11], we obtained the constraint on the
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primordial gravitational waves before Planck as follows:

r0.002 < 0.12 (1)

at 95% CL in ref. [12], wherer0.002 is the tensor-to-scalar ra-
tio at the pivot scalekp = 0.002 Mpc−1 and a power-law spec-
trum of the primordial scalar perturbations is also assumed. A
similar result was reported by Planck combining with WMAP
polarization (WP) data and other highL CMB data, namely

r0.002 < 0.11 (2)

at 95% CL in ref. [1]. In this paper, we shall fix the pivot
scale askp = 0.002 Mpc−1.

Considering that the primordial gravitational waves only
make contributions to CMB power spectra at the very large
scales, we fixed the background parameters as their best-fit
values from Planck, and then run the CosmoMC to determine
the amplitude of adiabatic scalar perturbations, spectralindex
and the tensor-to-scalar ratio by only using the low-multipole
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Planck TT [1] and WMAP TE (WP) data [7]. We foundr > 0
at more than 68% confidence level with maximum likelihood
at aroundr ∼ 0.2 [13]. Our new result confirmed the previ-
ous one in ref. [14] where WMAP 7-year data were utilized.
Recently Background Imaging of Cosmic Extragalactic Po-
larization (B2) [15] discovered the relic gravitational waves
with the tensor-to-scalar ratio

r = 0.20+0.07
−0.05, (3)

andr = 0 is disfavored at 7.0σ. Using B2 only or the com-
bination of B2, P13 and WP, the tiltnt of relic gravitational
waves spectrum is constrained to be around zero andnt = 2
is ruled out at more than 5σ confidence level in refs. [16,17]
which strongly indicates that inflation [18–20] really hap-
pened in the early universe.

In this paper we hope to get a better understanding about
the physics in our universe through a more careful investiga-
tion of the datasets. Comparing eq. (3) to eqs. (1) and (2),
we see that there is a moderately strong tension between B2
and other CMB data in the base six-parameterΛCDM+tensor
cosmology. If all of these CMB datasets are trustable, it
strongly implies that our Universe is much more complicated
than what we expected before. In order to reconcile the ten-
sion on constraining the primordial gravitational waves be-
tween P13 and B2, we need to go beyond theΛCDM+tensor
model. There are several well-motivated extensions to the
ΛCDM+tensor model which might relax such an inconsis-
tency.

i) More complicated physics in the early universe can be
involved. Here we consider that the spectrum of adiabatic
scalar perturbations departures from a pure power-law form,
and the running of spectral index (dns/d lnk) and the running
of running (d2ns/d lnk2) are taken into account. Or the spatial
curvature (Ωk) of our universe deviates from exact flatness.

ii) We can consider more complicated physics about neu-
trino and relativistic components by relaxing the total mass of
active neutrinos (

∑

mν), or the number of relativistic species
(Neff).

iii) The abundance of light elements, for exampleYP ≡

4nHe/nb for helium-4, is taken as a free parameter.
iv) The dark energy is not a cosmological constant and its

equation-of-state (EOS) parameterw ≡ pde/ρde is regarded
as a free parameter.

An almost comprehensive investigation has been reported
by Lewis in ref. [21] where the combination of B2 and P13
was considered. In this paper we will adopt B2, P13 and
WP to explore two extensions: one is to relax the dark en-
ergy model from cosmological constant to one with a con-
stant EOS parameterw = pde/ρde; the other is to take into
account the running of spectral index and the running of run-
ning. Here we fix the consistency relation to bent = −r/8.

2 Implications for cosmology from BICEP,
Planck and WMAP

In this section we will use the CosmoMC [22] to work out

the constraints on the cosmological parameters in different
cosmological models from several different combinations of
datasets respectively. Our results are summarized in Tables
1–3.

2.1 wCDM model

Herein we will extend the dark energy model from the cosmo-
logical constant to the dark energy with constant EOS param-
eterw. There are also several tensions between P13 and some
local cosmological observations, including theH0 prior from
HST [9] and Supernova Legacy Survey (SNLS) samples [23].
For example, P13 prefers a larger matter density today com-
pared to SNLS and a smaller Hubble constant compared to
the H0 prior from HST. However these two tensions can be
significantly relaxed in thewCDM model [24] where the dark
energy is preferred to be phantom-like, namelyw = −1.16±
0.06 from the combination of P13+WP+BAO+SNLS+HST.

Here we also wonder whether the dark energy EOS can
help to relax the tension on the tensor-to-scalar ratio between
P13 and B2. We constrain the cosmological parameters in the
wCDM+r model by adopting the combinations of P13+WP
and B2+P13+WP, respectively. See results in Table 1 and
Figure 1.

