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Black hole (BH) perturbation theory and the scattering models provide a powerful framework for
studying gravitational lensing at the wave-optics level. However, conventional calculations encountered
two issues: the divergence of the partial-wave series and the divergence of the Poisson spot near the optical
axis. These issues hinder the accurate calculation of lensed waveforms and the study of polarization and
wave characteristics in the lensing process, especially near the optical axis. This work demonstrates that
both divergences stem from the asymptotic expansion of the radial wave function. By computing the
scattered wave function at finite radii and avoiding the asymptotic expansion, we naturally obtain
convergent results. We compute scalar waves scattered by (1) a weak-gravity body with Newtonian
potential and (2) a Schwarzschild BH with Regge-Wheeler potential. In both cases, we analyze the
convergence of the partial-wave series and present finite-luminosity diffraction patterns, with a bright
Poisson spot. The above calculations are compared with the Kirchhoff diffraction integral in the near-axis
regions and give consistent results. Our investigations provide a foundation for studying gravitational wave

scattering by BHs and understanding lensing at the wave-optics level.
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I. INTRODUCTION

Gravitational lensing, a cornerstone prediction of general
relativity [1-5], serves as a powerful probe for exploring
cosmic matter distributions [6,7] and testing gravitational
theories [8,9]. In the era of multimessenger astronomy,
gravitational wave (GW) lensing has attracted extensive
attention [10-13]. While wide searches have been con-
ducted for lensed GW signals in current observational data,
significant evidence remains absent [14-20]. Upcoming
next-generation ground-based GW detectors are expected
to observe millions of GW signals, with approximately
0.1%-1% expected to undergo strong lensing by the
galaxies or clusters, producing detectable imprints in the
GW signals [21-24].

The successful GW lensing detections critically depend
on the accuracy of waveform templates. Three main distinct
theoretical approaches to GW lensing have been applied.
The first approach focuses on the lowest-order approxi-
mation of GWs, geometric optics. Similar to the electro-
magnetic waves, GWs correspond to an undiscovered
massless spin-2 gauge boson, referred to as gravitons,
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propagating along the null geodesics on curved
spacetimes [25]. When encountering massive objects, their
trajectories are deflected by the external gravitational field,
forming multiple images on the lens plane. For specified
mass distributions, the deflection angle and time delay can
be derived by integrating the geodesic equations [26-28].
Combining the lens equation and Jacobian matrix, this
approach yields the magnification of GW amplitudes
[27-29] and relates the lensed and unlensed signals through
a frequency-independent transmission factor. However, this
approach completely ignores the wave effects such as
interference and diffraction, and fails to capture the
frequency dependence of lensing phenomena, resulting
in a series of degeneracies between: magnification and
luminosity distance, time delay and initial phase, and
gravitational Faraday rotation and initial polarization angle,
leaving great difficulties for practical detection [10,30].
Beyond geometric optics and building upon Huygens’s
principle, Kirchhoff diffraction theory formulates the trans-
mission factor as an integral over all possible GW paths from
the wave source, through the lens plane, to the observer
[31-33]. This framework offers three key advantages: com-
putational efficiency, adaptability to various lens models [34],
and accurate characterization of wave-optical phenomena,
including interference and diffraction [11,22,35,36]. As such,
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it has emerged as the predominant method for constructing
lensed waveform templates, effectively bridging the gap
between geometric and wave optics. However, this approach
remains fundamentally based on the short-wavelength
approximation of the linearized Einstein field equations
(LEFE), and this treatment neglects the intrinsic spin-2 nature
of GWs, approximating their amplitude as a scalar
field [2,37,38]. These constraints underscore the need to
develop a comprehensive, full-wave theory for a deeper
understanding of gravitational lensing phenomena.

The most fundamental wave-optics approach is to
directly solve the LEFE in curved backgrounds as done
by Refs. [39—41], which remains a challenging and
computationally expensive mission. Fortunately, the black
hole (BH) perturbation theory, pioneered by Regge and
Wheeler [42] and subsequently developed by Zerilli
et al. [43-51], provides an analytical framework to describe
the GW propagation in the BH backgrounds. Established
on this formalism, the early contributions to BH scattering
include [52-59], which concentrate on calculating the
differential cross section (DCS) and absorption cross
section. These results are systemically extended by
Refs. [60-63]. Serving GW observation, recent works have
moved to calculate the scattered gravitational waveform
[64—66]. This full-wave approach fundamentally captures
all essential characteristics of scattered GWs, including
wave interference, time delay, and gravitational Faraday
rotation.

However, practical computation of this scattering model
via the partial-wave method encounters two significant
challenges: the divergence of the partial-wave series
(PWS) [62] and the divergence of the Poisson spot [67].
Through rigorous calculations, this work resolves these
divergences by analyzing scalar wave scattering in two
distinct gravitational backgrounds: a weak-field body
described by Newtonian potentials and a BH with strong
gravity governed by the Regge-Wheeler (RW) potential.
The computational approach for scalar scattering is also
applicable to solving the GW scattering process, which is
left as our future work.

Before the formal analysis, we would like to outline the
standard partial-wave method for planar scalar wave
scattering in spherically symmetric backgrounds. The
computational procedure comprises three key steps:
(1) One decomposes the planar incident wave in terms
of spherical harmonics Y, (0, ) in the frequency domain,
where ¢ (angular quantum number) and m (magnetic
quantum number) characterize the multipole moments.
The incident wave is then written as a summation over
all (£, m) modes, which is named as PWS. The expanding
coefficients are referred to as the radial function. (2) One
asymptotically expands the radial function in the far-field
regime and splits it into ingoing (incident) and outgoing
(reflected) waves, with corresponding incident and
reflection coefficients. The incident coefficient is kept

unchanged, and the reflection coefficient for the scattered
wave is determined by solving the radial equation, e.g., the
Coulomb wave equation for Newtonian or Coulomb
potentials or the spin-0 RW equation for the BH back-
ground. (3) After obtaining the asymptotic radial function,
one finally reconstructs the full scattered wave field
through resumming the PWS.

