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Abstract

This is a review of models of inflation and of their predictions for the primordial non-Gaussianity in the density
perturbations which are thought to be at the origin of structures in the Universe. Non-Gaussianity emerges as a key
observable to discriminate among competing scenarios for the generation of cosmological perturbations and is one
of the primary targets of present and future Cosmic Microwave Background satellite missions. We give a detailed
presentation of the state-of-the-art of the subject of non-Gaussianity, both from the theoretical and the observational
point of view, and provide all the tools necessary to compute at second order in perturbation theory the level of
non-Gaussianity in any model of cosmological perturbations. We discuss the new wave of models of inflation,
which are firmly rooted in modern particle physics theory and predict a significant amount of non-Gaussianity. The
review is addressed to both astrophysicists and particle physicists and contains useful tables which summarize the
theoretical and observational results regarding non-Gaussianity.
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“... the linear perturbations are so surprisingly simple that a perturbation analysis to second order
may be feasible”
(Sachs and Wolfe, 1967)

1. Introduction

One of the relevantideas in modern cosmology is represented by the inflationary paradigm. It is widely
believed that there was an early epoch in the history of the Universe—before the epoch of primordial
nucleosynthesis—when the Universe expansion was accelerated. Such a peosmoibgical inflation
can be attained if the energy density of the Universe is dominated by the vacuum energy density associated
with the potential of a scalar field, called the inflaton field. Through its kinematic properties, namely
the acceleration of the Universe, the inflationary paradigm can elegantly solve the flatness, the horizon
and the monopole problems of the standard Big—Bang cosmology, and in fact the first model of inflation
by Guth in 1981[101] was introduced to address such problems. However all over the years inflation has
become so popular also because of another compelling feature. It can explain the production of the first
density perturbations in the early Universe which are the seeds for the large-scale structure (LSS) in the
distribution of galaxies and the underlying dark matter and for the cosmic microwave background (CMB)
temperature anisotropies that we observe today. In fact inflation has become the dominant paradigm to
understand the initial conditions for structure formation and CMB anisotropies. In the inflationary picture,
primordial density and gravity-wave fluctuations are created from quantum fluctuations “redshifted” out
of the horizon during an early period of superluminal expansion of the Universe, where they are “frozen”
[206,102,107,163,273,22Perturbations at the surface of last scattering are observable as temperature
anisotropy in the CMB, which was first detected by the Cosmic Background Explorer (COBE) satellite
[266,36,94] The last and most impressive confirmation of the inflationary paradigm has been recently
provided by the data of the Wilkinson Microwave Anisotropy Probe (WMAP) misg8h The WMAP
collaboration has produced a full-sky map of the angular variations of the CMB, with unprecedented
accuracy. WMAP data confirm the inflationary mechanism as responsible for the generation of curvature
(adiabatic) superhorizon fluctuatiof225].
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Since the primordial cosmological perturbations are tiny, the generation and evolution of fluctuations
during inflation has been studied within linear perturbation theory. Within this approach, the primordial
density perturbation is Gaussian; in other words, its Fourier components are uncorrelated and have
random phases. Despite the simplicity of the inflationary paradigm, the mechanism by which cosmological
adiabatic perturbations are generated is not yet established. In the standard slow-roll scenario associatet
to one-single field models of inflation, the observed density perturbations are due to fluctuations of
the inflaton field itself when it slowly rolls down along its potential. When inflation ends, the inflaton
¢ oscillates about the minimum of its potentid(¢) and decays, thereby reheating the Universe. As a
result of the fluctuations each region of the Universe goes through the same history but at slightly different
times. The final temperature anisotropies are caused by inflation lasting for different amounts of time in
different regions of the Universe leading to adiabatic perturbations. Under this hypothesis, the WMAP
data set already allows to extract the parameters relevant for distinguishing among single-field inflation
models[225,123]

An alternative to the standard scenario is represented by the curvaton mecH&%si0,176,201,175]
where the final curvature perturbations are produced from an initial isocurvature perturbation associated
with the quantum fluctuations of a light scalar field (other than the inflaton), the curvaton, whose en-
ergy density is negligible during inflation. The curvaton isocurvature perturbations are transformed into
adiabatic ones when the curvaton decays into radiation much after the end of inflation.

Recently, other mechanisms for the generation of cosmological perturbations have been proposed,
the inhomogeneous reheating scendiri®,130,77,192,10%the ghost inflationary scenarjd4] and the
D-cceleration scenari64], just to mention a few. For instance, the inhomogeneous reheating scenario
acts during the reheating stage after inflation if superhorizon spatial fluctuations in the decay rate of the
inflaton field are induced during inflation, causing adiabatic perturbationsin the final reheating temperature
in different regions of the Universe.

The generation of gravity-wave fluctuations is a generic prediction of an accelerated de Sitter expansion
of the Universe whatever mechanism for the generation of cosmological perturbations is operative. Grav-
itational waves, whose possible observation might come from the detection®htiogle of polarization
in the CMB anisotropy121,261] may be viewed as ripples of space—time around the background metric.

Since curvature fluctuations are (nearly) frozen on superhorizon scales, a way of characterizing them is
to compute their spectrum on scales larger than the horizon. In the standard slow-roll inflationary models
where the fluctuations of the inflaton fiejdare responsible for the curvature perturbations, the power-
spectrum?, of the comoving curvature perturbation(which is a measure of the spatial curvature as
seen by comoving observers) is given by

, 1 (HN\?/ k V71
Pyk) = — , 1
2 k) 2M§e<2n) (aH*) (1)

wheren,; =1 — 6e + 27 >~ 1 is the spectral indexp = (8zGn)Y? ~ 2.4 x 10'8 GeV is the reduced
Planck scale. Here

2
2 \V

n=Mp (V) (2)
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are the so-called slow-roll parameters(< 1 during inflation) ,H, =a/a indicates the Hubble rate during
inflation and primes here denote derivatives with respegt ithe WMAP has determined the amplitude
of the power-spectrum a8, (k) ~ 2.95 x 10~°A, whereA = 0.6 — 1 depending on the model under
consideration§225,269] which implies that

ﬁ(%)z ~((2-3) x 1077, (3)
or

H, ~ (0.9 — 1.2) x 102 GeV. (4)
The Friedmann equation in the slow-roll lim#;? = V/(3M§), then gives “the energy scale of inflation”,

V4~ (6.3-7.1) x 1084 GeV . (5)
On the other hand, the power-spectrum of gravity-wave mages given by

Pr (k) = 2"—; (h;h) = Mig(%>Z<a’;> : (6)

whereny = —2¢ is the tensor spectral index. Since the fractional change of the power-spectra with scale
is much smaller than unity, one can safely consider the power-spectra as being roughly constant on the
scales relevant for the CMB anisotropy and define a tensor-to-scalar amplitude ratio

y
=21 —16¢. 7)
Py

The spectra?, (k) and2 7 (k) provide the contact between theory and observation. The present WMAP
data set allows to extract an upper bound,1.28 (95%)[225,123] or ¢ < 0.08. This limit together with
Eq. (5) provides an upper bound on the energy scale of inflation,

v1i/4 38 x 10%GeV. (8)

The corresponding upper bound on the Hubble rate during inflatiéh is 3.4 x 10 GeV. A positive
detection of thB-mode in CMB polarization, and therefore an indirect evidence of gravitational waves
frominflation, once foregrounds due to gravitational lensing from local sources have been properly treated,
requiresc > 102 corresponding t&/ /4 > 3.5 x 10°GeV andH, > 3 x 102 GeV[122,126,259}
However,what ifthe curvature perturbation is generated through the quantum fluctuations of a scalar
field other than the inflaton? Then, what is the expected amplitude of gravity-wave fluctuations in such
scenarios? Consider, for instance, the curvaton scenario and the inhomogeneous reheating scenario. The
liberate the inflaton from the responsibility of generating the cosmological curvature perturbation and
therefore avoid slow-roll conditions. Their basic assumption is that the initial curvature perturbation due
to the inflaton field is negligible. The common lore to achieve such a condition is to assume that the

11f “cleaning” of the gravitational lensing effect can be achieved down to the level envisaged i[258.then another
source ofB-mode polarization will limit our ability to detect the signature of primordial gravitational waves. This comes from
vector and tensor modes arising from the second-order evolution of scalar perturfifigresnd represents the ultimate barrier
to gravitational-wave detection if< 10~ 7.
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energy scale of the inflaton potential is too small to match the observed amplitude of CMB anisotropy,
thatisV1/4 < 10'® GeV. Therefore—while certainly useful to construct low-scale models of inflation—it

is usually thought that these mechanisms predict an amplitude of gravitational waves which is far too small
to be detectable by future satellite experiments aimed at observirgzriiede of the CMB polarization

(see however Ref229]). This implies that a future detection of tlBemode of the CMB polarization
would favour the slow-roll models of inflation as generators of the cosmological perturbations. On the
other hand, the lack of signal of gravity waves in the CMB anisotropies will not give us any information
about the mechanism by which cosmological perturbations are created.

A precise measurement of the spectral index of comoving curvature perturbations will be a powerful
tool to constrain inflationary models. Slow-roll inflation predietg — 1| significantly below 1. Deviations
of ny from unity are generically (but not always) proportional yaV1 whereN is the number oé-folds
till the end of inflation. The predictions of different models for the spectral inggxand for its scale-
dependence, are well summarised in the re\iEm] within slow-roll inflationary models. Remarkably,
the eventual accuradyr» ~ 0.01 offered by th@lancksatellité® is just what one might have specified in
order to distinguish between various slow-roll models of inflation. Observation will discriminate strongly
between slow-roll models of inflation in next 10 or 15 years. If cosmological perturbations are due to the
inflaton field, then in 10 or 15 years there may be a consensus about the form of the inflationary potential,
and at a deeper level we may have learned something valuable about the nature of the fundamental
interactions beyond the Standard Model. Howewdrat if Nature has chosen the other mechanisms for
the creation of the cosmological perturbations, which generically predict a valygvary close to unity
with a negligible scale dependence? Then, it implies that a precise measurement of the spectral index
will not allow us to efficiently discriminate among different scenarios.

These What if’ options would be discouraging if they turn out to be true. They would imply that all
future efforts for measuring tensor modes in the CMB anisotropy and the spectral index of adiabatic
perturbations are of no use to disentangle the various scenarios for the creation of the cosmological
perturbations.

There is, however, a third observable which will prove fundamental in providing information about
the mechanism chosen by Nature to produce the structures we see today. It is the deviation from a pure
Gaussian statistics, i.e., the presence of higher-order connected correlation functions of CMB anisotropies.
The angulan-point correlation function

(f(hy) f () ... f(An)) , 9)

is a simple statistic characterizing a clustering pattern of fluctuations on thg@Ry,The bracket denotes

the ensemble average, aRig). 1 sketches its meaning. If the fluctuation is Gaussian, then the two-point
correlation function specifies all the statistical propertieg @), for the two-point correlation function is

the only parameter in a Gaussian distribution. If it is not Gaussian, then we need higher-order correlation
functions to determine the statistical properties.

For instance, a non-vanishing three-point function of scalar perturbations, or its Fourier transform, the
bispectrum, is an indicator of a non-Gaussian feature in the cosmological perturbations. The importance
of the bispectrum comes from the fact that it represents the lowest order statistics able to distinguish
non-Gaussian from Gaussian perturbations. An accurate calculation of the primordial bispectrum of cos-
mological perturbations has become an extremely important issue, as a number of present and future

2 See, for instancenttp://www.rssd.esa.int/index.php?projecPLANCK.
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universe 3
universe 2

universe 1

Fig. 1. Ensemble average of angular correlation function. A schematic view of the ensemble average mdithexngular
correlation function f (1) f (A2) £ (A3) ... f(A,). We measure it on each Universe, and then average it over many Universes.

experiments, such as WMAP and Planck, will allow to constrain or detect non-Gaussianity of CMB
anisotropy with high precision. A phenomenological way of parametrizing the level of non-Gaussianity
in the cosmological perturbations is to introduce a non-linearity paranfgtethrough Bardeen’s grav-
itational potential

=@+ fu * (1), (10)

whered| represents the gravitational potential at linear order angthRgroducts reminds the fact that the
non-linearity parameter might have a non-trivial scale dependence. As Eq. (10) shows, in order to compute
and keep track of the non-Gaussianity of the cosmological perturbations throughout the different stages
of the evolution of the Universe, one has to perform a perturbation around the homogeneous background
up to second order

The non-Gaussianity in the primordial cosmological perturbations and, in particular, theoretical and
observational determinations of the non-linearity paramef@r, are the subject of this review. Our
goals are to present a thorough, detailed and updated review of the state-of-the-art on the subject of non-
Gaussianity, both from the theoretical and observational point of view, and to provide the reader with all
the tools necessary to compute the level of non-Gaussianity in any model of cosmological perturbations.

Surprisingly, despite the importance of the subject of non-Gaussianity in the cosmological perturbations
and despite the fact that its detection is one of the primary goals of the present and future satellite missions
such as WMAP and Planck, not much attention has been devoted to this issue on the theoretical side. For
instance, no firm theoretical predictions were available till about two years ago for the case of slow-roll
models of inflation. Spurred by the large amount of data available in the next future, a new wave of
models, which are firmly rooted in modern particle theory, have been recently proposed to generate a
large and detectable amount of non-Gaussianity from inflation.

Probably, one of the reasons why the theoretical investigations of the primordial non-Gaussianity were
so limited was because no direct observational constraint§yprwere available until the year 2001.
Many authors have shown that CMB temperature anisotropy is consistent with Gaussianity since the very
first detection of anisotropy in the COBE DMR data (see R&¥7]and references therein); however, very

3 Non-Gaussian models containing quadratic non-linearities, as in Eq. (10), were introduced in the study of inflationary
perturbations in Ref§112,131,82] and have become a sort of “standard lore” for the comparison of theoretical predictions on
primordial non-Gaussianity to CMB and LSS observational {84:204,292,254,203,291,285,193,284,143,17,256]
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little attention has been paid to pyantitativeconstraints on degrees to which the data are consistent with
Gaussianity. Since non-Gaussian fluctuations have infinite degrees of freedom as opposed to Gaussiar
fluctuations, testing a Gaussian hypothesis is a very difficult task; one statistical method showing CMB
consistentwith Gaussianity does not mean that CMBaslly Gaussian. If one does not have any specific,
physically motivated non-Gaussian models to constrain (such as those described above), then one canno
learn anything about the nature of temperature fluctuations from the statement that just says, “the CMB
is consistent with Gaussianity”. RatheH8w Gaussian is it?is a more relevant question, when we try

to constrain (and exclude) certain non-Gaussian models.

The first direct comparison between the inflationary non-Gaussianity and observational data was at-
tempted for the COBE DMR data in 2001, using the angular bispectrum, the harmonic counterpart
of the three-point correlation functigi45]. A very weak constraint, fi. | < 1500 (68%) was found.
Although this constraint s still too weak to be useful, it explicitly demonstrated that measurements of non-
Gaussianity can put quantitative constraints on inflationary models. The angular bispectrum of the CMB
is particularly useful in finding a limit orfy, as the exact analytical calculation of the bispectrum from
inflationary non-Gaussianity is possiljie43]. While the COBE DMR data constrain non-Gaussianity
on large scales¥ 7°), in Ref.[252] a constraint is obtained on small scalesX0), | fnL| < 950 (68%),
using the MAXIMA data. A recent analysis of the bispectrum of the VSA {285] gives an upper bound
of 5400 on the value dffnL | (95%). The WMAP team has measured the bispectrum to obtain the tightest
limit to date,—58 < fnL < 134 (95%)[139].

What about other statistical tools? Currently, analytical predictions exist only for the bispgt¢8m
and the trispectrum (the harmonic counterpart of the four-point funcfRig]. Predictions for other
tools, e.g., Minkowski functionals, are usually much more difficult; however, one can still use other
statistical tools to constraifi by using a Monte Carlo method: direct comparison between measurements
on the observed sky maps and those on simulated non-Gaussian sky maps. The author§éf Ref.
have measured the spherical Mexican-hat wavelets on the COBE DMR data, and compared them to
simulated measurements on non-Gaussian maps (which include only the Sachg2&ijfeffect),
finding | fnL| < 1100 (68%). This methodology can be applied to any other statistics, if we have accurate
simulations taking into account not only the Sachs—Wolfe effect but also the full effect of the Integrated
Sachs—Wolfe effect and baryon—photon fluid dynamics. The WMAP team has simulated such full-sky non-
Gaussian maps that include all the relevant effects. By comparing the Minkowski functionals measured on
the WMAP maps and those on the simulated maps, they olftairc 139 (95%)[139]. Using the same
simulations and WMAP map, the authors of §209]find fni. < 220 (95%) with the spherical Mexican-
hat wavelets. Also, in Ref58] the local curvature of the CMB on the WMAP map has been measured and
compared to non-Gaussian CMB map simulatjd@®], finding—180< fyL < 240 (95%). Despite these
statistical tools being very different and complementary to some extent, they give similar constraints on
/L - (Although Ref[91] finds a much tighter limit orfy, a direct comparison is not straightforward as
their definition of fy_ differs from ours.) A theoretical study suggests that the inflationary non-Gaussianity
can be detected with the bispectrumfif. > 20 and 5 for the WMAP and Planck data, respectiy&43].

The current limits from the WMAP data are weaker than the theoretical expectation, probably because of
the current measurements treating the effects of inhomogeneous noise and Galaxy cut sub-optimally. An
optimal method for measuring the bispectrum is still very time consuif@sg], while other statistics

may have a better chance to overcome this issue. For this study, having accurate non-Gaussian simulation:
is crucial. InFig. 2 we show some examples of non-Gaussian sky maps at the Planck resolution, simulated
by the spherical-coordinates method of R&6&0].
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—0.00020 0.00020

—0.00028 0.00024

—0.00025 0.00034

Fig. 2. Planck-resolution simulations of non-Gaussian CMB maps. From top to bottom, the three panels show a Gaussian and
two non-Gaussian simulations of CMB maps, at the Planck resolution (FWA3)1 The non-Gaussian maps are obtained from

the model of Eq. (10), using the spherical-coordinates algorithm of B&], with initial power-spectrum and radiation transfer
function of a standard “concordancef@DM) model. The values of the non-linearity parameter &ye = 0 (top), fnL = 3000

(middle) andfyL = —3000 (bottom); the high values pfiy| | are chosen to make the non-Gaussian effects visible by eye (note
that color-scales are calibrated to the temperature interval of each map).

So far we have talked only about measuring non-Gaussianity from temperature maps. On the other hand,
adding polarization information will help to improve our sensitivity@ , as polarization probes a part of
the spectrum of primordial fluctuations that cannot be measured by temperature alone. More specifically,
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the polarization radiation transfer function is non-zero at wave nunb&s which the temperature
transfer function is zero; thus, polarization contains information which is maximally complementary to
temperatur¢l44]. Therefore, one could measufg_ as small as- 3 by combining the temperature and
polarization bispectra. In addition, if we combine the bispectrum with other statistics, then sensitivity
would further improve, depending on the extent to which those statistics are complen{&tdirys
important to keep improving our sensitivity until we reach a critical sensitiyiy, ~ 1, which is set by
non-Gaussian contributions from ubiquitous second-order perturbations.

Before concluding this Introduction, let us mention another important source of primordial non-
Gaussianity which will not be covered in this review. The topological defects, cosmic strings in par-
ticular, are potential sources of strong non-Gaussianity. Although the current observations have ruled out
the topological defects as being the primary source of cosmological perturbations, it is still quite possible
that topological defects do exist and contribute to a part of the perturbations (see, e.d4R28Q]for
the latest results from the WMAP data). Since the topological defects are intrinsically very non-Gaussian,
even a modest energy density of defects may give rise to a detectable level of non-Gaussianity. In partic-
ular, the small-scale CMB experiments at an angular scate tifhave good chance to test (or detect)
non-Gaussianity from the cosmic strings, via the so-called Kaiser—Stebbins effect (sd&ZRx@s]for
the temperature and R¢#2] for the polarization). Accurate numerical simulations are needed to search
for signatures of topological defects through non-Gaussianity. Only recently, improved simulations of
CMB sky maps from cosmic strings have become available by solving the full Boltzfhdari50] It
is very important to improve the dynamical range of the cosmic strings simulations and make accurate
predictions for the CMB sky maps (both in terms of temperature and polarization), which can be com-
pared with future small-scale CMB experiments (recent progress on making a map on small scales has
been reported in Ref151]).

We end this Introduction with an overview of the present article. The article is addressed to a wide
audience, including both cosmologists and particle physicists. To cope with this problem, we have
tried to make each section reasonably homogeneous regarding the background knowledge that is
taken for granted, while at the same time allowing considerable variation from one section to
another.

Section 2 contains a brief review of the inflationary paradigm and an introduction to the theory of
quantum fluctuations for a generic scalar field evolving in a fixed de Sitter background. Correlation
functions up to order three are evaluated for an interacting scalar field.

Sections 3 and 4 are devoted to the theory of cosmological perturbations at first and second order
including gravity. This treatment is done in a gauge-invariant way and the equations up to second order
necessary to follow the evolution of non-linearities are provided.

Section 5 deals with the standard slow-roll scenario where cosmological fluctuations are due to the
inflaton field. The goal of this section is to show that the main contribution to the non-Gaussian signal
comes from the post-inflationary evolution.

Sections 6 and 7 are devoted to the non-Gaussianity predicted in the curvaton and the inhomogeneous
reheating scenarios, respectively.

Section 8 contains all the necessary tools to relate the level of non-Gaussianity parametriged by
deduced from the true measurements to the one predicted theoretically within a given model.

Section 9 contains a mini-review of alternative models of inflation with the respective predictions of
non-Gaussianity.

All the results of the previous sections are summarizethire 1
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Table 1
Predictions of the non-linearity parametgy. from different scenarios for the generation of cosmological perturbations
e (K, k2) Comments

. . . K9)2 k$+ks
Single-field inflation I —g(k1, ko) g(ky, ko) = 4Kk —glatol | 3550
Curvaton scenario —[—% + %r — 4—5r] —g(ky, ko) r A (%)decay
Inhomogeneous reheating L1 gki ko) I=-3+35 L )

“Minimal case’I =0 (x = %, ri=1n)

Multiple scalar fields g%cosz A(4-103. 3‘;312) : 60? Order of magnitude estimate

of the absolute value
“Unconventional” inflation

set-ups

Warm inflation —%(%)[In(%)"%’] Second-order corrections
not included

Ghost inflation —140- - o~ 8/5 Post-inflationary corrections
not included

D-cceleration —1071,2 Post-inflationary corrections
not included

In the inhomogeneous reheating scend@rgl’ <1 and O< o < %. In the multiple-field case-1< cos4 <1 is defined in Eq.
(373) measuring the correlation between the adiabatic and entropy perturbations?2while, is the isocurvature fraction.
In ghost inflation the coefficients and g are typically~ ©(1). In the D-cceleration mechanism of inflation the coefficient
is expected to be > 1. For the multiple-field case and the unconventional inflation set-ups, the estimates can receive relevant
corrections in the ranggy ~ 1 from the post-inflationary evolution of the perturbations.

Section 10 contains a mini-review of the present observational constraints on non-linearities in the
cosmological perturbations and a thorough discussion of the future prospects on the detectability of
non-Gaussianity. Our conclusions are drawn in Section 11. Finally we provide the reader with three
appendices where she/he could find the full derivation of second-order geometric quantities and Einstein
and Klein—Gordon equations as well as the Wigngsgmbols.

