
Eur. Phys. J. C          (2020) 80:630 
https://doi.org/10.1140/epjc/s10052-020-8211-4

Regular Article - Theoretical Physics

Model-independent test of the parity symmetry of gravity with
gravitational waves

Wen Zhao1,2,a, Tan Liu1,2, Linqing Wen3, Tao Zhu4, Anzhong Wang5, Qian Hu1,2, Cong Zhou1,2

1 CAS Key Laboratory for Research in Galaxies and Cosmology, Department of Astronomy, University of Science and Technology of China,
Hefei 230026, China

2 School of Astronomy and Space Sciences, University of Science and Technology of China, Hefei 230026, China
3 Department of Physics, The University of Western Australia, 35 Stirling Hwy, Crawley, WA 6009, Australia
4 Institute for Theoretical Physics and Cosmology, Zhejiang University of Technology, Hangzhou, Zhejiang 310032, China
5 GCAP-CASPER, Department of Physics, Baylor University, Waco, TX 76798-7316, USA

Received: 23 March 2020 / Accepted: 6 July 2020
© The Author(s) 2020

Abstract Gravitational wave (GW) data can be used to test
the parity symmetry of gravity by investigating the differ-
ence between left-hand and right-hand circular polarization
modes. In this article, we develop a method to decompose
the circular polarizations of GWs produced during the inspi-
ralling stage of compact binaries, with the help of stationary
phase approximation. The foremost advantage is that this
method is simple, clean, independent of GW waveform, and
is applicable to the existing detector network. Applying it
to the mock data, we test the parity symmetry of gravity by
constraining the velocity birefringence of GWs. If a nearly
edge-on binary neutron-stars with observed electromagnetic
counterparts at 40 Mpc is detected by the second-generation
detector network, one could derive the model-independent
test on the parity symmetry in gravity: the lower limit of the
energy scale of parity violation can be constrained within
O(104eV).

1 Introduction

Although Einstein’s general relativity (GR) has been con-
sidered to be the most successful theory of gravity since it
was proposed, it faces the difficulties in both theoretical side
(e.g. singularity, quantization, etc), and observational side
(e.g. dark matter, dark energy, etc). Therefore, testing GR in
various circumstance is an important topic since its birth [1–
4]. The discovery of GW compact binary coalescence source
GW170817 [5], and its electromagnetic (EM) counterparts
in different frequency bands [6–11], opens the new window
of multi-messenger GW astronomy. This also provides an
excellent opportunity to test GR in the strong gravitational
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fields [12–17]. Numerous works have been carried out, which
can be separated into two classes: one is the model-dependent
methods, where for a specific theory of gravity, one calculates
the GW waveforms, and constrains its deviation from that of
GR [18–21]. The other is the model-independent methods,
which test a specific property of gravity and the results are
applicable for a set of gravitational theories [22–24].

Parity symmetry implies that a directional flipping to the
left and right does not change the laws of physics. It is well
known that nature is parity violating. Since the first discov-
ery of parity violation in weak interactions [25], the experi-
mental tests become more necessary in the other interactions,
including gravity. In most previous works, test of parity sym-
metry in gravity has focused on the Chern–Simon modified
gravity (see for instance the review article [26]). Many parity-
violating (PV) gravities with different action forms have been
proposed for different motivations [27–34]. If the parity sym-
metry is violated, it is expected that a GW behaves asym-
metrically in its two circular polarization modes [35,36].
The observable effects include the “amplitude birefringence”
[37–41] and the “velocity birefringence” [29,33,34,42–46].
Although Chern-Simons gravity causes only the amplitude
birefringence of GWs, both effects occur in most PV gravities
(see Appendix 1). Therefore, reconstructing circular polar-
izations from observed GW signals is crucial.

In this article, for the general PV gravities with veloc-
ity birefringence effect, we focus on the GW signal emit-
ted by the coalescence of compact binaries, and calculate
the arrival times of the left-hand and right-hand polarization
modes. We find that the arrival time difference between two
modes directly depends on the energy scale of parity viola-
tion in gravity. In order to measure the arrival time differ-
ence, we develop a waveform-independent method to recon-
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struct the circular polarizations of GWs with the help of sta-
tionary phase approximation (SPA), and measure the arrival
times these two modes from observed data. By mocking
the potential observation of the upcoming second-generation
GW detector network, we test the reliability of the method,
and apply it to constrain model-independently the veloc-
ity birefringence of GWs. The foremost advantage is that
this method is simple (without tedious calculation), clean
(with least assumption), independent of GW waveform, and
is applicable to the existing detector network.