The first computational challenge arises from the diver-
gence of the asymptotic PWS [62]. Several regularization
techniques have been employed to address this divergence,
including the series reduction method (SRM) [63,68,69],
Cesaro summation [65], the complex angular momentum
method [70-72], and the Fresnel half-wave-zone method
[67]. While these methods prove effective in regions distant
from the optical axis (the symmetric axis of the scattering
process), they universally fail to resolve the divergence near
the optical axis, that is, the second divergence we encoun-
tered, causing a Poisson spot with infinite luminosity [67].
Consequently, the absence of a robust regularization
scheme for these two divergences hinders the derivation
of a physically meaningful and accurate waveform in the
near-axis region.

This work systematically investigates these two afore-
mentioned divergences in partial-wave analysis. When
placing the observer at a finite radius and avoiding the
asymptotic expansion, the convergent PWS and Poisson
spot are obtained without any regularization scheme. We
present numerical computations for the scattered wave and
Poisson spot in Newtonian and BH scattering. The adopted
scheme is compared with that by previous studies,
e.g., [66], where nonignorable deviation appears in the
near-axis region. This demonstrates the necessity of our
rigorous calculations to construct lensing waveforms accu-
rately, especially near the optical axis. Finally, it is shown
that our calculation gives consistent results with the
diffraction integral [11].

The paper is structured as follows: Sec. II reviews the
partial-wave analysis for planar incident waves. Section I11
focuses on weak-field scattering in the Newtonian potential
and discusses the cause of DCS divergences. Section IV
extends the above analysis to BH scattering. A summary
and further discussion are included in Sec. V. Throughout
the paper, we work in geometric units, c = G = 1, where ¢
is the speed of light in a vacuum and G 1is the gravitational
constant.

II. INCIDENT SCALAR PLANE WAVE

As the simplest setup, we set the incident wave as a plane
wave, with the time-domain wave function expressed as

vietr) =5 [~ AW e(krje k(1)

where the frequency-domain waveform is

083030-2



RIGOROUS CALCULATION OF SCALAR SCATTERING IN THE ...

PHYS. REV. D 112, 083030 (2025)

i (k) = €7, @

In the above expressions, ¢ is the global coordinate time,
and r = (x,y,z) represents the spatial Cartesian coordi-
nates, with corresponding spherical-polar coordinates
(r,0,9). We set the wave to propagate along the z axis,
with k being the wave number or angular frequency. For a
monochromatic wave with unit amplitude, Eq. (1) sim-
plifies by replacing the frequency integral with

1 0
> /_ " AWMk 1 3)

For simplicity, this work focuses exclusively on frequency-
domain analysis.

Due to the completeness of Y, (6, ), which represents
the eigenstates of orbital angular momentum, an arbitrary
scalar field can be decomposed as

Fcllr) =3, Py (c0s0), (4
=0

where P,(cos 0) is the Z-th order Legendre polynomial of
the first kind. This is related to spherical harmonics through
Y40(0) = ((2¢ 4 1)/47)"/?P,(cos §), with the azimuth
dependence omitted due to the axial symmetry of the
system. The expansion coefficients a,(k, r) are given by

ap(k,r) =i?(2¢ +1)j(kr), 5)

where j,(kr) represents the Z-th order spherical Bessel
function of the first kind.

The spherical-harmonics expansion (4) is valid for any
finite r. At the large distance, the asymptotic expansion of
Gem(k, r) is given by

20 +1 4 .
i (kr =) = (1)1 B D i (pyeeiny - (s)
2ikr
including two linear-independent terms, the ingoing wave
e~* and outgoing wave e’*". To derive Eq. (6), we have
used the large-kr expansion of j,(z),

jo(2) = zTsin (Z - %) | 7)

And then Eq. (4) is rewritten as

’/~/inc(k7r) = i(_l)fﬂ M

= 2ikr

x {e7* — (=1)%e*"}P,(cos ),  (8)

for large kr. Equation (8) describes the behavior of the
scalar waves without scattering, which provides a

34 — 0=0.0
s — 0=1/6
Y — =13
9»: j/f« 0=m/2
=
s 1

2|/
O -~
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FIG. 1. Summation and convergence of Eq. (4) for a mono-
chromatic planar scalar wave, with kr=60.0 and 6=
{0,7/6,x/3,7/2}. The truncation is &y, ~ kr approximately.

reasonable boundary condition for solving the scattering
wave function in the subsequent sections. This work mainly
focuses on the scattering in the isolated Schwarzschild
spacetime. Due to its spherical symmetry, the spherical
harmonic Y,,,(0, @) [or the Legendre function P,(cos0)]
remains the eigenstates of the conserved orbital angular
momentum. The external gravitational field changes only
the radial wave function &, (k, r). From the perspective of
asymptotic infinity, only the outgoing coefficient [before
e™*" of Eq. (6)] is modified, because of the wave reflection
by the BH potential barrier, and the incident coefficient
[before e~ of Eq. (6)] remains unchanged.

Before moving to the scattering process, it is meaningful
to glance at the convergence of the above PWS. The right-
hand side of Eq. (4) is convergent for an arbitrary finite r,
and the truncation can be empirically taken as &,,x ~ kr, as
shown in Fig. 1. However, it is not hard to find that the
right-hand side of Eq. (8) is divergent. This is because the
asymptotic expansion of j,(z) [see Eq. (7)] is valid only for
kr > ¢ rather than kr > 1 [see Fig. 2]. For large but finite
kr, all of the eigenmodes with £ < £, ~ kr contribute to
the total wave function. The expansion (8) is a valid
approximation only for low-Z modes (e.g., £ < € pax)s
but not for high-Z modes (e.g., £ < € nax)- This is the cause
of the divergence in Eq. (8).

III. NEWTONIAN SCATTERING: WEAK-FIELD
APPROXIMATED SOLUTION

A. Wave equation

This section considers the scattering process by an
isolated, weak-gravity, and spherically symmetric scatterer.
Such a scatterer possesses rest mass M and is located at the
origin. It is noted that an analytical solution exists for this
scattering model, which provides a convenient comparison
with the partial-wave method. In the Cartesian coordinates
[t,r = (x,y,z)], its metric is written as

Gudxtdx? = —[1 + 2¢(r)]dt + [1 = 2¢(r)]dr?, (9)
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FIG. 2. Comparison between the spherical Bessel function j,(z) and its large-kr expansion for low and high £ modes. The region we
focus on is around z ~ 60.0. The low-Z modes (e.g., Z = 0, 1, 2,3 < 60.0) are well approximated by their large-kr expansion. But this is

invalid for the high-# modes (e.g., £ = 60, 61, 62,63 ~ 60.0).

in the weak-field approximation, where ¢(r) = —M/r is
the Newtonian potential. Our starting point is the massless
Klein-Gordon (KG) equation on curved backgrounds.