2. The inflationary paradigm

As we have mentioned in the Introduction, one of the relevant ideas of modern cosmology is represented
by the inflationary paradigm. Here we just summarize some of the basics of inflation. For more details
the reader is referred to some reviews on the sulp]€at, 156,159,174,157,207,243]

As far as the dynamics of Inflation is concerned one can consider a homogeneous and isotropic Universe
described by the Friedmann—Robertson—-Walker (FRW) metric

2
ds? = —dr? + a?(r) [% + r2(d6? + sinfo d¢2)i| , (11)
— Kr

wheret is the cosmic timet, 0, ¢ are the comoving (polar) coordinatesy) is the scale-factor of the
Universe, anK is the curvature constant of three-dimensional hypersurfaces. If the Universe is filled
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with matter described by the energy—momentum teffspof a perfect fluid with energy densigyand
pressurd®, the Einstein equations

Gy =81GNT, (12)
with G, the Einstein tensor andy the Newtonian gravitational constant give the Friedmann equations

H - =, 13
3 P2 (13)

. 4

a_ nGN(p+3P)’ (14)

a 3

whereH =a/a is the Hubble expansion parameter and dots denote differentiation with respect to cosmic
timet. Eq. (14) shows that a period of inflation is possible if the presBusenegative with

o
P<—. 15
<% (15)

In particular a period of the history of Universe during whigk= —p is called ade Sitter stage-rom the
energy continuity equatiop+ 3H (p + P) = 0 and Eqg. (13) (neglecting the curvatiavhich is soon
redshifted away ag—2) we see that in a de Sitter phgse- constant and

H = H; = constant. (16)
Solving Eg. (14) we also see the scale-factor grows exponentially
a(t) =a; M1 (17)

wherer; is the time inflation starts. In fact condition (15) can be satisfied by a scalar field, the inflaton
The action for a minimally coupled scalar fields given by

1
s= [ drvmze = [ ateimz | -5 em0000 - Vo). (19
whereg is the determinant of the metric tensgy,, g, is the contravariant metric tensor, such that

guvg” = 5;;; finally V (¢) specifies the scalar field potential. By varying the action with respegioe
obtains the Klein—Gordon equation

ov
)
where[] is the covariant D’Alembert operator
1
O¢p = —10,(V—88""0,0) . (20)
/_g I

In a FRW Universe described by metric (11), the evolution equation faecomes

V2
¢+3H¢—a—2"’+v/(¢)=o, (1)
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whereV’(p) = (dV (¢)/de). Note, in particular, the appearance of the friction terfhg3 a scalar field
rolling down its potential suffers a friction due to the expansion of the Universe. The energy—momentum
tensor for a minimally-coupled scalar figdis given by

0 -
Tyy=-2 @ +8ws = a,u(/’av(/) + 8w |:_§ gaﬁ@a(p@ﬁ(p - V(('D)] ) (22)

We can now split the inflaton field as

@(t,X) = @o(t) + d9(t, X),

whereq is the ‘classical’ (infinite wavelength) field, that is the expectation value of the inflaton field on
the initial isotropic and homogeneous state, whi€¢r, X) represents the quantum fluctuations aroggd

In this section, we will be only concerned with the evolution of the classicaldigl@he next section will

be devoted to the crucial issue of the evolution of quantum perturbations during inflation. This separation
is justified by the fact that quantum fluctuations are much smaller than the classical value and therefore
negligible when looking at the classical evolution. To not be overwhelmed by the notation, we will keep
indicating from now on the classical value of the inflaton fieldgyA homogeneous scalar fielsl?)
behaves like a perfect fluid with background energy density and pressure given by

2

po="5+ V(o). (23)
(})2
P(pZE_V((/)) . (24)

Therefore if

Vip)> ¢, (25)
we obtain the following condition:

Py~ —p, . (26)

From this simple calculation, we realize that a scalar field whose energy is dominant in the Universe and
whose potential energy dominates over the kinetic term gives inflation. Inflation is driven by the vacuum
energy of the inflaton field. Notice that the ordinary matter fields, in the form of a radiation fluid, and the
spatial curvatur& are usually neglected during inflation because their contribution to the energy density
is redshifted away during the accelerated expansidoreover the basic picture we have discussed here
refers only to the simplest models of inflation, where only a single scalar field is present. We will consider
later on also some non-standard models of inflation involving more than one scalar field (multiple-field
inflation).

4 For the very same reason also any small inhomogeneities are wiped out as soon as inflation sets in, thus justifying the use
of the background FRW metric.
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2.1. The slow-rolling inflaton field

Letus now better quantify under which circumstances a scalar field may give rise to a period of inflation.
The equation of motion of the homogeneous scalar field is

»+3Hp+V'(p)=0. (27)

If we require thaip? < V (¢), the scalar field slowly rolls down its potential. Sucklaw-roll period can

be achieved if the inflaton field is in a region where the potential is sufficiently flat. We may also expect
that—Dbeing the potential flat<-is negligible as well. We will assume that this is true and we will quantify
this condition soon. The Friedmann equation (13) becomes

8rGN
3

where we have assumed that the inflaton field dominates the energy density of the Universe. The new
equation of motion becomes

H? ~ V(p) , (28)

3Hp=—V'(¢) , (29)
which gives¢ as a function o’ (¢). Using Eq. (29) the slow-roll conditions then require

N2
P’ <V (p) = V) <H? (30)

and
»<3Hp = V' <H>. (31)

Egs. (30) and (31) represent the flathess conditions on the potential which are conveniently parametrized
in terms of the so-calleslow-roll parameterswhich are built fromV and its derivative§’, V", v/, v,
with respect tap [159,158,174]In particular, one can define the two slow-roll paramef&s9,158,174]
in Eq. (2).

Achieving a successful period of inflation requires the slow-roll parameters to|hje<1. Indeed
there exists a hierarchy of slow-roll parame{é@s8]. For example one can define the slow-roll parameter
related to the third-derivative of the potenti#l = 1/(8zGn) (VP V®/v2) which is a second-order
slow-roll parameter (note that can be negative). The parametearan also be written as= —H/H?,
thus it quantifies how much the Hubble raddechanges with time during inflation. In particular notice
that, since

S H+H?=Q1-H?,
a
inflation can be attained only if< 1. As soon as this condition fails, inflation ends. At first-order in the

slow-roll parameters ands can be considered constant, since the potential is very flat. In fact it is easy
to see that that, /7 = (2, 2).5

SWith (e, n) and&“(ez, ;12) we indicate general combinations of the slow-roll parameters of lowest order and next order,
respectively.
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Despite the simplicity of the inflationary paradigm, the number of inflationary models that have been
proposed so far is enormous, differing for the kind of potential and for the underlying particle physics
theory. In that respect the reader is referred to the reyie]. We just want to mention here that
a useful classification in connection with the observations may be the one in which the single-field
inflationary models are divided into three broad groups as “small field”, “large field” (or chaotic) and
“hybrid” type, according to the region occupied in tfaien) space by a given inflationary potentj@#].

Typical examples of the large-field models<G < 2¢) are polynomial potential® (¢) = A%(¢p/u)?, and
exponential potentiald/ (¢) = A* exp(¢/w). The small-field potentials)(< — €) are typically of the form

V (¢)=A*1—(¢p/u)?], while generic hybrid potentials (8 2¢ < i) are of the fornV (p)=A*[1+(¢/1)"].

In fact according to such a scheme, the WMAP data set already allows to extract the parameters relevant
for distinguishing among single-field inflation mod§25,23,123,154]

Here we want to make an important comment. A crucial quantity for the inflationary dynamics and for
understanding the generation of the primordial perturbations during inflation is the Hubble radius (also
called the Hubble horizon size®y = H 1. The Hubble radius represents a characteristic length scale
beyond which causal processes cannot operate. A key point is that during inflation the comoving Hubble
horizon, (aH)™1, decreases in time as the scale-factprgrows quasi-exponentially, and the Hubble
radius remains almost constant (indeed the decreaseff  is a consequence of the accelerated
expansiong > 0, characterizing inflation). Therefore, a given comoving length stalejll become
larger than the Hubble radius atehves the Hubble horizo®n the other hand, the comoving Hubble
radius increases a8 H) ! « a/2 anda during radiation and matter dominated era, respectively.

Previously, we have defined inflation as a period of accelerated expansion of the Universe; however,
this is actually not sufficient. A successful inflation must last for a long enough period in order to solve
the horizon and flatness problems. By “a long enough period” we mean a period of accelerated expansion
of the Universe long enough that a small, smooth patch of size that is smaller than the Hubble radius can
grow to encompasat leastthe entire observable Universe. Typically the amount of inflation is measured
in terms of the number of e-foldings, defined as

tf
NTOT:/ Hdr, (32)
1

wherer; and: ; are the time inflation starts and ends, respectively. To explain smoothness of the observable
Universe, we impose that the largest scale we observe today, the present hQTiJZCm 4200 Mpc), was
reduced during inflation to a valuegy, att;, which is smaller thanﬁl[l during inflation. Then, it follows

that we must hav&Tot > Nmin, WhereNmin &~ 60 is the number of e-foldings before the end of inflation
when the present Hubble radius leaves the horizon. A very useful quantity is the number of e-foldings
from the time when a given wavelengtheaves the horizon during inflation to the end of inflation,

t
Ni= [ Hd=n <‘”> , (33)
1(2) a;

wheret (1) is the time when leaves the horizon during inflation aad = a(z (1)). The cosmologically
interesting scales probed by the CMB anisotropies correspoiNgd t9 40—60.

Inflation ends when the inflaton field starts to roll fast along its potential. During this regitaeH?2
(or n > 1). The scalar field will reach the minimum of its potential and will start to oscillate around it.
By this time any other contribution to the energy density and entropy of the Universe has been redshifted
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away by the inflationary expansion. However we know that the Universe must be repopulated by a hot
radiation fluid in order for the standard Big—Bang cosmology to setin. This is achieved through a process,
calledreheating by which the energy of the inflaton field is transferred to radiation during the oscillating
phase. In the ordinary scenario of reheafi®d.62,1,75Jsuch a transfer corresponds to the decay of the
inflaton field into other lighter particles to which it couples through a decayligt€uch a decay damps

the inflaton oscillations and when the decay products thermalize and form a thermal background the
Universe is finally reheated. Alternatively, reheating may occur through preh¢éa88p

2.2. Inflation and cosmological perturbations

Besides the background inflationary dynamics, it is of crucial importance to discuss the issue of the
evolution of the quantum fluctuations of the inflaton figde(z, x). In the inflationary paradigm associated
with these vacuum fluctuations there are primordial energy density perturbations, which survive after
inflation and are the origin of all the structures in the Universe. Our current understanding of the origin
of structure in the Universe is that once the Universe became matter dominate@Z00) primeval
density inhomogeneities§/p ~ 10~°) were amplified by gravity and grew into the structure we see
today[221,66] The existence of these inhomogeneities was in fact confirmed by the COBE discovery
of CMB anisotropies. In this section we just want to summarize in a qualitative way the process by
which such “seed” perturbations are generated during inflation. This would also help the reader to better
appreciate the alternative mechanisms that have been proposed recently to the inflationary scenario in
order to explain the primordial density perturbations.

First of all, in order for structure formation to occur via gravitational instability, there must have been
small preexisting fluctuations on relevant physical length scales (say, a galaxy-sda¥pc) which
left the Hubble radius in the radiation-dominated and matter-dominated eras. However in the standard
Big—Bang model these small perturbations have to be put in by hand, because it is impossible to produce
fluctuations on any length scales larger than the horizon size. Inflation is able to provide a mechanism to
generate both density perturbations and gravitational waves. As we mentioned in the previous section, a
key ingredient of this mechanism is the fact that during inflation the comoving Hubble harizb*
decreases with time. Consequently, the wavelength of a quantum fluctuation in the scalar field whose
potential energy drives inflation soon exceeds the Hubble radius. The quantum fluctuations arise on
scales which are much smaller than the comoving Hubble radid#9 1, which is the scale beyond
which causal processes cannot operate. On such small scales one can use the usual flat space—tin
quantum field theory to describe the scalar field vacuum fluctuations. The inflationary expansion then
stretches the wavelength of quantum fluctuations to outside the horizon; thus, gravitational effects become
more and more important and amplify the quantum fluctuations, the result being that a net number of
scalar field particles are created by the changing cosmological backgi2u®d02,107,163,273Pn
large scales the perturbations just follow a classical evolution. Since microscopic physics does not affect
the evolution of fluctuations when its wavelength is outside the horizon, the amplitude of fluctuations
is “frozen-in” and fixed at some non-zero valée at the horizon crossing, because of a large friction
term 3H ¢ in the equation of motion of the field. The amplitude of the fluctuations on super-horizon
scales then remains almost unchanged for a very long time, whereas its wavelength grows exponentially.
Therefore, the appearance of such frozen fluctuations is equivalent to the appearance of a classical field
d¢ that does not vanish after having averaged over some macroscopic interval of time. Moreover, the
same mechanism also generates stochastic gravitational {23228].
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Fig. 3. Stretching of cosmological perturbations during inflation. Quantum perturbations in the cur#atane created during
inflation and their wavelengthsg, are stretched from microscopic scales to astronomical scales during inflation.

The fluctuations of the scalar field produce primordial perturbations in the energy depsitshich
are then inherited by the radiation and matter to which the inflaton field decays during reheating after
inflation. Once inflation has ended, however, the Hubble radius increases faster than the scale-factor,
so the fluctuations eventually reenter the Hubble radius during the radiation or matter-dominated eras.
The fluctuations that exit around 60 e-foldings or so before reheating reenter with physical wavelengths
in the range accessible to cosmological observations. These spectra, therefore, preserve signature o
inflation, giving us a direct observational connection to physics of inflation. We can measure inflationary
fluctuations by different ways, including the analysis of CMB anisotropies. The WMAP collaboration has
produced a full-sky map of the angular variations of the CMB, with unprecedented accuracy. The WMAP
data confirm the detection of adiabasgigper-horizon fluctuationshich are a distinctive signature of an
early epoch of acceleratid@25].

The physical inflationary processes which give rise to the structures we observe today are illustrated
in Fig. 3

Quantum fluctuations of the inflaton field are generated during inflation. Since gravity acts on any com-
ponent of the Universe, small fluctuations of the inflaton field are intimately related to fluctuations of the
space—time metric, giving rise to perturbations of the curvai(a ¢, which will be defined in the follow-
ing; the reader may loosely think of them as a gravitational potential). The physical wavelengthese
perturbations grow exponentially and leave the horizon wherH 1. On superhorizon scales, curvature
fluctuations are frozen in and considered as classical. Finally, when the wavelength of these fluctuations
reenters the horizon, at some radiation or matter-dominated epoch, the curvature (gravitational potential)
perturbations of the space—time give rise to matter (and temperature) perturbatiaasthe Poisson
equation. These fluctuations will then start growing, thus giving rise to the structures we observe today.

In summary, two are the key ingredients for understanding the observed structures in the Universe
within the inflationary scenario:

e Quantum fluctuations of the inflaton field are excited during inflation and stretched to cosmologi-
cal scales. At the same time, as the inflaton fluctuations couple to the metric perturbations through
Einstein’s equations, ripples on the metric are also excited and stretched to cosmological scales.
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e The metric perturbations perturb baryons and photons, and they form acoustic oscillations once the
wavelength of the perturbations becomes smaller than the horizon size.

Let us now see how quantum fluctuations are generated during inflation. In fact the mechanism by which
the quantum fluctuations of the inflaton field are produced during an inflationary epoch is not peculiar
to the inflaton field itself, rather it is generic to any scalar field evolving in an accelerated background.
As we shall see, the inflaton field is peculiar in that it dominates the energy density of the Universe, thus
possibly producing also metric perturbations.

In the following, we shall describe in a quantitative way how the quantum fluctuations of a generic
scalar field evolve during an inflationary stage. For more details we refer the reader to the classical works
[165,132,167,159,204nd to some recent reviews on the subj&bf7,243]

Let us first consider the case of a scalar fielith an effective potentia¥ (y) in a pure de Sitter stage,
during whichH is constant. Notice thatis a scalar field different from the inflaton—or the inflatons—that
are driving the accelerated expansion.

2.3. Quantum fluctuations of a generic scalar field during a de Sitter stage

Let us first consider the case of a scalar figlith an effective potentiaV (y) in a pure de Sitter stage,
during whichH is constant. Notice thatis a scalar field different from the inflaton—or the inflatons—that
are driving the accelerated expansion.

We first split the scalar fielgl(z, X) as

2(T, X) = 7(1) + 0x(7, %) , (34)

wherey(z) is the homogeneous classical value of the scalar fieldarade its fluctuations andis the
conformal time, related to the cosmic timéhrough d& = dr/a(¢). The scalar field, is quantized by
implementing the standard technique of second quantization. To proceed we first make the following
field redefinition:

Sy =ady . (35)
Introducing the creation and annihilation opera‘tyz:krsanda;(r we promote%( to an operator which can be
decomposed as

~ d3k . .
oy(t, %) = f W[uk(r)ake'k'x+uz(r)a;e*'k'x]. (36)

The creation and annihilation operators eﬁﬁr(not for dy) satisfy the standard commutation relations
lax. aw] =0, [ak.ay] = 0@k — k') . (37)
and the modes, (¢) are normalized so that they satisfy the condition
upuy — ugup =—i , (38)

deriving from the usual canonical commutation relations between the opeﬁétamj its conjugate
momentumil = 5;{. Here primes denote derivatives with respect to the conformaldi(nett).
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The evolution equation for the scalar fielgt, x) is given by the Klein—Gordon equation

1%
Oy =—, (39)
Oy
wherel is the D’Alembert operator defined in Eq. (20). The Klein—Gordon equation gives in an unper-
turbed FRW Universe

1%
X” + 2%;{/ — _a2_

, 40
o (40)

where# = d’/a is the Hubble expansion rate in conformal time. Now, we perturb the scalar field but
neglect the metric perturbations in the Klein—-Gordon equation (39), the eigenfungtiaiobey the
equation of motion

V
T+ (kz—a——i-m)z,aZ) up =0, (41)
a /

Wherem =22V /042 is the effective mass of the scalar field. The modgs) at very short distances
must reproduce the form for the ordinary flat space—time quantum field theory. Thus, well within the
horizon, in the limitk/a H — oo, the modes should approach plane waves of the form

1 .
up(t) — \/_2_]{ e_']”. (42)

Eq. (41) has an exact solution in the case of a de Sitter stage. Before recovering it, let us study the limiting
behavior of Eq. (41) on sub-horizon and superhorizon scales. On sub-horizongcaléya, the mass
term is negligible so that Eq. (41) reduces to

ul +kupy =0, (43)
whose solution is a plane wave
up oc e ke (44)

Thus fluctuations with wavelength within the cosmological horizon oscillate as in Eq. (42). This is what
we expect since in the ultraviolet limit, i.e. for wavelengths much smaller than the horizon scales, we are
approximating the space—time as flat. On superhorizon stétes” /a, Eq. (41) reduces to

a//
uy — <z — m§a2> ur=0. (45)

Just for simplicity let us see what happens in the case of a massless scalamﬁield)l. There are two
solutions of Eqg. (45), a growing and a decaying mode: V

uy = By (k)a+ B_(k)a=? . (46)
We can fix the amplitude of the growing modg, , by matching the (absolute value of the) solution (46)
to the plane wave solution (42) when the fluctuation with wave nurkbeaves the horizotk = aH)
1 H

By (k)| = = : 47
|+()|a N (47)

®
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so that the quantum fluctuations of the original scalar figdth superhorizon scales are constant,

Iukl H
okl = . 48

Now, let us derive the exact solution without any matching tricks. The exact solutionto Eq. (41) introduces
some corrections due to a non-vanishing mass of the scalar field. In a de Sitter stage-&#&/7) !

a// 2 2 2 1m)2(

so that Eq. (41) can be recast in the form
21
//+(k2_ A24>uk:0’ (50)
T
where
9 m2
2 _ x

When the masm§ is constant in time, Eq. (50) is a Bessel equation whose general soluticzafor,
reads ”

up () = v/=tlea(k) HP (=kv) + co(k) H? (—k0)] (52)

whereH,, @D andH,; @ are the Hankel functions of first and second kind, respectively. This result actually
commdes with the solution found in the work by Bunch and Daj&&§ for a free massive scalar field in
de Sitter space—time. If we impose that in the ultraviolet regime H (—kt> 1) the solution matches

the plane-wave solution &7 //2k that we expect in flat space—time, and knowing that

[ 2 . [2
Hv(l)(x>l) ~ _el(x—n/sz—rc/4), H‘,(Z)(x>1) ~ _e—I(X—TC/ZVZ—TE/“-) ,
e X x X

we sefep(k) =0 andey (k) = /z/2€ 0 +1/27/2 which also satisfy the normalization condition (38). The
exact solution becomes

ug (v) = g A2 [ H D (—kx). (53)

We are particularly interested in the asymptotic behavior of the solution when the mode is well out-
side the horizon. On superhorizon scales, sﬁéja? (x<1) ~ /2/me 1™22%32((v,) /T(3/2))x ",
fluctuation (53) becomes

i(v,— )., — F(V" ) 1 1/2—v
u (‘E) — eI(\Z 1/2)77:/22(11 3/2)—/( —(—k‘f) / vy ) 54
‘ I(3/2) 2 54)
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Thus we find that on superhorizon scales, the fluctuation of the scalawvfiglet u/a with a non-
vanishing mass is not exactly constant, but it acquires a dependence upon time

67| = 20%=3/2) %v/g) Ners <_H> (on superhorizon scalgs (55)
a

Notice that solution (55) is valid for values of the scalar field mags3/2H. If the scalar field is
very light, m, <3/2H, we can introduce the parameigr= (m%/SHZ) in analogy with the slow-roll
parameters andy for the inflaton field, and make an expansion of the solution in Eq. (55) to lowest order
inn, = (m?/3H?) <1 to find

H k 3/2—\'1
o = — | — , 56
o= () 56)
with
3
é — VX ~ T’IX . (57)

Eqg. (56) shows a crucial result. When the scalar fijeisl light, its quantum fluctuations, first generated
on subhorizon scales, are gravitationally amplified and stretched to superhorizon scales because of the
accelerated expansion of the Universe during inflajiid’b,167]

2.3.1. The power-spectrum
A useful quantity to characterize the properties of a perturbation field ipdter-spectrumrFor a
given random fieldf (¢, x) which can be expanded in Fourier space (since we work in flat spate) as

£, = / Pk e fn (58)
) - (2n)3/2 k ’
the (“dimensionless”) power-spectrusy (k) can be defined through
N 22 3)
(firficy) = 3 27 (k)o™? (k1 —Ka), (59)

where the angled brackets denote ensemble averages. The power-spectrum measures the amplitude of tf
fluctuations at a given scale indeed from the definition (59) the mean square valu¢ @f x) in real
space is

dk
(F21, %) = / T, (60)

Thus, according to our definition the power-spectratn(k) is the contribution to the variance per unit
logarithmic interval in the wave numbe&r This is standard notation in the literature for the inflationary
power-spectrum. However, another definition of power-spectrum, given by the quantity related to

2 1 (k) by the relationP (k) = 2n%2 ¢ (k) / k3, or { fic, fi¥) = Py (k)6 (k1 — ko), will be also used in this
review.

6The alternative Fourier-transform definitighiz, x) = [ d3k/(2m)3 €K™ fi (1) is also used in this review.
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To describe the slope of the power-spectrum it is standard practice to dedpeztal index: ¢ (k),
through

) 1_d|ny7f
" ~ dink

In the case of a scalar fiejdhe power-spectru;, (k) can be evaluated by combining Egs. (35)—(37)

(61)

2
u
(0r197i) = -5 (k1 ~ ko) 62
yielding
k3 )
Psy(k) = ﬁ|5lk| ) (63)

where, as usuaby;, = ux/a.

The expression in Eq. (63) is completely general. In the case of a de Sitter phase and a very light
scalar fieldy, with m, <3/2H we find from Eq. (56) that the power-spectrum on superhorizon scales is
given by

H 2 k 3-2 Vy
Py (k) = (g) (ﬁ) , (64)

wherev, is given by Eq. (57). Thus in this case the dependence on time is tiny, and the spectral index
slightly deviates from unity

nsy —1=3-2v,=2n, . (65)

A useful expression to keep in mind is that of a massless free scalar field in de Sitter space. In this case
from Eq. (53) withv, = 3/2 we obtain

i e—ik‘r
oy =(—Ho) [1— — | — . 66
= (1- 1) S (66)
The corresponding two-point correlation function for the Fourier modes is
H?:? 1
57(k1)o*z(k2)) = 6@ (kg — k 1+ —— 67
(0x(k1)o* x(k2)) (k1 —k2) o\ 22 (67)
@ H?
~ 0¥ (ky — ko) —  (for k1r<1) 68
(k1 —k2) 23 (for k1t <1) (68)
with a power-spectrum which, on superhorizon scales, is given by
H 2
Py (k) = (E) : (69)

which is exactly scale invariant.
We conclude this section with an important remark. Fluctuations of the scalar field can be generated
on superhorizon scales as in Eqg. (55) only if the scalar field is light. In fact it can be shown that for very
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massive scalar fields, >3/2H (whenv, in Eq. (57) becomes imaginary) the fluctuations of the scalar
field remain in the vacuum state and do not produce perturbations on cosmologically relevant scales.

Indeed, the amplitude of the power-spectrum is damped exponentiarr)?’éﬂzgg2 and the spectral index
is equal to 4229].

2.4. Quantum fluctuations of a generic scalar field in a quasi—de Sitter stage

So far, we have analyzed the time evolution and computed the spectrum of the quantum fluctuations
of a generic scalar fielg assuming that the scale-factor evolves like in a pure de Sitter expansion,
a(tr) = —1/(Hr). However, during Inflation the Hubble rate is not exactly constant, but changes with
time asH = —eH? (quasi—de Sitter expansion). In this subsection, we will solve for the perturbations in
a quasi—de Sitter expansion. According to the conclusions of the previous section we consider a scalar
field y with a very small effective mass, = (m2/3H2) <1, and we proceed by making an expansion to
lowest order in;, and the inflationary parametmr < 1. Thus from the definition of the conformal time

1 1
~_ ) 70
a(t) = -4~ 19 (70)
and
a5, H 2 3
In this way we obtain again the Bessel equation (50) wherewasigiven by
vng—l—e—nx, (72)

to lowest order im, ande. Notice that the time derivatives of the slow-roll parameters are next-order in

the slow-roll parameters themselves; ~ ¢(¢?, %), we can safely treat, as a constant to our order of
approximation. Thus the solution is given by Eq. (53) with the new expression Oh large scales and
to lowest order in the slow-roll parameters we find

H k 3/2_"1
[0k = ﬁ(ﬁ) . (73)

Notice that the quasi—de Sitter expansion yields a correction of erdeomparison with Eq. (56). Since
on superhorizon scales from Eq. (73)

s (KN L A T, —om (X (74)
we get
07| = [Hn, 0| <|H oyl (75)

which shows that the fluctuations are (nearly) frozen on superhorizon scales. Therefore, a way to char-
acterize the perturbations is to compute their power-spectrum on scales larger than the horizon, where
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one finds

H\2/ k \3 2%
Py (k) = (27) (a—H) : (76)

Let us conclude this subsection with a comment. Indeed the spectrum of the fluctuations of the scalar
field y in a quasi—de Sitter stage can be also obtained ignoring the variation of the Hubble rate and at the
end replacéd by its value,Hy, at the time when the fluctuation of wave numkégaves the horizon. The

fact that the fluctuations get frozen on superhorizon scales guarantees that we get the exact result. Fromn
Egs. (56) and (57) the power-spectrum obtained with this approach would read

H\2/ k \3 2
Ps, (k) = — — , 77
w0 =(5) () @
with 3 — 2v, >~ 2p,. In fact by using the relation
H aH k \€
H~H |1+ — In (— )|~ H(—) . 78
k[ +H2k=aH <k>] k(aH) (78)

we reproduce our previous findings.

