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Abstract. The low multipole anomalies of the Cosmic Microwave Background has received
much attention during the last few years. It is still not ascertained whether these anomalies
are indeed primordial or the result of systematics or foregrounds. An example of a fore-
ground, which could generate some non-Gaussian and statistically anisotropic features at
low multipole range, is the very symmetric Kuiper Belt in the outer solar system. In this
paper, expanding upon the methods presented in [1], we investigate the contributions from
the Kuiper Belt objects (KBO) to the WMAP ILC 7 map, whereby we can minimize the
contrast in power between even and odd multipoles in the CMB, discussed in [2, 3].

We submit our KBO de-correlated CMB signal to several tests, to analyze its validity,
and find that incorporation of the KBO emission can decrease the quadrupole-octupole align-
ment and parity asymmetry problems, provided that the KBO signals has a non-cosmological
dipole modulation, associated with the statistical anisotropy of the ILC 7 map. Additionally,
we show that the amplitude of the dipole modulation, within a 2σ interval, is in agreement
with the corresponding amplitudes, discussed in [4].
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1 Introduction

The departure of the CMB from statistical isotropy and homogeneity has attracted very
serious attention since the first publications of the WMAP data [5–7]. Investigations of the
low multipole anomalies of the WMAP co-added map and the ILC whole sky map can clarify
possible sources of “contamination” [2, 8–21]. The low multipole non-Gaussian features
and departure from statistical anisotropy of the CMB can be related to the foreground
residuals [1, 22–24], systematic effects [25], or it could even have a primordial origin, for
instance by a violation of the Copernican principle [26], a primordial magnetic field [27, 28],
or by a non-trivial topology of the Universe [29–31]. Usually, discussing uncounted residuals
of the foregrounds as a source of low multipole anomalies, one can assume that most of those
residuals are associated with the Galactic plane, while for instance, the observed quadrupole
-octupole alignment [16] is connected with the ecliptic plane. Spergel et al. [32] have pointed
out, that low multipole anomalies, like a power asymmetry and statistical anisotropy of the
CMB signal, correlates with the ecliptic North and South poles, and more generally, reflect
the morphology of the map of number of observations (MNO). Indeed, [33, 34] building on
the work of [35] and [36] have identified a quadrupolar power asymmetry, confirmed by the
WMAP team [37]. Most likely, this anomaly indicates an influence of the beam asymmetry
on the CMB signal, discussed in [38]. However, as it was pointed out by [39], in spite
of significant distortions of the phases of the CMB signal, an anisotropic beam could only
change the beam window function with less then 0.6% at l ≫ 400, and it is insignificant for
estimation of the CMB power spectrum at the low multipole range l ≪ 200, with changes at
the level of < 0.1%.

– 1 –
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Most of these tests are based on the CMB maps, meaning that a high quality of data
reduction is essential. In contrast, as recently proposed in [2, 3], the parity test requires only
the CMB power spectrum, which is usually estimated with significantly better accuracy than
the CMB map [40].

The idea of the parity test is based on the analysis of the ratio g(l) of the powers,
stored in even and odd multipoles. For a statistically homogeneous and isotropic random
CMB signal, g(l) should have no preferences in respect to l = even or l = odd (see [41, 42]
for discussions).

In this paper we would like to focus on an extension of the parity test, quadrupole-
octupole alignment and lack of angular correlations at θ ≥ 60◦,1 for the whole sky CMB
map, taking under consideration the possible contributions from “new foregrounds” like the
Kuiper Belt objects KBO, (see for review [43]), counting them as a source of contamination
of the CMB [1]. Under the standard assumption that the KBOs is localized mainly in
the Ecliptic plane, this foreground is potentially ”dangerous” for the quadrupole-octupole
alignment. More importantly, due to the high degree of symmetry, the morphology of the
KBO signal could be remarkably similar to the morphology of the MNO, for instance at the
V-band, and at least at the low multipole range l ≤ 20− 30, where the power is comparable
to the CMB power spectrum.

In [4], the concept of dipole modulation of the CMB is presented. The dipole modulation
is effectively an addition of a term in harmonic space, with an amplitude A. This extra
dipole term multiplies the primordial (true) cmb temperature value, at a given location on
the sphere, with a number between −A and A. If the location coincides with the direction of
the dipole modulation, the number is A, and if opposite the dipole modulation direction, the
number is −A. Effectively this introduces a dipole component in the measured map. See [4]
for further details. The critical point of our analysis is the assumption, that the dipole
modulation of the CMB, is associated with an unknown systematic effect. Thus it affects
not only the measured primordial CMB signal, but all the measurements of the foregrounds,
including the KBO, as well.

We estimate the temperature change which the model-KBOs contribute to the CMB.
We show that unlike the model of [1], de-correlation of the ILC 7 and KBO leads to a decrease
of the power of even and odd harmonics, improving the shape of the parity parameter g(l).

Moreover, we will show that a KBO-ILC 7 de-correlation could change the significance of
the quadrupole-octupole alignment, down to the level of spontaneous (chance) correlations.
Thus, if the KBOs are responsible for the parity asymmetry of the CMB, one should be
cautious of the alignment of quadrupole and octupole components of the CMB.

The outline of the paper is the following. In section 2 we introduce the basic charac-
teristics of the parity asymmetry. In section 3, we discuss the model of the Kuiper Belt.
Then, in section 4, we present a method of cross-correlations of the KBO foreground and the
WMAP ILC 7 map at low multipole range. Section 5 is devoted to the analysis of general
properties of the cross-correlations between ILC 7 and KBO signal. In section 6 we investi-
gates the distortion of even and odd component of the ILC 7 map. Section 7 is devoted to
the cleaning of the ILC 7 map by de-correlation with KBO emission. Additionally we look at
the implications for the parity asymmetry and the quadrupole-octupole alignment, and test
various properties of the KBO filtered signal in section 8. Finally, in section 9, we summarize
our results and draw our conclusions.

1As it was shown in [41] the anomaly of the correlation function can be explained as manifestation of the
parity asymmetry of the CMB power.
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2 Odd multipole preference of the power spectrum

The temperature fluctuations of the CMB can be decomposed into spherical harmonics in
the standard way:

∆T (θ, φ) =
∞
∑

l=1

l
∑

m=−l

al,mYl,m(θ, φ), (2.1)

where al,m is the coefficient of decomposition: al,m = |al,m| exp(iφl,m), with φl,m as the phase.
Under the assumption of total Gaussian randomness, as predicted by the simplest in-

flationary model, the amplitudes |al,m| are distributed according to Rayleigh’s Probability
Density Function (PDF) and the phases of al,m are supposed to be evenly distributed in the
range [0, 2π] [44].