CPw(rr) (V=99 )y (t.r) =0. (10)

1
= —— a[l
Vo)
[0? = V,V%is the d’ Alembert operator compatible with the
background, and g = det|g,,| is the determinant of the

metric. Working with the Cartesian coordinates, we sim-
plify Eq. (10) as [73]

2
V(i) = (1-46) Su(er). (1)
up to the linear order of ¢(r). V> = 9,0; is the Laplacian
operator.

Through numerical simulation, Ref. [39] solved Eq. (11)
in the time domain and presented the interference of
scattering waves. Equation (11) is also the theoretical
foundation of the diffraction integral, the predominant
computational tool for gravitational-lensed GW signals
[11]. In this Section, we will present the analytical solution
to Eq. (11) in the frequency domain. Two different
approaches will be applied, and two equivalent exact
solutions will be shown.

B. Solution in paraboloidal coordinate

The first approach to solving the Eq. (11) works with the
paraboloidal coordinates {&,7, ¢}, relating with the
Cartesian coordinates by

1
x=/&ncosp, y=/Ensing, e=2(E-n). (12)

The major advantage of this method is that it does not rely
on spherical-harmonic decomposition, providing a way to

compare with the partial-wave method. Taking the Fourier
transform

W) = % /_ : A(k)dke g (k,r)  (13)

and transforming V? into paraboloidal coordinates, we
reexpress the wave equation as [39,74]

e lae (53) 1)

1, 8M\) . .

In the flat-background limit, where M = 0, the solution to
W (k,r) reduces to the plane wave, i, (k,r) (2). Since the
whole scattering process remains axisymmetric about the
optical axis, we require the solution to be independent of
the azimuth angle ¢, and assume the variable-separated
solution to Eq. (14) to be [39,74]

w(k.r) o eMED2W (), (15)

remaining as an undetermined coordinate-independent
overall constant. The function W(z) satisfies

nW"'(n) + (1 = iky)W'(n) = kyW(n) = 0, (16)
where y = —2Mk, and we can express its solution in terms
of the Kummer hypergeometric function [75]

W(n) = Fi{-ir. s ikn}. (17)

To determine the overall constant, we consider the asymp-
totic behavior of Eq. (15) along the backward direction,
where 8 = 7 and n = 2r. For large kr, Eq. (15) is
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em/? . 1 T'(1+iy)
~ k, —ikr, lkr . 18
plker) < =T {e ik T(=iy) } (18)
The ingoing/outgoing wave is represented by e rather
than e+ where

rN=r— %ln(Zkr) (19)
is the tortoise coordinate, reflecting the long-range nature
of the gravitational interaction. In other words, the plane
wave is not an exact solution to Eq. (10), but an extra phase
shift should be introduced to describe the slight distortion
of the wave front. On the backward direction, the incident
plane wave is iy (k,r) = e~*". Matching the incident
coefficient in Eq. (18) gives the result of overall constant,
e PT(1 + iy). (20)
In summary, the scattering scalar wave field is exactly
described by the wave function
l/?(k, r) — pikrcos0 ,—my/2
x T(1 +iy),Fi{—iy, 1;2ikrsin*(6/2)}.  (21)
Figure 3 shows the numerical result of Eq. (21) for some
specific values of k.

In the negative-z region, the wave field behaves roughly
as a plane wave. However, in the positive-z region, its
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behavior is rather complicated. In the region far from the
optical axis, the wave field can be seen as the linear
superposition of a distorted plane wave and an outgoing
spherical wave centered on the scatterer. In the region close
to the optical axis, there is a strong interference effect, and a
bright Poisson spot forms. From Eq. (21), one finds that the
brightness of the Poisson spot is a constant

lim y(k,r) = e~ ™/’T(1 + iy),

22
6—0" ( )

along the positive half z axis, which is independent of
distance, but depends on the frequency, indicating that a
distant observer still observes this bright Poisson spot.
This is because of the assumption of a plane wave, which
consists of infinite partial waves, ranging from ¢ =0 to
¢ — oo. For the observer close to the scatterer, the
scattering waves are contributed by the low-£ modes.
For the distant observer, the scattered waves still exist
due to the contribution of high-Z modes. On the contrary, if
one considers a wave source located at a finite distance, the
incident waves comprise only a finite number of eigenm-
odes of 7, e.g., 0 < £ < ¢ hax- The empirical truncation is
~krg, with r; being the distance between the scatterer and
source [76]. Once the observer-scatterer distance, denoted
by r, is large enough, e.g., r > r,, the interference pattern
and Poisson spot disappear because of the absence of

high-# modes.
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Scattered monochromatic scalar wave fields calculated through Eq. (21) with k = {0.5, 1.0, 1.5,2.0} /M. The abscissa (x axis)

and ordinate (z axis) in these figures are in units of BH mass. The red crosses in the figures represent the position of the scatterer.
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C. Partial-wave method

Another independent approach to solving Eq. (11) is
based on the spherical-harmonics decomposition. Similar
to what we did for the incident plane wave, we consider the
PWS for the frequency-domain wave function as follows,

w(k,r) = i R, (k,r)Py(cos@). (23)
=0

The radial function R,(k, r) satisfies the Coulomb wave
equation [77],

0 k(€ +1)] 4
RZ+;R;+[k2—%—(T)}Rf:Ov (24)

where the prime represents the derivative to the radial
coordinate r. The solution to Eq. (24) is also expressed in
terms of the Kummer hypergeometric function, and we
arrive at

R, rle* \[F\{£ + 1 +iy,2(¢ + 1); =2ikr},  (25)
with an undetermined overall constant remained.

To determine the overall constant, we asymptotically
expand | F, at large-kr region, and obtain

y r(22+2) e7/?
R -1 r+1
<) R e i iRy
1 4 L(¢+1+1iy) .
—ikr, -1 +1 ikr, , 26
X2ikr{e D R e T ¢ } (26)

which consists of the ingoing and outgoing waves. The
harmonics decomposition of the plane wave [see Eq. (4)]
provides boundary conditions for the scattering radial wave
function. Except for the extra phase shift kr — kr,, the
incident coefficient is required to be consistent with that in
Eq. (6), thus giving

I ¢+ 1+iy)

(2ik)’e T2/ +1)

(27)

Combining Egs. (23), (25), and (27), we obtain the
normalized radial function as

L€+ 141iy)
ree+1)
X Fi{€ +1+iy,2(¢+1);-2ikr}. (28)

Ry(k,r)=e (2ikr)? e'r

This completed the mathematical derivation of the scalar
waves scattered by the Newtonian potential well/barrier.
Figure 4 shows the convergence of Eq. (28) and the
consistency between these two different approaches, given
by Egs. (21) and (28), respectively.