2.5. Correlation functions of a self interacting scalar field

The two-point correlation function or its Fourier transform, the power-spectrum, corresponds to the
magnitude of a given cosmological perturbatif, x). If such a quantity iSSaussian distributethen the
power-spectrum is all that is needed in order to completely characterize it from a statistical point of view.
In fact, in such a case if we consider higher-order correlation functions we find that all the odd correlation
functions vanish, while the even correlation functions can be simply expressed in terms of the two-point
function. Another way to say that is to introduce t@nectegart of the correlation functions, defined
as the part of the expectation valUg(z, x1) f (¢, X2) - - - f(¢, X1) f (¢, Xn)) which cannot be expressed
in terms of expectation values of lower order. For a zero-mean random field, the second and third-order
connected correlation functions coincide with the correlation functions themselves, while at fourth-order,
for example, one can write

(f(t, X)) f (2, X2) f (2, X3) f (2, Xa))
= (1, X)) f (1, X2)) (f (£, X3) f (£, Xa)) + (f (1, X0) f (£, X3)) (f (1, X2) [ (£, Xa))
+ (f (1, X0) [, X)) (f (1, X2) f (£, X3)) + (f (1, X0) f (£, X2) f (2, X3) f (£, X4))¢ (79)

where(-). denotes the connected part. Following the same hierarchical expansion one can express corre-
lations functions of higher order in a similar manner. For the case of a Gaussian distributed perturbation
f(t,x) all the connected parts fa¥ > 2 are zero. In particular it follows that the three-point function,
or its Fourier transform, thbispectrumrepresents the lowest-order statistics able to distinguish non-
Gaussian from Gaussian perturbations. Therefore a large fraction of this review will focus on the study
of the bispectrum of the cosmological perturbations produced in different cosmological scenarios.

As an instructive example we start in this section by considering the bispectrum of a scalag fiejd
during a de Sitter stage. Such a computation can be performed by using the techniques of quantum field
theory in curved space—time. In the context of inflationary cosmologies these techniques have been used
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in Refs.[11,82] However, only recently some critical aspects of this approach have been clarified and
a systematic formalism has been develofiP] (see also Ref{46] for a critical investigation on the
bases of such a calculation). Therefore we will now summarize how to calculate higher-order correlation
functions for a scalar field in a de Sitter space—time following mainly R&82,46]

Higher-order correlation functions are generated as soon as the scalar field has some interaction with
itself (or other fields). This amounts to saying that the potentia) foontains some terms beyond the
gquadratic mass term, so that the interaction part of the potential can be written as

V(3) v(4)
Vint(x) = T(éxﬁ + T(m“ +, (80)

whereV® is thekth derivative of the potential. The scalar field is quantized as in Eq. (36) in terms of
the eigenmodes; (7). We want to calculate the correlation function Mypoints(dy(1)6y(2) - - - dx(N)).

The N-point correlation functions can be in fact expressed perturbatively in terms of those of the free
scalar field which have been computed in Section 2.3. To completely take into account the effects of the
interaction terms, the underlying idea is that it is necessary to calculate expectation values for the actual
vacuum state, that is to say the interacting vacuum state, not just the free vacuu®) statimed by the
requirement thai|0) = O for allk.” Such expectation values are defined in the following way by using

the interaction pictur§l82,46}

(671,07, -+ Oy} = (01U "Y(20, D11, 7k, - - 21y, U (0, )10 (81)

whereU (1, 1) is the time evolution operator defined as

Ul(tg, 1) = exp(—i /T d‘c/Him(r/)) . (82)
10

We have already moved to Fourier space where the calculations are easiet; Ideseme early time at
which the interactions of the field are supposed to switch on, vihile=V @ /3! (5;)3+V @ /41 (57)°+- - -
is the Hamiltonian in the interaction picture. Thus, as it has been pointed out ifilB2fthe quantity
in Eq. (81) doe not correspond to a scattering amplitude, where the initial-éat-oo) and the final (at
t — +o00) states are considered as free states. Moreover the expectation value defined in Eq. (81) is free
of the critical divergences that occur when calculating the correlation functions on the free vacuum state
in a de Sitter space—time, as explained in 48] (see also the references therein).
To first order inHjn; the evolution operator can be expanded as

Uto.0) =1~ [ &) (83)
70
and it follows that the connected part of the N-point correlation function is given by

(61,0~ Oticyy) = —1 / de'(OI[(874, 0%k, - - - 2k )» Hint (110} . (84)
0

7In Refs.[155,187,89}he non-Gaussian signatures on the CMB arising from inflationary models with non-vacuum initial
states for cosmological perturbations have been addressed.
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The final result can be expressed in terms of the Green funjet&jn

1 [ [ .
Gk, t,7)= % <1 — E) (l + ﬁ) expik(? —1)], (85)
which can be obtained from the definitig®(dy(z, k)dx(7', k/)|0) = 6@ (k + k')G (k, <, 7’) by employing
perturbatively the solution of the free massless scalar field (66).

Let us now consider a specific example where the scalar field potential contains a cubic interaction
term (1/3!) 52 [82,46] so that we can write

A
where/ is a coupling constant. From Eg. (84) it then follows

d /
H; [G (k1 7, /)G (ka, 7, ©)G (ka, 1, 7))

T

Gttt = — 109 (kg + ka + ka) /
—00
— G*(k1,1,7)G*(k2, 7, ©)G*(k3, 7, 7')] . (87)

Herer corresponds to the conformal time at the end of inflation.

Such an integral depends on some combinations of the norms of the wavevectors4ikg_ k;,
Ty = ij ki, m3= Zi<j<k k;. Actually it can be performed and expressed in the large scale kimig 1
for all i, as[46]

JH? 59 (3 K:)
12 J[&

(0711 O7kpOca) = — [— DK+ ki) + Iog[—krf])} : (88)

where we have switched to the fielg= 5}/51. In formula (88)kr = k1 + k2 + k3, y is the Euler constant
y ~ 0.577 and3(k;) is a function which can be expressed in terms of the combinatiods it has been
shown in detail in Refl46] the function{(k;) weakly depends on the wavevectors and it is always of the
order of unity?

Notice that it is standard use to express this result as the sum of products of the two-point correlation
function on large scales given in Eq. (68)

H2
<5Xk15%k25)(k3> = V3(ki) Z 1—[ 5.3 (90)
- - 2kS
i J# J
where
A
va(k;) = 302 [y + (ki) + log[—krt]] . (91)

8The precise expression 0f(k;) is given by the appropriate limiky — 0 in the expression

—ni —+ 271%712 + n1n3 — 3n4

Gatki) = (89)

nl(n% — 317 + 3n3)

whererng = Zi<j<k<, k;. La(k;) s the corresponding quantity that appears in the connected part of the correlation functions
for a potentiali/4! y* (see Ref[46] for more details).
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The term log—krt] corresponds t@Vy, = log(aend/ar,) Which is the number of e-foldings from the

time the scale correspondingkg leaves the horizon during inflation and the end of inflation. Typically

N, ~ 60 for observable cosmological large scales and thus it dominates over the other terms which are
typically of the order of unity so that one can approximate

ANy
3H? °

This result, first found in Ref§11,82], has actually a very transparent physical interpretddéh The
firsttwo termsin Eq. (91) can be interpreted as genuine quantum effects of the scalar field modes on scales
smaller than the cosmological horizon which leave a characteristic (scale-dependent) imprint at the time
of horizon crossing. On the other hand after a few e-foldings after the modes leaves the horizon, the
evolution of the field can be described in a classical way and it just corresponds to the term proportional
to the number of e-folding#/y, .

In fact this can be shown by solving the Klein—Gordon equation for the scalar/fielé de Sitter
background in the large-scale limip to second ordein the perturbations. If we expand the scalar field
as

va(k;) ~ —

(92)

1(t, %) = 10(0) + 07(1, %) = 10(1) + 0V y(z, X) + 3 6@ 5(2, %) , (93)

where we split the scalar field perturbation into a first and a second order part, the evolution equation for
57 on large scales reads in cosmic time (see 3.

o3v

afﬁ(5<l>x>2 : (94)

@) &, PV o
0y +3H Y+ —5 0 =—
Oy
In a slow-roll approximation Eq. (94) becomes
; oV
3HO@ g~ ———= (6P p?, (95)
0y3

whose solution is
2

5@, — _
L= " 3h2

Ne@P 9% + 6@y (1) (96)
whereN;, = ftie"dH dr = HAt is the number of e-folds between the end of inflation and the tjinige

scale of wave numbésleaves the horizon during inflation and we have used the facttkaii/3!),°.
The integration constant? 4 (#;) is the value of the field at horizon-crossing and corresponds to the terms
coming from quantum effects on subhorizon scales. However as it is evident from the result in Eq. (96)

9 Following Ref.[182] we just recall here how to perform the integrals like (87). One can split them as integrals over the
region outside the horizon, the region around horizon crossing and the region much smaller than the horizon. Moreover in order
to take automatically into account that we are considering expectation values on the interacting vacuum one has to deform the
integration contour so that it has some evolution in Euclidean time. This is achieved by the ehange ic|z|, for large|z|. In
this way since on subhorizon scales the fields oscillate rapidly, the integration over the region deep inside the horizon does not
give any contribution.
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these terms will be subdominant with respect to that corresponding to the scalar field dynamics occurring
once the mode leaves the horizéf.

We conclude this section with some further comments. Such calculations are performed without taking
into account any perturbation of the metric, such as the gravitational potential. Notice that if the scalar
field y is the inflaton field then according to these results the magnitude of the non-linearity pargameter
for the gravitational potential should be proportionalitand then in terms of the slow-roll parameters
L =~ 0(&?), wheree2=M3(V DV /v @) whichis second-order in the slow-roll parameters. However,
it has been shown in Reff86,85] (see also Ref26]) that, when accounting also for the non-linearities
in the metric perturbations the level of non-Gaussianity turns out tf\be~ 0(e, »). In fact the main
contribution to the non-Gaussianity in single-field models of slow-roll inflation comes from the non-linear
gravitational perturbations, rather than the inflaton self-interactions. The authors @& bave used the
so-called stochastic approach to inflat[@@5](for a more recent approach, see R&89]). Such a result
has been also recently obtained in a more rigorous way in Bei2]by studying the perturbations in
the metric and in the inflaton field up to second order in deviations from the homogeneous background
until the end of inflation. These results show a general principle holding for single-field models of slow-
roll inflation. In order to have a period of inflation the inflaton potential must be very flak(ig.< 1),
therefore the self-interaction terms in the inflaton potential and the gravitational coupling must very
small and then non-linearities are suppressed too. On the other hand if the scalaridielifferent
from the inflaton and it gives a negligible contribution to the total energy density, its self-interactions
are not constrained by any inflationary slow-roll condition, and thus sizeable non-Gaussianities can be
generated. This is the scenario which has been proposed for example jhRdflowever, in this case
the perturbations produced have a very little impact on the total energy density perturbation since the
energy density of the scalar field is subdominant (the so-called isocurvature perturbations), and this kind
of scenario is not in accordance with present observational data. There is one more interesting possibility
for the self-interactions of a scalar field to play an important role in producing non-Gaussian signatures.
If the subdominant scalar fielgis coupled to the inflaton field then it is possible that non-Gaussianities
intrinsic in the scalar fielgt are transferred to the inflaton sector, as it was first proposed if30¢fWe
will come back to this scenario in detail in Section 9.1.

10 Notice that such a result, obtained computing second-order perturbations is completely equivalent to solving the equation
of motion for the scalar field outside the horizon using a perturbative expansion in the coupdimglone in Ref{46]. The
equation of motion is

.. . ov
¥+3H;=——, (97)
O
neglecting spatial gradients. This is equivalent to considetthis equation as a filtered field on scales that leave the horizon at
a given timer; [46]. At zeroth order in. the solutiony g, is a Gaussian field which remains constant. The first-order correction
then satisfies

. . ov
i +3Hia = 0 () (98)

which for a potentiaV (y) = ).13/3! gives

Ni

/l 2 t— fk ; 2
1@ = 11 ) — > (x0)) 3 @ (%) — > (x0))
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The intrinsic non-linearities of the scalar fields present during inflation are only a possible source of
non-Gaussianity. Indeed, even if the fluctuations of the scalar/fesid Gaussian distributed, itis possible
that their energy density perturbations have some non-linearity. This is the case, for instance, of a scalar
field y different from the inflaton with a quadratic potentia(y) « 72 leading to a vacuum expectation
value (y) = 0, as it has been proposed in REf68] (see alsd210]). In this case the energy density
perturbations are not given by the usual linear contribuien oc 6 but will be non-Gaussian with
dp, d72. Actually such a quadratic contribution to the primordial energy density perturbations is the
key feature of the non-Gaussianities in the curvaton scefibrig).

The gravitational dynamics itself introduces important non-linearities, which will contribute to the final
non-Gaussianity in the large-scale CMB anisotropies. In fact as it has been shown [B1R#fis just
because of the non-linear gravitational dynamics that the tiny non-Gaussianity produced during inflation
gets amplified in the post-inflationary evolution.

2.6. Metric perturbations and the energy—momentum tensor

In the previous sections we have shown how perturbations in a generic scalgr didchenerated
on superhorizon scales during an inflationary period. This is the first step to understand the production
and evolution of the cosmological perturbations in the different scenarios we are going to consider. In
the standard single-field inflation, as well as in the curvaton and inhomogeneous reheating scenarios
cosmological perturbations can be traced back initially to fluctuations of scalar fields; then they evolve
in the radiation-dominated phase and, subsequently, in the matter and dark energy-dominated phases.

Let us first focus on the generation of the perturbations of scalar fields and make some remarks.
As we have already emphasized in the discussion of the previous section, so far we have neglected
the perturbations in the metric tensor around the homogeneous FRW background. In the case of the
inflaton field taking into account the metric perturbations is of primary importance. The reason is very
simple. The inflaton field drives the accelerated inflationary expansion, which means that it dominates
the energy density of the Universe at that time. Thus any perturbation in the inflatohdiettplies a
perturbation of the energy—momentum tensfi,, and a perturbation in the energy—momentum tensor
implies, through Einstein’s equations of motién, =87Gn Ty, a perturbation of the metric. On the other
hand, perturbations in the metric affect the evolution of the inflaton fluctuadiptisrough the perturbed
Klein—Gordon equation. We thus conclude that in the standard scenario of inflation perturbations of the
inflaton field and perturbations of the metric are tightly coupled to each other and have to be studied
together. Indeed this is the correct way to proceed. A very general scenario for the generation of the
cosmological perturbations is one where other scalar figjdare present besides the inflaton. This
could be the case of inflation driven by several scalar fields whose contribution to the total energy
density is comparable (multi-field inflation), or the case where the extra scalar fields are subdominant
[164,274,198,231,166,129,132,200,168,228,152,93,28y28]ich a general scenario a consistent way
to study the production of cosmological fluctuations is to perturb both the scalar fields and the metric.
The metric perturbations will then have a feedback also on the evolution of the subdominant scalar fields.
Moreover, in such a general picture the different scalar fields can interact with one another through a
generic potential/ (¢, x;), while we have neglected such interactions for the scalar fistlfar.

During the radiation/matter-dominated eras, as we see again from the Einstein equations, a consis-
tent study of the cosmological perturbations must take into account perturbations both in the energy—
momentum-tensor and in the metric tensor. We shall see that the relation between the energy—momentun
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perturbations and the metric is also justified in light of gauge issues. In fact we shall introduce some
gauge-invariant quantities that mix both matter and metric perturbations. This will be essential in or-
der to study the evolution of metric perturbations during the different stages, from the early period of
inflation/reheating to the subsequent radiation and matter dominated epochs. As pointed out in the In-
troduction, in order to keep track of the non-Gaussianity of the cosmological perturbations throughout
these different stages we perform our analygido second ordein the perturbations. In particular we

will focus on some quantities which are gauge-invariant up to second order, and which allow us to follow
the evolution of the metric perturbations (the gravitational potentials) taking into account the different
second-order contributions to the non-linearities of the perturbations.

3. Cosmological perturbations at first and second order

In order to study the perturbed Einstein’s equations, we first write down the perturbations on a spatially
flat FRW background following the formalism of Refs3,188,3] We shall first consider the fluctuations
of the metric, and then the fluctuations of the energy—momentum tensor. Hereafter greek indices will
be taken to run from O to 3, while latin indices, labelling spatial coordinates, will run from 1 to 3. If
not otherwise specified we will work with conformal timegand primes will denote differentiation with
respect ta.

3.1. The metric tensor

The components of a spatially flat FRW metric perturbed up to second order can be written as

goo=—a?(@)(L+2¢P +¢?) |
g0 =a’@ G + 307
gij = a*(@IA— 20D —y@)o;; + G + 371 (100)

The functionsp®, & A(’) Ly andy(’) where(r) = (1), (2), stand for theth order perturbations of the
metric. Notice that such an expanS|on could a priori include terms of arbitrary [dr@@}; but for our
purposes the first and second-order terms are sufficient. It is standard use to split the perturbations into
the so-called scalar, vector and tensor parts according to their transformation properties with respect to
the three-dimensional space with mewj¢, where scalar parts are related to a scalar potential, vector
parts to transverse (divergence-free) vectors and tensor parts to transverse trace-free tensors. Thus il
our case

" =8;0" + 0", (101)
10 = Dijr + 0,1 + 0,7 + 47 (102)

wherew; andy; are transverse vectors, |6éw(’) o'y (’) =0, Xf;) is a symmetric transverse and trace-free
tensor, i.ed’y (’) =0,7" =0andD;; = 0,0; — (1/3)5,~j V2 is a trace-free operatét.

11Here and in the following latin indices are raised and lowered L@Mﬁgndé‘u, respectively.
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Let us recall that the reason why such a splitting has been introdR0¢gkP8]is that,at leastin linear
theory, these different modes are decoupled from each other in the perturbed evolution equations, so that
they can be studied separately. As we shall see throughout the following sections this property does not
hold anymore beyond the linear regime where second-order perturbatimosupled—sourced—by
first-order perturbations.

For our purposes the metric in Eq. (100) can be simplified. The fact that first-order vector perturbations
have decreasing amplitudes and that are not generated in the presence of scalar fields, allows us to conclud
that they can be safely disregarded. Moreover, the first-order tensor part gives a negligible contribution to
second-order perturbations. Thus, in the following we will neg&é@t, xl@l) andxl@. However the same
reasoning does not apply to second-order perturbations. Since in the non—finear case scalar, vector anc
tensor modes are dynamically coupled, the second-order vector and tensor contributions are generatec
by first-order scalar perturbations even if they were initially Z&&8]. Thus we have to take them into
account and we shall use the metric

g0 =—a*(D)(1+ 2P +¢@) .
2
80i = az(r)(aiw(l) + %aiw@ + %wl( )) ,
2 2 2
gij = a? @Ol — 20 —y@)5;; + Di (P + 372 + 3 @ + 0,17 + 41 (103)
The contravariant metric tensor is obtained by requiring (up to second orde@utlga‘t = 5;; and is
given by
g0 =—a?0@ - 2pWY — $@ + 4(¢pM)?2 — ' 0Vo,0D) |
gOi — a—Z(T)[aiw(l) + % (aiw(Z) + CUi(2)) + 20#(1) o ¢(1))aiw(l> . aiw(l)Di kX(l)] ’
g7 =a?@IA+ 2D +y@ + 4@ - DY GD + 3/9)
— L@@ 40/ @ 4 i) — g Dol oD
— 4y piiy® 4 pik, D pl @y (104)
Using g,, andg’’ one can calculate the connection coefficiemgand the Einstein tensor components

G up to second order in the metric fluctuations. We report their complete expressions in Appendix A;
they can be also found in R48].
Let us conclude this section by noting that in the following we will often adoptPihisson gauge

[48,178]which is defined by the condition) = 5" = xg’) = 0. Then, one scalar degree of freedom is
eliminated fromgo; and one scalar and two vector degrees of freedom gonThis gauge generalizes
the so-called longitudinal gauge to include vector and tensor modes.

3.2. The energy—momentum tensor

In this section we shall consider a fluid characterized by the energy—momentum tensor
TH,=(p+ P)u'u, + P&", , (105)

wherep is the energy density the pressure, and" is the fluid four-velocity subject to the constraint
g""'u,u, = —1. Notice that we do not include any anisotropic stress term in our energy—momentum
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tensor, i.e. we make the perfect fluid hypothesis, since in the different scenarios we are going to discuss
anisotropic stresses are not present, as we only deal with scalar fields, matter and radiation components
Indeed, we devote a specific section to the energy—momentum tensor of a scalar field, given its importance
for the standard scenario of inflation. Here, we also restrict ourselves to the case where the equation of
state of the fluidv = P/p is constant, withw = % for a radiation fluid andv = O for collisionless matter

(dust). We now expand the basic matter varialiésp andP up to second order in the perturbations
around the homogeneous background. For the velocity we write

1 1
u Ju 0
From the normalization condition we obtain
0 1
vy =~V
vy = =@ +3(p®)? + 20,0Dv® + vVl (107)

Notice that the velocity perturbatiorjr) also splits into a scalar (irrotational) and a vector (solenoidal)
part, as

vy = 0"V + Ve s (108)

with 9, ”(r)(/) = 0. According to what we said in the previous section we can neglect the linear vector

velocity perturbatiori?
Using the metric of Eq. (103) we find far, = g,,u"

1
uo=a(—1—¢p® — 1@ 4+ 1 ()2 _ 1, )Uil)) ’

ui =a(@w” + 0,00 + 1v? + 10 — pDo,0® — 2pDv® + Dy Pv)y)) . (109)

The energy density can be split into a homogeneous backgropge) and a perturbatiodp(z, x’) as
follows:

p(t,x") = po(0) + dp(z, x') = po(1) + 6P p(z, x') + 3 6@ p(z, x7) (110)

where the perturbation has been expanded into a first and a second-order part. The same decompositiol
can be adopted for pressuPewhere in our caséP = wdp.

Using expression (110) for the energy density and the expressions for the velocity into Eq. (105) we
calculateT*, up to second order and we find

0 1 2
Tﬂv — i )v + 5 )T,uv + 5¢ )Tﬂv , (111)
whereT*© corresponds to the background value, and

790, 4+ 5070 = —py— @) (112)

12 Notice, however, that in the following expression for the perturbed energy—momentum tensor we are still completely
general by including also linear vector and tensor perturbation modes.
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D .
0PT% = ~36@p — (L+ w)pgv vl — (L + w)pgd;0 vy, (113)
TiO, + 60T = —1+ u})povél) , (114)
§AT g =—(L+wipg [2 Vg T (w(l) i v | - (115)
i (0 1) i 5(1)P j
Ti( )j + 5¢ )le = wpg 1+ 5’)j (116)
P0
() pi i G
0AT! ;= Fwo@ps” ; + (1+ w)povy, v +0;0D) . (117)

A comment is in order here. As it can be seen from Egs. (103) and (113), (115) and (117), the second-
order perturbations always contain two different contributions, quantities which are intrinsically of second
order, and quantities which are given by the product of two first-order perturbations. As a consequence,
when considering the Einstein equations to second order in Section 4.2, first-order perturbations behave
as a source for the intrinsically second-order fluctuations. This is an important issue which was pointed
out in different works on second-order perturbation thg@0,281,190,191,18&jnd it plays a central

role in deriving our main results on non-Gaussianity of cosmological perturbations.