2 Circular polarizations of GWs

2.1 The decomposition method

In general, it is convenient to describe GWs with complex
oscillating functions hs(t) [47]. The detector response is a
linear combination of the real part of two wave polarizations
[48], i.e. dI (t +τI ) = ∑

s=+,× Fs
I hR

s (t)+nI (t +τI ), where
I = 1, 2, 3, . . . labels the I -th detector, and the superscript
R denotes the real part of the corresponding quantity in this
paper. τI is the relative time delay with respect to a reference
time t taken at the center of the Earth. Fs

I are the detector’s
beam-pattern functions. For a network with I ≥ 2, in princi-
ple, an unbiased estimator for polarization mode hR

s (t) can
be solved directly from the data dI by introducing the Moore-
Penrose psudo-inverse matrix A, which is composed of the
detectors’ antenna beam-pattern functions F s

I [49,50]. For a
given source direction, the time-delay corrected data from a
network of Nd GW detectors can be written in the frequency

domains as d̃ = Ah̃R + ñ, h̃R =
(

h̃R+ , h̃R×
)T

, and A is the

response matrix of the detector network at each frequency
defined by Eq.(4) in [49],

d̃ =
(

d̃1

σ1
, . . . ,

d̃Nd

σNd

)T

, ñ =
(

ñ1

σ1
, . . . ,

ñNd

σNd

)T

,

where σ 2
i is the noise variance of i th detector at the corre-

sponding frequency bin. Throughout this paper, tilde denotes
the quantity in the frequency domain. The estimator for the
vector {h̃R} is given by the Moore-Penrose inverse [49], i.e.

h̃R = (A† A)−1 A†d̃. (1)

By the inverse Fourier transformation, the estimators for the
GW signal in time domain hR

s (t) can be derived.
The circular polarizations of GWs are defined by the com-

plex hs(t) reconstructed from the observables hR
s (t). It is

direct to prove that this reconstruction is achievable, if con-
sidering the SPA, which is applicable for the GWs produced
during the inspiralling stage of coalescing compact binaries.
Consider h+ as an example, it can be shown that the Fourier
components of h+(t) and hR+ (t) satisfy the following rela-
tions (see the details in Appendix 1),

h̃+ =
{

2h̃R+ , f > 0,

0, f < 0,
(2)

that is, one could derive h̃+ from h̃R+ . This plays a crucial role
in the method proposed in this article, that reconstructs the
GW circular polarizations from observation. However, we
should emphasize that, this conclusion is applicable only for
the inspiraling stage of GW events, where SPA is appropri-
ate. The basic reason for this reconstruction to work is that, in
SPA, in each small time span, the amplitude of a GW can be
considered as a constant, it is therefore possible to derive both
amplitude and phase information of GWs, instead of the com-
bination of them in a general case. Equivalently, GWs can
be decomposed as left-hand (L) and right-hand (R) circular
polarizations, which are defined as h̃R/L = (h̃+ ± i h̃×)/

√
2

[47]. Using the inverse Fourier transformation, we can also
obtain the time-domain function hR(t) and hL(t), which are
both complex functions.

In this decomposition, the antenna beam-pattern functions
of the I -th detectors Fs

I should be known in advance, which
depend on the sky direction of the GW signal (RA,Dec),
and the polarization angle ψs [51]. The former is assumed
to be obtained from its EM counterparts, while the latter
remains unknown without a template fitting. On the other
hand, a change of ψs corresponds to the rotation of the celes-
tial sphere frame coordinate system along z-axis [51]. Con-
sidering a rotation of coordinate system along z-axis by an
angle ψ , the left-hand and right-hand modes in the new coor-
dinate system are given by h′

L/R = hL/Re±2ψ [47], which
means that this rotation of coordinate system is completely
equivalent to a change of the phase of hR and hL with the
same value but opposite signs. For this reason, if we care
only about the phase evolution, instead of their exact values
of phases, the polarization angle ψs can be arbitrarily chosen
in the reconstruction, as confirmed in the simulation analysis.