0 20 ) 60 80 100

— 6=0.0
— 0=7/6
— 0=n/3

0=m/2

ZIll&i}(

FIG. 4. Convergence of Eq. (28) and its consistency with
paraboloidal-coordinates solution (21). These calculations are
implemented for k = 1.0/M and at radius r = 60.0M, therefore
the PWS truncation is approximately ., ~ kr ~ 60. The hori-
zontal dashed line means the values evaluated from Eq. (21).

D. Differential cross section and its divergence

In the last two subsections, we have reviewed the exact
solution to Eq. (11). It is noted that Egs. (21) and (23) are
always finite for arbitrary space-time points. In quantum
theory, a critical observable quantity is DCS, which describes
the probability of particles being emitted in a direction away
from the scatterer [78]. The gravitational analogs are usually
presented in previous studies [53,60—63].

In the frequency domain, the large-kr approximation of
the scattering wave is
l/?(k, r) — pikrcost ,iy In[2krsin? (6/2)]

+ 1 (1 +iy) eikr=iyIn[2krsin? (0/2)]
2ikrsin® (6/2) T'(—iy) ’

(29)

for arbitrary @ with sin® (6/2) > 1/2kr. The first term
represents the incident wave, with long-range phase modu-
lation, and the second term the scattering spherical wave,
which is usually written as

eikr*

f(O0)—. (30)

r

where the angular factor is

£(0) _LF(I + iy)

— 2l.kw{sin2 (0/2)}7>r. (31)
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The DCS is given by [53]

do 5 M?

dQ FOF = sin* (6/2)" (32)
This is the well-known gravitational Rutherford formula, an
exact corollary of Eq. (21), which possesses a singularity at
the forward direction. This is a natural result, because the
large-kr expansion of the Kummer hypergeometric func-
tion we used in deriving Eq. (29) is only valid for
2krsin® (6/2) > 1. In conclusion, the use of asymptotic
expansion in the near-axis region is the cause of the
forward-scattering singularity. Except for the near-axis
region, Eq. (29) is still an appropriate approximation
of Eq. (21).

As for the strong-gravity scatterer, e.g., a BH, analytical
solutions like Eq. (21) are likely to be nonexistent. At this
point, the partial-wave method becomes the main tool
for studying scattering processes. Therefore, studying the
DCS in the partial-wave method is beneficial for under-
standing the BH scattering. The large-kr expansion of
Eq. (23) is

ikr,

W (k,r) — {distorted plane wave} + f(0)

(33)

The distorted plane wave is written as

= 2041 . 4
E (=1)7*1 W{e"k’* — (=1)%e*-1P,(cos ). (34)
7=0

The second term of Eq. (33) represents the scattered
spherical wave, with the angular factor being

1 o0
= _k; (2¢ 4+ 1){e*® — 1}P,(cos ). (35)

It should be expected that Eq. (35) gives a result identical
with Eq. (31). However, unfortunately, the PWS for the
distorted plane wave (34) and f(6) are both divergent, that
is, the “PWS divergence” mentioned in Sec. I. This
phenomenon has been widely investigated by several
works, e.g., Ref. [74]. We have illustrated in Sec. II that
the divergence of Eq. (34) results from the asymptotic
expansion applied for j,(kr) with £ ~ kr. The cause for
£(0) (35) is quiet similar. This is because the inappropriate
asymptotic expansion applied to the radial function, that is,
the large-kr expansion of |F(---,---;---) we used in
deriving Eq. (26) is only valid for kr > ¢ rather than
kr > 1. This observation is shown in Fig. 5.

To illustrate the physical meaning of this phenomenon,
we define [74]

up(k,r) = r]?f(k, r), (36)

and transform the radial equation (24) into the following
Schrodinger-like form,

d2
A+ 2=V () ugk,r) =0, (37)
dr
with the potential being
N vk (¢ +1)
V;)(V)ZT—T’ (38)

where the squared frequency k” plays the role of energy in
quantum mechanics. V;N)(r) greater than or less than k?

determines the classical allowed and forbidden regions.

<71>€+1
2ikr

{e—ikr* _ (_1)6622'6[62'161'*}

0.10+1
0.051
0.00
—0.051
—0.101

0.104
0.057
0.00

—0.057

—0.101

FIG. 5.

Comparison between the radial function R,(k,r), involving the Kummer hypergeometric function, and its large-kr

approximation, which is valid/invalid around kr ~ 60.0 for the low/high-£Z modes.

083030-7



ZHAO LI and WEN ZHAO

PHYS. REV. D 112, 083030 (2025)

0 10 20 30 40 50 60 70
r/M
(a) Low-¢ modes.

— (=60
— (=61

— (=062
(=063

0 10 20 30 40 50 60 70
r/M
(b) High-¢ modes.

FIG. 6. Visual description of the location relation between the detector and turning point for the low/high-# modes in the Newtonian
scattering. In the weak-field approximation, the BH’s event horizon is neglected, resulting in an infinitely high potential barrier when r
approaches 0 (an infinitely deep potential well for £ = 0 mode). Such a scatterer completely reflects the scalar waves without
absorption. There has to be a corresponding turning point for any frequency k and £ = 1 modes.