We find that the constraint onr is given by

r0.002 < 0.16 (4)

at 3σ confidence level from P13+WP. There is still a more
than 3σ tension onr between P13+WP and B2 in the
wCDM+r model. Therefore relaxing the dark energy model
cannot reconcile the tension onr between P13 and B2. Be-
cause of such a tension, some exotic results appear. For ex-
ample, the constraint on the dark energy EOS parameter be-
comesw = −1.54+0.17

−0.32 in Table 1. A similar constraint onw
from B2+P13 isw = −1.55+0.18

−0.34 in ref. [25].

2.2 Running spectral index

Herein we extend the six-parameter baseΛCDM+r model
to theΛCDM+nrun+r andΛCDM+nrun+nrunrun+r mod-
els, respectively, where nrun and nrunrun denote the run-
ning of spectral index (dns/d lnk) and the running of running

Table 1 Constraints on the cosmological parameters in thewCDM+r
model

wCDM+r B2+P13+WP

parameters Best fit 68% limits

Ωbh2 0.02222 0.02210+0.00058
−0.00063

Ωch2 0.1161 0.1172+0.0029
−0.0028

100θMC 1.04190 1.04163+0.00067
−0.00068

τ 0.1001 0.0888+0.0145
−0.0186

ln(1010As) 3.200 3.186± 0.034

ns 0.9690 0.9669+0.0140
−0.0163

r0.002 0.16 0.16+0.04
−0.05

w −1.70 −1.54+0.17
−0.32
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Figure 1 The constraint contours onr, ns andw from the combinations of P13+WP and B2+P13+WP in thewCDM+r model.

(d2ns/d lnk2). In this case the amplitude of scalar perturba-
tion spectrum is parameterized by

Ps(k) = As

(

k
kp

)ns−1+ 1
2

dns
d lnk ln k

kp
+ 1

6
d2ns
d lnk2 ln2 k

kp

. (5)

In ref. [12], the constraint on the tensor-to-scalar ratio from
the combination of WMAP+ACT+SPT+BAO+HST is re-
laxed to be

r0.002 < 0.42 (6)

at 95% CL if the running of spectral index is considered, and

r0.002 < 0.53 (7)

at 95% CL if both the running and running of running are
taken into account. In ref. [1], the constraint on the tensor-to-
scalar ratio is relaxed to be

r0.002 < 0.26 (8)

at 95% CL from the combination of P13+WP+ACT+SPT if
the running of spectral index is considered. We see that the
constraint onr can be significantly loosen to be consistent
with B2 in the model with running spectral index.

First of all, we combine B2 with P13 and WP to constrain
the cosmological parameters in theΛCDM+nrun+r cosmol-
ogy. Our results are given in Table 2 and Figure 2.

We see that a blue tilted scalar power spectrum atkp =

0.002 Mpc−1 is preferred at 1.5σ level, and a negative run-
ning of spectral index is favored at around 2.7σ level. Com-
bining with P13, WP and other highL CMB data, B2 implies
dns/d lnk = −0.028± 0.009 [15]. In ref. [21], the combi-
nation of B2+P13 gives a constraint dns/d lnk = −0.028±
0.020. In ref. [25], dns/d lnk = −0.0281± 0.0099 from
B2+P13+BAO+SN. See the analysis in refs. [26,27] as well.
Our results are consistent with all of these previous results.

Since a negative running of spectral index is preferred at
high confidence level, we wonder whether the higher order
terms in the parametrization of scalar perturbation spectrum
are required. Here we further extend the previous model to

Table 2 Constraints on the cosmological parameters in theΛCDM + nrun
+ tensor model

ΛCDM+nrun+r B2+P13+WP

parameters Best fit 68% limits

Ωbh2 0.02229 0.02246+0.00030
−0.00032

Ωch2 0.1187 0.1173+0.0022
−0.0021

100θMC 1.04154 1.04162+0.00061
−0.00062

τ 0.0991 0.1011+0.0137
−0.0161

ln(1010As) 3.117 3.098+0.045
−0.041

ns 1.0336 1.0447+0.0295
−0.0297

dns/d lnk −0.0228 −0.0253± 0.0093

r0.002 0.18 0.22+0.04
−0.07
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Figure 2 The constraint contours onr, ns and dns/d lnk from the combinations of P13+WP and B2+P13+WP in theΛCDM+nrun+r model.

theΛCDM+nrun+nrunrun+r model. The results show up in
Table 3 and Figure 3.