Note that for GWs emitted by the coalescence of com-
pact binaries, the amplitude ratio of left-hand and right-hand
polarization modes is determined by the inclination angle
ι of GW event. For the face-on sources with ι = 0◦, or
180◦, GW is circularly polarized, i.e. only left-hand or right-
hand polarization exists. While for the edge-on sources with
ι = 90◦, the amplitude of two circular polarizations are
same. In GR, the amplitude ratio is given by |hL|/|hR| =
[(1 + cos ι)/(1 − cos ι)]2, which is clearly presented in
Fig. 1. The condition |hL|/|hR| ∈ (1/3, 3) requires that
ι ∈ (74◦, 106◦). Considering this fact and assuming the devi-
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Fig. 1 The ratio between the amplitude of left-hand polarization and
that of right-hand polarization as a function of the inclination angle ι

ation from GR is small, we find that for the method proposed
in this paper, only the nearly edge-on GW events are suitable
for testing the parity symmetry in gravity.1

2.2 Applying to the simulated data

We test the reliability of this decomposition method by sim-
ulations. In our analysis, GR is considered as the fiducial
theory of gravity. We consider a GW signal produced by
the coalescence of binary neutron-stars (BNSs), which are
accompanied by observable EM emissions in various fre-
quency bands. Without lose of generality, we assume a GW
event produced by the coalescence of BNS located at (RA=0,
Dec=0). Similar to GW170817, the luminosity distance is
adopted as d = 40 Mpc. Both masses of NSs are chosen as
1.4M� and their tidal deformability parameter are assumed
to be 425, referring to Figure 5 of Ref. [5]. For the inclina-
tion angle ι, we consider both the face-on case with ι = 0◦
and edge-on case with ι = 90◦. Since we are only interested
in GWs in the inspiraling stage, TaylorF2 model is used to
calculate GW waveforms in time domian.

To mimic the realistic case, we consider the detector net-
work including AdvLIGO [53], AdvVirgo [54], and KAGRA
[55], as their designed sensitivities. The gaussian noise for
each detector is randomly generated using the PyCBC pack-
age [56].2 Mock data set for each detector is a linear combi-
nation of signal and noise.

Following the procedure described above, we reconstruct
the circular polarizations of GWs for two extreme cases of the

1 Note that, the requirement on the inclination angle ι is needed only for
the method introduced in this paper. If we constrain the parity symmetry
of gravity by the template fitting of the GW waveform, this condition
is not necessary [46,52].
2 http://pycbc.org/.

Fig. 2 Time-frequency representations of left-hand (left panels) and
right-hand (right panels) polarization signals reconstructed from the
simulated GW data of signal + noise for the second-generation detector
network. Upper panels show the results of a face-on GW event, and the
lower panels show those of an edge-on event

inclination angles. Similar to LIGO/Virgo collaboration in
[5,57–60], we present the results in time–frequency represen-
tations of the reconstructed GW signals [5,57–60], as shown
in Fig. 2. We have applied the Q-transformation to the recon-
structed complex strain serials, and optimized the Q value in
the range of (100,110)Hz to maximize signal-to-noise ratio
(SNR) in the diagram. The Q transform is a modification of
the standard short time Fourier transform in which the anal-
ysis window duration varies inversely with frequency [61].
For the case with face-on burst, we find only the left-hand
polarization mode, manifests itself as the significant signal in
the upper left panel in Fig. 2. This result is anticipated, since
in GR, the amplitude of left-hand mode is hL ∝ (1 + cos ι)2

and that of right-hand mode is hR ∝ (1−cos ι)2 [48]. There-
fore, in the extreme case with ι = 0, only the left-hand mode
exists. While for the case with edge-on source, in the lower
panels of Fig. 2 we observe both polarizations with similar
power as expected.

3 Testing the chirality of gravity

3.1 Arrival time difference and the parity violation in
gravity

In the general PV gravity, GWs propagating in the flat
Robertson–Walker universe satisfy [35,36],

h̃′′
A + (2 + νA)Hh̃′

A + (1 + μA)k2h̃A = 0, (A = R, L), (3)

where prime denotes the derivative with respect the confor-
mal time η, and H ≡ a′/a. a is the scale factor, and the
present value is adopted as a0 = 1. k is the wave number,
which relates to the GW frequency by f = k/2πa. Nonzero
νA and μA represent the deviation from GR [62–66]. Term νA

determines the amplitude evolution of GWs, and the term μA

123

http://pycbc.org/


  630 Page 4 of 9 Eur. Phys. J. C           (2020) 80:630 

represents velocity of GWs. The case with νR 
= νL means
different dampings of left-hand and right-hand polarizations,
which is the effect of “amplitude birefringence” [37]. For an
individual frequency, the effect of amplitude birefringence
completely degenerates with the value of inclination angle
[26]. Therefore, in principle, this effect can be tested by
comparing the amplitude ratio of left-hand and right-hand
polarizations among different frequencies, which is left as a
future work.