The location where k> = V;N>(r) is referred to as the

turning point, denoted by 7, for each Z-order partial wave.
Let us suppose a detector is located at radius r, and the
detected scattered wave is the superposition of all Z-order
partial waves. For low-¢ mode, i.e., £ < kr, the corre-
sponding potential function decays rapidly below k> at
7, < r, which is shown in Fig. 6(a). Therefore, when
arriving at the detector, where r > 7,, the scattered wave is
far away from the barrier/well and is safely regarded as free
propagating waves. However, as shown in Fig. 6(b), when
¢ ~ kr, due to the large centrifugal potential, k> is approx-
imately equal to the potential, and the detector is close to
the turning point. The scattered wave still interacts with the
strong potential barrier. Therefore, the above approxima-
tion for the low-Z modes cannot be adopted correctly. This
is the reason why the large-kr expansion of the radial
function is invalid. Finally, the partial waves with £ > kr
are almost fully reflected by the strong potential barrier in
the vicinity of the turning point, with 7, > r, which will
not ultimately reach the detector. This is the cause of the
natural truncation ¢, ~ kr.

k=05/M

Even though the asymptotic expansion leads to the
divergence of the PWS, various regularization schemes
have been developed to improve its convergence, such as
SRM [63,68,69], the Cesaro summation [65], and the
complex angular momentum method [70-72], etc. As an
example, in Appendix A, we review the basic principle of
SRM, show the divergence of reduced series, and repro-
duce the results of the DCS do/dQ = [f(0)]>. Such
regularization provides us an alternative approach to con-
struct the scattering waveform, by approximating Eq. (33)
as [66]

eikr*

plk.r) — "0 1 7(6) (39)

f‘(ﬁ) represents the regularized angular factor, which is
computed through third-order SRM and is convergent for
any off-axis position.

The numerical results given by Eq. (39) are shown in
Fig. 7. Corresponding to this, we also calculate and display
the exact results without asymptotic approximation, from

Asymptotically approximated wavefunctions

k=15/M k=20/M

00 02 04 06 08 1.0 02 04 06 08
0/ 0/

FIG. 7.

04 06 08 10
0/m

1.0 0.2 0.4 0.6 0.8 1.0
0/

Wave functions calculated for r = 60.0M, 6 € [0, ], and k = {0.5, 1.0, 1.5,2.0} /M. The red solid curves correspond to the

exact wave function given by Eq. (23), and the blue dashed curves are evaluated from the asymptotic approximation (39), in which the
angular function ]A‘(H) has been calculated through the third-order SRM.
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Eq. (23). One finds that in the far-axis region, Eq. (39)
captures the main characteristics of the exact wave function
[see Eq. (23)]. On the contrary, in the near-axis region, this
approximation is invalid and is accompanied by a diver-
gence, that is, the “Poisson-spot divergence” mentioned in
Sec. I. In astrophysics, however, observers are often near
the optical axis in a gravitational lensing system, high-
lighting the importance of constructing a scattering wave-
form that converges on the optical axis.

The on-axis divergence is mentioned twice in the
previous discussion, specifically after Eqgs. (32) and (39).
The former is derived from the analytical parabolic-
coordinate solution. At the same time, the latter, also
referred to as the Poisson-spot divergence in this article,
is found in the numerical calculations of f(6). It is worth
emphasizing that these two results are not independent of
each other. The inappropriate asymptotic expansion of the
wave function (k, ) near the optical axis resulted in a
forward-scattering singularity, and the harmonics decom-
position was forced to approximate this singularity.
Therefore, the Poisson-spot divergence is only the mani-
festation of the forward-scattering singularity in the lan-
guage of partial-wave analysis. This is the reason for the
failure of regularization.

Before closing this subsection, we would like to empha-
size the motivation of this work. For convenience, we
suppose that the source is located at a radius r; and the
observer is at a radius r. In realistic situations, these two
distances are finite, and both the observer and the source
stay distant from the scatterer, i.e., r,,r> M. When
applying the partial-wave method, the truncation is empiri-
cally taken as £y, ~ k x min{r,, r} [76,79], depending on
the geometric scenario of the scattering system. Once one
requires r, to be infinite, and adopts the plane-wave
assumption to simplify the calculations, the truncation is
completely determined by the radius r. Naturally, the
existing empirical truncation requires r to be a finite value
all the time. Otherwise, for infinite r, the PWS does not
converge at any finite £, resulting in the divergent DCS.
However, this scattering model, which simultaneously
includes two infinities (r — oo and r; — o), is employed
in several previous works, leading to divergent PWS and
Poisson spots. To overcome this issue, it seems necessary to
avoid asymptotic expansion or the plane-wave assumption.
This work first explores the formal case, in which the plane-
wave assumption is adopted, while the asymptotic expan-
sion is avoided to obtain physically reasonable results.

IV. BLACK HOLE SCATTERING

A. Computational procedure

The last section investigated scalar scattering in weak
gravity, where we approximated the gravitational potential
as the Newtonian potential. In this section, we turn to the
exact case, the scalar scattering by a Schwarzschild BH.

The Iline element of the Schwarzschild metric in
Schwarzschild coordinates (7, r, 8, @) is [1]

1
ds? = —f(r)de* + mdrz + r2(d#? + sin? 0dg?),  (40)
r

with f(r) =1 —2M/r, and M being the BH mass. Starting
from the massless KG equation (10), transforming the wave
function into Fourier space [see Eq. (13)], and then taking
harmonic decomposition [see Eq. (23)], we finally arrive at
the spin-0 RW equation [80]

The radial function is defined as u(k, r) = rR,(k, r), with
the tortoise coordinate being

r.=r+2MIn(r/2M - 1). (42)

The RW potential V,(r) for the spin-0 perturbation is

v (122D 20

r r

A main difference between RW and Newtonian potentials
(38) 1s that the RW potential tends to 0 as r approaches 2M,
due to the absorption of scalar waves by the BH’s event
horizon.

For arbitrary angular quantum number 7, the “in”
solution to Eq. (41) is approximated as

Uupin(k,r) = Age™*r 4 Bt (44)
for kr > ¢, and
Uy in(k,r) = e, (45)

for r - 2M or r, - —oo. To solve Eq. (41) numerically,
one first sets the inner boundary condition as Eq. (45), and
then evolves u, to the outer boundary r,, which is
required to be sufficiently distant from the turning point.
Matching the numerical result with the outer boundary
condition (44) determines the incident coefficient A, and
reflection coefficient B,. Letting the incident coefficient A,
be consistent with incident plane wave (6), one gets

20+ 1)
Ay = (-1 ”1(7. 46
,= (1 (46)
The ¢-order partial wave is
- k, Ak
Relhor) = 2eleD) AWy
r r
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and the full frequency-domain scattered scalar wave,
defined in Eq. (23), is given by

| A
2ikr Z(_l)fﬂ(z'f + )ity n(k, r)Ps(cos §),
=0

w(k.r) =
(48)
where &y, (k, r) = A7l ug s, (k, ) is the regularized radial

function, which obeys the following outer boundary con-
dition,

pin(k, r) = e7kre — (=1)7 20 gikr. (49)
for kr > ¢, and inner boundary condition
Qpin(k,r = 2M) — AZlemikr, (50)
The phase shift e*%¢ has been defined as [63]
) B
2 — —(~1)7 =L, 51
e = —(-1)/ 3 (51)