For any signal T (n̂) defined on the sphere, one can extract a symmetric T+(n̂) =
T+(−n̂) and an anti-symmetric T−(n̂) = −T−(−n̂) component, where

T±(n̂) =

∞
∑

l=1

l
∑

m=−l

al,mΓ±(l)Yl,m(n̂), (2.2)

and Γ+(l) = cos2(πl2 ), Γ
−(l) = sin2(πl2 ), Yl,m(n̂) = (−1)l Yl,m(−n̂).

For the concordance ΛCDM cosmological model with initial Gaussian adiabatic pertur-
bations, we do not expect any features distinct between even and odd multipoles. However,
there have been reported power contrast between even and odd multipoles of WMAP TT
power spectrum [2, 3, 37, 40, 45]. The corresponding estimator for ”even and odd” asymmetry
of the CMB power spectrum is given by [2]:

g(l) =

∑l
nmin

n(n+ 1)C(n)Γ+(n)
∑l

nmin
n(n+ 1)C(n)Γ−(n)

(2.3)

where C(n) is the usual power spectrum. At lowest multipoles (2 ≤ l ≤ 23), there is odd
multipole preference (i.e. a power excess in odd and a deficit in even multipoles) as discussed
in [2, 3, 40, 45].

3 KBO’s as a ’new foreground’

The contribution from the residuals of the foregrounds into parity asymmetry of the CMB
was widely discussed in [1, 2, 45]. Unlike the first two papers, the last one claims that
uncounted foregrounds, like emissivity of dust from the Kuiper Belt, could explain the de-
tected parity asymmetry of the CMB. The main idea of the method proposed in [1] is that
a very symmetric foreground, when taken into account and subtracted from the WMAP
whole-sky ILC map, could amplify the CMB power stored in even multipoles, increasing the
parity parameter g(l) (i.e. mitigating the observed parity asymmetry) for the multipole range
2 ≤ l ≤ 23. An illustration of the idea is shown in figure 1, where the models of the KBO
emissivity are shown in Galactic and Ecliptic coordinates for different angular heights of the
KBO H = 15◦, 30◦ and 70◦.

The blackbody-like radiation from the KBO affects the intensity of the microwave sky
in the optically thin limit as follows:

I(ν, r̂) = (B(ν, TKBO)−B(ν, TCMB)) τ(r̂), (3.1)

– 3 –
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Figure 1. Left column. Model for the KBO emissivity distribution (arbitrary units) in Ecliptic
coordinates for H = 15◦ (top), for H = 30◦ (the middle panel) and H = 70◦(the bottom panel).
Right column show the KBO emissivity in the Galactic coordinates. All maps carry equal power.

band K Ka Q V W

f(ν) 41.48 42.07 42.67 44.8 50.42

Table 1. Frequency spectrum of KBOs at WMAP frequencies (in GHz) normalized to CMB
anisotropy spectrum.

where ν is the observation frequency and B(ν, T ) is the blackbody radiation spectrum at
temperature T , and τ(r̂) is the optical depth of KBOs at the sky direction r. The second
term on the right hand side of eq. (3.1) arise from the occultation of CMB photons by the
KBO. The FIRAS data imposed the most stringent constraints on the sky-averaged optical
depth of KBOs, which is τ ∼< 3× 10−7 [1, 46–49].

The heating is mainly due to the radiation from the Sun. Therefore, it is possible to
calculate the temperature of these objects at the equilibrium, assuming that it arises from
the conversion of the solar radiation absorbed by the object into microwave emission. At a
distance of 40AU, where KBOs are most densely populated, we find an equilibrium temper-
atures of ∼ 43.7K [49, 50]. In table 1, we show the frequency spectrum of KBO divided by
the CMB anisotropy spectrum f(ν). As evident, the frequency spectrum of KBOs does not
vary significantly even between the both ends of the WMAP observation frequency:

(f(νK)− f(νW ))/f(νK) ∼< 0.22, (3.2)

Therefore, the KBO emission may be confused with intrinsic CMB anisotropy, even
when the contribution to the microwave sky emission is sizable. For the allowed values
of the optical depth, τ ∼< 3 × 10−7, the KBOs may have an averaged effect on the
CMB data as big as ∼ 15µK. Provided the KBOs have certain large-scale patterns,
KBOs may have an effect large enough to be the culprits of reported large-scale CMB
anomalies [2, 3, 14, 16, 17, 19, 20, 26, 40, 45, 51–55].

– 4 –
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3.1 Angular distribution of the KBO emissivity

To investigate the emissivity of Kuiper Belt, we adopt the models by [1], where the Kuiper
Belt covers a symmetrical band in the Ecliptic plane of constant disk height H, with uniform
temperature distribution. Following [1], we pick three models, defined by the angle ±HKBO/2
from the Ecliptic plane, where we choose HKBO = 15◦, 30◦ and 70◦ respectively.

For the three values of HKBO, we set the temperature inside the Kuiper Belt, so that
it agrees with the upper bound of 15µK for the entire sky, as calculated previously in the
article. In practice, we do this by calculating the respective fractions of the total sky area, for
each value of HKBO, and finding the required temperature inside the band from this value:

Tkbo(θ, φ) = BΘ

[

θ − 1

2
(π −H)

]

Θ

[

1

2
(π +H)− θ

]

(3.3)

where we work in spherical coordinates, with H in radians and where B is a normalization
constant and Θ(x) is the Heaviside-function. In the discussion which follows, we will use the
average temperature of the KBO emission as normalization of B:

TKBO =
1

4π

∫ 2π

0
dφ

∫ π

0
dθ sin θTkbo(θ, φ) = B sin

(

H

2

)

. (3.4)

Now, we decompose the KBO signal into spherical harmonics and get the following coefficients
of decomposition:

fl,m =

√

2l + 1

4π
BΓ+(l)δm,0

∫ (π+H)/2

(π−H)/2
dθ sin θPl(cos θ) (3.5)

For H ≪ π/2 in eq. (3.5) we can use the following Taylor series representation: Pl(x) ≃
Pl(0) +

1
2P

′′
l (0)x

2, where the two primes denotes the second derivative. The first derivative

vanishes for even l = 2n, due to the symmetry of the model (dPl(x)
dx |x=0 = 0). This gives

Pl(0) =
√
π

[

Γ

(

l

2
+1

)

Γ

(

1−l

2

)]−1

, P ′′
l (0) = −l(l+1)Pl(0) (3.6)

Here Γ(x) is the Gamma-function. For l(l + 1)H2/24 ≪ 1, from eq. (3.5)–(3.6) one can get:

fl,0 ≃
√

2l + 1

π
B sin

(

H

2

)

Pl(0)Γ
+(l)

[

1− l(l + 1)

24
H2

]

(3.7)

Thus, for l ≪ 35
(

15◦

H(deg)

)

the coefficients of the expansion fl,0 have the following analytical

representation:

fl,0 ≃
√

2l + 1

π
TKBO(−1)n

(2n− 1)!!