3.3. Gauge dependence at second order

In the previous sections we have defined the perturbaitioim a given quantityT considering the
difference between the physical valuelgithe perturbed one) and the background unperturbed Talue
and in the specific we have then expanded such a perturbation in a first and a second-order part. Howevel
the theory of perturbations in general relativity intrinsically encodes a certain degree of arbitrariness in
performing such a comparison between the physical and the reference background quantities. This is
because we consider perturbations of the space—time itself on which a given quantity is defined. Thus we
deal with two different space—times, the real physical space—time and the unperturbed background (which
in our case is the FRW space—time), whEendTp are defined, respectively. In order to compare the value
of T with the reference valu& it is necessary to establish a map, that is a one-to-one correspondence,
between the physical and the background space—times. Such a map is a gauge choice, and a change ¢
the map is a gauge transformation. From the point of view of a set of coordinates this means a change
of the coordinates. However the gauge choice is not unique, since General Reiativityeory based
on the freedom of changing locally the system of coordinates. Therefore the value of the perturbation in
the generic quantity depends on the gauge, or in other words, the perturbafionill transform after
a change of coordinates thus acquiring different values, which nonetheless are on the same footing. This
is the issue of gauge-dependence, which holds at any order of perturbations. There are two options to
avoid such an ambiguity: identify combinations of perturbations which are gauge-invariant quantities,
that is to say quantities which are independent of the gauge transformation, or choosing a given gauge
and perform the calculations in that gauge. The second option could introduce pure gauge-modes, which
have no physical meaning, and must be eliminated from the solutions. The gauge-dependence has beel
widely studied within linear perturbation theory in different papg@#6,276,20,78,2774nd discussed
specifically in the context of cosmological perturbations in some revj@2&,207] Only recently the
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gauge issue has been addressed in a systematic way beyond the linea$58¢g28i& 188]giving a full
description of gauge transformations at second order.

It is not the purpose of this review to describe in detail gauge-transformations for second-order per-
turbations, and we refer the reader to detailed papers on the s[E§¢a67] We want indeed to focus
on some gauge-invariant quantities which play a major role when study the evolution of second-order
perturbations and which allow us to determine accurately the resulting non-Gaussianity. Thus in the
following we just give some of the transformation rules that cosmological perturbations around a flat
FRW background obey to up to second order. They can be useful to check some of the gauge-invariant
quantities we shall introduce.

3.3.1. Gauge transformations
Let us consider an infinitesimal coordinate transformation up to second order

() =xt — (1) 2 (é(l) vé(]_) + 5?2)) ) (118)

Whereé(") (1, x') are vector fields defining the gauge transformation, being regarded as quantities of the
same order as the perturbation variables. Specifying their time and space components, one can write

& =g . (119)
and
Cvér) = aiﬁ(r) + dér) > (120)

where we have split the space component into a scalar and a vector pértd/(fih_ 0. From a practical
point of view fixing a gauge is equivalent to fixing a coordinate system. In particular the furzf@t on

selects constanthypersurfaces, i.e. a time-slicing, Whﬁg) selects the spatial coordinates within those
hypersurfaces. .
If we now expand a generic tensbiz, x') defined in the real physical word up to second order as

T(t,x') =To+ 0T (1, x") = To+ 0P T (¢, x") + 3 6@ T (¢, x") | (121)

whereTy is the background value, then its perturbations transforfh&gj

VT =0T + £, To (122)
<2 2 1
5(2)7" 5( )T + 2£4 (3( )T + EC o To + £é(2) To , (123)

where £, is the Lie derivative along the vectdy,
Thus, for example, the energy density perturbation transforms at first order as

sMp=5Dp 4+ PO%() » (124)
and at second order §k38]

— y .
0@ p=06@p + phaca) + o) (Geay + pot(ay + 200 p') + Egy () +20p ) (125)
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By transforming the metric tensor perturbati(ﬁﬁ@gm anch(z)g#v in the metric (103) according to Egs.
(122) and (123) one finds that the metric perturbatioa y® + 3 @ transforms at first order as

-t 1
YD =y @D 5 Vzﬁ(l) -~ | (126)

and at second order §5388]

—~ / /7 12 /
2 2 1 a 1 a a a
PR =y [2 (v 2 T ) - (G 7 )

a

! /
i 1y a4 a 1 : a
+ & (le,(i) - a“,(i>) 3 <—4¢(1) + 219 + £(1)0; + 4aa<1>) V2B
1 1 s
: : 1) @ | D, (D)
~3 ooy — gy + &y — 3 @y H& &N — )

1
-3 V2B - (127)

3.4. Second-order gauge-invariant perturbations

In linear theory a gauge-invariant treatment of cosmological perturbations was introduced by Bardeen
in his seminal worl{20]. As far as non-linear perturbations are concerned the first results were found
in Refs.[249,250,4] using a gradient-expansion technique (or long-wavelength approximation), and in
Refs.[3,182] using a second-order perturbative approach. In these works a generalization of the so-called
curvature perturbation to linear order was found in the context of single-field models of inflation, and
its constancy in time was proved. Reff249,250,3,182jocused on the study of non-Gaussianity of cos-
mological perturbations. These were the first papers to fully account for—at least during the inflationary
epoch—the different second-order effects both in the inflaton field and in the metric perturbations.

However no gauge-invariant theory for non-linear perturbations in the context of cosmological pertur-
bations has been built up until some very recent papers on the sli)jéct85,241,213,2428pecifically
the authors of Ref§177,185]use a second-order perturbative approach, while in[Ré1.,242]a long-
wavelength approximation is employed. Also, we refer the reader to B&212] where the issue of
gauge-invariance at second and higher order has been addressed from a broader point of view.

We now give the expressions of some quantities which are gauge-invariant up to second order in the
perturbations and which we shall use to follow the non-Gaussianity of cosmological perturbations from
an early period of inflation through reheating and deep into the radiation/matter dominated epochs. In
particular we give particular relevance to the gauge-invariant definition of curvature perturbations.

3.5. The curvature perturbation on spatial slices of uniform density

At linear order the intrinsic spatial curvature on hypersurfaces on constant conformaldimdeor a
flat Universe is given by20,128]

4 5
Or=v2) P (128)
a
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where for simplicity of notatiol® we have indicated
A (1)
U=y + EvyD (129)

AL . :

The quantltyp( Vis usually referred to as tlwirvature perturbationHowever the curvature perturbation
¥ is not gauge invariant, but is defined only on a given slicing. In fact, under a transformation on
constant time hypersurfaces- t + o(1) (change of the slicing in Eq. (126))

A (1) A (1)

v = Ay, (130)
where we have used Eq. (126) and the transformag’@n: 1D+ 21y [188]. If we consider thelicing

of uniform energy densityhich is defined to be the slicing where there is no perturbation in the energy

. A (L .
density,op = 0, from Eq. (124) we have) = 5(1)p/p6 and the curvature perturbatmjr(] ) on uniform
density perturbation slices—usually indicated-b§¥ is given by

) sDp

=P =3P . (131)
0

This quantity is gauge-invariant and it is a clear example of how to find a gauge-invariant quantity by
selecting in an unambiguous way a proper time slicing. It was first introduced in [22{21] as a
conserved quantity on large scales for purely adiabatic perturbations.

Notice that such a combination can be regarded also as the density perturbation on uniform curvature
slices, whera)V = ™ = 0, the so-calledpatially flat gaugg128]. The energy density here has to
be regarded as the total energy density. If the matter content of a system is made of several fluids it is
possible to define similarly the curvature perturbations associated with each individual energy density
component$;, which to linear order are given §$75,186]

R 5D ,.
Clgl) _ —lﬁ(l) — ( p,Pz) ' (132)
i

Here and in the following, if not specified, we drop the subscript ‘0’ referring to the background quantities
for simplicity of notation. Notice that the total curvature perturbation in Eq. (131) is given in terms of the
individual curvature perturbations as

W=3% %CE” : (133)

We now come to the generalization at second order of the gauge-invariant curvature perturbation of
Eq. (131). Asin Eq. (103) we can define the gravitational poteyiigd to second order gs=y/ + 5 4@

13 Notice that our notation is different from that of Rej207,183,185for the presence ap; ; in the metric (100), while itis
closer to the one used in Ref20,128] As far as the first-order perturbations are concerned the metric perturbtiotE of
Refs[207,183]are given in our notation as=y® + (1/6) V2, andE =3 /2, respectively. The same is true at second order
for the perturbation variables, and £ of Ref.[185], which in terms of our quantities are given by = @ + (1/6) V2,2
andEp = X(Z)/Z- However, no difference appears in the calculations when using the Poisson gauge or the spatially flat gauge,
or when considering the perturbation evolution on large scales.
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and we expand the energy density as in Eq. (110). The authors o R&fs185{* have shown that the
second-order curvature perturbation on uniform (total) density hypersurfaces is given by the quantity (up
to a gradient term)

—_—~

)
_C(z) =y |p
(2 5@ 5D 5D oDy a1 1
=)? 4 yf7p — 2w p/” p,p —2 p/p W@+ 200Y)
2
5(1) Vi
n (—/p (yf e 267/2) , (134)
p p

where as in Eq. (129) we have used the shorthand notért%n: Y@ + 2v2,2. As explained in
Refs.[177,185]the quantity(® is gauge-invariant, being constructed on a well-defined time slicing
corresponding to spatial hypersurfaces whéfép = §@p = 0. In a similar manner to linear order

let us introduce the gauge-invariant curvature perturbaﬂ&ﬁsat second order relative to a particular
component. These quantities will be given by the same formula as Eq. (134) relatively to each energy
densityp;

(2 5(2) . 5(1) / 5(1) . 5(1) AL ~(1
1= S o S G Y 2 )
1 1 1
2
5D, “
+ (A (yf b - 21/2> . (135)
Pi Pi

3.6. Adiabatic and entropy perturbations

The gauge-invariant curvature perturbations introduced in the previous sections are usually adopted
to characterize the so-called adiabatic perturbations. In fact adiabatic perturbations are such that a net
perturbation in the total energy density and—via the Einstein equations—in the intrinsic spatial curvature
are produced. However, as we have seen, neither the energy density nor the curvature perturbations are
gauge-invariant, hence the utility of using the variabte{™ + 3 (® to define such perturbations. Thus
the notion of adiabaticity applies when the properties of a fluid, in the physical perturbed space—time,
can be describedniquelyin terms of its energy density. For example, the pressure perturbation will
be adiabatic if the pressure is a unique function of the energy deRsityP (p) (see Ref[177] for an
exhaustive discussion on this point).

On the other hand, by the same token, to define a non-adiabatic (or entropy) perturbation of a given
quantity X it is necessary to “extract” that part of the perturbation which does not depend on the energy
density. A very general prescription to do that is to consider the value of the perturbatiers® X +
% 5@ X on the hypersurfaces of uniform energy density

6Xnad= 6X]|, . (136)

14The reader is also referred to Relf3,182,240[for related quantities and definitions.



N. Bartolo et al. / Physics Reports 402 (2004) 103-266 141

since this quantity will vanish for adiabatic perturbations wites X (p). Specifically the non-adiabatic
pressure perturbation will be given by the pressure perturbation on slices of uniform energy élensity

Being specified in a non-ambiguous slicing, the entropy perturbations defined in Eq. (136) turn out to be
gauge-invariant. Notice that such a definition holds true both when considering quantities on the uniform
total energy density hypersurfaces and when considering hypersurfaces of uniform energy density relative
to each individual component when more than one fluid is present.

Before moving to the explicit expressions for the first- and second-order adiabatic and entropy pertur-
bations an important remark is in order. In general the perturbations will not be exclusively of adiabatic
or of entropy type, but both perturbation modes will be present. Indeed, as we will see in the next section
the non-adiabatic pressure perturbatiadti, sources the total curvature perturbatioan large scales.

Such a coupling is the mechanism responsible for the generation of cosmological perturbations in the
curvaton and in the inhomogeneous reheating scenarios, contrary to the standard single-field inflationary
scenario where only adiabatic perturbations are involved.

3.6.1. Adiabatic and entropy perturbations at first order
At first order the non-adiabatic pressure perturbation is give2@y 28]

6D Prag= 6D P, =D P — 25Dy (137)

Wherecs2 = Py/pp is the adiabatic sound speed of the fluid. As a check of what we said above, notice that
indeed this quantity is gauge-invariant.

It can be shown that in the presence of more than one fluid the total non-adiabatic pressure perturbation
can be split into two parts

0D Prag= 0V Pint + 0P Prey . (138)

The first part is given by the sum of the intrinsic entropy perturbation of each fluid

oD Py = Z o Pintr,i (139)
i
where
5(1) Pintr,i = 5(1) P,~ — Cl~25(1)pi (140)

is the intrinsic non-adiabatic pressure perturbation of that fluid (which is a gauge-invariant quantity) with
cl.2 = p;/p; the adiabatic sound speed of the individual fluid. The second part is given by the relative
entropy perturbation between different flujd86]

1
0D Prer = Py (c2 = A (141)

/
6. p T
where.¥;; is the relative energy density perturbation whose gauge-invariant definition is expressed in
terms of the curvature perturbatio{fé) of Eq. (132) a$290,186]

7 =30 - ) (142)
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Notice that for fluids with no intrinsic entropy perturbations, the pressure perturbation will be adiabatic
if the relative entropy perturbations vanish

(= (143)

In such a case this is the condition to hgueeadiabatic perturbations. As a consequence, from Eq. (133)
we see that the total curvature is equally shared by the different compcﬂgﬁéraisggl).

On the other hand jpureisocurvature perturbation is such that the individual components compensate
with each other in order to leave the curvature perturbation unperturbed. This is the reason why these are
also referred to aisocurvatureperturbations.

In Refs.[184,290]it has been shown how to derive the evolution equation for the curvature perturbation
(™D simply from the continuity equation for the energy density, without making any use of Einstein’s
equations. The result is that even on large scales the curvature perturbation can evolve being sourced by
the non-adiabatic pressure of the system accordif@d74,184,290]

/ H
(W= - 0P Prad . (144)

For purely adiabatic perturbations the curvature perturbation is conserved on large scales, thugfaking

the proper quantity to characterize the amplitude of adiabatic perturbations. Eq. (144) shows in particular
that the notion of isocurvature perturbation is valid only at some initial epdcindeed the fact that

the non-adiabatic pressure perturbation sources the curvature perturbation on large scales was alread
known in the literatur¢20,207,195] However, it was only recently that this issue has received renewed
attention, being applied in the context of the curvaton scenario as an alternative way to produce adiabatic
density perturbation starting from an initial entropy mode.

3.6.2. Adiabatic and entropy perturbations at second order
Uptosecond orderinthe perturbations it has been shown that the gauge-invariant non-adiabatic pressure
perturbation is given bj185]

/

— P’ 5(1), 5(1)/P 5(1)
02 Prag= 6@ P, =6@P — — 5@ p 4 P’ {2 ( P P
p p

0’ P’
2
p 1 5(1)
+ (— - p—) ( 21 0. (145)
P p o’

150n the other hand, as far as the evolution of the entropy perturbation itself is concerned, it has been shown that the
non-adiabatic part of a perturbation is sourced on large scales only by other entropy perturbations, and that there is no source
term coming from the overall curvature perturbat{d@@5]. If we indicate generically an entropy perturbationshen its
equation of motion on large scales reads

S =S,

wheref is a time-dependent function which depends on the particular system under study. This result has also been obtained on
very general grounds within the “separate Universe approach” of 2.
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In a similar manner as in Eq. (143), for a set of fluids (with no intrinsic entropy perturbations) we can
define pure adiabatic perturbations as those obeying the gauge-invariant condition

(P =2 (146)

Also at second order the curvature perturbatith on large scales evolves due to the non-adiabatic
pressure perturbation, as shown in R&85]

/ H 2 /
@ = = 5@ Prag— —— [0 Prag— 2(p + P)( V¢V, 147
¢ o+ P nad p—I—P[ nad (p )CTIC ( )
where the first-order curvature perturbation obeys Eq. (144).

The issue of the conservation of the curvature perturbation at second order (and beyond) for adiabatic
perturbations has also been addressed in[Re&T], while in Refs[241,242]the evolution for the curvature
perturbation has been obtained in the context of the long-wavelength approximation.

4. Evolution of cosmological perturbations up to second order

Let us now consider the evolution of cosmological perturbations on large scales up to second order.
Our aim is to follow the non-linearity in the perturbations from an early period of inflation through the
different post-inflationary stages till today. This will enable us to give a definite prediction for the level of
non-Gaussianity in different scenarios for the generation of the cosmological perturbations, namely the
standard single field inflation, the curvaton and the inhomogeneous reheating scenarios. In each of these
the cosmological evolution can be divided into three main stages:

(1) Aprimordial epoch of accelerated expansion, when cosmological perturbations are produced on large
scales from quantum fluctuations of a scalar field, which can be different from the inflaton, as in the
curvaton and in the inhomogeneous reheating models.

(2) Anepochwhenthe perturbations in the energy density of the scalar fields are transferred to a radiation
fluid during the reheating stage. During this stage the inflaton field (and the curvaton field, if present)
oscillates around the minimum of its potential behaving as non-relativistic matter and then it decays
into light particles (the radiation fluid).

(3) After the reheating stage an overall adiabatic perturbation is generated and the Universe enters into
a “post-inflationary” phase dominated by radiation and, subsequently, matter (and dark energy).

We shall follow the evolution of the different second-order effects throughout these phases using the
gauge-invariant curvature perturbations introduced previd34k33] This is a highly efficient method

for different reasons. As we will see from the continuity equation for the energy—momentum tensor,
the overall curvature perturbation evolves on large scales due to a non-adiabatic pressure perturbation
which can be expressed in terms of the individual curvature perturbations; thus we will be able to connect
the different evolutionary stages. Moreover, by using gauge-invariant quantities we can pass from one
gauge to another, in order to simplify some calculations, in a straightforward way. Finally, as stressed in
Section 2.6, the curvature perturbations are a combination of the gravitational pateaijéb + 5 y@

and of the energy density perturbatiohs= 6 + 1 5@, which is very useful to obtain the final
second-order contributions to the gravitational potentials from the different stages. When calculating
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such contributions during the radiation/matter dominated phases we use the Einstein equations in order
to relate the energy density fluctuations and the gravitational potential. As we shall see the prototype of
this procedure is given by the standard scenario of single field inflation, where the curvature perturbation
is in fact conserved on large scales, since in this case perturbations remain adiabatic. Our last step will
be to define how our results must be compared to the observations, to search for possible non-Gaussiar
signatures inthe CMB temperature anisotropy on large scales. To this aim, in Section 8.4 we will determine
how the non-linearities in the gravitational potentials translate into non-linearities of the CMB temperature
fluctuations on large angular sca[88].

In the following we derive the perturbed Einstein equations and the energy—momentum continuity
equations up to second order, for a Universe filled by multiple interacting fluids, consisting of a (oscillating)
scalar field and a radiation fluid, and for a Universe which is radiation/matter dominated. This is all what
we need in order to study the three different cosmological scenarios, apart from a detailed analysis of the
generatiomuringinflation of second-order cosmological perturbations from the inflaton fluctuations. This
analysis will be made separately in Section 5.3. We now strictly follow R&1s:33]which are the first
works to systematically address the evolution of the second-order primordial cosmological perturbations
in the different scenarios for perturbation generation.

4.1. First-order Einstein equations

Our starting point are the perturbed Einstein equatid@g, = k?6T# . Herex® = 8z Gy. As the
matter content we take the generic fluid defined by the energy—momentum tensor given in Section
3.2. The detailed expressions for the Einstein tensor compo#i€fits from the metric in Eq. (103)
are contained in Appendix A, and from there one can read the Einstein equations in different gauges.
Here we only report those equations which we shall use to derive our main results. Specifically, in the
Poisson gauge defined in Section 3.1 the first-orde(@he0)- and the(i — 0)-components of Einstein
equations are

1
;[6%2@5(1) + 69D — 2v2y D] = 25D, (148)

2 . . .
(o + oy Dy = =2 (14 w) POV(1) - (149)
a

wherew = P/p is the equation of state of the fluid.
Inthe Poisson gauge at first-order the non-diagonal part @f th¢)-component of Einstein equations,
gives

l//(l) — 4)(1) ’ (150)
and, on superhorizon scales, Eq. (148) gives

16Dp 31 ob
lp(l):—* P _ ( +w)yf p

2 po 2 p

(151)

/

where in the last step we have used the background continuity equation3.#p(1 + w).
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Using the spatially flat gauge™® = 5 =0, from the(0 — 0)-component of Einstein equation we get
a similar result for the gravitational potentiai® 16
1
w_ 1%
2 po

Notice that Egs. (148), (149), (151) and (152) indeed hold also when referring to the total energy density
p and the total velocity perturbation and equation of staia the case of a multiple component system.

(152)

4.2. Second-order Einstein equations

Let us consider the Einstein equations perturbed at second&dtigf , =«26® T . The second-order
expression for the Einstein tensf G, can be found in any gauge in Appendix A.

We first consider the Einstein equations in the Poisson gauge which will be used in particular to express
the non-linearities in the gravitational potentgP during the radiation/matter dominated phases.

e The (0 — 0)-component of Einstein equations leads to

— 8y V2D — 3y V"2 = 225210, . (153)
e At second order the gravitational potentigls® andy(? differ even in the Poisson gauge for the
presence of source terms which are quadratic in the first-order perturbations. In fact it is possible to
find the second-order equivalent of the linear constralft = ¢’ using the traceless part of the

(i — j)-components of Einstein equations. One finds the following constraint relating the gravitational
potentialsy® and¢@17 [31]:

Yy — @ = —ayP)? - v22y Doy + 31+ w) # v )
+ 340,07 (20" Doy + 31+ w) #v{3 v))) - (154)
In particular in the case of a matter-dominated phase wihenO the linear gravitational potential
YD = ¢D is constant in time and, using Eq. (149), constraint (154) reads
Y@ — @ = _ 2 (D)2 4 L y-2(;,Dy2yW)
—10v4@'a;(y o0y ™)) . (155)

If we use the spatially flat gauge® = ;@ =0 andy® = 3@ =0 we obtain for th&0 — 0)-component
of Einstein equation on large scales

1@
$? == Py, (156)

Po

16 From this section onward we do not use different symbols for the perturbations evaluated in different gauges, rather we
will specify every time the gauge we are using.
17 Such a constraint has first been derived for a Universe filled by a scalar field if8Ref.
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4.3. Energy—momentum tensor conservation

We now derive the time-evolution on large scales of the gauge-invariant curvature perturfaitiens
troduced in Section 3.5. Indeed the equations of motion for these quantities are a direct consequence of the
energy continuity equation. In particular, we will focus on a system composed by a scalar field oscillating
around the minimum of its potential and a radiation fluid having in mind the physical case of reheating.
We will then describe the evolution of the curvature perturbations in the subsequent radiation/matter
dominated phases.

Let us consider the system composed by the oscillating scalagfihd the radiation fluid. Averaged
over several oscillations the effective equation of state of the scalayfisld,, = (P, /p,) =0, whereP,,
andp,, are the scalar field pressure and energy density, respectively. The scalar field is thus equivalent to
a fluid of non-relativistic particle283]. Moreover it is supposed to decay into radiation (light particles)
with a decay raté’. We can thus describe this system as a pressureless and a radiation fluid which interact
via energy transfer triggered by the decay rat&Ve follow the gauge-invariant approach developed in
Ref.[186] to study cosmological perturbations at first-order for the general case of an arbitrary number
of interacting fluids and we shall extend the analysis to second order in the perturbations. Indeed the
system under study encompasses the dynamics of the three main mechanisms for the generation of the
primordial cosmological density perturbations on large scales, namely the standard scenario of single
field inflation[101,174] the curvaton scenari@9,176,201,175]and the recently introduced scenario
of “inhomogeneous reheating76,130,77,192, 10]Each component has energy—momentum teﬁé}?r

andT(’;v The total energy momentuff’ = T“‘ + T is covariantly conserved

™ =0, (157)

but allowing for an interaction between the two flu[d28]

Hv v
T(w) jz Q(w) ’
Toyn= Qi - (158)

where Q" and Q‘ are the generic energy—momentum transfer coefficients for the scalar field and
radlatlon sector respectlvely, and are subject to the constraint

Qi + Q) = (159)

derived from Eq. (157). The energy—momentum transj{ér and Q( , can be decomposed for conve-
nience a$128]

Qo) = Lot” + fy) -
Qly = O’ + 13 (160)

where thef"’s are required to be orthogonal to the total velocity of the fiidThe energy continuity
equations for the scalar field and radiation can be obtained ((V).# =u,Q|,, andu, T("; =0y,
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and hence from Eq. (160)

woo_ A
M"T(qa);u =0
w A
u"T(y);y =0,. (161)

In the case of an oscillating scalar field decaying into radiation the energy transfer coe@gi'fsrgiven
by [103]

Qp=-T Py

0,=Tp, . (162)
wherer is the decay rate of the scalar field into radiation.
4.3.1. Background equations

The evolution of our spatially flat FRW background Universe is governed by the Friedmann constraint
equation

87G
2 ﬂ3 N a2 | (163)

and by the energy continuity equation derived from Eq. (157)

o' =—=3#(p+P), (164)

wherep andP are the total energy density and pressure of the system. The total energy density and the
total pressure are related to the energy density and pressure of the scalar field and radiation by

pP=py+p,,
P=P,+P,, (165)

where P, is the radiation pressure. The energy continuity equations for the energy density of the scalar
field p, and radiatiorp, in the background are

p; =—4x(p,+ P) +aQ, , (167)
whereQ,, and Q, indicate the background values of the transfer coefficiéntaind 0., respectively.