The case with μR = μL 
= 0 represents the violation of
Lorentz symmetry in gravity, which has been tightly con-
strained by comparing the arrival times of GW170817 and
GRB170817a [67]. In this paper, we consider only the PV
case. μR 
= μL means the velocities of GW polarizations are
different, that is, there exists the “velocity birefringence”. In
the general PV gravities, including the ghost-free PV theo-
ries of gravity [27,29,35,45], Horava–Lifshitz gravity [30–
32,35], PV extension of the symmetric teleparallel equiva-
lent of GR theory [34,35] etc, μA can be parameterized as
μA = αρA(k/aMPV)β , with ρR = 1 and ρL = −1, MPV is
the energy-scale of the theory, α and β are the coefficients,
which depend on the theory of modified gravity (see the
details in Appendix 1). In the local universe, we can ignore the
time-dependence, and treat α as a constant, which is absorbed
by the definition of MPV as discussed below. Since the mea-
surements of GWs using laser interferometers are not sensi-
tive to the GW amplitude, in this article we restrict attention
to the effect of velocity birefringence. The parametrization
of μA can be equivalently written as the modified dispersion
relation [35]

ω2
A(k) = k2[1 + sgn(α)ρA(k/aMPV)β ], (4)

which follows the group velocity of GWs, i.e.

vA/c = 1 − sgn(α)(1/2)ρA(k/aMPV)β . (5)

Note that since the sign of vA/c − 1 is determined by ρA,
ρR and ρL have opposite signs. If one polarization mode is
superluminal, then the other is subluminal.

For a given GW signal at redshift z emitting both left and
right circular polarizations, different propagation velocities
will result in the difference in signal arrival times, which is
given by

tR−L = (1 + z)
te + sgn(α)(ρRkβ
R − ρLkβ

L)Tβ/2Mβ
PV,

where Tβ ≡ ∫ t0
te

a−β−1dt . 
te is the emitting time difference
of the two modes. For the comparison of GW with their EM
counterparts, the uncertainty of 
te is the main problem for
the GW velocity measurement, which strongly depends on
the theoretical models of GW and EM bursts. For instance,
LIGO/Virgo collaboration has assumed that the emitting time
difference between GW signal of GW170817 and EM sig-
nal of GRB170817a is smaller than 10 s predicted in some

models [67], and use this to constrain the Lorentz symmetry
of gravity [69–72]. Therefore, the constraint of GW veloc-
ity by comparing the arrival times of GW and EM signals is
model-dependent. Fortunately, we do not need to make such
assumptions in our method. Since circular polarizations of
GWs are the spin 2 modes, independent of theory of gravity,
both modes are produced by the instantaneous acceleration
of mass quadrupole of the systems. For this reason, for a fixed
wavenumber, i.e. kR = kL, we have 
te = 0, and arrival time
deference becomes

|tR−L| = (k/MPV)β Tβ. (6)

As one of the main results in this article, this formula gives
a direct relation between the arrival time difference and the
energy scale of parity violation MPV. The non-zero measure-
ment of |tR−L| will imply the detection of velocity birefrin-
gence effect of GWs, which reflects the parity violation in
gravity. On the other hand, if the deviation from zero of |tR−L|
cannot be detected, we can place a bound on the energy scale
MPV, below which the velocity birefringence effect of GWs
does not exist.

3.2 Measurement of arrival times

In realistic observations, the differences of arrival times of
two GW polarizations are observable, as long as the left-
hand and right-hand polarization can be reconstructed. For
the cases with low noise level, e.g. for the third-generation
detector network, the SNR for each frequency channel can
be large enough, and we can read out the arrival times of
both modes from time–frequency representation, and calcu-
late directly the time difference tR−L. However, in the case
with the second-generation detectors, the signal for individ-
ual frequency channel is too noisy, we have to combine the
data within a frequency bin ( flower , fupper ) to amplify the
SNR. To realize it, for each polarization mode, we calibrate
all frequencies in the bands to compensate the emitting-time
difference for different frequencies. To the lowest Newtonian
order, the emitting time of GW at frequency f is given by
[73]

tc − t = 2.18s (1.21M�/Mc)
5/3 (100 Hz/ f )8/3 , (7)

where tc is the time at which f becomes infinity and Mc is
the chirp mass of the binary. Utilizing this formula, for the
simulated data, we calibrate all the frequency bands in the
span (90, 110)Hz to f = 100 Hz, and superimpose them to
obtain the arrival times. The results are presented with black
lines in Fig. 3. From this figure, we obtain the arrival times
of left-hand mode tL = −2.186+0.085