2nn!
, l = 2n (3.8)

In order to test the influence of our models on the lowest multipoles, we now find the power
spectrum for each value of HKBO and compare them with the ILC power spectrum. The
results are presented in figure 2. It is clear, that for all 3 values of HKBO, the power of
the KBO quadrupole is strong enough to affect the ILC quadrupole. For higher multipoles,
HKBO = 15◦ can affect the even multipoles up to l = 19.

– 5 –
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Figure 2. Power spectrum D(l) = l(l+1)
2π C(l) (in units of mK) for the three KBO models, with

HKBO = 15◦ (black) 30◦ (red) and 70◦ (blue), compared to the ILC power spectrum (black line).

4 CMB-KBO cross-correlation

In this section we will discuss general properties of the KBO foreground, basing our
analysis on the symmetry in the Ecliptic system of coordinates. Firstly, we will assume
that the emissivity of the foreground S(θe, φe) is very symmetric with respect to the plane
θe = π/2 in Ecliptic coordinates, and do not depend on the azimuthal coordinate φe:
S(θe, φe) = S(θe). This assumption, leads to the following properties of the foreground:
fl,m = f(l)δm,0δl,2n, n = 1, 2 . . ., clearly demonstrating that only even multipoles can be
affected by the KBO-foreground.

At the same time, at the level of 3σ [4], the ILC 7 map has dipole modulation, which will
provide a coupling between the even and odd components of the KBO emission, depending
on the orientation of the dipole term and the corresponding amplitude of modulation. Here
we assume that this kind of modulation has a non-cosmological (systematic) origin, leading
to a distortion of the CMB and the foregrounds as well.

To assess the problem of a possible contamination of the ILC by the KBO-foreground,
we will use the model of the CMB signal for a given direction on the sky n:

Tc(n) = Tilc(n)− [1 + Υ(q,n)]χkbo(n)

= Tilc(n)− χkbo(n)− ε(n) (4.1)

where Tc(n) and Tilc(n) are the temperature of the intrinsic CMB signal and the ILC signal
respectively and χkbo(n) ∝ Tkbo(n) corresponds to the residuals of the KBO emissivity.
Υ(q,n) is the function of dipole modulation, dependent on the given sky direction n, and
the direction of dipole modulation q. Finally ε(n) = Υ(q,n)χkbo(n) is the dipole-modulated
component of the KBO signal.

Let us briefly mention some possible causes for this dipole modulation. Bear in mind,
that the cause must be systematic in nature, since it must affect both the primordial CMB
signal and the foregrounds. One possibility to consider is the effects of the calibration,
including striping, during creation of the map [56]. An incomplete compensation for the
effects of striping could give rise to an artificial dipole modulation in the map. A similar

– 6 –
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possibility arises from the residuals of the model for the gain factor, where an inconsistency
between model and actual gain, could result in a dipole modulation [6].

In the forthcoming discussion we will assume that the function of dipole modulation
takes the simple form Υ(q,n) = A(qn), where A = const is the dipole modulation amplitude,
and qn is a dot product of the two vectors q and n. We would like to point out that the
amplitude of the dipole modulation can be estimated from figure 2, with A ≃ 0.3−0.4, which
is comparable with the results by [4] at the ≤ 2σ-level.

As a result of the model above, the residuals of the KBO emissivity (the second term
in eq. (4.1)), are symmetric with respect to inversion: χkbo(n) = χkbo(−n), while the
last term, dependent on the dipole, is anti-symmetric: ε(n) = −ε(−n). In the multipole
domain these two component contribute to the coefficients of the spherical harmonic
decomposition additively:

cl,m = al,m − ς(l)χl,mΓ+(l)− ρ(l)εl,mΓ−(l) = al,m −Πl,m (4.2)

where cl,m is the primordial coefficient of decomposition, Γ± are given by eq. (2.2), ς(l) and
ρ(l) are weighting coefficients, and εlm can be expressed as

εlm =
1
∑

m′=−1

∞
∑

l′′=0

l′′
∑

m′′=−l′′

(−1)m (b1m′fl′′m′′)

√

3(2l′′ + 1)(2l + 1)

4π

(

l′′ 1 l
0 0 0

)(

l′′ 1 l
m′′ m′ −m

)

. (4.3)

Here blm relates to the parameters A and n by the relation blm = 4πA
3 Y ∗

lm(n).
As stated earlier, for the given model of the KBO we have fl,m = f(l)Γ+(l)δm,0, and thus,
in Ecliptic coordinates, eq. (4.3) can be simplified as follows:

εlm =

1
∑

m′=−1

∞
∑

l′′=2

(−1)mΓ+(l′′)b1m′fl′′

√

3(2l′′ + 1)(2l + 1)

4π

×
(

l′′ 1 l
0 0 0

)(

l′′ 1 l
0 m′ −m

)

. (4.4)

5 General remarks about KBO -intrinsic CMB cross-correlation

In this section we would like to show, that excluding dipole modulation, the primordial CMB
signal need a very strong cross-correlations with the uncounted foregrounds. The case is
entirely different with the inclusion of dipole modulation however. Let us discuss this issue
in more detail. Following eq. (4.2), we assume that the ILC 7 signal can be represented in
the following way

al,m = cl,m +Πl,m (5.1)

– 7 –
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Let us define the coefficients of cross-correlations between the ILC map and the foregrounds,
and the primordial CMB and the foregrounds as follows:

K(l) =

∑

m

[

al,mΠ∗
l,m + a∗l,mΠl,m

]

2
(
∑

m |al,m|2∑m′ |Πl,m′ |2
)

1

2

,

κ(l) =

∑

m

[

cl,mΠ∗
l,m + c∗l,mΠl,m

]

2
(
∑

m |cl,m|2∑m′ |Πl,m′ |2
)

1

2

(5.2)

Combining eq. (5.1) and eq. (5.2) we can get the following equation for the ς(l) -parameter:

ς(l) = K(l)

(∑

m |al,m|2
∑

m |Πl,m|2
)

1

2

− κ(l)

( ∑

m |cl,m|2
∑

m |Πl,m|2
)

1

2

(5.3)

So, as one can see from eq. (5.3), the coefficient ς(l) play a role of effective coefficient of
cross-correlations between ILC, intrinsic CMB and the foreground residuals. From eq. (5.1)
and eq. (5.3) one can define the power spectrum of the primordial CMB as:

Cp(l) =
1

2l + 1

∑

m

|cl,m|2 = V (l)Cilc(l) (5.4)

where Cilc(l) is the power of the ILC 7 map, and

V (l) =
1−K2(l)

1− κ2(l)
(5.5)

is the factor of modulation of the ILC 7 power. Now, by using eq. (5.4) we can estimate the
parity parameter for the primordial CMB as

gp(l) =

∑l
n=2 n(n+ 1)V (n)Γ+(n)Cilc(n)

∑l
n=2 n(n+ 1)V (n)Γ−(n)Cilc(n)

(5.6)

In order to increase the contribution of even multipoles in parity parameter gp(l), the func-
tions V +(l) = V (l)Γ+(l) and V −(l) = V (l)Γ−(l) should satisfy the following conditions:
V +(l) ≫ V −(l). That means that there are only two variants: |κ+| → 1 or |K−| → 1, where
the + and − in the superscript symbolizes that the κ or the K is drawn from either V + or V −

respectively. The first case (with |κ+| → 1 and symmetric foreground) was discussed in [1],
and it requires a significant coupling between the primordial CMB and KBO-foreground at
the level |κ+| ∼ 0.7− 1.

Due to the very clear established non-Gaussian properties of the KBO-foreground, a high
correlation between it and the primordial CMB temperature anisotropy, is in contradiction
with the assumption about a statistical isotropic and Gaussian intrinsic CMB signal. Thus,
the improvement of the parity parameter by an increase of |κ+| (hereafter Model 1 ) will have
lost its theoretical basis.

In contrast, for |κ±| ≪ 1, the only way to increase gp(l) from eq. (5.6), keeping the
assumption about Gaussianity and statistical isotropy of the intrinsic CMB signal, is to get
|K−| → 1 and |K+| ≤ 1 (Model 2 ). Thus in the optimal case, we have a high correla-
tion between the ILC signal and the KBO-foreground for odd multipoles, and at the same
time, a relatively low correlation between the ILC signal and the KBO-foreground for even
multipoles. At the end of section 6.2, we will return to these conditions.

– 8 –
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6 Distortion of odd multipoles. Estimation of K− in Model 2

The contribution from the KBO emissivity into the coefficient of cross-correlations K− =
K(l)Γ−(l) is given by eq. (5.1) and eq. (5.2):

K−(l) =

∑

m

[

al,mε∗l,m + a∗l,mεl,m

]

2
(
∑

m |al,m|2∑m′ |εl,m′ |2
)

1

2

, (6.1)

where

εl,m = A cosΘ[α1(l,m)fl+1,m + β1(l,m)fl−1,m]

+(A/2) sinΘ eiΦ[α2(l,m)fl−1,m+1 − β2(l,m)fl+1,m+1]

+(A/2) sinΘ e−iΦ[α3(l,m)fl+1,m−1 − β3(l,m)fl−1,m−1], (6.2)

and

α1(l,m) =

(

(l +m+ 1)(l −m+ 1)

(2l + 1)(2l + 3)

)1/2

,

β1(l,m) =

(

(l +m)(l −m)

(2l + 1)(2l − 1)

)1/2

,

α2(l,m) =

(

(l −m)(l −m− 1)

(2l + 1)(2l − 1)

)1/2

,

β2(l,m) =

(

(l +m+ 1)(l +m+ 2)

(2l + 1)(2l + 3)

)1/2

,

α3(l,m) =

(

(l −m+ 1)(l −m+ 2)

(2l + 1)(2l + 3)

)1/2

,

β3(l,m) =

(

(l +m− 1)(l +m)

(2l + 1)(2l − 1)

)1/2

. (6.3)

Here Θ and Φ are the coordinates of the dipole modulation in the Ecliptic system of coordi-
nates, and fl,m = flΓ

+(l)δm,0 is the KBO foreground. Due to the high symmetry of the KBO
foreground, only the even multipoles l = 2n, n = 1, 2, . . . are presented in eq. (6.2)–(6.3).
That means that εl,m-term in eq. (6.2) has only three non-vanishing component with odd
l = 2n+ 1 and m = 0,±1. Namely,

ε2n+1,0 = A cosΘ[α1(2n+ 1, 0)f2n+2 + β1(2n+ 1, 0)f2n],

ε2n+1,1 = (A/2) sinΘ e−iΦ[α3(2n+ 1, 1)f2n+2 − β3(2n+ 1, 1)f2n],

ε2n+1,−1 = (A/2) sinΘ eiΦ[α2(2n+ 1,−1)f2n − β2(2n+ 1,−1)f2n+2] (6.4)

where: l = 2n+ 1, and

α2
3(l, 1) = β2

2(l,−1) =
l(l + 1)

(2l + 1)(2l + 3)
,

β2
3(l, 1) = α2

2(l,−1) =
l(l + 1)

(2l + 1)(2l − 1)
,

α2
1(l, 0) =

(l + 1)2

(2l + 1)(2l + 3)
,

β2
1(l, 0) =

l2

(2l + 1)(2l − 1)
. (6.5)
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m ℜe(a3,m) ℑm(a3,m) |a3,m|
0 −3.9242 · 10−2 0 3.9242 · 10−2

1 6.3435 · 10−3 1.9066 · 10−2 2.0093 · 10−2

2 −2.0306 · 10−2 −1.7310 · 10−2 2.6681 · 10−2

3 −5.4958 · 10−3 −2.2534 · 10−3 5.9398 · 10−3

Table 2. a3,m coefficients of the ILC 7 octupole in the Ecliptic coordinates.

6.1 Particular model of dipole modulation. Maximization of the octupole com-

ponent of cross-correlation

As it is follows from eq. (6.1) and eq. (6.2), the coefficient of cross-correlations depends on
orientation of the dipole in the Ecliptic coordinates (Θ,Φ). Let us discuss one particular
choice of Θ and Φ, which maximize the coefficient of cross-correlations K−(l = 3). As
we have pointed out in introduction, our main goal is to show that KBO foreground can
resolve the parity problem at the range of multipoles 2 ≤ l ≤ 23. However, this model can
potentially explain the quadrupole-octupole alignment also, due to coupling between even
and odd components of εl,m, given by eq. (6.4). In particular, the octupole component of
εl,m, according to eq. (6.4) depends on the linear combination of the quadrupole and l = 4-
components of fl,m. Due to the azimuthal symmetry of the KBO emissivity, these components
have opposite phases. Thus, the coefficient of the KBO quadrupole and octupole cross-
correlation depends only on Θ and Φ. Since KBO quadrupole and octupole components could
correlate with the corresponding components of the ILC, maximizing correlations between
the ILC octupole and ε3,m, will provide the optimal way for a dis-alignment of the intrinsic
quadrupole and octupole.