4.4. Evolution of first-order curvature perturbations on large scales

The curvature perturbatiorijg‘) associated with the energy density of the scalar field and the radiation
fluid are

(@ g y/< /pq,) | (168)
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W= —n (—

Notice that the total curvature perturbatish can be expressed as a weighted sum of the single curvature
perturbations of the scalar field and radiation fluid280,186]

(169)

D= +a-pe? (170)
where
f=%, 1—f=% (171)

define the contribution of the scalar field and radiation to the total curvature perturff&joaspectively.

We now perturb at first order the continuity equations (161) for the scalar field and radiation energy
densities, including the energy transfer. To this aim we first expand the transfer coeff@;patml Q}

up to first order in the perturbations around the homogeneous background as

Q(p = Q(p + 5(1)Qq) s (172)
0,=0,+%Y0,. (173)
Egs. (161) give—on wavelengths larger than the horizon scale—
3D ol +3#0Wp, + VP, —3(p, + PP
=aQ,¢Y +asV 0, (174)
5ol 4+ 3#6Wp, + 5V P) —3(p, + Py Y’
=aQ,¢P +as?P g, (175)

Notice that the oscillating scalar field and radiation have fixed equations of staté(%iﬂa =0 and
s P, =M p, /3. This corresponds to vanishing intrinsic non-adiabatic pressure perturbations, as defined
in Eq. (140).

Before proceeding further let us make a cautionary remark. In Egs. (174)—(175) and in the following,
as in Ref[32], in the long-wavelength limit we are neglecting gradient terms which, upon integration
over time, may give rise to non-local operators when evaluating second-order perturbations. However,
these gradient terms will not affect statistical quantities in momentum-space, such as the gravitational
potential bispectrum on large scales, as discussed in details in Section 8.

Following the procedure of Refl86] we can rewrite Egs. (174) and (175) in terms of the gauge-

invariant curvature perturbatlowjg) andz:(l)

L aw B 0’ o 5(1),0 5(1)p
Cﬁpl) =— 3P0y — —F5Wp, + 0 bR — =" (176)
0l 0l o\ P p
el 0 ' (sPp, 6D
(W =TT 0o, - sy o, (22 (177)
o, o, 2p \ 7 p
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where we have used the perturli®d- 0)-component of Einstein equations for superhorizon wavelengths
YO 4 D =— /25D p/p (see AppendixA). Notice that from the constraintin Eq. (159) the perturbed
energy transfer coefficients obey

Do, =-sY0,. (178)

4.4.1. Perturbations in the decay rate
If the energy transfer coefficien3, andQ, are given in terms of the decay rdtes in Eq. (162), the
first-order perturbation are, respectively,

M0, =-1Pp, —sPrp, (179)

M0, =rs%p,+6Prp, (180)
where notice in particular that we have allowed for a perturbation in the decay,rate

I'(t,x)=r() +6Pr x . (181)

Perturbations in the inflaton decay rate are indeed the key feature of the “inhomogeneous reheating”
scenarid76,130,77,10]In fact from now on we shall consider the background vadlué the decay rate

as constant in timd; ~ I', as this is the case for the standard case of inflation and the inhomogeneous
reheating mechanism. In such a ca$®er is automatically gauge-invariatt. Plugging expressions
(179)—(180) into Egs. (176)—(177), and using Eqg. (170), we find that the first order curvature perturbations
for the scalar field and radiation obey on large-scf38%

. arl '
(' = 4 p_,“’ Pe® - (Y +an p—f’ sr, (182)
2 p, p Py
ay a ) P Po\ v _ +(D)y ., , @
OGO === |10 = 1_2_,0 (7 =)+ Hppo T | (183)
b Y

From Eq. (170) it is thus possible to find the equation of motion for the total curvature perturff&tion
using the evolution of the individual curvature perturbations in Egs. (182) and (183)

(=P -+ i a- pe
- _ %f(C(l) _ ggal)) ) (184)

Notice that Eq. (184) can be rewritten as

(W = A= HED - =T A )y (185)

18The authors of Ref[192] have introduced a gauge-invariant generalization at first order in the cd¥ef0 which
readsé]"gl) =sDr— F/épq,/pfp. Indeed such a time-variation can have interesting effects on the overall curvature perturbation
evolutionf@’. See Ref[192] for more details.
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which explicitly shows that, in general, the total curvature perturbation can evolve on large scales due to
a non-adiabatic pressure given by the relative entropy perturbatjprdefined in Eq. (142). In fact by
comparison with Eq. (144) the expression for the non-adiabatic pressure perturbation at first order reads

(p¢+ 0y)

5D Prag= Fa=pHEP -y (186)

From Egs. (182) and (183) one can also obtain an equation of motion for the relative entropy perturbation,
beings , = 3(5(1) “(,1)), and use Eq. (185) to close the system of equations. However notice that during

the decay of the scalar field into the radiation fluigmay vanish and Eqg. (183) f(ij;l), and hence, the
evolution equation for”,, become singular. Therefore it is convenient to close the system of equations

by using the two first-order Egs. (182) and (184) for the evolutiot}dfand¢™®.

In the scenarios for the generation of cosmological perturbations that we are going to study in detail,
an adiabatic perturbation is produced after the “reheating phase” and thus the total curvature perturbation
{is conserved on large scales during the radiation and matter-dominated phases, as itis evident from Eqs.
(144) and (147) for a vanishing non-adiabatic pressure perturbation. In particular from the definition of

. : A (L . . .
the curvature perturbation at linear ordét = —np( ' oMW p/p’ and using Eq. (151) in the Poisson gauge
we determine

B 31+ w) [

187
54 3w ( )

lp(l) —
Such a relation is very useful to relate the gravitational potemtidlduring either the radiation or the
matter-dominated epoch to the gauge-invariant curvature perturti&dticat the end of the “reheating”
phase. In fact, as we will see, in the case of standard single field inflation the perturbations are always
adiabatic through the different phases and thus the curvature perturf&ti@mains always constant on
superhorizon scales, so that we can wiité = C(l) where the subscript®means that™® is evaluated
during the inflationary stage. On the other hand in the curvaton and in the inhomogeneous reheating
scenarios the curvature perturbatih initially evolve on large scales due to a non-vanishing entropy
perturbation, and thus the value’69 during the radiation and matter-dominated phase will be determined
by the curvature perturbation produced at the end of the “reheating” phase.

4.5. Evolution of second-order curvature perturbations on large scales

We now generalize to second order in the density perturbations the results of the previous
section. In particular we obtain an equation of motion on large scales for the individual second-order
curvature perturbations which include also the energy transfer between the scalar field and the radiation
componen{33].

Since the curvature perturbatiodé) andgfz) are gauge-invariant, we choose to work in the spatially
flat gaugey® = ;M = 0 andy@ = 4@ = 0 if not otherwise specified. Note that from Egs. (168) and
(169) C(l) andgél) are thus given by

5(l)p
ggp:_%( — (188)
Po
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5(1);).
€9=—%<,,)- (189)

)
/

Egs. (188)—(189) and the energy continuity equations at first order, Egs. (174)—(175), in the spatially flat
gaugeyV = 4D =0 yield

5(1)
=37 +aa - v, (190)
5(1)p
H—= == = A= Ny (192)
p
We can thus rewrite the total second-order curvature perturbgfibim Eq. (134) as
2
C(Z) o 5( )
o’
— P+ A= HOIEP + @- ne+ NP, (192)
where we have used the background continuity Eqgs. (166)—(167) toAipd/p — #' — 242 =
—AH?(6— ).

Following the same procedure, the individual curvature perturbations for the scalar field and the radi-
ation fluid as defined in Eq. (135) are given[3g]

5@ (ED R e
P p/ ® p, p/ )
@ @ @
Q;D a qu Pl (1
- b (205 193
[a%% 2500, 5 | & (193)
5@ D 5D,
@@= — o Tl 2o w2 -2 (o L0 o )
l N p/ p/ YV
V Y Y
0, a 0 ¢
- — 5 —5 = | (P)? 194
|:a 7/9/, 5 J/pf/ P (Cy )7 (194)

wherew, = % is the radiation equation of state. Using Egs. (193) and (194) to express the perturbation

of the total energy densit}/? p one obtains the following expression for the total curvature perturbation
(@ [33]:

C(Z) _ fc((pZ) +@1- f)C(Z) + 71— HA+ f)(Cgpl) _ C;D)Z

42 aQq’({)(l)_|_ 5()Q(p [C(l) Cfl)]
p I ’

Q/
+ (a Y 5 %‘;) ()% = ™2 (195)
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Expressing th€0 — 0)-component of Einstein equations (152) in the spatially flat gauge at first-order
YD = 4D = 0in terms of the total curvaturé?

160y 1 o
O__-Z F_-F @ 196
¢ 2 p ZprC ' (196)

and using the explicit expressions for the first-order perturbed coefficients in terms of the deday rate
Egs. (179)—(180), we finally obta]33]

(@ = f“@ +@=NEP + fA-NHA+ NHEG =)
+ 0P~ (D)2~ 20601 ”—*"(cg,)” — ()

+—<1 2f) 5 Po 2P -y (197)

Eqg. (197) is an important result. It generalizes to second order in the perturbations the weighted sum in
Eq. (170) and extends the expression found in 8] in the particular case of the curvaton scenario,
under the sudden-decay approximation, where the energy transfer was neglected. Similarly to linear order
such an expression will be useful to describe the large-scale evolutiéfi sburced by a non-adiabatic
pressure perturbation through the evolution of the density perturbations in the scalar field and radiation.
As already mentioned in the previous section, the expressions for the second-order perturbations have
been found here by using the long-wavelength limit for the first-order perturbations. Indeed second-
order quantities expressed in terms of first-order perturbations will depend also on the short-wavelength
behavior of the first-order perturbations, as it is evident going to momentum space. Thus, for example,

even if Cl@ are constant on large scales at linear order, it would not be strictly correct to consider the

second-order part of depending ortl(l) as constant. However our procedure is fully justified when
applied to the evaluation of the bispectrum on superhorizon scales as we shall discuss in Section 8.
Let us now give the equations of motion on large scales for the individual second-order curvature

perturbationg? andZ{?. The energy transfer coefficients, andQ, in Egs. (160) perturbed at second
order around the homogeneous backgrounds are given by

Qm =0y + i Qyp + %5(2)Q(/7 ’ (198)
QV =0, + 5(1)Qy + %5(2) 0, . (199)

Note that from Eq. (159) it follows tha¥® 0, = —5 Q,. Thus the energy continuity equations (161)
perturbed at second order give on large scg8%

3P p +3#(Pp, + 6@ Py) —3(p, + Py
6y 16Wp,, + 6V P, + 2(p, + PP P
=ad?Q,+a0,0? —a0,¢")? + 209V 0, (200)
3@, + 3@ p, + 6P Py) — 3(p, + Py@
— 6[//(1)'[5(1)}0“/ + 6D P, + 2(/)7 + py)l/,(l)]
=a3? 0, +a0,0® —aQ,(p™)? + 2a¢PsP 0, (201)
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where¢®@ is the second-order perturbation in the gravitational potesitiad $V + 1¢@. Note that
Egs. (200) and (201) hold true in a generic gauge. We can now recast these equations in terms of the
gauge-invariant curvature perturbatia‘j{)? andcgz) in a straightforward way by choosing the spatially
flat gaugey” = 4" = 0.

The (0 — 0)-component of Einstein equations in the spatially flat gauge at first order is given by
Eq. (196), and at second order on large-scales it reads

164
9P =3 20 4 a. (202)
Using Egs. (196) and (202) with expressions (193)—(194) we find from the energy continuity equations
(200)—(201) that the individual second-order curvature perturbations obey on largef38hles

o aA Q/ 5(2) 5(2)
o Py 2 pw P

300, 2 (¢®)? — 20 2 5 Qm(” -2y
p(/) p(/)

&) @ / N\
2| (@ (a Q<p</f> L a? /Q(ﬂ — | cy? Q_/ _ ¢ Q_(,,/ L (203)
ol 0l A p, 2 AHpy, p

/ at 0’ 3@p, 5@
C;Z) =—-— 5@ 0, — _// 5(2)py +0, 2_ L
p P AN p

H H /
=300, - (¢~ 2 Z-50 0,97 — 4fPCP

Y

oD sDo\T 2 / A\
2| (@ aQ,ﬁb Ta 9, _ (4(1)) a 2 _a Q» P , (204)
! o, o, ! Hpl, 2 Hp p

where we have used the fact thaj = 0 andw, = 1/3.

Egs. (203) and (204) allow to follow the time-evolution of the gauge-invariant curvature perturbations
at second order.

The results contained in the previous section can now be used to study the evolution of the second-order
curvature perturbations during the reheating phase after a period of standard single field inflation, and in the
alternative scenarios for the generation of the primordial adiabatic perturbations which have been recently
proposed, namely the curvaton scen§fi®,176,201pnd the inhomogeneous (or “modulated”) reheating
[76,130,77,192,10]n fact, in each of these scenarios a scalar field oscillates around the minimum of its
potential and eventually decays into radiation. The evolution at second order of the curvature perturbations
is necessary in order to follow the non-linearity of the cosmological perturbations and thus to accurately
compute the level of non-Gaussianity, including all the relevant second-order effects. We shall now
consider in detail these contributions in the three mentioned scenarios.

and
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5. The standard scenario

The standard scenari@s associated to one-single-field models of inflation, and the observed density
perturbations are due to fluctuations of the inflaton field itself. When inflation ends, the inflaton oscillates
about the minimum of its potential and decays, thereby reheating the Universe. The initial inflaton
fluctuations are adiabatic on large-scales and are transferred to the radiation fluid during reheating. In
such a standard scenario the inflaton decay rate has no spatial fluctuations.

5.1. The first-order curvature perturbation

During inflation the inflaton field dominates the energy density of the Universe and therefore the energy
density perturbations produced by the inflaton quantum fluctuations generate an adiabatic curvature
perturbation. Let us consider the inflaton fielck, x) with a potentialV (¢) and minimally coupled to
gravity. The evolution equation for the inflaton field is the Klein—Gordon equation

v

Op = — . (205)
0p
Perturbing Eq. (205) at linear order we obtain that the inflaton fluctuations obey
0%V ov
5(1)(P’/ + 2%5(1)()0’ _ v25(1)q, + a25(1)(p — a? + 2¢(1) )
0p op
_ <P6[¢>(l)/ n 3¢(1)/ +v2pD)=0. (206)

A straightforward way to calculate the curvature perturbation generated on large scales is to solve the
Klein—-Gordon equation in the spatially flat gauge defined by the requirefert 0 and;» =0. In fact

in this gauge the perturbations of the scalar field correspond to the Sasaki-Mukhanov gauge-invariant
variableg253,205]

(1)

’
Qy= 5(1)@ + % v (207)

As usual we introduce the fielﬁw =aQ,. The Klein—-Gordon equation in the spatially flat gauge now
reads (in Fourier spac§78]

~ 2 a’ 22\ A5 _
Q;’,Jr(k —;—i—%wa)Q(,,_O, (208)
where
87GN (ad .

is an effective mass of the inflaton field in this gauge, which to lowest order in the slow-roll parameters
is given by
2

A,
0z = 3 — B¢ , (210)
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wheree = (1/167rG|\1)(V¢,/V)2 andy = (1/8zGn)(V,,/ V) are the inflaton slow-roll parameters. This
equation has the same form as Eq (41) and thus we can just follow the same procedure described in detai
in Section 2.3, simply replacm@ with //2 The equation of motion fqu, or for the corresponding
eigenvalues (t) thus becomes

21
//+<k2_ ¢24>uk=0’ (211)

T
with
Vo~ 3 +3e—1. (212)

From Section 2.3 we conclude that on superhorizon scales and to lowest order in the slow-roll parameters
the inflaton fluctuations are

3/2—v,

1Qy (k)| = (213)

7o)
2k3

In order to calculate the curvature perturbation on large scales we can consider the curvature perturbation
on comoving hypersurfaces, which in the case of a single scalar field [i&@]473,159,174]

a® =)L 5(1) (214)
o

Notice that the comoving curvature perturbati@ft’ and the uniform energy density curvature pertur-
bation® are simply related by (see for example R68])

W, 2 @ 215
¢ TS E (219)

where herep(Y is the gravitational potential in the longitudinal gauge. Therefore on large seéies-
—tM_ From Eq. (207) it is evident that

H
7D —
" =20, (216)
Thus we obtain the power-spectrum of the curvature perturbation on large scales

H2\?( k \¥2° [ H2\?
Za=\5=) -5 ~5—=] - (217)
2n¢p aH 2np /

where the asterisk stands for the epoch a given perturbation mode leaves the horizon during inflation.
From Eq. (217) one immediately reads the spectral index of the curvature perturbation to lowest order in
the slow-roll parameters
dInZy4
dInk
Notice that from our results one can check that during inflation the curvature perturbation mode is constant
on superhorizon scaleg®’ ~ —¢@’ ~ 0 (from which the last equality in Eq. (217) follows).

ng—1= =3—2v,=—6e+ 2y . (218)
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This is a well-known result: the curvature mode is the quantity which allows to connect observable
perturbations to primordial perturbations produced during infl§2@rl56,174] This result comes from
the fact that in single-field slow-roll models of inflation the intrinsic entropy perturbation of the inflaton
field is negligible on large scal§k74,35,93,27]We will now show that the above result also holds during
the reheating phase on large scales.

5.2. Reheating after inflation

When inflation ends, the inflaton oscillates about the minimum of its potential and decays into radi-
ation, thereby reheating the Universe. In such a standard scenario the inflaton decay rate has no spatia
fluctuations. Egs. (184) and (182) wish’ I = 0 now read

W= f® - Dy, (219)

ral pyp . .
C((pl) = 7 77) ( @D ggpl )
Po P
At the beginning of the reheating phase, after the end of inflation, the total curvature perturbation is

initially given by the curvature perturbation of the inflaton quctuatiq(ﬁléz C(l)- . Therefore Eqs. (219)
and (220) show that during the reheating phd8e= C(l) C(l is a fixed-point of the time-evolution.

Such a result has been obtained in this way at first order m[ERQt] (see also Refd127,103) and
extended to second order in the perturbations in B&i, under the sudden-decay approximation.

(220)

5.3. The second-order curvature perturbation and non-Gaussianity during inflation

A complete analysis of the perturbations produced during single-field slow-roll inflation up to second
order has been performed in RE]. Such an analysis fully accounts for the inflaton self-interactions as
well as for the second-order fluctuations of the background metric. Moreover it also provides a gauge-
invariant expression for the second-order comoving curvature perturbation thus allowing to calculate the
bispectrum of such a quantity during inflation. The results of [Rdfagree with those of Ref182],
where the three-point function for the curvature perturbation is calculated using a different procedure. In
Ref.[182] the starting point is the Lagrangian and one evaluates the cubic contributions to the curvature
perturbations. In fact Ref§3,182]represent a step forward in the computation of the non-linearities pro-
duced during inflation. Before then, the problem of calculating the bispectrum of perturbations produced
during inflation had been addressed by either looking at the effect of inflaton self-interactions (which
necessarily generate non-linearities in its quantum fluctuations) in a fixed de Sitter backi@@)iod
using the so-called stochastic approach to inflajg8],!° where back-reaction effects of field fluctu-
ations on the background metric are partially taken into account. An intriguing result of the stochastic
approach—which is indeed confirmed by the second-order analyses of R&82}—is that the dom-
inant source of non-Gaussianity actually comes from non-linear gravitational perturbations, rather than
by inflaton self-interactions.

Before going into details, let us give here an estimate of the size of the non-Gaussianity that we expect
to be produced during inflation.

19 5ee also Ref§291,87,189] for a more recent analysis.
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The inflaton field can be split into a homogeneous backgraiyie) and a perturbatiodip(z, x') as
(1, x') = po(7) + 59(z, x') = po(1) + 6Pz, x") + 5 6P p(z, x) (221)

where the perturbation has been expanded into a first and a second-order part, respectively. First of
all notice that, at first order in the perturbations, using Eq. (149) for a scalar field in the longitudinal
gaugey'” + Hy® =x?/2 6,6V ¢) and the perturbed Klein-Gordon equation (B.4) one obigiHs=
cHsD g/ ¢, to lowest order in the slow-roll parameters and on large scales. On the other hand, from the
definition of the comoving curvature perturbation atfirst order, Eq. (214), it followsattas HsD ¢/ ¢

to lowest order in the slow-roll parameters and on large scales, and hence under these approximations
YD =e2D ., Let us consider the perturbed Klein—-Gordon equation at second order (in the Poisson gauge)
on large scales (see Eq. (B.5) in Appendix B)

5D +3H5D ¢ + 2 ¢>(2) God@ — 3@ — 8y Dy — gy,
0 0 0

8 : o@v 0%V %
= V00 = —4o Y PsWo — 25 509 — 5 0 Pe)?. (222)
a o 1)
Now in order to give our estimate we consider a second-order curvature pertut&tion Ho®? ¢/ g,
For simplicity, let us just focus on the first source term on the R.H.S. of Eq. (222). Under a slow-roll
approximation from Eq. (222) we see that (up to numerical coefficients of order unity)

. 2v\ [(y® 5D
2 o (CYN V) (5222 ~ Hyea )2 (223)
d¢p? H N

where in the last step we have usgt = 2@ with 20 ~ HsV /¢, and the definition of the
slow-roll parameters. Recalling that the time derivatives of the slow-roll parameters are next order in the
parameters:, 1 = 0(2, %), from Eq. (223) we obtain

2@ ~ 0(e, )(#D)? . (224)

From this simple calculation we therefore see that the non-Gaussianity level in the standard scenario is
of the order of the slow-roll parameterandy

NG ~ O(e, n), (225)

in qualitative agreement with the predictions of R¢&6,85], within the stochastic inflation approach.

Let us now turn to the exact results on the level of non-Gaussianity by summarizing some of the findings
of Ref.[3]. It is possible to extend at second order the gauge-invariant large-scale comoving curvature
perturbationz defined in Eq. (214) by introducing a quantity= 2 + 1 2@ defined a$3]

(226)

g gy L [% i 2 } 1 D 4 209D 4 5D ! 1gl)2
: .

®g 2 %/—I-Z%Z—%’cpg/(pg

Such aquantity is gauge invariant with respectto aninfinitesimal second-order shift of the time coordinate,
0
T = &+ 3 — &)
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By solving the Einstein equations during inflation in the longitudinal (Poisson) gauge on large scales,
and by performing an expansion to lowest order in the slow-roll parameters the second-order curvature
perturbation is determined in terms of its first-order counterpart. The reg8]t is

2@ = (n —30)(# V)2 + .7, (227)
where
2 1 4 (1 .
J=— E/ VOV g - 2/ 5 @Iy di
470 . .
_Z / P2 + (e — pya~to, RV RD (228)
€

contains also terms which at&e, ). Notice that the integrals in Eq. (228) give rise to non-local operators
which are not necessarily suppressed on large scales being of th& faif (-)V(-)] or V=2[(-)VZ(")].
This is due to the fact that a given perturbation mode during inflation firstis subhorizon, where it oscillates,
and then at a given epoch it leaves the horizon.

The total comoving curvature perturbation thus receives a contribution which is quadezti¢ and
it will then have a non-Gaussian?) component. We conclude that during inflation a tiny intrinsic non-
linearity is produced, being the slow-roll parameterg| < 1. This does not come as a surprise, indeed,
and it has a very transparent interpretation. Since the inflaton field is driving inflation, its potential must
be very flat, with very small slow-roll parameters. This amounts to saying that the interaction terms in the
inflaton potential must be suppressed, hence also the non-linearities eventually producing non-Gaussian
features. Alternative mechanisms to generate a higher level of non-Gaussian adiabatic perturbations in the
inflationary framework could be the presence of some features in the inflaton pot24®idl31,248,291]
in the part corresponding to the last60 e-foldings, or the presence of more than a single scalar field
during inflation[30]. In both cases the restrictions coming from the slow-roll conditions can be avoided.
We shall come back later to these alternative scenarios. In the case of the standard single-field models of
inflation in order to characterize the primordial non-Gaussianity we can expaméourier space as

1
(k) =2 k) + — / d3k1 a2 6 (k1 + ko — k)
(2n)
x fih (k1, k)2 (k2P (ko) | (229)

where we have introduced a momentum-dependent non-linearity parayffetée:, k2), which from
Eq. (227) reads

SN k2) = 3 (1 = 30) + (K, ka) (230)
wherel (ky, k) is directly related to the function and is of first order in the slow-roll parameters. Thus
the level of non-Gaussianity generated during inflation is typicﬁﬁy ~ 01071 — 1072). Eq. (230)

can also be recast in the form

fiL K1, ko) = 3 (nz — 1) + I (K1, ko) (231)
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where we have made use of the expression of the spectralingdexl = —6¢ + 2y in terms of the slow-
roll parameters. Notice however that the result in Eq. (230) refers only to the non-Gaussianity generated
during inflation?°

In order to determine the level of the non-Gaussianity which can be actually compared with obser-
vations it is necessary to consider the subsequent evolution of the (gravitational potential) perturbations
after inflation ends, through reheating and the radiation/matter dominated epochs. Usually in the litera-
ture the matching has been performed by simply extending the linear relation on large-scales between the
gravitational potential and the curvature perturbation in the matter dominated ¢foen—(3/5)2®
to second ordgB2,86,3,182]We warn the reader that such a procedure is indeed not correct. In fact one
has to take into account also after inflation a fully second-order relativistic analysis of the cosmological
perturbations. As we shall consider in the next sections, in the case of the standard scenario of inflation
the matching between the inflationary epoch and the radiation/matter dominate phases, where observable
guantities are defined, is achieved by exploiting the conservation on large scales of the curvature pertur-
bation{ up to second order. As aresult, as it has been shown if&Régfthe small initial non-Gaussianity
generated during single-field inflation is actually largehhancedy the second-order gravitational dy-
namics in the post-inflationary phases. Such an enhancement produces a non-linearity parameter in the
CMB temperature anisotropy on large scales whiclinNs ~ ¢(1). Nonetheless, the results contained
in Refs.[3,182] are useful in that they allow to determine the initial conditions on the non-Gaussianity
produced during slow-roll inflation.