From the phase shift (51), one can calculate f(0) from
Eq. (35) and DCS. For the far-axis region, the waveform is
approximated by Eq. (39), where f(@) is regularized
through SRM. It should be emphasized again that in this
work, we present the rigorous computation of the scattered
wave by avoiding the asymptotic expansion. In our
computation, the observer is always taken at a finite radius

g g 5
4 4
- 3 - 3
2
1
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-1 -1

-2 -2

-3 -3

4 —4

: -5 = -5

—30 —20 —10 0 —30 —20 —10 0
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(a) Re{¢ k—05/Mr

) Re {1/;(k = 1.0/M,7)
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4
b 3
2
1
0
-1
-2
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—4
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—10 0 ; —30 —20 —10 0

—30 —20

Im{¢(k_o5/M ) Im{1/1 k=1.0/M, 'r)

FIG. 8.
radius 2M, represent the central BH.

r, and, therefore, the PWS is truncated at &, ~ kr
empirically. For all partial waves with £ < £, the outer
boundary r,,, is always set to be sufficiently distant to the
turning point 7,, where the approximation condition (44) is
applicable and the regularization factor A, is correctly
determined.

B. Numerical results

In this subsection, Eq. (48) is numerically computed,
and the corresponding results are plotted in Fig. 8 for
various frequencies. The wave fields are quite similar
to those in Newtonian scattering. In the negative-z region,
the scalar field is roughly a plane wave, with slight
wavefront distortion due to the long-range interaction. In
the positive-z but far-axis region, the fields behave as the
superposition of distorted plane waves and outgoing
spherical waves. In the vicinity of the optical axis, strong
interference patterns and Poisson spots appear.

Figure 9 presents the convergence of the PWS of
Eq. (48). Not surprisingly, for all points under investiga-
tion, including one on the optical axis, the PWS converge
and are truncated at a certain ¢,,,, value. Unfortunately, BH
scattering does not have an analytical solution like Eq. (21),
so there are no results compared to PWS shown in Fig. 9.

Figure 10 compares the exact radial function R,(k,r)
and its large-kr expansion. As mentioned before, such an
approximation is only valid for the low-£ (e.g., £ < kr)
partial waves, where the observer is sufficiently distant
from the turning point, i.e., » > 7,. But this expansion fails

30 E
20 . 2 y
-1 -1
~10
2 -2
~20 . .
—4 —4
-30 5 -3 _5

—30 —20 —10 0 —30 —20 —10 0

S = oo ow e o
S = oo ow e o

() Re{¢ k=15/M,r Re{z/;(k—?O/M r

: 5
4
- 3
2
1
0

-1

-2

—3

—4

=3 _5

I 0
—10 0 —30 —20 —10 0

(h) Tm {&(k =2.0/M, 7')}

—30 —20

g) Im {@Z(k = 1.5/M, r)}

Scattered monochromatic scalar wave fields calculated through Eq. (48) with k = {0.5, 1.0, 1.5,2.0} /M. The black spots, with
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FIG. 9. Convergence of Eq. (48). The observer is located at » = 60.0M and 8 = {0, z/6,z/3,7/2}. At all sampled points, the PWS
are convergent and truncated at around £, ~ kr, including on the optical axis.
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FIG. 10. Comparison between the radial function R, (k, r) and its large-kr approximation, the latter is valid/invalid around kr ~ 60.0
for the low/high-# partial waves.

10
3.07 — /=5 — (=62
— (= 8 £=63
— =7 e
=8 - 6
=
<
= 4
10 20 30 40 50 60 70 10 20 30 40 50 60 70
r/M r/M
(a) Low-£ modes. (b) High-¢ modes.

FIG. 11. Visual description of the location relation between the detector turning point for the low/high-# partial waves in the BH
scattering. In the BH scattering model, where the event horizon has been taken into account, the potential is a barrier for arbitrary #, and
possesses a peak at about  ~ 3M. There is no turning point when k> > Vpeak» and there have to be two turning points when K< Vpeak-
For the scattering process, we focus on the outer one. In our example, where k = 1.0/M, the first turning point appears in £ = 5 mode.
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FIG. 12. Wave functions calculated for r = 60.0M, 0 € [0, z], and k = {0.5,1.0,1.5,2.0} /M. The red solid curves correspond to
Eq. (48), and the blue dashed curves correspond Eq. (39). The phase shift is given by Eq. (51) and the angular factor f(@) is calculated

through the third-order SRM.

to approximate the high-Z (e.g., £ ~ kr) modes, where the
observer is roughly located at the turning point. The above
discussion is visually shown in Fig. 11, which illustrates the
positional relationship between the observer, potential
function, and turning point.

In Fig. 12, we compare the exact and asymptotically
approximated wave functions evaluated in fixed radius and
various polar angles. The approximated wave function is
given by Eq. (39), with the phase shift being given by
Eq. (51). The asymptotic expansion captures the dominant
feature of exact results in the far-axis region, which,
unfortunately, is imprecise. On the contrary, the asymptotic
expansion significantly deviates from the rigorous result in
the near-axis region, e.g., 8 < z/5, ultimately leading to the
divergence of Poisson spots.

C. Scalar scattering as the high-frequency
approximation of gravitational wave scattering

The KG equation (10) describes not only the massless
scalar fields, but also the high-frequency GWs on curved
backgrounds. Starting from the LEFE and through the
eikonal expansion, the metric of high-frequency GWs is
approximated as a spin-0 scalar field without polarization.
The reader can find more details in Refs. [2,81,82] or
Appendix B.