In table 2 we show all the component of the ILC octupole in ecliptic coordinates. As
one can see from this table, the phase of (3, 1) component of the octupole is ϕ3,1 = 1.227,
which means that in order to maximize the K−(l = 3)-coefficient, the azimuthal angle Φ
should satisfy the following equation: Φ = −ϕ3,1. Then, the coefficient of cross-correlations
K−(l = 3) is given by:

K−
l=3(Θ) =

a3,0b cosΘ + 2|a3,1|c sinΘ
√

7C(l = 3)
[

b2 cos2Θ+ 2c2 sin2Θ
]

=

(

a23,0b
2 + 4c2|a3,1|2
7C(l = 3)

)
1

2 cos(Θ− η)
√

b2 cos2Θ+ 2c2 sin2Θ
(6.6)

where we have used the following definitions: ε3,0 = b cosΘ and |ε3,1| = c sinΘ (see eq. (6.4)),
C(l = 3) is the power of the ILC octupole and

η = tan−1

(

2|a3,1|c
a3,0b

)

. (6.7)

The nominator in eq. (6.6) has a point of maxima at Θ = η, and it vanishes at Θ = η+ π/2.
As it follows from table 2, the amplitudes of the octupole in the Ecliptic coordinates are at
the same order of magnitude, while the parameters b and c depend on the power spectrum
of the KBO angular anisotropy. This is why we will focus on two asymptotics, |b| ≫ |c|, and
|b| ≪ |c|, in order to investigate the dependency of the cross-correlations on the particular

– 10 –



J
C
A
P
1
0
(
2
0
1
2
)
0
5
9

Figure 3. The coefficient K−

l=3(Θ) versus tan(Θ) in Ecliptic coordinates. Black line corresponds to
H = 15◦, the red line indicate the model with H = 30◦, and the blue line corresponds to the h = 70◦-
KBOz model.

choice of these parameters. In the case |b| ≫ |c|, all the power of the εl,m-signal would be
concentrated at m = 0 mode, and

K−
l=3(Θ) ≃ a3,0

√

7C(l = 3)
≃ −0.65, Θ ≪ π

2
, (6.8)

In the opposite case, when |b| ≪ |c|, the coefficient of cross-correlation is given by

K−
l=3(Θ) ≃

√
2|a3,1|

√

7C(l = 3)
≃ 0.46, Θ ≫ tan−1

(

a3,0b

2c|a3,1|

)

(6.9)

In figure 3 we show the dependency of K−
l=3(Θ) for different KBO models with H =

15◦, 30◦, 70◦. As is seen, for the KBO models with H = 15◦ and H = 30◦, the point of
maxima of K−

l=3(Θ) is close to Θ ≃ π, while for H = 70◦ it is close to η70 ≃ 138◦ from
eq. (6.7). Next figure 4 illustrate the cross-correlation coefficient for KBO H = 15◦, H = 30◦

with Θ = π.

6.2 Normalization on l = 5 component

As alternative to the normalization of the direction of dipole modulation discussed above, we
will in this section use a completely different approach, based on the minimization of power
for the l = 5 multipole in the intrinsic CMB (cf. table 3). The l = 5 mode of the power
spectrum is one of the major sources of the parity asymmetry, clearly seen in figure 8 (see
next section). As in the previous section, we will exploit the fact that only the ε5,0 and ε5,1
components of the modulation are non-zero. Taking under consideration, that the phase of
the 5, 1 component of the ILC 7 is ϕ5,1 = −2.23845, we have adopted Φ = −ϕ5,1 for the
azimuthal angle Φ, maximizing the correlations between the 5, 1 component of the ILC and
ε5,1. Then, from eq. (6.4) we get:

K−(l = 5)(Θ) =
a5,0µ cosΘ + 2|a5,1|ν sinΘ

√

11C(l = 5)
[

µ2 cos2Θ+ 2ν2 sin2Θ
]

(6.10)
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Figure 4. The coefficient K−

l (Θ) versus l. Black line corresponds to H = 15◦ and the red line
indicate the model with H = 30◦.

m ℜe(a5,m) ℑm(a5,m) |a5,m|
0 0.3382 · 10−2 0 0.3382 · 10−2

1 −0.1133 · 10−1 −0.1437 · 10−1 1.1421 · 10−2

2 0.1352 · 10−1 −0.1394 · 10−1 1.9419 · 10−2

3 −0.1130 · 10−1 0.1008 · 10−1 1.5143 · 10−2

4 0.2079 · 10−1 0.2046 · 10−1 2.9169 · 10−2

5 0.2692 · 10−2 0.5306 · 10−2 0.5949 · 10−2

Table 3. a5,m coefficients of the ILC 7 in the Ecliptic coordinates.

where ε5,0 = µ cosΘ and |ε5,1| = ν sinΘ (see eq. (6.4) and C(l = 5) is the power of ILC for
the l = 5 mode. From eq. (6.10) one finds that the maximum value of K−(l = 5)(Θ) ≃ 0.28
can be achieved, if Θ ≃ π/2.

It should be noted, that the two directions found above (Θ = π, Φ = −1.227 rad and
Θ = π/2, Φ = 2.2384 rad) each coincide with objects in the sky. In the case of normalization
on l = 3 (Θ = π, Φ = −1.227 rad), the direction of dipole modulation points towards the
Carina nebula in the Galactic disc. For the normalization on l = 5 (Θ = π/2, Φ = 2.2384
rad), the direction is close to the Coma cluster, at the north Galactic pole. Whether or not
this is a coincidence, remains an open question. Also, when looking at the bottom panels of
figure 5, there is a clear similarity between the map of the dipole modulated KBO foreground,
and the WMAP map of number of independent observations.2

Having now presented two possible directions for the dipole modulation, we investigate
the correlation values between the ILC signal and the KBO-foreground. The optimal con-
ditions for an improvement in the parity asymmetry were given at the end of section 5. In
summary the optimal conditions were a high correlation between the ILC signal and the
dipole modulated KBO foreground for odd multipoles, and a low correlation for the even. In
figure 7 we present the cross correlation (cf. first part of eq. (5.2)) between the ILC signal
and the KBO dipole modulated foreground, for normalization on l = 3 and l = 5. The

2See http://lambda.gsfc.nasa.gov.
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Figure 5. Left column. Reconstructed ILC for the model with H = 30◦ (in Ecliptic coordinates,
top panel). Second from the top is the same signal as the first, but in the Galactic coordinates.
The second from the bottom panel, is the map of the dipole modulated KBO foreground (in Ecliptic
coordinates). The bottom panel is the same map as above, just in Galactic coordinates. All the
maps corresponds to normalization Θ = π, Φ = −1.227 rad. Right column. The same as left, but for
normalization on the l = 5 harmonic with Θ = π/2, Φ = 2.2384 rad.

red line symbolizes the limit of cosmic variance [23]. As is evident, the cross correlations
does not perfectly fulfill the conditions from section 5 for all the multipoles. It is clear, that
there is a relatively strong correlation for several even multipoles, represented by significant
peaks. However, at many odd multipoles we also see distinct peaks, with several above the
limit of the cosmic variance. The actual influence these correlations will have on the parity
asymmetry will be explored in 8.
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Figure 6. Left column. The map from the top left of figure 5, but for l = 2, 3, 4, 5 (from the top to
the bottom). Right column. The map from the top right of figure 5, but for l = 2, 3, 4, 5 (from the
top to the bottom).