5.3.1. Inflaton effective Lagrangian

In this paragraph we want to mention the possibility discussed in[R&fthat the non-Gaussianity
produced during inflation might receive additional contributions from some high-energy corrections which
can modify the minimal inflaton Lagrangian given in Eq. (18). Such corrections can arise if inflation takes
place at relatively high energies, and they can be parametrized by an effective inflaton Lagrangian in which
one integrates out degrees of freedom with momenta larger than som&lsualeesponding to the scale
ofthe new physics. Thisis realized by including some higher order operators suppressed by the appropriate
power of M. Such operators must not spoil the flatness of the potential in order to have an inflationary
phase, and, as argued in Rgf2], the best candidates are operators that just modify the kinetic part of
the action such as those of the fotWie)* with a scaleM which can be taken as low &é. Therefore a
possible effective action reads

1 1
S= / d*xv/—g [—2 (Vo)? — V(p) + e (Vo)2(Vo)? + - } : (232)

Notice that whenV/? tends top then such an effective description ceases to make sense, because one
should keep track of all the higher terms in the action. The higher dimension operators represent additional
self-interaction terms which will produce some non-Gaussianities during inflation. In fact starting from
action (232), following Ref[182], it is possible to calculate the contributions to the three-point function

20The generalization of the calculation of the non-linearity parameter during inflation to two-field models of inflation has
been recently presented in RES0].
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for the curvature perturbatios coming from the higher dimension operators to lowest ordérjm/*.
In Ref.[72] it has been found that the typical magnitude of such contributidfs is
-2
P» ®
We see that the net effect of the introduction of a new sbéis that the slow-roll parameters in the
standard result (230) are now replaced by a new order parameter which does not have to be restricted by
slow-roll conditions. However the lower limit allowed faf* is ¢ and therefore also in this case

LS. (234)

We must stress here again the important point we discussed at the end of the previous section. As for
Eq. (230), also estimate (233) refers to the level of non-Gaussianity only during the inflationary epoch.
In order to make a full and sensible comparison with the observations it is necessary to perform a fully
second-order analysis of the evolution of the perturbations after inflation ends, through the radiation and
matter dominated epochs. As we shall see, the non-linearities arising from the post-inflationary dynamics
will anyway enhance the observable non-Gaussianity level in the CMB temperature anisotropy in such a
way as to hide the initial imprint such as that in (233).

5.4. Reheating after inflation

The first step to follow the evolution of non-linearities on large scales after inflation is to analyze how
the curvature perturbatiahevolves on large scales during reheating.

In Ref.[31] it was shown that also at second order the curvature perturbd@bremains constant
during inflation, under the inflaton sudden-decay approximation. Under such an approximation the indi-
vidual energy density perturbations (and hence the corresponding curvature perturbations) are separately
conserved until the decay of the scalar field, which amounts to saying that in the equations for the cur-
vature perturbations Egs. (203) and (204) one can drop the energy transfer triggered by the decay rate
al'/ # < 1. Going beyond the sudden-decay approximation, the first-order résuls;® in Eq. (197)
yield

(P =@+ 1-nHP. (235)

The equation of motion fof? on large scales is obtained by differentiating this expression and by using
Egs. (203) and (204), with® I = 0 and¢’ = (@ it reads

C(Z)/ — —Jff(g(z) _ Cfpz)) ) (236)

In the same way as at first order from Eqgs. (235) and (236) it follows that the second-order curvature
perturbation:® remains constant on large-scales during the reheating phase, being given at the end of

inflation by the curvature perturbation in the inflaton fig(la = gfpz’)in.

21The exact expression also contains a scale-dependent part of the same magnitude, whose precise form however differs
from the one obtained in the standard case, see[R&ffor more details.



N. Bartolo et al. / Physics Reports 402 (2004) 103-266 161
5.5. Post-inflationary evolution of the second-order curvature perturbation

The superhorizon-scale evolution of the primordial non-linearity generated during inflation during
the radiation and matter dominated phases has been studied i3 Hef-ollowing their approach, we
consider the energy—momentum tensor for a perfect fluid with constant but otherwise generic equation
of state, as defined in Section 3.2.

We will explicitly show that during the radiation and matter dominated epochs the second-order cur-
vature perturbatioti® is conserved on large scales. From now on we shall adopt the Poisson gauge. Our
starting point is the energy continuity equation at second order

5@ p + 341+ w)s@p — 3L+ w)po @ — 61+ wip ' [6Dp + 2pqp ]
= —2(1+ w)po(v{Vviy)) — 21+ w) (L — 3w) # pov} vy,

A+ w)podyp Vvjy, + 2 75 PV -y vy (237)

where we have also used tf@— i)-component of Einstein equation (see Appendix A). This equation
can be rewritten in a more suitable form as

/
@) 50D 5o
W@+ L a3 —aw () y®
Po Po

16
271+ w)’#

2 8 4(1+ 3w)
s % ), Dy2,0r _ (Vg2
3(1+w)%’2[(1 9(1+w))¢ vy <1 91+ ))w vy ]

2 - 2
= 5 Puly) + 5 A= 30)roPuly - S0 Vel + WOV

8(1+3 v2y,)? v2y,(Dry2y, D
271+ w)A# 3 3
where the argument on the L.H.S. can be further simplified to
52, 3 2 52, 4 .
W@ 4 TP (54 3u)#? —y@ 4Lt (2, (239)
Po Po Po S+ 3w

and the final form has been obtained employing Egs. (151) and (187).

Notice that the quantity in Eq. (239) is in fact the curvature perturbation defined in Eq. (134) in the
case of the generic fluid with constant equation of state that we are considering here. From Egs. (238)
and (239) we find

§@p 5D 2 T
v@ 4+ "L (543w )J{’2< Pl —¢+ 3 v i) +/ d 7 (<) , (240)
Po Po
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where% is a constant in time%’ = 0, on large scales and

16
27(1 + w)2w

2 8 4(1 + 3w)
s _ % ), Wy2,r _(1_ W2y,
3(1+w)yf2[<1 9(1+w)>"b vy (1 9(1+w)>w vy }

2
81+3w) | (VWD) g2y, V2 (Vg2 M)
27(1+ w)?#3 3 3n '

7= —(1 3w) v vl — —allp vl + Yy vy D

(241)

We are interested in the determination of the non-linearities after the inflationary stage. We have seen
in the previous section that also during the reheating phase the curvature pertufffai®oonserved.
Therefore we are allowed to fix the consta&nlby matching the conserved quantity on large scales at the
end of inflation ¢ = 7;)

@ 3@p 1)\2
¢ =\ + o — —20")?, (242)
Poz

where we have used the fact that during inflatign~ —1 and we have disregarded gradient terms which
turn out to be negligible for the computation of the large-scale bispectrum.
In fact the inflationary quantitw/f,z) + #15Pp; /pp,) has been computed in Ref8,182]

5(2)/)1
pE),

z//(z) ~ (n 3e)(C(l)) + O(e, n) (non-local terms, (243)

in terms of the slow-roll parameters=1— #”, /#2 andy=1+¢— (@"/# 1¢") wherex | is the Hubble
parameter during inflation anglis the mflaton field174]. Since during inflation the slow-roll parameters

are tiny, we can safely disregard the intrinsically second-order terms originated from the inflationary
epoch. Thus from Egs. (240) and (242) we obtain a relation between the gravitational pgtéhtald

the energy density perturbatioff’ p during the radiation/matter dominated epochs

1 5(2),0 254+ 3w 2 T
2 _ (12 @ i / NP,
—_— = + = via) + F(t)d 244
v 314+w) pg 3 1+w W™ ( o 7 (O (244)

where we have made use of Egs. (151) and (187), @ith= C(l) since the curvature perturbation is
conserved on large-scales.

6. The curvaton scenario

Let us now consider the so-called curvaton mechafii@yil76,201}o generate an initially adiabatic
perturbation deep in the radiation era, as an alternative to the standard inflationary picture. In fact in
the curvaton scenario the cosmological perturbations are produced from fluctuations of a scatar field
(different from the inflaton) during a period of inflation, in the case where the perturbations from the
inflaton field are considered to be negligible. The scalar field is subdominant during inflation and thus
its fluctuations are initially of isocurvature type. Therefore a curvature perturbation is sourced on large
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scales according to Egs. (144) and (147). The curvature perturbation will become relevant when the en-
ergy density of the curvaton field is a significant fraction of the total energy. This happens after the end
of inflation when the curvaton field begins to oscillate around the minimum of its potential once its mass
has dropped below the Hubble rate, behaving like non-relativistic matter. Finally, well before primordial
nucleosynthesis, the curvaton field is supposed to completely decay into thermalised radiation thus gen-
erating a final adiabatic perturbatidh. From this epoch onwards the “standard” radiation dominated
phase takes place.

6.1. Generating the curvature perturbation at linear order

During inflation the curvaton field is supposed to give a negligible contribution to the energy density
and to be an almost free scalar field, with a small effective mgss 02V /d52| < H? [176,175] where
H; = a/a is the Hubble rate during inflation.

The unperturbed curvaton field satisfies the equation of motion

o 246 +a® %Y 0. (245)
ol

It is also usually assumed that the curvaton field is very weakly coupled to the scalar fields driving
inflation and that the curvature perturbation from the inflaton fluctuations is negljdittel75] Notice
that these are just the conditions under which we worked in Section 2.4 when calculating the spectrum
of perturbations generated by the quantum fluctuations of a generic light scalar field during inflation.
Thus, if we expand the curvaton field up to first order in the perturbations around the homogeneous back-
ground as

o(t,X) =0o(1) + sWg , (246)

the linear perturbations satisfy on large-scales the equation
Ay @, 2%V
ag

The fluctuation®e on superhorizon scales will be Gaussian distributed and, from the results of Section
2.4, they will have a nearly scale-invariant spectrum—see Eq. (77)—
H?
Zsek) > 75 (248)
where the subscriptdenotes the epoch of horizon eki= a H. Once inflation is over the inflaton energy
density will be converted into radiation)(and the curvaton field will remain approximately constant

22|n the curvaton scenario it is indeed possible that some residual isocurvature perturbations survive after the curvaton
decay. This could be the case for example if the curvaton field decays when subdominant into a component of cold dark matter
(CDM) which does not thermalize with the existing radiation. This is due to the fact that an isocurvature perturbation is present
initially, while in the standard scenario of inflation it is not possible since the perturbations initially are adiabatic. If this is the
case, non-Gaussianity in the isocurvature perturbations are expected as well. We refer the read¢l #R&s,100for more
details. Here we will just consider the simplest setting of the curvaton scenario where only adiabatic perturbations are left after
the curvaton decay.
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until H2 ~ mi At this epoch the curvaton field begins to oscillate around the minimum of its potential
which can be safely approximated by the quadratic t&rm: mg(;Z/z. During this stage the energy
density of the curvaton field just scales as non-relativistic magtex « —3 [283]. The energy density in

the oscillating field is

pe (T, X) & m2a%(z, X) (249)
and it can be expanded into a homogeneous backgrpunagand a first-order perturbatia p, as
P, (T, X) = p, (1) + 5(1),0{,(1, X) = mia + Zm(%aé(l)a . (250)

As it follows from Egs. (245) and (247) for a quadratic potential the rétfity /o remains constant and
the resulting relative energy density perturbation is

5O 5D
&P _ 2( 7). (251)
*

Po o

where thex stands for the value at horizon crossing.

Perturbations in the energy density of the curvaton field produce in fact a primordial density pertur-
bation well after the end of inflation. The primordial adiabatic density perturbation is associated with a
perturbation in the spatial curvatupeand it is characterized in a gauge-invariant manner by the curvature
perturbation? on hypersurfaces of uniform total denspyintroduced in Section 3.5. At linear ordér
is defined by Eqg. (131) and on large scales its evolution is sourced by the non-adiabatic pressure pertur-
bationd® Ppag= 0@ P — 256D p, obeying the equation of motion (144). In the curvaton scenario the
curvature perturbation is generated well after the end of inflation during the oscillations of the curvaton
field because the pressure of the mixture of matter (curvaton) and radiation produced by the inflaton decay
is not adiabatic. A convenient way to study this mechanism is to consider the curvature perturhations
associated with each individual energy density components defined in Eq. (132). In fact the weighted
sum in Eq. (170) during the oscillations of the curvaton field can be writt¢h7a5175]

P=a-pHeP+ e, (252)
with the quantityf defining the relative contribution of the curvaton field to the total curvature perturbation
is now given by

3p
Fo . (253)
4p, + 3p,

according to Eq. (171).

From now on we shall work under the approximation of sudden decay of the curvaton field. Under
this approximation the curvaton and the radiation compongntind p, satisfy separately the energy
conservation equations

p; = _4%py )
p:r = —3]{)p0_ P (254)

and the curvature perturbatioq@ remains constant on superhorizon scales until the decay of the cur-
vaton, as it follows from Eqgs. (182)—(183) in the limit' /.# < 1.
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Therefore from Eq. (252) it follows that the first-oder curvature perturbation evolves on large-scales as

C(l)/ _ f’(gg_l) _ Z;51)) _ %f(l B f)(cg_l) _ nyl)) , (255)

where we have used the conservation of the curvature perturbations. By comparison with Eq. (144) one
obtains the expression for the non-adiabatic pressure perturbation at firsplat@ldr7 5]

0D Prag= p,(1 = HHEP — (M) . (256)

Since in the curvaton scenario it is supposed that the curvature perturbation in the radiation produced at
the end of inflation is negligible

~(1) 15(1);0y
L A

(D =y - 0. (257)
! 4 p,

Similarly the value otf,l) is fixed by the fluctuations of the curvaton during inflation
1_ 5(1)90
3

wherel stands for the value of the fluctuations during inflation. From Eq. (252) the total curvature
perturbation during the curvaton oscillations is given by

(D = fC(Ul) ) (259)

C((,-l) _ —lz(l) + — C(l) (258)

ol
[

As it is clear from Eq. (259) initially, when the curvaton energy density is subdominant, the density
perturbation in the curvaton fielzj,l) gives a negligible contribution to the total curvature perturbation,
thus corresponding to an isocurvature (or entropy) perturbation. On the other hand during the oscillations,
p, & a3 increases with respect to the energy density of radigtion a—*, and the perturbations in

the curvaton field are then converted into the curvature perturbation. Well after the decay of the curva-
ton, during the conventional radiation and matter-dominated eras, the total curvature perturbation will
remain constant on superhorizon scales at a value which, in the sudden-decay approximation, is fixed by
Eq. (259) at the epoch of curvaton decay

(D= follP, (260)

where D stands for the epoch of the curvaton decay.
Going beyond the sudden-decay approximationitis possible to introduce a transfer paraiefted
as[175,186]

(O =r®, (261)

where( is evaluated well after the epoch of the curvaton decay(gnds evaluated well before this

epoch. The numerical study of the coupled perturbation equations has been performed[ir8&ef.
showing that the sudden-decay approximation is exact when the curvaton dominates the energy density
before it decays$r = 1), while in the opposite case

(2,
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6.2. Second-order curvature perturbation from the curvaton fluctuations

As we have shown in Section 5 in the standard scenario where the generation of cosmological per-
turbations is induced by fluctuations of a single inflaton field (and there is no curvaton) the evolution
of the perturbations is purely adiabatic, and the total curvature perturb#fiois indeed conserved.

Thus, following Ref.[31], we have used the conserved quantif§) to follow the evolution on large

scales of the primordial non-linearity in the cosmological perturbations from a period of inflation to the
matter dominated era. On the contrary in the curvaton and inhomogeneous reheating scenarios the total
curvature perturbatioff?’ evolves on large scales due to a non-adiabatic pressure. In the present scenario
the conversion of the curvaton isocurvature perturbations into a final curvature perturbation at the epoch
of the curvaton decay can be followed through the sum (252) of the individual curvature perturbations
weighted by the ratid of Eq. (253).

Let us now extend such a result at second order in the perturbations. Since the qu;zﬁﬂt'miedél@
are gauge-invariant, we choose to work in the spatially flat ggtige= y") = 0 if not otherwise specified.
Note that from Egs. (251) and (258) the valueggif is thus given by

16W 200 2(6W
Cg—l) _ = Ps _“ 4 _ = o ’ (263)
3 o, 3 o 3\ ¢ §

where we have used the fact thigt (or equivalentlysV s/4) remains constant, while from Eq. (257) in
the spatially flat gauge

=-—71. (264)

During the oscillations of the scalar field Eq. (197) wit® I = 0 reduces to

(2= P+ A= PEP + FA- HA+ HEP -2, (265)

where we have used the sudden-decay lmiit.# <1 and within such an approximatidns given by
Eq. (253). Similarly from Egs. (193)—(194) the expression of the individual curvature perturbations in
the spatially flat-gauge now read

16@p,

(@ = 3 M), (266)
16@p,

(= 2R (267)

Such quantities are gauge-invariant and, in the sudden-decay approximation they are separately conserve!
until the curvaton decay.
Therefore from Eq. (265) it follows th&t? evolves according to E¢B32]

(P =P =)+ fA=3AE — (P2 (268)
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Note that Eq. (268) can be rewritten as Eq. (147) derived in [R8&] with 6@ Phaq given by Eq. (256)
and

0@ Prad= p,(1— PP = (@) + (f2+6f — 1)
x (P = (D)2 + 4D — (D, (269)

is the gauge-invariant non-adiabatic pressure perturbation on uniform density hypersurfaces on large
scales which, as one can easily check, coincides with the generic expression in Eq. (145) which has been
provided in Ref[185].

The second-order curvature perturbation in the standard radiation or matter eras remain constant on
superhorizon scales and, in the sudden-decay approximation, it is thus given by the quantity in Eq. (265)
evaluated at the epoch of the curvaton decay

(@ =@+ pA- BHEHH?, (270)

where we have used the curvaton hypothesis that the curvature perturbation in the radiation produced at
the end of inflation is negligible so tha}(tl) ~ 0 andcgz) ~ 0. The curvature perturbatiaf}? is given

by Eq. (263), whilezg?) in Eq. (266) is obtained by expanding the energy density of the curvaton field,
Eqg. (249), up to second order in the curvaton fluctuations

Pe(X, ) = py (1) + 0P p(x, x') + 6@ p, (z, x7)

=m2c + 2m%65Pe + m2(6Vg)? . (271)
It follows that
2
5@ 1/sD 9
e (—” =2, (272)
Pe 2\ ps 2

where we have used Eq. (263), and hence from Eq. (266) we obtain
@ =@ =5 @3, (273)

where we have emphasized that aﬂgbis aconserved quantity whose value is determined by the curvaton
fluctuations during inflation. Plugging Eq. (273) into Eq. (270) the curvature perturbation during the
standard radiation or matter-dominated eras turns out [82je

(@ = fp (g — f.§) (2. (274)

From now on we switch from the spatially flat gauge- y = O to the Poisson gauge defined in Section

3.1. Such a procedure is possible since the curvature perturbéﬁémxe gauge-invariant quantities.

In particular this is evident from the expression found in Eq. (274). In fact we are interested in the
non-linearities produced in the gravitational potentials in the Poisson gauge. By doing so we are in the
position to obtain a relation between the gravitational poteifdland the energy densitf? p in the
radiation/matter dominated epochs.
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From Eq. (134) we find that during the matter-dominated era

2
2 D
@y, 10 p+5(5 p)

é —

3 p 9\ »
@, 1% 20 0o
GRS R AL (275)

where in the last step we have used the first-order solution (151) on large scales in the Poisson gauge.
On the other hand, the curvature perturbation in the radiation/matter-dominated eras remains constant at
a value which is fixed by Eq. (274). Thus Eq. (275) combined with Eq. (274), Vie&]s

16@p 1 75
@ _ - L -"120— — 425 D)2 276
b2 - 3 =50 2 v s | w2, @76)
where we have used
follP =-3y® (277)

from Eg. (260) and the usual linear relation between the curvature perturbation and the gravitational
potential;® = —2 4@ during the matter-dominated era, see Eq. (187).

7. The inhomogeneous reheating scenariél” # 0

Recently, another mechanism for the generation of cosmological perturbations has been proposed
[76,130,77,192,10]t acts during the reheating stage after inflation and it was dubbed the “inhomogeneous
reheating” mechanism in Reff77] and “modulated reheating” in RefL30]. This mechanism works
as follows. As in the curvaton scenario it is supposed that the perturbations coming from the inflaton
fluctuations are negligible. To reheat the Universe the inflaton has to couple to ordinary particles and has
to decay into radiation with a decay ratewhich depends on the couplings of the inflaton field. In the
standard scenario of inflation such a coupling is constant. In fact it may be determined by the vacuum
expectation value of fieldgs of the underlying theory. It could be the case of supersymmetric theories
or theories inspired by superstrings, as discussed in some details ifff®ef80] respectively, with the
scalar fields/s being some scalar super-partner or the so-called moduli fields. If those fields are light
during inflation fluctuationsy ~ H/2r, whereH is the Hubble rate during inflation, are left imprinted
on superhorizon scales, as we have recalled in Section 2.4. These perturbations lead to spatial fluctuation:
in the decay raté of the inflaton field to ordinary matter

or o , (278)

r
thus producing fluctuations in the radiation and in the reheating temperature in different regions of the
Universe. These fluctuations are of isocurvature type and will be converted into curvature fluctuations
after reheating, once the thermalized radiation starts do dominate the energy #ensity.

23|ndeed the idea that the total curvature perturbation may be affected on large scales by entropy perturbations when there
exists a scalar field affecting particle masses or couplings constants controlling the reheating process has first been suggested ir
Ref.[103].
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7.1. Generating the curvature perturbation at linear order from decay rate fluctuations

Using the cosmic time as time variable, the first order Eq. (18235,}E)lon large scales reads
m Tpyp p
CE,,) —_—2L (C(l) _ Cgol)) +H2sDr . (279)
2 p,p P

We shall now adopt a “mixed sudden-decay approximation”. We shall treat the pressureless scalar field
and radiation fluids as if they were not interacting until the decay of the inflaton, ivke . Since at the

beginning of the reheating phase the energy density in radiation is negligible this meghs fhat ~ 1

and there is indeed only a single fluid with, from Eq. (176}, ~ Cf,,l) andégl) ~ 0. In fact under such an
approximation we can neglect all the terms proportional to the decay ratg we allow for the spatial

fluctuations of the decay rate. Thus the first-order Eq. (279) reads
by = =3or, (280)

where we have usegl, = —3Hp,, in the sudden-decay approximation. Integration over time yields

(OFa

W__Lsop__ 20T . 281

) =—3 5 =@ (281)

where we have used the fact that during the oscillations of the scalar field which dominates the energy

densityH:% t. Theinhomogeneous reheating mechanism produces atlinear level a gravitational potential

which after the reheating phase, in the radiation-dominated epoch, is given by (in the longitudinal gauge)
[76]

1601

@ _ = 282

9 r, ’ (282)

where T, stands for the value of the background decay rate, which in this scenario is approximately
constant, being determined by the very light scalar field(§uring the radiation-dominated epoch the
usual relation between the gravitational potential and the curvature perturbation in Eq. (187) yields

yO = _2(@ (283)

and thus from Eq. (281) we can set the raftig/ Hp = % at the time of the inflaton decay in order to
reproduce the result (282) of R¢T6]. Therefore from Eq. (281) it follows that the value@? is [33]

6 I

16Dr
D ~ _ (284)

7.2. Second-order curvature perturbation from inhomogeneous reheating

We now expand the decay rate as

=T+l =ri+0Pr+169r, (285)
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and perturbing the energy transfer coefficiéo,t: —TI'p, up to second order it follows from Egs. (198)
and (285)

0@ 0, =—p, 021 —1,0%p, —26P1sWp,, . (286)

Plugging Eq. (286) into Eqg. (203), the equation of motion on large scales for the curvature perturbation
(! allowing for possible fluctuations of the decay rate " ands® I turns out to bd33]
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where we have used the fact that the decay Fatethe scenario under consideration remains constant.