Compared to the previous model with only the running of
spectral index,∆χ2 = 9852.70−9855.82= −3.12 which indi-
cates that this further parameter extension is favored at more
than 1σ level. From Table 3, we see that at the pivot scale
kp = 0.002 Mpc−1 the spectral indexns > 1 is preferred at

Table 3 Constraints on the cosmological parameters in theΛCDM + nrun
+ nrunrun+tensor model

ΛCDM+nrun+nrunrun+r B2+P13+WP

parameters Best fit 68% limits

Ωbh2 0.02221 0.02217± 0.00035

Ωch2 0.1203 0.1184± 0.0023

100θMC 1.04145 1.04142+0.00064
−0.00063

τ 0.0983 0.1054+0.0142
−0.0168

ln(1010As) 3.047 3.063+0.066
−0.050

ns 1.1656 1.1344+0.0612
−0.0608

dns/d lnk −0.139 −0.108+0.049
−0.048

d2ns/d lnk2 0.045 0.033+0.018
−0.019

r0.002 0.22 0.24+0.05
−0.07

2.2σ level, a negative running of spectral index is preferred
at 2.2σ level and a positive running of running is preferred at
1.7σ level once the running of running is considered. Our re-
sults imply that higher order expansions might be considered
in the future as well.

3 Discussion

Discovery of relic gravitational waves opens a new window to
explore cosmology. There are many possible sources for the
relic gravitational waves, such as inflation [18–20] and cos-
mic string [28,29]. In this paper we extend theΛCDM+r cos-
mology towCDM+r model andΛCDM+r model with run-
ning spectral index, and find that the tension between B2 and
P13 can be reconciled if a running spectral index is taken into
account, but relaxing dark energy model does not work.

Usually inflation model predicts|ns − 1| . O(10−2),
|dns/d lnk| . O(10−3) and |d2ns/d lnk2| . O(10−4). Our
results imply that the simple canonical single-field slow-roll
inflation models are not compatible with the datasets and the
physics in the early universe should be much more compli-
cated than what we expect if all of B2, P13 and WP are
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Figure 3 The constraint contours onr, ns, dns/d lnk and d2ns/d lnk2 from the combination of B2+P13+WP in theΛCDM+nrun+nrunrun+r model.

reliable. After B2 released its data, many researchers have
investigated inflation models widely. See, for example, refs.
[30–40]. However almost all of them only attempted to fit
the value of tensor-to-scalar ratio and the spectral index.We
believe that it is not sufficient because the combination of
B2+P13+WP strongly implies a running spectral index. How
to naturally achieve a significantly running spectral indexis
still an open question. As we known, the space-time non-
commutative inflation [41–43] can generate a large negative
running of spectral index. It can also be realized in the infla-
tion with modulations [44–46] as well. Another possibilityis
that the Planck data is not reliable. In ref. [47] we combine
B2 with WMAP 9-year data and find that the power-law spec-
trum of scalar perturbation is compatible with B2+WMAP,
and the power-law inflation and inflation model with inverse
power-law potential can fit the data nicely. In a word, we
believe that the realistic inflation model is still unknown and
further investigation is needed in the near future.

We acknowledge the use of Planck Legacy Archive, Institute of Theoretical

Physics and Lenovo Shenteng 7000 supercomputer in the Supercomputing

Center of the Chinese Academy of Sciences for providing computing re-

sources. This work was supported by the National Natural Science Foun-

dation of China (Grant Nos. 10821504, 11322545, 11335012, 11173021

and 11322324), the Project of KIP of the Chinese Academy of Sciences and

the National Basic Research Program of China (Grant No. 2012CB821804).

1 Planck Collaboration. Planck 2013 results. XVI. Cosmological param-
eters. arXiv:1303.5076 [astro-ph.CO]

2 Grishchuk L P. Amplification of gravitational waves in an istropic uni-
verse. Sov Phys JETP, 1975, 40: 409–415 (Zh Eksp Teor Fiz, 1974,
67: 825–838)

3 Starobinsky A A. Relict gravitation radiation spectrum and initial state
of the universe (in Russian). JETP Lett, 1979, 30: 682–685 (Pisma Zh
Eksp Teor Fiz, 1979, 30: 719)

4 Rubakov V A, Sazhin M V, Veryaskin A V. Graviton creation in the in-
flationary universe and the grand unification scale. Phys Lett B, 1982,
115: 189–192

5 Crittenden R, Bond J R, Davis R L, et al. The imprint of gravitational
waves on the cosmic microwave background. Phys Rev Lett, 1993, 71:
324–327