Notice also the correlation values for l = 3 in the left panel of figure 7, and l = 5
in the right. The respective directions of dipole modulation are chosen to maximize these
correlation values. One sees further, that the correlation value for the even multipoles is
the same in the two panels, showing that the particular direction of dipole modulation only
affects the odd multipoles.

However a more important point is, that for the entire range of multipoles, from 2 to
90, all the correlation values are positive. This is strong evidence, that there is a dipole
modulated KBO foreground imbedded in the ILC signal.
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Figure 7. Left. The cross correlation between the ILC signal and the KBO foreground, with normal-
ization on the l = 3 multipole in ecliptic coordinates. Right. Same as right, but for a normalization
on l = 5.

7 De-correlation of ILC and KBO

In this section we would like to discuss the possible changes in the morphology of the ILC map
after removal of the modulations, associated with the KBO emission. We will concentrate on
one particular model of the KBO emission, H = 30◦, using two models of normalization for Θ
and Φ, discussed in the previous section. Hereafter we will call them model-l3 and model-l5.

Firstly, we would like to point out that our de-correlation technique is generally unstable,
since we cannot recover all the chance-correlations of intrinsic CMB and the KBO, which
are sufficient for the low multipole range of the power spectrum (see [57] for details). This is
why de-correlation of the ILC and KBO could only demonstrate the tendency of the changes
in the morphology of the ILC, pointing at some general properties of the reconstructed (de-
correlated) signal.

Secondly, it would be very naive to expect that the simple model of the KBO emission,
which is based on a very general symmetry of KBO distribution in space, can significantly
improve the ILC map for wide range of multipoles. However, for some particular multipoles
even our simple model discussed in section 2, could be very informative with respect to the
possible direction of change in the morphology of the ILC map.

Let us discuss this issue in greater detail. Our first step is to assume that the intrinsic
CMB, associated with de-correlated ILC map, has zero correlations with the KBO emissivity
map, which allows us to set κ(l) = 0 in eq. (5.5). Then, taking eq. (4.2) into account, for the
even and odd components independently, we can get the following equation for ς(l) and ρ(l):

ς(l) =

∑

m

[

al,mχ∗
l,m + a∗l,mχl,m

]

2
∑

m |χl,m|2 = K+(l)

(∑

m |al,m|2
∑

m |χl,m|2
)

1

2

,

ρ(l) =

∑

m

[

al,mε∗l,m + a∗l,mεl,m

]

2
∑

m |εl,m|2 = K−(l)

(∑

m |al,m|2
∑

m |εl,m|2
)

1

2

(7.1)

Then, taking the particular models for χl,m and εl,m, discussed in the previous section, we
can estimate the reconstructed signal from ILC 7, shown in figure 5 and figure 6 for model-l3
and model-l5. In figure 8 we have plotted the power spectrum of the reconstructed signal
with respect to the ILC 7 power.
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Figure 8. Power spectrum for the reconstructed CMB in the model with H = 30◦ and normalization
of the octupole (the red line), and for normalization of l = 5 (the blue stars) and for ILC 7 (the
black line).

m ℜel3(a2,m) ℑml3(a2,m) ℜel5(a2,m) ℑml5(a2,m)

0 1.3576 · 10−2 0 1.3576 · 10−2 0

1 −1.5904 · 10−3 −1.1121 · 10−3 −1.5904 · 10−3 −1.1121 · 10−3

2 −7.8456 · 10−3 −1.9363 · 10−2 −7.8456 · 10−3 −1.9363 · 10−2

m ℜel3(a3,m) ℑml3(a3,m) ℜel5(a3,m) ℑml5(a3,m)

0 −2.3688 · 10−2 0 −8.5516 · 10−3 0

1 −1.1804 · 10−2 5.4817 · 10−3 −1.4239 · 10−2 −8.4113 · 10−3

2 2.3844 · 10−3 5.0355 · 10−3 2.1783 · 10−2 −9.7430 · 10−3

3 −1.6411 · 10−2 2.0018 · 10−2 −2.8771 · 10−3 2.6001 · 10−2

Table 4. a2,m and a3,m coefficients of de-correlated ILC 7 in Galactic coordinates for the models
with normalization l3 and l5.

8 Alignment and parity tests for de- correlated CMB

We now perform a test of the alignment between the quadrupole and oc-
tupole for the de-correlated CMB signals, using the publicly available code from
(http://www.phys.cwru.edu/projects/mpvectors/) for the multipole vector approach
from [51]. In table 4 we present the quadrupole and octupole values for the l3 and l5
models. Notice that the quadrupoles are the same for the two models. This is because the
normalization on l = 3 and on l = 5 only affects the odd multipoles differently, while the
even are affected in the same way (see for instance eq. (4.1)). Our goal is to test, what
the orientation is between the various octupoles from table 4 and the quadrupole, and in
particular the difference between the alignment for pure ILC 7 and for our KBO-foreground
cleaned maps.

In [51], the authors introduce various approaches for comparing the vectors associated
with two different multipoles. We use the statistic of ’oriented area’, following the definition
from [51], as summarized below.

|(v̂(l1,i) × v̂(l1,j))| · |(v̂(l2,k) × v̂(l2,m))| (8.1)

where v̂(l1,i) and v̂(l1,j) come from the l1 multipole and v̂(l2,k) and v̂(l2,m) come from the l2
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M1 M2 M3 mean

Oct.−Quadr.(l3) 0.1860 0.4433 0.4658 0.36505

Oct.−Quadr.(l5) 0.41567 0.32210 0.3879 0.3752

Oct.−Quadr.(ilc) 0.7478 0.7037 0.7569 0.7361

Table 5. Result of the oriented area test between the quadrupole- and octupole, for the ILC case
(al,m) and the KBO cleaned signal (cl,m), with l3 and l5 normalization from section 7.

multipole. That is, we cross the i’th and j’th vector from multipole l1, and the k’th and m’th
vector from multipole l2, before we finally take the dot product between these two surfaces.
Values close to 1 symbolizes a high level of alignment between the two planes. Generally for a
given l1 and l2 and i 6= j and k 6= m, there are M = l1(l1− 1)l2(l2− 1)/4 different products,
meaning that for the comparison of quadrupole and octupole, we have three oriented areas
(M1,M2 and M3).