We shall use the result previously found in Eq. (284) to solve this equation. In fact under the sudden-decay
approximation and using Eq. (196) the second-order Eq. (287) simplifies to

(€8] ’
6 =2 0Pr — (Dar - 20D - 2(5%@&”) | .
Notice that the fluctuations”= 6™ I + 5@ I indeed depend on the underlying physics for the coupling
of the inflaton field to the other scalar field¢s)Let us take for exampl&(z, x) o 52(z, ). If the scalar
field y is very light, its homogeneous value can be treated as cong@nt y, and during inflation
quantum fluctuations” ; around its homogeneous valyeare left imprinted on superhorizon scales.
Therefore non-linear fluctuatiori™ ;)2 of the decay raté are produced as well

It %) o 721, %) = 72 4 27,0V + 6P p)? . (289)
From Egs. (285) and (289) it follows

sOr _, oDy

’

Iy Ve

2 2
5@r 5D, 1/sDr
=2 L) == . (290)
I, L 2 Iy
Using the first-order solutio{f,,l) =—(¢/3)6'Y'1 and Eq. (290) in Eq. (288), the evolution{é}) on large
scales is

1) :
£(2) 1 a2, 1 (2 @, 2P
>~ ——— YD)+ =)t -2 — = — . 291
6 = = 0V VDA 20 - S S (291)
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Integration over time is straightforward and yields
D
2 4001

D) 2
@_ L7071 a2 w2
o 6 I, ( )T —= () — C o
Now recall that at the time of inflaton decay/Hp = 3/4, and sinced = 2/3t, it follows rp = 1/2I,,.
Thusg(z) in Eq. (292) evaluated at the ting of inflaton decay is

2
(1 1
(@~ _i<5 )F) 2L ar (293)

(292)

24\ T, ¢ 277 T,

Finally, using Eq. (284), we find that the total curvature perturbati®nin the sudden-decay approxi-
mation is given by33]

(P~ (2~ 32, (294)

Eq. (294) gives the value at which the curvature perturbation remains constant during the radiation and
dominated phases. Naotice that our results are gauge-invariant, involving the curvature perturbations, as it
is clear for example from Eq. (294). Thus, as in the previous section, we can now switch from the spatially
flat gauge to the Poisson gauge, to obtain a relation analogous to the ones in Egs. (244) and (276) betweel
the energy density perturbatiaf® p and the gravitational potentig® during the matter-dominated
epoch. By combining Eq. (294) with expression (275) for the curvature perturbitidn the Poisson

gauge during the matter-dominated phase we find

1@y 5
v -3 ° L 5 W7 (295)

8. Non-linearities in the gravitational potential

Letus now focus on the calculation of the non-linearity in the gravitational potertial®? + 5 ¢ (or
) inthe Poisson gauge. In fact with our results we can express the gravitational peiémtidmentum
space as

_ 4D
$0= 900 + 5

x (k1 k2)p® (k) p® (ka) (296)

where we have defined an effective “momentum-dependent” non-linearity para;fﬁl_ele’rere the linear
lapse functionp® =y is a Gaussian random field. Notice that indeed a momentum-dependent function
must be added to the R.H.S. of Eq. (296) in order to satisfy the requiremesdihal. From Eq. (296)

it follows that the gravitational potential bispectrum reads

(p(kD)p(k2)p(ka)) = 21)% 6@ (k1 + k2 + ka)
x [2.f5 (K1, K2) Py (k1) Py (ko) + cyclic] (297)

where Py (k) is related to the dimensionless power-spectrum of the gravitational potential as defined in
Eq. (59) byP, (k) = 2 4(k) 272/ k°.

/ d3k1 a2 6 (k1 + ko — k)
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We want to make here animportant remark. The non-linearity paragﬁtdefines the non-Gaussianity
in the gravitational potential, but it does not define the non-Gaussianity level of the CMB temperature
fluctuations. In order to predict such an observable it is necessary to make a further step, and determine
how the perturbations in the gravitational potentials translate into second-order fluctuations of the CMB
temperature. We will carry out this calculation in the next section. We now give the expression for the
non-linearities in the gravitational potential In each of the scenarios considered, solving the evolution
for the curvature perturbatiofﬂz) for each of the scenarios considered, we have obtained the relations
(244), (276), and (295) between the gravitational potenitidl and the energy densitf? p in terms of
the linear gravitational potential squaresf?)2. We can now close our system and fully determine the
variables)@, ¢@ ands@p by using the (0-0)-component of Einstein equation (153) and the constraint
(154) relating the gravitational potentiat§® andy?.

8.1. The standard scenario

Combining Eq. (244) obtained from the conservatiori‘®f with Egs. (153) and (154) we single out
an equation for the gravitational potentigP on large-scales

54 3w

@
¢+

3 .
AP = 5+ 3wy YY) + > AL+ w)[V 220y Do,y D
+ 3(1+ w) g vay) — 3V 40,07 207y Moy
. 3 i
+3(1+ w)]fzvél)v(l)j)] + > H(1+ w) / F()dd — 7]
17
V291

1 8 1
= vy 2, 2 41 VZ 1) D)\ 2 2
+%,( ¥ )+3}f¢ (VY )+—3% +—%,<w ), (298)

where#1 denotes the R.H.S. of Eq (154).
We want to integrate this equation from to a timer in the matter-dominated epoch. The general
solution is given by the solution of the homogeneous equation plus a particular solution

@ =@ (1)) exp[— / > +23w # df/]
77

+ exp[—/ 5+23w %’d‘c/i| x/ exp[/ 5+23w H dsj| b(7)dd (299)
7 T T

whereb(z) stands for the source term in the R.H.S of Eq. (298).

Notice that the homogeneous solution during both the radiation and the matter-dominated epoch de-
creases in time. Therefore we can neglect the homogeneous solution and focus on the contributions from
the source term(z). At a timer in the matter-dominated epoch prffl dv’ # (5+3w)/2] < 17°. Thus
if we are interested in the gravitational poteng& during the matter-dominated epoch the contributions

in the particular solution coming from the radiation-dominated epoch can be considered negligible. Re-
calling that during the matter-dominated epoch the linear gravitational potefitias constant in time,
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it turns out that

¢(2) ~ 2(!//(1))2 + :_3 |:v—2 (gj aiw(l)a.w(l)) 3v—4a o/ < t//(l)@ l//(1)>:|
5 3 !

+exp[—/ 5+23w J/fdr/i| x/ exp{/ 5+23w %ds:| {g%(1+ w)
174 Tr Ty

7 V2
X/ L(s) ds+ (le(l)) + ¢(1)(V2!//(1))+ 3y }d/ (300)

1]

where we have used Eq. (149) to express the first-order velocities in terms of the gravitational potential,
and we have taken into account that during the matter-dominated egpeh0.

As the gravitational potentiat™® on superhorizon scales is generated during inflation, it is clear that
the origin of the non-linearity traces back to the inflationary quantum fluctuations.

The gravitational potential will then have a non-Gaussj&i-component. Going to momentum space,
from Eq. (300) we directly read the non-linearity parameter of the gravitational potgatial® + 3 ¢
for scales entering the horizon during the matter-dominated §34¢@3]

Rk ko) = —1 + g (ke ko) . (302)

where
ghake tako? 3Kk

k? k4 2 k4
with k =k1+ k2. Notice that in deriving Eg. (301) we have neglected the contribution from the lasttermin
Eq. (300), since as we explain in Section 8.3.1 this term is fully negligible when evaluating the bispectrum
of the gravitational potential on large scales. Moreover in the final bispectrum expression, the diverging
terms arising from the infrared behaviorﬁﬁl_(kl, ko) are automatically regularized once the monopole
term is subtracted from the definition ¢f by requiring that¢) = 0. The non-Gaussianity provided by
expression (305) will add to the known Newtonian and relativistic second-order contributions which are
relevant on subhorizon scales (a simple example being the Rees—Sciam{8b§ctwhose complete
and detailed analysis has been given in Rgf33,234,199]

From Eq. (301) we conclude that the tiny non-Gaussianity generated during the inflationary epoch
driven by a single scalar field, discussed in Section 5.3, gets enhanced in the post-inflationary evolution
giving rise to a non-negligible signature of large-scale non-linearity in the gravitational potentials. Once
again, inflation provides the key generating mechanism to produce superhorizon seeds, which are later
amplified by gravity.

Finally it is interesting to note that as long as we are interested in the gravitational potential bispectrum
on large-scales, it is possible to obtain the same result as in Eq. (301) using the following approximate
solution to the (0-0)-component of Einstein equations (153) on large-scales:

g(ky, ko) =

(302)

16
®=—3 B 4 4wy, (303)
0

0

combining it with the equation obtained from the conservatiotf®fEq. (244) and with the constraint
Eq. (155), both evaluated at the matter-dominated phase, in order to close the system of equations for
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the variables)@, ¢ and @ p. The same holds true also for the other scenarios. Therefore, in the
following we shall use relations (276) and (295), between the gravitational potgffiand the energy
densitys‘® p in the matter-dominated epoch, together with Eq. (303) and the constraint Eq. (155), which
relates the gravitational potentigls® andy® in the matter-dominated epoch. As shown for the standard
scenario, the terms which are neglected with such an approximation give a negligible contribution to the
large-scale bispectrum of the gravitational potential.

8.2. The curvaton scenario

We use Eq. (276) obtained from the evolution(&? in the sudden-decay approximation with Egs.
(303) and (155) and we conclude that in the curvaton scenario during the matter-dominatef8B2poch

10 5 5
2 _ bt _ (Dy2
¢ —[3+3fo 2fD:|(l// )
—2v 2y WvZyD) 1+ 6v2@'0;(y o0y D)) | (304)

wherefp is given by Eq. (253) at the time of the curvaton decay and defines the fractional energy density
of the curvaton field. From Eq. (304) we obtain the non-linearity parameter for the gravitational potential
¢=0D +390?[32]

o= [é + gr - g] + g(k1. k) | (305)
where we have replacefb with r ~ (p,/p)p to go beyond the sudden-decay approximation, and the
function g(k1, ko) is the same as in Eq. (302). As far as the momentum-independent part of the non-
linearity parameterf,{f’L is concerned, we note that in the limikk1 we obtainf,ffL = —5/4r which
reproduces the estimate provided[kv6,175] while, in the limitr >~ 1, we obtainf,ﬁ’L = ;3’1 for
r ~ 12* Such a difference is due to the fact that we have taken into account all the relevant second-order
gravitational effects.

An important comment is in order here. As it is evident from Eg. (305) the level of non-Gaussianity
increases for decreasing values of the paramretidiat is to say with a lower efficiency for generating
the density perturbations. This relation between the inefficiency and the non-Gaussianity is in fact quite
a general feature, that has been pointed out in RE3€,300] It is due to the fact that, in order to keep
the density fluctuations at the observed level, as we decrease the efficiency to generate perturbations the
second-order terms become more and more relevant in comparison with the linear contributions, thus
increasing the level of non-Gaussianity.

8.3. The inhomogeneous reheating scenario

In the inhomogeneous reheating scenario wheee 2 by combining Eq. (295) with Egs. (303) and
(155) we find during the matter dominated epoch

$@ =3 (D)2 - 2v 2PV ®) + 6v20'0, (yP0,0/y D)) . (306)

24 Notice that formula (36) in Ref175] for the estimate of the non-linearity parameter contains a sign misprint and should
read ), ~ —5/4r, giving fy| ~ —5/4forr ~ 1.
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We then read the non-linearity parameter for the gravitational potentialp® + 5 ¢@ [33]

=2+ gke, ko) | (307)

with g(kq, k2) defined in Eqg. (302).

We would like to remind that the result in Eq. (307) has been obtained under certain minimal conditions
for the inhomogeneous reheating to take place. This includes the assumption that during inflati@n
and that the decay rate is completely determined by a scalan/fasdd” « »2. However, the curvature
perturbation produced in the inhomogeneous reheating scenario does have a dependence on the rati
I'./H, which one can parametrize 890]

oD
I

- , (308)

wherex is positive and decreases as the rdtig H at the end of inflation increases, with= % in the

limit I',/H — 0, thus recovering Eq. (284). Moreover the scalar fiefdight set actually only a decay
channel into which the inflaton decays; in addition the decay rate could have another channel which does
not fluctuate, so that

2
r:ro+r1(i) : (309)
Ax
as considered in Refp/6,300] The resulting linear curvature perturbation reads
I oW,
(D= gyt (310)
Iy

As argued in Ref[300], Eq. (310) shows that the efficiency to generate the density perturbations can
actually be very small either when the decay rate is not much smaller than the Hubble rate during inflation,
or because the scalar figjgontrols only one of the channels in which the inflaton field decays. Therefore,
according to the previous considerations one expects that due to these effects the level of non-Gaussianity
canbeinfact higherthanin Eq. (307). Moreover, as discussed ifid®éfthe decay rate could depend by
several scalar fields and one should also account for the possible presence of intrinsic non-Gaussianities ir
the scalar field(s), produced by self-interactions of the type described in Section 2.5. In our formalisms
this means that in expandingz, x) as in Eq. (289) there might be an additional non-linear term given

by 6@y sourced by the self-couplings of the scalar figlds shown in Ref[300] all these “variations

on the theme” should increase the non-Gaussianity at a level very close to the limits set by 3% MAP.

In fact following the same steps which lead to Eqg. (307) we are able to extend the result to the
more general case which includes the dependence onpgheameter and a decay rate as in Eq. (309),
while keeping track of the different second-order effects arising in the determination of the non-linearity
parameter of the gravitational potential. Using Egs. (308) and (309) we find

=3+ 1+gkiko) , (311)

25Notice however that the analysis in RE00] focuses on the curvature perturbatipand does not take into account
all the second-order effects which contribute to the level of the non-Gaussianity in the gravitational potential and in the CMB
anisotropies which is actually the observable quantity.



176 N. Bartolo et al. / Physics Reports 402 (2004) 103-266

where

5 5T
[=_>42 312
2 * 121’ (312)
I being the mean value of the decay rate. Thus the “minimal case” (307) is recoveazedgcandl"l =TI

(I = 0).

8.3.1. Some remarks on the large-scale limit

Let us now clarify here again our procedure in deriving the expression of second-order quantities or
equations of motion. Indeed, when dealing with second-order perturbations which are expressed in terms
of first-order quantities, also the short-wavelength behavior of the first-order perturbations must be taken
into account, as it becomes evident going to momentum space. The crucial point here is which is the
final quantity one is interested in. We are interested in calculating the bispectrum of the gravitational
potential and of the temperature anisotropies on large scales as a measure of the non-Gaussianity of the
cosmological perturbations on those scales. The bispectrum of these quantities is twice the kernel which
appears when expressing these second-order quantities in Fourier space, that is to ﬁy(lelgkz)
in Eq. (296). This means that, when calculating the bispectrum, we can evaluate the kernel in the long-
wavelength limit, irrespective of the integration over the whole range of momenta. This is the reason
why we have used the long-wavelength approximation in the equations of motion when deriving the
expressions of second-order quantities in terms of first-order perturbations. Thus, the final result for the
bispectrum is not affected by our procedure.

8.4. Second-order temperature fluctuations on large scales and the correct definition of the measured

L

In this subsection we provide the expression for the second-order temperature fluctuations on large-
scales which will allow the exact definition of the non-linearity paramegigr. From now on, we will
adopt thePoisson gaugeefined in Section 3.1.

The second-order expression for the temperature fluctuation field in the Poisson gauge has been obtaine
in Ref.[199], by implementing the general formalism introduced in R284]. We are interested here
in the large-scale limit of that expression, which allows to unambiguously define the primordial non-
Gaussian contribution. Keeping only the large-scale limit of the linear and second-order terms in Egs.
(2.27) and (2.28) of Ref199], (see also Egs. (4.11) and (4.12) of HéB4]), we obtain

AT 1 y, 1 e 2, 1 a 1 1

=08 e+ 5 @ 1) = S+ g (313)
where¢, = qbéol) + % qﬁff) is the lapse perturbations at emission on the last scattering surfaeg and
ri}) + %rf) is the intrinsic fractional temperature fluctuation at emission

AT
o= —| . (314)
T g
Let us recall that, at linear ordes? = . In Eq. (313) we dropped all those terms which rep-
resentintegratedcontributions such as Integrated Sachs—-Wolfe, Rees—Sciama and more complicated
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second-order integrated effe¢1§2,211,196,268,69A full account of these effects is indeed provided
by the general expressions for non-linear temperature anisotropies given ifiZ38{234,199hand will
not be reported here. The form of the CMB temperature bispectrum arising from some non-linear effects
has been inferred recently in R¢7.3] (see also Refl18]), for a particular triangle configuration. No-
tice that for aACDM cosmology the integrated Sachs—Wolfe effect would also give a contribution on
large-scales. In order to compute this effect one should study the complete evolution of the gravitational
potentials from last scattering til (dark energy) domination.

It is important here to stress that the non-linearity paramgteras introduced e.g. in Refd43,137]
singles out the large-scale part of the second-order CMB anisotropies. One should be able to distinguish
secondary integrated terms from the large-scale effects thanks to their specific angular-scale dependence
For the very same reason, we disregarded gravitational-lensing and Shapiro time-delay effects, Doppler
terms and all those second-order effects which are characterized by almgimonic content. We finally
dropped contributions at the observer position, which only modifyntbaopolgerm.

To obtain the intrinsic anisotropy in the photon temperature, we can expand the photon energy density
py X T4 up to second order and write

10Wp,
Py g
wherep, is the mean photon energy density, and
2
1 52 ., 1 5@, 3 [ 6Wp,
MR Y YO S ] Y (316)
& &
y 4 p, 16\ p,
i & / & i &

Next, we need to relate the photon energy density fluctuation to the lapse perturbation, which we can
easily do by implementing the adiabaticity condition up to second order. At first order the adiabaticity

condition readg,(nl) = Cf,l) and we obtain

5(1)10‘,' 4 5(1)pm

p, 3 pu

wherep,, isthe average energy density of the matter component. At second order the adiabaticity condition
imposei,(nz) —(? as explained in Section 3.6.2. From Eq. (135) applied to matter and radiation we find

Yo

2 2
5( )Py _ i" 5(2)pm + 4 5(1)pm
Pm

, (317)

_ (318)
o, 3 Pm 9
In the large-scale limit, the energy constraints (151) and (303) in the matter-dominated era, yields
s
L R— N CY (319)
Pm
and
5(2)pm
Pm

= —2¢@ 4 8(!#“'))2 ] (320)
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We finally obtain the fundamental relation

ff [wm (¢@”——<¢”f)} (321)

From Eq. (321), it is clear that the expression for the second-order temperature fluctuanhons is
simple extension of the first-order Sachs—Wolfe effettV /T = zpfg,l)/?; to second order since it receives

a correction provided by the term(5/3)(np(1)
We can express the lapse function atsecond orderasin Eq. (296), or equivalently as a general convolution
(see, e.g., Ref3])

p=¢® + 3@ =yp® 4 10« D)2, (322)

up to a constant offset. In order to connect the inflationary predictions with the definitfiyp @fhich has
become standard in the CMB-related literature (see, e.g.[ &) we remind the standard Sachs—\Wolfe
formula

AT 1
a (N, 70) = ~3 o(N(z0 — 14)) , (323)

whered = — ¢ is Bardeen’s potentidR0], which is conventionally expanded in a form analogous to Eq.
(322), namely

=D + fuL * (9L)? (324)

(up to a constant offset, which only affects the temperature monopole term), @here-¢®.

8.4.1. Angular averaging in a perturbed Universe and the valugof

One more non-linear effect that one should take into account is provided by the angular averaging
implicit in the definition of observables such as the harmonic amplitudes of the CMB temperature as
defined by an observer. Restricting ourselves to the pure Sachs—\Wolfe effect, this amounts to performing
an angular average with the physical (perturbed) metric on null hypersurfaces at fixed radial distance from
the receiver. One can easily show that only the first-order correction to the metric gives a contribution to
second-order quantities like the bispectrum and the effect can be accounted for by multiplying the angular
differential element @ by a conformal factotl — 2y1). This operation implies shifting the value of

M= =D (325)

Itis interesting at this point to consider the particular “squeezed” configuration considered jh82&f.

which consists in taking one of the wave numbers to be much smaller than the other two in the bispectrum
(p(kD)p(k2)o(k3)), for instancekz <kq, k2. It is immediate to verify that in such a limit, and taking

into account the form of the function (302), the bispectrum vanishes in the case of a scale-invariant
power-spectrum within the standard scenario, where cosmological perturbations are due to the inflaton
field. This is in full agreement with the general argument given in R&R], where it was shown that in

the squeezed limit the effect of the perturbation with the lowest momentum is only to rescale the other
momenta in the corresponding fluctuations. For perturbations generated during inflation, this amounts to
saying that fluctuations leaving the horizon at much earlier times act as a classical background for the
evolution of the other modes.
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From Egs. (325), (321) and (324) we can now immediately derivetieson-linearity parametefy.
which is the quantity actually measurable by high-resolution CMB experiments, after properly subtracting
instrumental noise, foreground contributions and small-scale second-order terms. We find

fa=—f+i+l=—fu +%. (326)

We warn the reader that this is the quantity which enters in the determination of higher-order statistics (such
as the bispectrum of the temperature anisotropies) and to which the phenomenological study performed
e.g. in Ref[143] applies. A number of present and future CMB experiments, such as WUz and

Planck, have enough resolution to either constrain or detect non-Gaussianity of CMB anisotropy data
parametrized by with high precisior{143].

Notice that the CMB temperature bispectrum does not vanish in the so-called squeezed limit discussed
in Ref.[182], owing to the presence of second-order Sachs—\Wolfe-like terms which give the extra term
(—55 in Eq. (326). This statement applies to all scenarios of generation of cosmological perturbations and
contrasts with the results in RdfZ3] (in the limit in which the two calculations can be compared),
where the CMB bispectrum has been inferred directly from that of the gravitational potential (so that
second-order Sachs—-Wolfe-like terms were not included) and there is no matching to the primordial
non-Gaussianity.

In Refs.[31,33]the matching among different cosmological eras has been obtained using the gauge-
invariant curvature perturbatidf? defined in Eq. (134). If one goes to the uniform energy-density gauge
defined bysp = 0 at any order, one recovers (at second order) the Salopek—Bond curvature perturbation
defined in Ref[249] (s through the metric & = a?(z)[—di? + ¢¥sB dx?]. Indeed, expandingsg as

{sg= g(slé + %C(SZE); and comparing to the metric (103), one immediately finds (on super-horizon scales)

(= —y®, =&
(2 = ), =@+ 22 (827)

The extra-term z(slé)z beautifully matches the lastterminthe R.H.S. of Eq. (242) immediately explaining

why C(SZI% = (e, ) during inflation, as found in Ref182]. Notice, however, that the computation of the

second-order temperature anisotropy in any gauge requires the use of the full gauge-invariant quantity
(@ in order to properly account for terms proportional(d?)2. This step seems to be missing in
Ref.[73], where both the uniform energy-density and the longitudinal gauges have been used.

After showing how the large scales perturbations in the gravitational potentials produce corresponding
fluctuations in the CMB temperatures, we are finally in the position to give the predictions for the level
of the non-Gaussianity in the three scenarios considered so far.

A. Standard scenaridJsing Egs. (326) and (301), we conclude that in the standard scenario where
cosmological perturbations are generated by the inflaton field, the value of the non-Gaussianity parameter
is provided by

L (ke ko) = £ — g(kq, k) . (328)

B. Curvaton scenarid=rom expression (326) and Eqg. (305), we find that the level of non-Gaussianity
in the curvaton scenario is given by

2 5

5
MNL=— [—3 tel 4},] —g(ka, ko) , (329)



180 N. Bartolo et al. / Physics Reports 402 (2004) 103-266

where we recall that ~ (p,/p)decaylS the ratio of the curvaton energy density to the total energy density
at the curvaton decay.

C. Inhomogeneous reheating scenatising expression (326) and Eq. (307), we find that the level of
non-Gaussianity in the inhomogeneous reheating scenario wherg? is provided by

e =15 — g(k1, ka) . (330)

As explained in Section 8.3 we can relax some conditions and obtain an extension of Eq. (330) for a decay
ratel” which is only partially controlled by a scalar fiefchs in Eq. (309). Using (326) and Eq. (311) we
find

fe=8 -1 - gk ko), (331)
wherel = —5/2 + (5/12)T"/(aI'1), with the parameter @ o < 1/6 andI'/I'y > 1.