Without ambiguity, we still represent the amplitude of
GWs as y(k, r). In the frequency domain, the ratio between
lensed and unlensed waveforms is defined as the trans-
mission factor, denoted by F (k). For a pointlike and weak-
gravity lens object with mass M, F(k) is solved from
Eq. (11) as [11]

F(k) = e™?(=y)™"T(1 + iy)

s ()]}

through the diffraction integral in the near-axis region.
Following the conventional notation, we denote the
observer, wave source, and lens/scatterer as “O,” “S)’
and “L,” respectively. The plane perpendicular to “LO”

(52)

and containing “L” is called the lens plane. The angular
coordinate of source on the lens plane is &= ZLOS.
Similarly, the plane perpendicular to “SO” and containing
“S” is called the source plane. As a habit, one introduces the
Einstein angle & = (4MD,g/D;Dg)"/? as the normaliza-
tion of the angular coordinate, where D;, Dy, and D; ¢ are
the distances from observer to lens plane, from observer to
source plane, and from source plane to lens plane, respec-
tively. When considering the planar incident wave, we let
D; =r and Dg,D;5 — o in Eq. (52). Therefore, the
Einstein radius is & = (4M/r)'/?, and the dimensionless
source coordinate is &/& = (1/2)(r/M)'/?tan 6, where
(r,0) is Schwarzschild coordinate of the observer.

Such a transmission factor can also be obtained from the
scattering model. The BH scattering theory adopts only the
linear-perturbation approximation, providing a more rig-
orous computational approach. The result is given by

F(k) = e7kreosty(k,r) = e~kreost » Bq. (48).  (53)
As the weak-field limit, the Newtonian scattering model

provides an analytical result, which can be read off from
Eq. 21),

F(k) = e™™>T'(1 + iy), F1{~iy, 1;2ikrsin® (8/2)}. (54)

To make a comparison between these three results, (52),
(53), and (54), we set the radius r = 60.0M and the angular
coordinate as &/&, = {0.1,0.3,1.0,3.0}, which is consis-
tent with the setting in Ref. [11]. The corresponding 6 are
listed in Table I. Performing numerical calculations, the
frequency dependence of the above three different trans-
mission factors and their comparison are shown in Fig. 13.

TABLE 1. The parameter setting in the numerical calculation of
the transmission factor.

£/& 0.1 0.3 1.0 3.0

0 (rad) 0.0258 0.0773 0.2527 0.6591

0 (deg) 1.4790 4.4293 14.4775 37.7612
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FIG. 13. Comparison between three different approaches to calculate the transmission factor F(k), including the Kirchhoff diffraction

integral (52), Newtonian scattering (54), and BH scattering (53).

The amplitude of the transmission factor, |F(k)|, repre-
sents the amplification of the lensing signal compared to
the unlensed signal. As &/&, increases, the deviation
between the Newtonian scattering and diffraction integral
becomes more pronounced, because Eq. (52) includes a
near-axis approximation. Compared to BH scattering, the
other two results exhibit greater deviation when &/&, is
larger. This deviation also becomes slightly more pro-
nounced as frequency increases. The angle of F(k),
representing the relative phase delay of the lensed wave-
form, presents significant differences between these three
approaches. These differences stem from that the long-
range characteristic of gravity is neglected in the diffraction
integral, and the Newtonian and BH scattering adopt
different tortoise coordinates.

V. SUMMARY AND DISCUSSION

Since the establishment of the BH perturbation theory,
the BH scattering problem has attracted a lot of attention.
Especially in the era of GW astronomy, the BH scattering is
more deeply investigated to construct accurate lensed
gravitational waveforms and to understand the lensing
phenomenon at the wave-optics level. However, the
partial-wave method, the main tool for BH scattering,
encountered two computational challenges in the previous
studies: the PWS divergence and the Poisson-spot diver-
gence. This work aims to explore the cause and response.

In Sec. II, we investigate the convergence of PWS for the
incident plane wave. Without the asymptotic expansion,
Eq. (4) is convergent for arbitrary finite radius r, and the
natural truncation is &, ~ kr (see Fig. 1). However,
because the large-kr expansion is incorrectly applied to
Je(kr) with £ ~ kr, the right-hand side of Eq. (8) exhibits
divergence. The same scheme also appears in the DCS
calculation. In the derivation, the large-kr expansion is

applied to the radial function Rbﬂ(k, r). However, as shown
in Figs. 5 and 10, such expansions are only valid for the
region where kr > ¢ rather than kr > 1. Therefore, the
low-¢ (e.g., £ < kr) modes is well approximated, while
the high-7 (e.g., £ Z kr) modes are usually not. This provides
a mathematical explanation for the PWS divergence.

Meanwhile, we also provided a physical interpretation of
the above discussion, which has been visualized in Figs. 6
and 11. We suppose that the observer is located at the radius
r, and we denote the frequency of the incident wave by k.
The observer is far away from low-£ (¢ < kr) potential
barriers, and the corresponding partial waves contribute to
the scattered wave through their incident and reflected
parts. In contrast, the high-¢ (£ Z kr) partial waves at the
observer’s location are suppressed by a high potential
barrier, and only their negligible transmission parts con-
tribute. This is precisely the reason why there is a natural
truncation, £y, ~ kr, in the PWS. However, the large-kr
expansion approximates all £ modes by significant nonzero
values, as one assumes that the observer is always far from
the turning point for an arbitrary mode.

In previous studies on BH scattering, the asymptotic
expansion is applied to the radial function, which is
subsequently used to approximate the scattered wave
function by Eq. (39). The divergent f(6) is regularized
to f(#) by SRM or another method. However, this
regularization is effective only in the far-axis region, and
the Poisson-spot divergence still emerges. This is because
the harmonics decomposition is pushed to approximate the
forward-scattering singularity in the exact wave function.
One can realize this from the paraboloidal-coordinate
solution of Newtonian scattering. As discussed in
Sec. [II D, the inappropriate asymptotic expansion, invalid
for 2krsin® (6/2) <1, in deriving the Rutherford for-
mula (32) results in a singularity of f(0) (31). In the
framework of partial-wave analysis, the PWS (35) is
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required to express such a singular function even at its
singular point. The invalidity of regularization at the on-
axis region emphasizes the essentiality of modeling lensing
to compute the scattered waveform at a finite radius,
avoiding the asymptotic expansion of the radial function.

In Secs. III and IV, we presented the rigorous calcu-
lations on Newtonian scattering and BH scattering by
avoiding the asymptotic expansion. The diffraction patterns
of the scattered waves are shown in Figs. 3 and 8,
respectively. As shown in Figs. 4 and 9, the involved
PWS are convergent for both on-axis and off-axis observ-
ers. Subsequently, the waveforms given by our calculations
and Eq. (39) are compared in Figs. 7 and 12, showing that
Eq. (39) fails to approximate the exact wavefunction in the
region near the axis. In Sec. IV C, we list three different
approaches to find the transmission factor for the lensed
scalar and gravitational waveforms, and show their com-
parison in Fig. 13.