−0.088 s and right-hand mode

tR = −2.182+0.088
−0.092 s, by measuring the FWHM of the signal

in Fig. 2. The difference between them is derived directly
tR−L = 0.004+0.122

−0.127 s. We observe that, the uncertainty of
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Fig. 3 Arrival times of left-hand (solid lines) and right-hand polariza-
tion (dashed lines) signals at (90,110)Hz. Left panel shows the results
of face-on GW events, and right panel shows that of edge-on events.
The black lines show the results of the GW event as in Fig. 2, and the
red and blue lines show the results of other two samples respectively.
Note that, in this figure, the vertical axis stands for the strength of power
in Fig. 2

arrival time difference can be achieved at the level of O(0.1
s) for this particular GW source configuration. Note that,
in our analysis, the uncertainties of tR and tL depend not
only on the errors of arrival times in GW measurement, but
also on the time resolution of the time–frequency represen-
tation in Fig. 2. Therefore, the uncertainty of time difference
tR−L derived above might not be the optimal result, which
is expected to be significantly reduced if a better way can
be used to read out the arriving times of GW signals. We
stress that, although these results are derived from an individ-
ual simulation, the stability of the conclusions is confirmed
by repeating the analysis above but adopting different real-
izations. For instance, in Fig. 3, we plot the results of the
other two cases with red and blue lines, where we consider
the same GW events and adopt the different realizations of
detector noises. We find that, although the amplitudes of two
modes are sensitive to the noise realizations, the uncertain-
ties of their time difference are quite stable. All three samples
follow the similar result of |tR−L| � 0.12 s. Similarly, con-
sidering the GW events with different sky positions, polar-
ization angle, or different neutron-star masses, we find the
values of |tR−L| have no significant change. This is caused
by the fact that, in this method, the uncertainties of tR and tL
are dominated by the time resolution of the time-frequency
representation.

3.3 Constraining the parity symmetry of gravity

The value of |tR−L| can be directly translated to the con-
straint on PV gravity. The analysis above indicates that if a
nearly face-on BNSs at 40 Mpc observed by second gener-
ation network, |tR−L| � 0.12 s at frequency f ∼ 100 Hz is
expected to be obtained. The first constraint is for the veloc-
ity difference between polarization modes. Using the rela-
tion vR/vL − 1 = tR−L/d, and d = 40 Mpc, we found that
|vR/vL −1| < 3.1×10−17. The constraint on the PV energy
scale MPV is also expected to be obtained. From the relation

in Eq. (6) we have k/MPV = (|tR−L|/Tβ)1/β . As in general,
we consider the case with β = 1, i.e. the gravity includes
the lowest-order PV terms in GWs. Considering the Lambda
Cold Dark Matter (�CDM) model with cosmological param-
eters H0 = 70.0 km/s/Mpc, �� = 0.7, �m = 0.3 [66], we
have Tβ = 4.1 × 1015s, it follows that MPV > 1.4 × 104eV.

4 GW170817

At this writing, GW170817 is the unique GW event with
observed EM counterparts. Therefore, the reconstruction of
two circular polarizations for this event is carried out in
Appendix 1. However, for the event GW170817, observa-
tion gives that constraint ι ≥ 152◦ [5], which follows that
|hL|/|hR| < 0.004. So, for this event, the right-hand mode
is completely dominant, which is also proved in our analy-
sis. For this reason, the method introduced above cannot be
applied in GW170817.

5 Conclusions

The advent of multi-messenger GW astronomy opens a
new window to test the characteristics of gravity in strong
gravitational-field. In this article, we develop a method to
reconstruct the circular polarization modes of GWs, emit-
ted during the inspiralling stage of compact binaries, with
the help of the source information obtained from the obser-
vations of EM counterparts. By simulating the mock GW
data, we test the reliability of the decomposition method for
various cases.