6 Krauss L M, Wilczek F. Using cosmology to establish the quantization
of gravity. Phys Rev D, 2014, 89: 047501



Cheng C, et al. Sci China-Phys Mech Astron August (2014) Vol. 57 No. 8 1465

7 WMAP Collaboration. Nine-Year Wilkinson Microwave Anisotropy
Probe (WMAP) observations: Cosmological parameter results. Astro-
phys J Suppl, 2013, 208: 19

8 Beutler F, Blake C, Collesset M, et al. The 6dF galaxy survey: Baryon
acoustic oscillations and the local Hubble constant. Mon Not R Astron
Soc, 2011, 416: 3017–3032; Padmanabhan N, Xu X, Eisenstein DJ,
et al. A 2% distance toz = 0.35 by reconstructing baryon acoustic
oscillations—I : Methods and application to the Sloan Digital Sky Sur-
vey. arXiv:1202.0090 [astro-ph.CO]; Anderson L, Aubourg E, Bailey
S, et al. The clustering of galaxies in the SDSS-III baryon oscillation
spectroscopic survey: Baryon acoustic oscillations in thedata release
9 spectroscopic galaxy sample. Mon Not R Astron Soc, 2013, 427:
3435–3467; Blake C, Brough S, Colless M, et al. The WiggleZ dark
energy survey: Joint measurements of the expansion and growth his-
tory atz < 1. Mon Not R Astron Soc, 2012, 425: 405–414

9 Riess A G, Macri L, Casertano S, et al. A 3% solution: Determination
of the Hubble constant with the Hubble space telescope and wide field
Camera 3. Astrophys J, 2011, 730: 119 [Erratum-ibid. 2011, 732: 129]

10 Atacama Cosmology Telescope Collaboration. The AtacamaCosmol-
ogy Telescope: Cosmological parameters from three seasonsof data. J
Cosmol Astropart Phys, 2013, 1310: 060

11 Story K T, Reichardt C L, Hou Z, et al. A measurement of the cos-
mic microwave background damping tail from the 2500-square-degree
SPT-SZ survey. Astrophys J, 2013, 779: 86

12 Cheng C, Huang Q G, Ma Y Z. Constraints on single-field inflation
with WMAP, SPT and ACT data—a last-minute stand before Planck. J
Cosmol Astropart Phys, 2013, 1307: 018

13 Zhao W, Cheng C, Huang Q G. Hint of relic gravitational waves in the
Planck and WMAP data. arXiv:1403.3919 [astro-ph.CO]

14 Zhao W, Grishchuk L P. Relic gravitational waves: Latest revisions and
preparations for new data. Phys Rev D, 2010, 82: 123008

15 BICEP2 Collaboration. BICEP2 I: Detection of B-mode polarization
at degree angular scales. arXiv:1403.3985 [astro-ph.CO]

16 Cheng C, Huang Q G. The tilt of primordial gravitational waves spectra
from BICEP2. arXiv:1403.5463 [astro-ph.CO]

17 Cheng C, Huang Q G. Constraints on the cosmological parameters
from BICEP2, Planck and WMAP. arXiv:1403.7173 [astro-ph.CO]

18 Guth A H. The inflationary universe: A possible solution tothe horizon
and flatness problems. Phys Rev D, 1981, 23: 347–356

19 Linde A D. A new inflationary universe scenario: A possiblesolution of
the horizon, flatness, homogeneity, isotropy and primordial monopole
problems. Phys Lett B, 1982, 108: 389–393

20 Albrecht A, Steinhardt P J. Cosmology for grand unified theories with
radiatively induced symmetry breaking. Phys Rev Lett, 1982, 48:
1220–1223

21 Lewis A. What an amazing result, which raises a lot of interesting ques-
tions! (http://cosmocoffee.info/viewtopic.php?t=2302)

22 Lewis A, Bridle S. Cosmological parameters from CMB and other data:
A Monte Carlo approach. Phys Rev D, 2002, 66: 103511; Lewis A.Ef-
ficient sampling of fast and slow cosmological parameters. Phys Rev
D, 2013, 87(10): 103529; Neal R M. Taking bigger metropolis steps
by dragging fast variables. arXiv:math/0502099; Lewis A, Challinor
A, Lasenby A. Efficient computation of CMB anisotropies in closed
FRW models. Astrophys J, 2000, 538: 473–476; Howlett C, Lewis A,
Hall A, et al. CMB power spectrum parameter degeneracies in the era
of precision cosmology. J Cosmol Astropart Phys, 2012, 1204: 027;
Challinor A, Lewis A. The linear power spectrum of observed source
number counts. Phys Rev D, 2011, 84: 043516; Lewis A, Challinor A.
The 21 cm angular-power spectrum from the dark ages. Phys RevD,
2007, 76: 083005; Seljak U, Zaldarriaga M. A line of sight integration
approach to cosmic microwave background anisotropies. Astrophys
J, 1996, 469: 437–444; Zaldarriaga M, Seljak U, Bertschinger E. In-

tegral solution for the microwave background anisotropiesin nonflat
universes. Astrophys J, 1998, 494: 491–502