It is beneficial to summarize the computational pro-
cedure. Firstly, observers are always located at the finite
radius r, and PWS are subsequently truncated at £, ~ kr.
Secondly, the radial equation (e.g., the Coulomb wave
equation or the spin-0 RW equation) with £ <7, 1
numerically solved to the outer boundary, denoted by 7,
which is required to be sufficiently distant from the turning
point. Thirdly, the wave function R,(k, r) with £ < £, is
asymptotically expanded at r,,, and matched to the
boundary condition. Finally, performing the resummation
of PWS gives the full scattered wave function. Compared
with the conventional one, our approach first finds #,,,,, and
then calculates the partial waves with £ < 7, rather than
solving all the partial waves and then finding a suitable
truncation.

In our future studies, three significant extensions will
be considered. Firstly, this work will be extended to the
general scattering model with finite r; and r, with the
truncation being . ~k x min{r,r;} [76], in which
the scattering of spherical waves will be computed.
Secondly, the numerical results of this work are limited
to the range of r < 60M. Although this meets the require-
ment of r> M, it is much smaller than the actual
astrophysical scale. The large r means that the PWS should
be truncated at a large £ ... As an example, let us consider
a planar GW scattered by the Sun, with characteristic
frequency k ~ Mg', where M is the solar mass. For the
detector on Earth, the distance r is approximately
5x 10’"My, and the PWS truncation is approximately
Zmax ~ 5 % 107. However, the extremely large # corre-
sponds to an extremely high potential barrier, bringing
greater numerical jumps to the wave function near the peak
and leaving us a non-negligible numerical challenge. Our
future work plans to extend the computation to larger r
values and characterize the scattering process at a larger
scale, providing a foundation for constructing ready-to-use
lensing waveform templates. Finally, GW scattering will be

considered, which benefits us in gaining a more compre-
hensive understanding of the spin-2 nature. A series of
related questions, such as gauge transformations, polari-
zation distortions, and helicity conservation, is planned to
be carefully investigated.
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APPENDIX A: SERIES REDUCTION METHOD
AND DIFFERENTIAL CROSS SECTION

SRM aims to accelerate the convergence of PWS
involved in f(6) (35). For convenience, we write such a
series as

£0) = asPs(cos0), (A1)
=0
where a, is
2+1) s
=———"{e% —1}. A2
ap == e -1} (A2)
The n-th reduced series is defined as
f™(0) = (1 —cosh)" Z azP;(cos )
=0
= Z a"'P,(cos 0). (A3)
=0

The coefficients az(/,")

relation,

satisfy the following recurrence

4 Z+1
n+1 n n n
a(f ):a;>— 7 la;)l— 7 a(f>1,

(A4)

where we usually set a<_"1> = 0. The series f(0) is finally

reduced as

A

1) = (1 =cos0)™f"(0). (AS)
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FIG. 14. Original coefficients a, and the first three orders of reduced coefficients a)(/,")(n = 1,2,3) as functions of #. The reduced
coefficients exhibit significantly improved convergence properties. The first row presents results for Newtonian scattering, while the

second row corresponds to BH scattering calculations.

FIG. 15.

DCS computed from a, and al(f") (n = 1,2,3). The first row presents results for Newtonian scattering, while the second row

shows BH scattering calculations. In Newtonian scattering, the DCS converges for all  values except for the optical axis. For BH
scattering, the DCS exhibits poor convergence in the near-axis region, accompanied by a divergence behavior.

The original coefficient a, and the first three orders of

reduced coefficients, a(f"), (n=1,2,3), are plotted in
Fig. 14. While the original coefficients show no sign of
convergence in both Newtonian and BH scattering, the
reduced coefficients decrease rapidly as ¢ increases, con-
firming that SRM has successfully improved the conver-
gence of f(6). Using a, and af,)"), (n=1,2,3), we
calculate the DCS and present their numerical results in
Fig. 15. In Newtonian scattering, the SRM performs well
but the on-axis divergence is still left. For BH scattering,
the SRM remains effective only within the far-axis region,
with 6 > 0.1z, while also leaving divergence in the near-
axis region.

APPENDIX B: EIKONAL EXPANSION
OF LINEARIZED EINSTEIN EQUATION

Based on the vacuum Einstein field equation R,, =0,
one decomposes the full metric g,, into background
and GWs, g, =y, + h,,, and then derives the LEFE,
given by

TPy, (x) + 2R g ™ (x) = 0, (B1)

avpu

where R((x%ﬂ is the Riemann tensor of background. The

trace-reverse metric v, is defined as
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1
l///w = h/u/ - Eyyvyaﬂha[)’v (BZ)
satisfying the Lorentz gauge V,y** =0 and traceless
condition y,,y* = 0.
Expanding the GW metric in terms of the characteristic
frequency k, we have

I/IW(X) = Re{l/_/(x)e/weikq)(x)}’ (BS)

where k is the GW frequency, satisfying kR > 1, with R
being the characteristic scale of background. ® is the GW
phase, and its gradient is defined as the null wave vector,
ie., g, = —0,®(x). The polarization tensor e, is required
to be transversal and parallel transported, i.e., ¢¢,, =0,
and ¢*V,e,, = 0. Substituting the expansion (B3) into the
LEFE (B1), one gets the evolution equation of amplitude
w(x) at O(k) order, which is

1
4.9 + 5 (Vg = 0. (B4)

Meanwhile, since g, is the gradient of a scalar function, it
satisfies V,q, = V,q,. Using this property, together with
the null condition ¢g,q* =0, one derives the geodesic
equation for ¢q,, ¢*V,q, =0 [83]. Subsequently, the
dynamics of high-frequency GWs are governed by
the null-geodesic behavior. This is the emergence of the
equivalence principle of general relativity in the wave-
scattering regime.

Similar to Eq. (B3), performing an analogous expansion
for the KG equation (10) gives

w(x) = Re{j(x)ei®)} (85)

and reveals that the amplitude of scalar waves likewise
satisfies Eq. (B4). This indicates that the scalar amplitude
of high-frequency GWs and scalar waves exhibits the
same behavior. This consequently establishes the founda-
tion for employing scalar fields to approximate high-
frequency GWs.
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