By measuring the arrival time difference of left-hand
and right-hand polarizations of a GW, one can model-
independently test the parity symmetry of gravity. Since the
GW observation is more sensitive to the arrival time rather
than the amplitude, as an example of application, we mainly
focus on the velocity birefringence effect of GW in this paper.
For the GW signals emitted by the coalescence of compact
binaries, we calculate the arrival time difference of two circu-
lar polarization modes in the general PV with velocity bire-
fringence effect, and find it directly relates to the energy scale
MPV of parity violation in gravity. Therefore, the measure-
ment of arrival time difference can be used to place the bound
of MPV. We test the velocity birefringence of GWs by means
of mock data, and find that if a nearly edge-on BNS event at
40 Mpc is observed by the second generation GW detector
network, the arrival-time difference can be constrained at the
accuracy of O(0.1s) for the GWs at f ∼ 100 Hz. It follows
that the fractional velocity difference of two modes can be
constrained at the level ofO(10−17). For the general theories
of gravity with lowest-order PV terms (except for the Chern-
Simons modified gravity, in which the velocity birefringence
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effect does not exist as mentioned above), this result implies
the expected constraint on the energy scale of parity vio-
lating MPV � O(104) eV. We emphasize that, the method
introduced in this paper can be applied for any GW observa-
tions by ground-based detectors or space-borne detectors, as
long as the GW signal is emitted by the nearly face-on coa-
lescence of compact binaries with detected EM counterparts.
It is instructive to compare this constraint with the existing
constraints of PV gravity.3 We find that this constraint is 17
orders better than the existing constraint in Solar System,
which is MPV � 10−13eV [74], and 14 orders better than
those derived from binary pulsars [75,76] or amplitude bire-
fringence of GW [40], which are MPV � 10−10eV. In [45],
the authors obtained a constraint of MPV � 10eV by com-
paring the arrival-time difference between GW170817 and
its EM counterpart GRB170817a, which is 3 orders worse
than that derived in this work.
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Appendix A: Gravitational wave in the parity-violating
gravities

In this Appendix, we will summarize the GW waveforms in
various PV gravities. Although the main results have been
derived in our previous work [35], the brief introduction will
be helpful to understand the application of the constraint
derived in this paper for various PV gravities.

3 Chern-Simons gravity is a special theory of parity-violating gravity,
as demonstrated in Appendix A, in which only amplitude birefringence
effect exists. Therefore, the constraint derived above in not applicable.

In the flat Friedmann-Robertson-Walker universe, GW is
the tensor perturbation of the metric, i.e.

ds2 = a2(η)
[
−dη2 + (δi j + hi j )dχ i dχ j

]
, (.1)

where a(η) is the conformal scale factor, η is the conformal
time and χ i is the comving coordinates. The quantity hi j

stands for the GW perturbation, which we take to be trans-
verse and traceless gauge, δi j hi j = 0 and ∂i hi j = 0.

The equation of motion of GW is determined by the tensor
quadratic action, which reads

S(2) = 1

16πG

∫

dtd3x a3
[
L(2)

GR + L(2)
PV + L(2)

other

]
, (.2)

where L(2)
GR is the standard Lagrangian obtained from the

Einstein-Hilbert term R. In the viewpoint of effective fields
[36], the first possible corrections to the tensor mode come
from terms with three derivatives. In the unitary gauge, the
standard quadratic action is modified by the addition of [36]

L(2)
PV = 1

4

[
c1(t)

aMPV
εi jk ḣil∂ j ḣkl + c2(t)

a3 MPV
εi jk∂2hil∂ j hkl

]

,

where a dot denotes the derivative with respect to the cosmic
time t , εi jk is the antisymmetric symbol, c1 and c2 are dimen-
sionless coefficients, which could depend on time, and MPV

is the scale that suppresses these higher dimension operators.
Decomposing the GW in the circular polarization basis, in

the frequency domain the equation of motion can be written
as [45]

h̃′′
A + (2 + νA)Hh̃′

A + (1 + μA)k2h̃A = 0, (.3)

where A = R or L, standing for the right-hand or left-hand
polarization mode respectively, and

νA = ρA(k/aMPV)(c1 − c′
1H−1), (.4)

μA = ρA(k/aMPV)(c1 − c2). (.5)

Note that, Eq. (.3) is the unifying description for low-energy
effective description of generic parity-violating GWs. To our
knowledge, all the known parity-violating theories of gravity
in the literature can be casted into this form [35].