23 Conley A, Guy J, Sullivan M, et al. Supernova constraints and system-
atic uncertainties from the first 3 years of the supernova legacy survey.
Astrophys J Suppl, 2011, 192: 1–15

24 Cheng C, Huang Q G. The dark side of the universe after Planck. Phys
Rev D, 2014, 89: 043003

25 Li H, Xia J Q, Zhang X M. Global fitting analysis on cosmological
models after BICEP2. arXiv:1404.0238 [astro-ph.CO]

26 Aslanyan G, Price L C, Abazajian K N, et al. The knotted sky I: Planck
constraints on the primordial power spectrum. arXiv:1403.5849 [astro-
ph.CO]

27 Abazajian K N, Aslanyan G, Easther R, et al. The knotted sky
II: Does BICEP2 require a nontrivial primordial power spectrum?
arXiv:1403.5922 [astro-ph.CO]

28 Pogosian L, Tye S H H, Wasserman I, et al. Observational constraints
on cosmic string production during brane inflation. Phys RevD, 2003,
68: 023506 [Erratum-ibid. D, 2006, 73: 089904]

29 Wyman M, Pogosian L, Wasserman I. Bounds on cosmic stringsfrom
WMAP and SDSS. Phys Rev D, 2005, 72: 023513 [Erratum-ibid. D,
2006, 73: 089905]

30 Joergensen J, Sannino F, Svendsen O. BICEP2 hints towardsquan-
tum corrections for non-minimally coupled inflationary theories.
arXiv:1403.3289 [hep-ph]

31 Nakayama K, Takahashi F. Higgs chaotic inflation and the primordial
B-mode polarization discovered by BICEP2. arXiv:1403.4132 [hep-
ph]

32 Hamada Y, Kawai H, Oda K Y, et al. Higgs inflation still alive.
arXiv:1403.5043 [hep-ph]

33 Freese K, Kinney W H. Natural inflation: Consistency with cos-
mic microwave background observations of Planck and BICEP2.
arXiv:1403.5277 [astro-ph.CO]

34 Gong Y G. Gao Q. The challenge for single field inflation withBICEP2
result. arXiv:1403.5716 [gr-qc]

35 Okada N, Senoguz V N, Shafi Q. Simple inflationary models in light of
BICEP2: An update. arXiv:1403.6403 [hep-ph]

36 Bamba K, Myrzakulov R, Odintsov S D, et al. Trace-anomaly driven
inflation in modified gravity and the BICEP2 result. arXiv:1403.6649
[hep-th]

37 Lyth D H. BICEP2, the curvature perturbation and supersymmetry.
arXiv:1403.7323 [hep-ph]

38 Di Bari P, King S F, Luhn C, et al. Radiative inflation and dark energy
RIDEs again after BICEP2. arXiv:1404.0009 [hep-ph]

39 Feng C J, Li X Z, Liu D J. Note on power-law inflation in noncommu-
tative space-time. arXiv:1404.0168 [astro-ph.CO]

40 Chung Y C, Lin C. Topological inflation with large tensor-to-scalar ra-
tio. arXiv:1404.1680 [astro-ph.CO]

41 Huang Q G, Li M. CMB power spectrum from noncommutative space-
time. J High Energy Phys, 2003, 0306: 014

42 Huang Q G, Li M. Noncommutative inflation and the CMB multipoles.
J Cosmol Astropart Phys, 2003, 0311: 001

43 Huang Q G, Li M. Power spectra in spacetime noncommutativeinfla-
tion. Nucl Phys B, 2005, 713: 219–234

44 Kobayashi T, Takahashi F. Running spectral index from inflation with
modulations. J Cosmol Astropart Phys, 2011, 1101: 026

45 Czerny M, Kobayashi T, Takahashi F. Running spectral index from
large-field inflation with modulations revisited. arXiv:1403.4589
[astro-ph.CO]

46 Czerny M, Higaki T, Takahashi F. Multi-natural inflation in supergrav-
ity and BICEP2. arXiv:1403.5883 [hep-ph]

47 Cheng C, Huang Q G. Constraint on inflation model from BICEP2 and
WMAP 9-year data. arXiv:1404.1230 [astro-ph.CO]