In table 5, we have summarized the result of the quadrupole-octupole alignment test for
the de-correlated CMB signal, including the standard result for the ILC 7 map for comparison.

As is evident from table 5, we have the usual strong alignment between quadrupole
and octupole for the ILC. On the other hand, for the KBO-foreground cleaned signal, we
see significantly reduced alignments among the three oriented areas. In summary, when we
remove the KBO contribution from the ILC signal, to reduce the parity asymmetry, we see
a weaker (statistically negligible) correlation between the quadrupole and octupole, than is
the case for the ILC 7 map. Further, for these two models (l3 and l5) as well as for the
pure ILC case, we have calculated the parity asymmetry parameter g(l) from eq. (2.3), with
nmin = 2. The results are presented in figure 9. Primarily we see, that the parity parameter
for the entire range of multipoles is improved for both the l3 and the l5 model. Also, as
expected, we see the biggest improvement at l = 3 for the l3 model (red line), and a similar
big improvement at l = 5 for the l5 model (blue line). The reason for the huge improvement
at l = 4 is primarily the fact that for nmin = 2 in eq. (2.3), the sum in the numerator
contains twice as many terms, as the sum in the denominator at l = 4. It may be possible
that normalizations on other multipoles would produce stronger improvements in the parity
parameter. Such an investigation will be the scope of a separate paper.

Finally, in order to investigate the impact of the results in figure 9, we have estimated
the p-value to obtain a parity asymmetric power spectrum from pure random Gaussian and
statistically isotropic CMB maps. The results for the p-value test are shown in figure 10.
As one can see from this figure, de-correlation of the ILC 7 by the dipole modulated KBO
can significantly increases the p-value by more than one order of magnitude for lmax ∼
20− 25. Though the actual changes in g(l), as well as in the p-value, are still low, figure 10
clearly shows the tendency, despite our relatively simple model for the KBO foreground (see
discussion in section 8).

9 Conclusion

In this paper, we have investigated a possible solution to the anomalous parity asymmetry
in the Cosmic Microwave Background and the quadrupole-octupole alignment, related to the
solar system foreground. The Kuiper Belt objects in the solar system plane can contribute
to the microwave sky, and thus create a power contrast between even and odd multipoles.
We have built a model of the KBO emissivity, based on the symmetry of the KBO in ecliptic
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Figure 9. The parity parameter g(l). Black line is for the pure ILC case, red line is for the l3 model,
and blue line is for the l5 model.
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Figure 10. P-value for reconstructed CMB for the model with H = 30◦ and normalization on the
octupole l3(the green line), for normalization on l = 5 (the red line) and for ILC 7 (the blue line).

coordinates. An essential part of the model is the incorporation of the dipole modulation of
the ILC 7 map and KBO foreground, which transform the symmetric KBO foreground into
an asymmetric part. An important point of our analysis is that by maximizing the cross-
correlations between that asymmetric component and the ILC 7 odd harmonics for l = 3,
and separately for l = 5, we can fix the direction of dipole modulation, and significantly
change the balance between even and odd multipoles in the ILC map.

To illustrate the possible changes to the morphology of the low multipole domain of the
CMB power spectrum, we have applied the strongest de-correlations between the ILC 7 map
and dipole modulated KBO foreground, in order to illuminate the clear improvement of the
parity asymmetry and the quadrupole-octupole alignment.

We have developed a method for cleaning the ILC 7 al,m-values from the contribution
of the dipole modulated KBO, thus retaining only the intrinsic CMB signal in the Ecliptic
plane. It is possible to apply different weights to this filtering, allowing for various levels
of parity symmetry for the low multipoles, depending on the normalization of the dipole
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modulation direction in the sky, and the corresponding amplitude of modulation. We have
shown, that at the level where the parity is effectively restored, the quadrupole-octupole
alignment would be significantly reduced down to the level of a chance correlation.

In conclusion, the removal of the KBO contribution, in the framework of the dipole
modulation model, requires a statistical anisotropy of the CMB of non-cosmological origin.
We believe, that the coming PLANCK data, with different systematics compared to the
WMAP experiment, can put a light on the problem of low multipole anomalies in the CMB.
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[20] A. Rakić and D.J. Schwarz, Correlating anomalies of the microwave sky: The Good, the Evil
and the Axis, Phys. Rev. D 75 (2007) 103002 [astro-ph/0703266] [INSPIRE].

[21] J. Hoftuft et al., Increasing evidence for hemispherical power asymmetry in the five-year
WMAP data, Astrophys. J. 699 (2009) 985 [arXiv:0903.1229] [INSPIRE].

[22] P.D. Naselsky, A.G. Doroshkevich and O.V. Verkhodanov, Phase cross-correlation of the wmap
ilc map and foregrounds, Astrophys. J. 599 (2003) L53 [astro-ph/0310542] [INSPIRE].

[23] P.D. Naselsky, L.-Y. Chiang, P. Olesen and O.V. Verkhodanov, Primordial magnetic field and
non-Gaussianity of the 1-year Wilkinson Microwave Anisotropy Probe (WMAP) data,
Astrophys. J. 615 (2004) 45 [astro-ph/0405181] [INSPIRE].

[24] P.D. Naselsky, A. Doroshkevich and O. Verkhodanov, Cross-correlation of the CMB and
foregrounds phases derived from the wmap data, Mon. Not. Roy. Astron. Soc. 349 (2004) 695
[astro-ph/0310601] [INSPIRE].

[25] F.K. Hansen, P. Cabella, D. Marinucci and N. Vittorio, Asymmetries in the local curvature of
the WMAP data, Astrophys. J. 607 (2004) L67 [astro-ph/0402396] [INSPIRE].

[26] J. Kim and P. Naselsky, Lack of angular correlation and odd-parity preference in CMB data,
Astrophys. J. 739 (2011) 79 [arXiv:1011.0377] [INSPIRE].

[27] A. Bernui and W. Hipólito-Ricaldi, Can a primordial magnetic field originate large-scale
anomalies in WMAP data?, Mon. Not. Roy. Astron. Soc. 389 (2008) 1453 [arXiv:0807.1076]
[INSPIRE].