Chern–Simons (CS) modified gravity with Pontryagin
term coupled with a scalar field corresponds to the case with
c1 = c2, i.e. νA ∝ ρA(k/aMPV) and μA = 0 [37]. Due to the
disappearing of μA term, only the amplitude birefringence
effect exists in CS modified gravity.

Ghost-free parity-violating theories of gravity have recently
been explored. One of the theories has the Lagrangian LPV

(see Eqs. (3.1), (3.2) and (3.4) in [27]), which includes the
scalar field and its first derivatives. GW in this theory corre-
sponds to the case with nonzero functions of c1 
= c2 [28,45].

Another ghost-free parity-violating theory contains sec-
ond derivatives of the scalar field, and the Lagrangian LPV is
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given by Eqs. (3.12), (3.13), (3.14) and (3.18) in [27], which
corresponds to the case with c1 
= 0, c2 = 0 [28,45].

Horava–Lifshitz (HL) gravity is power-counting renor-
malizable theory because of the presence of high-order spa-
tial derivative operators [30–33]. The theory with terms of
third-order spatial derivatives, i.e. three-dimensional gravi-
tational CS term, corresponds to c1 = 0 and c2 
= 0, which
is equivalent to νA = 0, μA ∝ ρA(k/aMPV) [43,44].

Alternative version of HL theory is also investigated in
literature [42–44], which contains only the fifth-order spatial
derivative operators in the parity-violating terms. In this the-
ory, the equation of motion for GWs is given by Eq.(.3) with
νA = 0, μA ∝ ρA(k/aMPV)3 [42–44]. As expected, we find
these terms would be more suppressed by the energy scale
MPV in the view of effective field theories.

Parity-violating extension of the symmetric teleparallel
equivalent of GR theory is a non-Riemannian formulation
of gravity [34,35]. Considering the three-derivative parity-
violating terms, the field equation of GW corresponds to
νA ∝ ρA(k/aMPV) and μA ∝ ρA(k/aMPV).

Another parity-violating theory is to consider only the
fifth-order derivative operator L(2)

PV ∝ M−3
PV εi jk ḣil∂

2∂ j ḣkl

[45], which corresponds to the equation of motion of Eq.(.3)
with νA ∝ ρA(k/aMPV)3 and μA ∝ ρA(k/aMPV)3. Again,
we find these terms would be more suppressed by the energy
scale MPV in the view of effective field theories.

We observe that in all these theories, except for CS modi-
fied gravity, the velocities of left-hand and right-hand polar-
izations are different, i.e., the effect of velocity birefringence
exists.

Appendix B: Reconstruction of the complex waveform of
GWs from the observations

In the real observations of GW detectors, the observables
are the real parts of h+(t) and h×(t). We consider h+ as
an example, which can be written as the following (general)
form

h+(t) = A(tr )e
−i�(tr ), (.1)

and the real part of this wave is

hR+ (t) ≡ R{h+(t)} = A(tr ) cos �(tr ), (.2)

where tr is the retarded time. The terms A and � represent
the amplitude and phase of GWs respectively, which are both
functions of tr .

For GWs produced during the inspiralling stage of com-
pact binaries, the conditions d ln A/dt � d�/dt and
|d2�/dt2| � (d�/dt)2 are satisfied. Therefore, we can use
SPA to obtain the waveform in Fourier domain h̃R+ ( f ) as

follows [73],

h̃R+ ( f ) =
∫

dt A(tr ) cos �(tr )e
i2π f t

= 1

2
ei2π f r/c

∫

dtr A(tr )
(

ei�(tr ) + e−i�(tr )
)

ei2π f tr

= 1

2
ei�+ A(t∗)

(
2π

�̈(t∗)

)1/2

( f > 0), (.3)

and

h̃R+ (− f ) = (h̃R+ )∗( f ) ( f > 0), (.4)

where �+(t) ≡ 2π f tr − �(tr ) − π/4. In this equation t∗ is
defined as the time at which d�/dt = 2π f , and �+(t∗) is
the value of �+(t) at t = t∗.