– 20 –

http://dx.doi.org/10.1086/421007
http://arxiv.org/abs/astro-ph/0310273
http://inspirehep.net/search?p=find+J+Astrophys.J.,609,22
http://dx.doi.org/10.1086/422570
http://arxiv.org/abs/astro-ph/0401276
http://inspirehep.net/search?p=find+J+Astrophys.J.,612,64
http://dx.doi.org/10.1086/382267
http://arxiv.org/abs/astro-ph/0307507
http://inspirehep.net/search?p=find+J+Astrophys.J.,605,14
http://dx.doi.org/10.1086/425250
http://arxiv.org/abs/astro-ph/0404037
http://inspirehep.net/search?p=find+J+Astrophys.J.,613,L85
http://dx.doi.org/10.1103/PhysRevD.69.063516
http://arxiv.org/abs/astro-ph/0307282
http://inspirehep.net/search?p=find+J+Phys.Rev.,D69,063516
http://dx.doi.org/10.1111/j.1365-2966.2004.07500.x
http://arxiv.org/abs/astro-ph/0307469
http://inspirehep.net/search?p=find+J+Mon.Not.Roy.Astron.Soc.,349,313
http://dx.doi.org/10.1103/PhysRevLett.93.221301
http://arxiv.org/abs/astro-ph/0403353
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,93,221301
http://dx.doi.org/10.1103/PhysRevLett.95.071301
http://arxiv.org/abs/astro-ph/0502237
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,95,071301
http://dx.doi.org/10.1111/j.1365-2966.2006.10312.x
http://arxiv.org/abs/astro-ph/0601427
http://inspirehep.net/search?p=find+J+Mon.Not.Roy.Astron.Soc.,369,57
http://dx.doi.org/10.1103/PhysRevD.75.023507
http://arxiv.org/abs/astro-ph/0605135
http://inspirehep.net/search?p=find+J+Phys.Rev.,D75,023507
http://dx.doi.org/10.1103/PhysRevD.75.103002
http://arxiv.org/abs/astro-ph/0703266
http://inspirehep.net/search?p=find+J+Phys.Rev.,D75,103002
http://dx.doi.org/10.1088/0004-637X/699/2/985
http://arxiv.org/abs/0903.1229
http://inspirehep.net/search?p=find+J+Astrophys.J.,699,985
http://dx.doi.org/10.1086/381249
http://arxiv.org/abs/astro-ph/0310542
http://inspirehep.net/search?p=find+J+Astrophys.J.,599,L53
http://dx.doi.org/10.1086/424477
http://arxiv.org/abs/astro-ph/0405181
http://inspirehep.net/search?p=find+J+Astrophys.J.,615,45
http://dx.doi.org/10.1111/j.1365-2966.2004.07541.x
http://arxiv.org/abs/astro-ph/0310601
http://inspirehep.net/search?p=find+J+Mon.Not.Roy.Astron.Soc.,349,695
http://dx.doi.org/10.1086/421904
http://arxiv.org/abs/astro-ph/0402396
http://inspirehep.net/search?p=find+J+Astrophys.J.,607,L67
http://dx.doi.org/10.1088/0004-637X/739/2/79
http://arxiv.org/abs/1011.0377
http://inspirehep.net/search?p=find+J+Astrophys.J.,739,79
http://dx.doi.org/10.1111/j.1365-2966.2008.13683.x
http://arxiv.org/abs/0807.1076
http://inspirehep.net/search?p=find+J+Mon.Not.Roy.Astron.Soc.,389,1453


J
C
A
P
1
0
(
2
0
1
2
)
0
5
9

[28] J. Kim and P. Naselsky, Cosmological Alfvén waves in the recent CMB data, and the
observational bound on the primordial vector perturbation, JCAP 07 (2009) 041
[arXiv:0903.1930] [INSPIRE].

[29] G. Efstathiou, The statistical significance of the low CMB multipoles, Mon. Not. Roy. Astron.
Soc. 346 (2003) L26 [astro-ph/0306431] [INSPIRE].

[30] A. Niarchou and A. Jaffe, Imprints of spherical non-trivial topologies on the CMB,
Phys. Rev. Lett. 99 (2007) 081302 [astro-ph/0702436] [INSPIRE].

[31] K. Land and J. Magueijo, Template fitting and the large-angle CMB anomalies,
Mon. Not. Roy. Astron. Soc. 367 (2006) 1714 [astro-ph/0509752] [INSPIRE].

[32] WMAP collaboration, D. Spergel et al., Wilkinson Microwave Anisotropy Probe (WMAP)
three year results: implications for cosmology, Astrophys. J. Suppl. 170 (2007) 377
[astro-ph/0603449] [INSPIRE].

[33] N. Groeneboom et al., Bayesian analysis of white noise levels in the 5-year WMAP data,
Astrophys. J. 702 (2009) L87 [arXiv:0904.2554] [INSPIRE].

[34] N.E. Groeneboom and H.K. Eriksen, Bayesian analysis of sparse anisotropic universe models
and application to the 5-yr WMAP data, Astrophys. J. 690 (2009) 1807 [arXiv:0807.2242]
[INSPIRE].

[35] D. Hanson and A. Lewis, Estimators for CMB Statistical Anisotropy,
Phys. Rev. D 80 (2009) 063004 [arXiv:0908.0963] [INSPIRE].

[36] L. Ackerman, S.M. Carroll and M.B. Wise, Imprints of a Primordial Preferred Direction on the
Microwave Background, Phys. Rev. D 75 (2007) 083502 [Erratum ibid. D 80 (2009) 069901]
[astro-ph/0701357] [INSPIRE].

[37] C. Bennett et al., Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Are There Cosmic Microwave Background Anomalies?, Astrophys. J. Suppl. 192 (2011) 17
[arXiv:1001.4758] [INSPIRE].

[38] D. Hanson, A. Lewis and A. Challinor, Asymmetric Beams and CMB Statistical Anisotropy,
Phys. Rev. D 81 (2010) 103003 [arXiv:1003.0198] [INSPIRE].

[39] I.K. Wehus, U. Fuskeland and H.K. Eriksen, The effect of systematics on polarized spectral
indices, arXiv:1201.6348 [INSPIRE].

[40] A. Gruppuso et al., New constraints on Parity Symmetry from a re-analysis of the WMAP-7
low resolution power spectra, Mon. Not. Roy. Astron. Soc. 411 (2011) 1445 [arXiv:1006.1979]
[INSPIRE].

[41] P. Naselsky, W. Zhao, J. Kim and S. Chen, Is the CMB asymmetry due to the kinematic
dipole?, Astrophys. J. 749 (2012) 31 [arXiv:1108.4376] [INSPIRE].

[42] J.-S. Kim, P. Naselskya and M. Hansen, Symmetry and anti-symmetry of the CMB anisotropy
pattern, Adv. Astron. 2012 (2012) 960509 [arXiv:1202.0728] [INSPIRE].
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