Similarly, assuming SPA is applicable, we can also obtain
the h+(t) in Fourier domain h̃+( f ) as follows,

h̃+( f ) =
∫

dt A(tr )e
−i�(tr )ei2π f t (.5)

= ei�+ A(t∗)
(

2π

�̈(t∗)

)1/2

( f > 0), (.6)

and

h̃+(− f ) = 0 ( f > 0). (.7)

By comparing Eqs.(.3), (.4), (.6), (.7), we obtain the fol-
lowing relation:

h̃+ =
{

2h̃R+ , f > 0,

0, f < 0,
(.8)

which indicates that one can obtain the Fourier component h̃+
from h̃R+ . However, we should emphasize that, this relation
is applicable only to the GW produced during the inspiraling
stage of compact binaries, where SPA is correct.

Once we obtain h̃+ and h̃×, the Fourier components of hR

and hL are derived straightforwardly,

h̃R = 1√
2

[
h̃+ − i h̃×

]
,

h̃L = 1√
2

[
h̃+ + i h̃×

]
. (.9)

Using the inverse Fourier transformation, we can also obtain
the time-domain functions hR(t) and hL(t).

Appendix C: Decomposition of the circular polarization
modes of GW170817

We apply the analysis described above to GW170817, which
is the first and loudest GW burst with observed EM coun-
terpart [5]. We use the strain data after noise subtraction of
AdvLIGO detectors, and adopt the data with total duration
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of 2048 seconds and sampling frequency 4096 Hz. Note that,
we do not use the AdvVirgo data, in which the SNR of GW
signal is too weak. The parameters of GW source are given by
the EM counterpart: The position is at (RA=13h09m48.08s,
Dec=−23◦22′53.3′′), and the time of merger is 12:41:04
UTC, 17 August 2017 (GPS time 1187008882.43s) [5]. The
polarization angle can be randomly chosen as mentioned
above, so we adopt it as ψs = 0◦. Before analysis, we filter
all time serials with a 20–500 Hz bandpass filter to suppress
large fluctuations outside the detector’s most sensitive fre-
quency band.

We repeat the reconstruction method as before, but here
the mock data is replaced with the real data of LIGO detec-
tors. Following the decomposition proceeding, we first con-
struct the unbiased estimators for h̃R+ and h̃R× , and translate
them to h̃+ and h̃×, respectively. Based on these, the left-
hand and right-hand polarizations in frequency domain and
time domain are derived straightforwardly.

We show the results in the time-frequency representation,
which are given in the upper panels of Fig. 3. From both dia-
grams, we find the GW signal is weak (As expected, they are
even weaker than those in simulations), and it seems difficult
to identify them directly by eyes. Therefore, we should use
the frequency superimposition technique to amplify signal
and get the arrival times of both GW polarizations, where
we adopted Mc = 1.188M� derived in GR framework to
approximately displace the true value of chirp mass [5]. In the
analysis, we scan the arrival times of the frequency bins with
5Hz in length from (20, 25)Hz, (25, 30)Hz to (195, 200)Hz.
For both polarizations, we observe the maximum SNR at the
bin of (140, 145)Hz. Similarly, we change the frequency bins
with 10Hz in length, and find the best one is at (135, 145)Hz.
The arrival times of circular polarizations are presented in
Figure 3 (low panels).

For the arrival time of right-hand polarization, we observe
the significant peaks (� 4σ ) for both frequency bins
(140,145)Hz and (135,145)Hz, which follows the consistent
results, i.e., tR = −0.911+0.060

−0.062s for the former bin, and

tR = −0.901+0.063
−0.063s for the latter bin. Note that, for each

bin, we have calibrated the arrival times of all the frequency
bands in the bin to a fixed frequency at 140 Hz. Since here we
have used the blind method for the signal search, and consider
the signal only in a small frequency bin, the SNR is much
lower than that derived from template fitting (∼ 32σ ). On the
other hand, the SNR of arrival time for left-hand polarization
is too low for both frequency bins. These results are con-
sistent with what we anticipate: Since the inclination angle
of GW170817 is ι ≥ 152◦ [5], the amplitude ratio of cir-
cular polarization modes |hL|/|hR| < 0.004. Therefore, the
observed GW signal of this event is completely dominated
by the right-hand mode (Fig. 4).

Fig. 4 The left-hand (left panels) and right-hand (right panels) polar-
izations of GW event GW170817. Times are shown relative to GPS time
1187008882.43. Upper panels show the time-frequency representations,
and lower panels show the arrive times (unit: ms), where we combine
the signal during (135,145)Hz for blue curves and (140,145)Hz for red
curves
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