8.4.2. A comment on primordial non-Gaussianity and the post-inflationary evolution

The expressions for the non-linearity paramef@r obtained in the previous section are the results of
three physical processes. The first one is the generation of an intrinsic non-Gaussianity during a primor-
dial epoch and is strictly dependent on the particular mechanism which gives rise to the cosmological
perturbations. This contribution sets the initial conditions for the evolution of the second-order perturba-
tions in the radiation-dominated epoch obtained using the conservation of the curvature flu¢té@ation
namely Eqgs. (244), (276) and (295). The initial contribution is then processed by the second-order gravi-
tational dynamics in the post-inflationary evolution given by Eg. (303) and the constraint equation (155).
Finally, the non-linearities thus produced in the gravitational potential are transferred to the temperature
anisotropies on large scales, where new second-order corrections arise (see Eg. (321)). In fact, it has
been shown in Ref34] that the initial contribution from the primordial epoch can be neatly disentangled
from the other contributions coming from the post-inflationary evolution. The key point here is that the
gauge-invariant comoving curvature perturbatié remainsconstanton super-horizon scales after it
has been generated and possible isocurvature perturbations are no longer present. TH€rpfokégles
us with all the necessary information about the “primordial” level of non-Gaussianity generated either
during inflation, as in the standard scenario, or immediately after inflation, as in the curvaton scenario.
Different scenarios are characterized by different value§4f while the post-inflationary non-linear
evolution induced by gravity is common to all scenaf®k-33]26 For example, in standard single-field
inflation;® is generated during inflation and its value is giverty = 2(:M)2 + ¢(n; — 1) [3,31] (as
it can be seen also from Egs. (242) and (243)). Notice that such a disentanglement can be performed
unambiguously only by expressing the temperature anisotropies in a gauge-invariant way and identifying
the primordial content in the gauge-invariant curvature perturb&tfs’

In Ref.[34]it has been shown that the general expression for the second-order temperature anisotropies
given in Refs[234,199]is in fact gauge-invariant under a time-shift> © — a1y + %(a/(l)oc(l) — %2))
and that it is indeed possible to express the temperature anisotropies by properly defining some gauge-
invariant metric and density perturbations. Notice that the gauge-invariance refers to the contributions to
the temperature anisotropies on all scales. The definition of the gauge-invariant quantities proceeds by

26 Once the initial conditions are set, one uses the same equations (303), (155) and (321).
27The observable large-scale temperature anisotropies are then given by the different contributions, and in that respect we
used the word “primordial” in Section 8.4 to define the overall non-Gaussianity which survives on large-scales.
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choosing the shifts”) such that,"? =0.28 For example the gauge-invariant definition of the gravitational
potentialy® reads

p2 = 6@ 4 o0 [2 [ (lpa) Lo lﬁ“’) o 4 5% 0 4 (42 %)2)(”(1)]
a

+ 200" 2y + oy 4 = (aa(z’) (332)

where
2@ = @ 4 ®e® 4 V_zai[—41//(1)6iw(l) — Zw(l)/aia)(l)] . (333)

In terms of gauge-invariant quantities, the large-scale limit brings the same expression as in Eq. (313)

where now each quantity is given by the corresponding gauge-invariant defif8dgnin the large-

scale limit one again drops all those terms which represent integrated contributions and other second-
order small-scale effects that can be distinguished from the large-scale part through their peculiar scale
dependence. Taking the explicit expression of the conserved curvature pertutfatioom Eq. (134)

for a matter-dominated epoch, and using the- 0) component together with the traceless part of the

(i — j) Einstein equations at second order, one finds that on large scales the gauge-invariant expression
for the temperature anisotropies re§igi]

(2
ATGI .
T
where

y3 =y D — @ (335)

<¢(1> { [c@ 206821, (334)

is the gauge-invariant definition of the linear gravitational potenfal, C(l) and 5(2) are large-scale
curvature perturbations? and ¢ expressed in terms of our gauge-invariant quantities,{é;llbz
- J/f((s(l)p@/p/), and we have introduced a kernel

— 1OV 4a a] (allp(l)a]lp(l)) _ 2(10 alw(l)alw(l)) (336)

Eq. (334) clearly shows that there are two contributions to the final non-linearity in the large-scale
temperature anisotropies. The contribut[ogr) Z(C(l))z], comes from the “primordial” conditions set
during or immediately after inflation. Itis encoded in the curvature perturbatdnch remains constant

once it has been generated. The remaining part of Eq. (334) describes the post-inflationary processing
of the primordial non-Gaussian signal due to the non-linear gravitational dynamics. Thus, the expression
in Eq. (334) allows to neatly disentangle the primordial contribution to non-Gaussianity from the one
coming from the post-inflationary evolution. While the non-linear evolution after inflation is the same

in each scenario, the primordial content will be different and depending on the particular mechanism
generating the cosmological perturbations. We parametrize the primordial non-Gaussianity in terms of
the conserved curvature perturbation (in the radiation or matter-dominated epochs)

(@ =2a(tW)? (337)

28|n fact one could easily extend such a procedure by including general coordinate transformations such that the expression
of the gauge-invariant perturbations actually turns out to coincide with that of the corresponding quantities in the Poisson gauge.
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whereawill depend on the physics of the given scenario. For example in the curvatan-eé3&dr)—r/2,

wherer =~ (p,/p)p IS the relative curvaton contribution to the total energy density at the curvaton decay, as
itfollows from Eqgs. (261) and (274). In the minimal picture for the inhomogeneous reheating scenario from
Eq. (294) we find: = 1. From Eq. (334) we can extract the non-linearity paramgterwhich is usually
adopted to parametrize in a phenomenological way the level of non-Gaussianity in the cosmological
perturbations and has become the standard quantity to be observationally constrained by CMB experiments
[143,139] Using the parametrization (337) ati®) = —% x//gl) during matter domination, from Eqgs. (323)

and (324) we immediately read the non-linearity parameter in momentum space

ek k) =-[30-a)+ 35— 5A1+1, (338)

where 7 = 10(k1 - k3)(Kz - k3)/k* — (10/3)(K1 - k2)/k? with k3 + k1 + ko = 0 andk = |k3|. In

fact formula (338) already takes into account the additional non-linear effect entering in the angular
three-point function of the CMB from the angular averaging performed with a perturbed line-element
1- 2!//(C;L|)) dQ, implying a+1 shift in fy.. Notice that the procedure to get Eq. (334) and (338) is the
same that we have used to compute the final values of the non-linearity parameter in the previous section,
the only difference being that instead of determining the non-linearity in the gravitational potgftial

and from that deducing, through Eq. (321) here we kept track of the curvature perturbétforin

the final expression for the temperature anisotropies. In fact it is immediate to recover Egs. (328)—(330)
taking into account that

# =5- gk, ko) . (339)

In particular, within the standard scenario where the cosmological perturbations are due to the inflaton
field, the primordial contribution to the non-Gaussianity is giveruby 1 — %(ng — 1) [3,31] and the
non-linearity parameter from inflation now reads

R =B =D+ g+ or (340

Therefore, the main contribution to non-Gaussianity comes from the post-inflationary evolution of the
second-order cosmological perturbations which give rise to order-one coefficients, while the primordial
contribution is proportional ttn; — 1| <1. This is true even in the “squeezed” limit first discussed by
Maldacend182], where one of the wave numbers is much smaller than the other twé; &, k3 and

A — 0.

9. Other mechanisms generating non-Gaussian density perturbations

In this section we describe in some detail some scenarios to generate non-Gaussianities in the observe
cosmological perturbations which represent a plausible alternative to the mechanisms already discussed
For these scenarios a complete analysis of the perturbation evolution and hence a precise determinatior
of the level of the non-Gaussianity in the large-scale CMB anisotropies is still missing, but nevertheless
they offer some general and interesting insight on the ways non-Gaussianities can be produced from an
inflationary epoch at a higher level than predicted by the single-field models of slow-roll inflation.
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9.1. Non-Gaussianities from multiple interacting scalar fields during inflation

The standard models of inflation are based on the simple assumption that only the inflaton field is
relevant both for the background evolution and for the produced density perturbations. However, especially
on particle physics grounds, it is hard to believe that only one single scalapfigys a role during the
inflationary stage. On the contrary it is quite natural that during the inflationary dynamics several other
scalar fieldg; (I =1, ..., N) are present. The contribution to the total energy density of the extra scalar
fieldsy; might or might not be negligible, compared to the one provided by the scalapfidlthe latter
is the case, then the model of inflation is called a multiple-field mdd,274,231,166,129However,
as soon as one considers more than one scalar field, one must also consider the role of the isocurvature
perturbations produced by the relative fluctuations of the scalar fieGf129,132Jn addition to the
usual adiabatic mode. Itis well known that in such a framework non-Gaussieurvatureperturbations
can be producef 1,200,295-298,249,248,168,54,222-234j disadvantage of these scenarios is that
in general the observed pattern of CMB anisotropies and the observations of LSS constrain the amount
of isocurvature perturbations to contribute only a small fraction (see, e.g[Z&f). However, until
very recently the adiabatic and the isocurvature perturbation modes had been considered as statistically
independent, without taking into account that there can be a non-vanishing correlation between the
curvature and the entropy modes. The physical origin of this correlation is actually due to the fact that the
entropy mode on large scales can feed the adiabatic curvature perturbation as described by Egs. (144) an
(147). Itis just such a cross-correlation produced during an inflationary epoch when several scalar fields
are present that can introduce non-Gaussianity in the adiabatic mode too a it has been first suggested ir
Ref.[30].

Before entering in some details let us here summarize the underlying idea of this mechanism. The
starting point is the simple observation that it is quite natural to expect that the inflaton field is coupled to
the extra scalar fields present during inflation. It has been shown that such a coupling gives rise to a new
mechanism for generating quantum fluctuations in the scalar fields, which was dublmestitizion
mechanisnin Ref.[28]. In this case the quantum fluctuations of the scalar fields are not generated only
because of gravitational amplification during the de Sitter epoch as described in Section 2.4, but also
because—due to the interaction terms—the quantum fluctuations of a scalacégeldscillate (evolve)
into fluctuations of the scalar field with a calculable probability, in a way similar to the phenomenon
of neutrino oscillations. The probability of oscillation is resonantly amplified when the perturbations
leave the horizon and the perturbations in the scalar fiefthy disappear at horizon crossing giving
rise to perturbations in the scalar fiepdAdiabatic and entropy perturbation are inevitably correlated at
the end of inflatiorf28]. The crucial observation is that—since the degree of mixing is governed by the
squared mass matrix of the scalar fields—the oscillations can take place even if the energy density of
the extra scalar fields is much smaller than the energy density of the inflaton field. This is an important
point. Gaussian perturbations are usually expected in inflationary models because the inflaton potential
is required to be very flat. This amounts to saying that the interaction terms in the inflaton potential
are present, but small and non-Gaussian features are suppressed since the non-linearities in the inflatol
potential are suppressed too. On the other hand, nothing prevents the inflaton field from being coupled to
another scalar degree of freedom whose energy density is much smaller than the one stored in the inflaton
field. This extra scalar field will not be constrained by slow-roll conditions and it is natural to expect
that the self-interactions of such an extra field or the interaction terms with the inflaton field are sizeable,
thereby representing potential sources for non-Gaussianity. If during the inflationary epoch, oscillations
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between the perturbation of the inflaton field and the perturbations of the other scalar degrees of freedom
occur, the non-Gaussian features generated in the system of the extra field are efficiently communicated
to the inflaton sector. As it has been shown in R8®] these non-Gaussianities can be left imprinted in

the CMB anisotropies.

9.1.1. The oscillation mechanism

We now briefly describe the oscillation mechanism with an illustrative example. Consider two scalar
fields,¢ andy interacting through a generic potentiado, ). We will dub ¢ the inflaton field, even if this
might be a misnomer as the two fields might give a comparable contribution to the total energy density
of the Universe. In Fourier space the Klein—Gordon equations read

) K
0p+3Hdop + ? 0¢ + Vippop + Vi, 0y = 0,

. . k2
07+ 3Hoy + ;5}(4— Viox + Vypdp =0, (341)

where we have used the notatibp, = (0%V /0¢pd¢) and similarly for the other derivatives.
The interactions between the two scalar fields is manifest in that the squared mass matrix

V. Vo,
) ﬂZ — ( QP W) (342)
Vor Vi

is in general non-diagonal. This introduces a mixing between the two scalar fields. To estimate such a
mixing one can diagonalize the system of equations (341) by introducing a time-depend2niiary
matrix % such that".«?u = diagw?, »3) = w?. In the following we will assume that all the entries of

the squared mass matrix? are real, so that the unitary matrixreduces to an orthogonal matrix

cosf —sind
"= (sin@ cost ) ’ (343)

where tan 2 =2V, /(V,, — V,,) and the mass eigenvalues are given by

wiz = %[(V(/’(/) + Vi £ \/(VWP - Vxx)z + 4V12g0] . (344)

If for simplicity we work in the slow-roll approximation and assume that the entries of the squared mass
matrix are constant in time, we obtain for the states (¥1, ¥2)" = AT (o, T

4

5+ (k2 4 +w§a2> 51 =0,
a

/!
5, + (k2 _T w§a2> §¥r=0. (345)
a
These equations are exactly of the form of Eq. (41) and if we suppose a pure de Sitter phase the solutions
fors¥; are then given by Eq. (53), wiu§:9/4— (wi/H)?. The mass eigenvalues can be simply expressed
in terms of the slow-roll parameters = (1/16zGn)(V,, / V)2 andp;; = (1/8zGn)(V,, V), / V2.
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Since at a given time—the scalar perturbationky anddy are a linear combination of the scalar
perturbations mass eigenstaféts; ando¥,,

dp= Y WudPy. Sz= Y UV, (346)
=12 =12

it is possible to calculate the probability that a scalar perturbatjoat the timerg becomes a scalar
perturbation in the “inflaton” fieldo at the timer by computingP [6¢(zg) — 67(2)1= (3¢ (t0)dx* (1)) |%.
As it has been shown in RgR8] on subhorizon scalész a H

Plop(tg) — 6x(t)] ~0 (k>aH) , (347)

but on superhorizon scales and in the Iimfg2 < H? the conversion probability is non-vanishing

2
P[8¢(10) — d7(1)] ~ sin? 20 sir? ( r Ao (348)

i)
Such a formula reminds the well-known formula which describes the evolution in time of the probability
of oscillation between two neutrino flavors (see, e.g. B#f]). This result shows that at horizon crossing
there is a mechanism of amplification for the perturbations of the scalarfile to a conversion of the
% fluctuations into the inflaton perturbatioff. In fact such an analysis can be extended to fully account
for metric perturbations, and to include time-dependent terms in the squared masg28attill, the
results are of the same form as in Eq. (348).

Two important remarks are in order. First of all, we wish to stress that the oscillation mechanism
operates even if the energy of the inflaton figlts much larger than the energy stored in the other scalar
field x. Thisis because what is crucial for the oscillations to occur isdla¢ivemagnitude of the elements
of the squared mass matrix2. Secondly, the magnitude of the probability depends upon two quantities,
sin? 20 andAw?/ H?. Both can be readily expressed in terms of the slow-roll parameters. The first factor
is not necessarily small, in fact it may be even of order unity for maximal mixing. If expanded in terms
of the slow-roll parameters, it 8(°, €°). The second term is naturally smaller than unity and is linear in
the slow-roll parameters. This reflects the fact that during inflation only perturbations in scalar fields with
masses smaller than the Hubble rate may be excited. HowevétH? is not necessarily much smaller
than unity and the amplification of the conversion probability at horizon crossing may be sizeable.

9.1.2. Transfer of non-Gaussianities

The oscillation mechanism is responsible for the transfer of non-Gaussianities from the isocurvature
perturbation mode to the adiabatic mode. In order to see that, we can follow the elegant treatment of
Ref.[93] to study adiabatic and entropy perturbations in the case of multiple interacting scalar fields. The

29The phenomenon of resonant amplification is easily understood if one remembers that a given wavelength leaves the
horizon wherk = a H, i.e. whenk? = a" /a using the conformal time. As long as the wavelength is subhoriz%)]sm”/a, the
presence of the mass terms in the equations of motion (345) is completely negligible compared to thg%acidt/a). On
the other hand, when the wavelength leaves the horizon the(t€rm a” /a) vanishes and the effect of the mixing in the mass
squared matrix is magnified, giving rise to the resonant effect. Finally, when the wavelength is larger than thel&?ogizﬁm,
the term(k2 — a” /a) starts to dominate again over the mass terms and the oscillations get frozen.
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adiabatic and the entropy parts of the perturbations are expressed in terms of the original field fluctuations
as

Q4= (COsP)Qy + (SINP)Q, , (349)
ds = (cosp)Q, — (sinf)Q, , (350)
where
: X
CoOSp=cp = , Sinf=sp=——. (351)
R CEYe Vi

Here we have used the gauge-invariant Sasaki-Mukhanov variables

01 =01+ 4y (352)

in order to take into account also the metric perturbations. For these fields the evolution equations are like
Egs. (341), with the squared mass matrix givendy, =V, ,, —1/M3a>@3/H ;o) =~ V/M3[n; ; —
2(,/e7)(£,/e7)], and the mixing angle reads tab2 2.4, /(.42 , — .42).

The cross-correlation between the adiabatic and the entropy perturbations is

2 2
(QaK)ds* (k') = k—’; €050k —K') (353)

in analogy with definition (59) for the power-spectrum of a given perturbation. Therefore, the origin of the
cross-correlation is due to a rather transparent physical behavior in terms of the oscillation mechanism.
During the inflationary epoch, the gauge invariant perturbat@psind Q, are generated with different
wavelengths stretched by the superluminal expansion of the scale-factor. Since the squared mass matrix o
0, andQ, is notdiagonal, oscillations between the two quantities are expected. As long as the wavelength
remains subhorizonQ, and Q, evolve independently and may be considered good mass eigenstates.
However, as soon as the wavelength leaves the horizon, an amplification in the probability of oscillation
betweenQ, andQ, occurs: a non-vanishing correlation betwegnandQ, is created on superhorizon
scales because of the non-diagonal mass matfix. Since the adiabatic and the isocurvature modes are
alinear combination of , andQ,,, at horizon crossing a non-vanishing correlation between the adiabatic
and the isocurvature modes is left imprinted in the spectrum in the’form

a?(Qak)ds*(k')) = (spcg — cpso)(cpeo + spso)l| Q412 — 104121 . (354)

InRef.[93]it has been shown thatthe cross-correlation between the adiabatic and the entropy perturbations
arise when the trajectories of the scalar fields in the background bend in the field(gpagewhich
amounts to saying that= 0. Actually such a bending is simply due to the interactions between the two
scalar field429,289] In particular if 8 is constant no correlation is produced at the end of inflation. It
could be the case whepe= 0, which corresponds to the case where the scalar fisddapproximately

static, or when there is some kind of attractor solution witlt 5. Notice from Egs. (349)—(351) that in

the former case the entropy perturbation is due entirely to the scalay, {ieldgreement with the results

of Ref.[28]).

30For simplicity we quote from Re{28] the expression which neglects the time dependence of the square mass matrix of
the fieldsQ,, and Q,.
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During inflation the (comoving) curvature perturbation is giverj383j

H . . .
h=— Qa, A=(cosp)p+ (sinp)j, (355)
while the entropy perturbation between the two scalar fields can be defined as
os
o =H = (356)

In fact one needs to consider the evolution of the perturbations throughout the reheating stage, and after
the end of inflation in order to link the curvature and the entropy perturbations to their corresponding
quantities, defined in the large-scale limit deep in the radiation era, which are actually the quantities
that can be constrained observationally. However as explained in Sections 3.6.1 and 3.6.2 the adiabatic
perturbation is sourced on large scales by the entropy mode, while an entropy perturbation cannot be
generated on large scales from an adiabatic perturbation. Therefore generically one can describe the time
evolution of the curvature and entropy perturbation modes on large scales as

R=o0HY, S =PHY , (357)

whereo andp are in general time-dependent dimensionless functions. The explicit form of the coupling
between the curvature and entropy perturbations will depend on the particular model under consideration:
it has been computed for the case of interacting scalar {i@8]$16,29,97,289nd non-interacting fluids

[117]. In particular, as we already mentioned, in H88] it has been shown that in the case of two scalar
fieldsox = 2B/H. Integrating Egs. (357) one can parametrize the evolution of the perturbations on large
scales through some transfer functidhg,, ¢) relating curvature and entropy perturbations generated
when a given mode is stretched outside the Hubble scale during inflatiemK , denoted by an asterisk)

to curvature and entropy perturbations at some later firBe289]

A\ (1 Tze R
(2)=(6 22)(2). (359
where

t
Tog(t, 1) = f w(t Ty (te, ' YH(') di"
Ly

t
T.w,(/(t*,t)zexr)< / ﬁ(t/)H(t’)dt’> . (359)
Iy

For example, if the decay products of the reheating completely thermalize, then after the reheating
process, in the radiation dominated efa = 0. On the other hand if among the decay products a CDM
species remains decoupled, than an isocurvature perturbation between this component and the photon:
will survive after inflation. The simplest possibility is that one of the scalar fields (or its decay products)
is just identified with the CDM.

The gravitational potentiap (in the longitudinal gauge) is indeed related to the curvature perturbation
so that (at least at linear order) one can write for example at the beginning of the radiation epoch

2 )
¢~ 3 R=Rs +TpsS s« = g«(Qax + Tpsdsy) , (360)
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whereg, = (H/A), and we have used Egs. (356) and (355). Therefore we are now in the position to
estimate, for example, the bispectrum of the gravitational potential. According to the considerations of
Section 2.5 it is reasonable to consider that the dominant term in the bispectrum is given by the terms
proportional toT;.«ds|+, SO that we want to estimate

(K1) p(K2)b(K3)) o T3 (354 (K1) (K2)I5x(K3)) - (361)

Eq. (361) shows that the correlation between the adiabatic and the entropy perturbations during inflation,
parametrized by, actually sources the bispectrum of the gravitational potential (the adiabatic mode).
Notice that this remains valid even if at the end of inflation only an adiabatic mode perturbation is left
imprinted on very large-scales deep in the radiation era, for example if all the decay products of the
scalar fields thermalize after the reheating stage. If there is enough time during inflation for the conver-
sion from isocurvature to adiabatic perturbations to occur then a non-Gaussian adiabatic perturbation
mode is generated. On the other hand, a residual isocurvature perturbation might survive the reheating
stage, for example if the inflaton field decays into ordinary matter (the present day photons neutrinos
and baryons) while the additional scalar field decays into decoupled dark matter, or it does not decay
at all (like the case of an axion). In this case, as it has been shown in3®&f.the bispectrum of
the CMB anisotropies receives two additional contributions, one from the intrinsic bispectrum of the
isocurvature modé (k1) ¥ (k2)#(k3)), and the other from the bispectrum of cross-correlation terms
of the type(¢ (k1) ¢ (k2) ¥ (K3)), providing a characteristic signatures of these non-Gaussian inflationary
perturbations.

In both cases one has to estimate terms like the one appearing in Eq. (361) with a cubic combina-
tion of the transfer function§«» andT,». We can do that in terms of the original scalar fields by
evaluating

T3(35, (K1) 05, (K2) 35, (K3) = T3(05,. (K1) 35 (K1) 95, (K1)
=T3((cpQ1 — 5pQu1)(cp Q2 — 55Q2)(cs Q3 — 55Q03))
=T3(c3(0,10,2053) — c355(0,10,2003) — c355(0,10420,3)
+psf(0100203) — 55 0p10,20,3) + 5505(010,20,3)
+5505(0010020,3) — 53{Qp1052003)] . (362)

where, for exampleQ,,1 stands forQ, (k1) and we have used Eq. (349), and for simplicity of notation

we will omit the asterisk from now on. Also, we have used the notafido indicate that actually the

proper analysis should be performed by extending these results to second order in the perturbations, anc

thereforel’ should be considered as an effective transfer function accounting for the second-order effects.
Note that the bispectrum is a sum of different three-point correlation functions. The coefficients in front

of each correlation function involve mixing angles which parametrize the amount of mixing between the

adiabatic and the isocurvature modes. If such mixing is sizeable, all coefficients are of order unity and

one expects that non-linearities in the perturbation of the scalar/fieldy be efficiently transferred to

the inflaton sector, thus generating large non-Gaussian features. We shall now consider some specific

examples which may help in understanding how such a mechanism acts during inflation.
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9.1.3. Some worked examples

One can envisage different situations:

(i) Inflation is driven by the inflaton fielgp and there is another scalar fieldvhich does not interact
with the inflaton and has a simple polynomial potentia)) « " leading to zero vacuum expectation
value, (y) = 0. In such a case, sjfh= sinf = 0 and there is no mixing between the inflaton field and
the y-field as well as no cross-correlation between the adiabatic and isocurvature modes. Non-vanishing
non-Gaussianity will be present in the isocurvature mode. This is indeed a known[tdsL&8] We
stress here that in particular for a potential [Ik€y) o x? the non-Gaussianity is generated in émergy
densityof the scalar field, while the scalar field is intrinsically Gaussian, as we discussed in Section 2.5.
Actually this is the scenario considered in R@68]. Notice that the same authors suggested that if the
r-field decays late after inflation into the CMB photons, the non-Gaussianity in its energy density will
then be transferred to the final adiabatic perturbations, which is at the basis of the curvaton mechanism
for the generation of non-Gaussian adiabatic perturbations.

(ii) Inflation is driven by two scalar fieldg andy with equal massy = '"72(@2 + 2. In such a case
the mixing is maximalf =6 =n/4. Nevertheless, the cross-correlation is again vanideiB@8,29]and
the bispectrum gets contributions from adiabatic and isocurvature modes independently43erm
in the Lagrangian would be a source of non-Gaussianity and at the same time it would switch on a cross
correlation between the adiabatic and the isocurvature modes, thus producing non-zero cross terms in the
bispectrum of the typép(k1)d(k2).#(k3)). However, these non-Gaussianities would be small because
of the slow-roll conditions. In fact in such a situation, since the two scalar fields have equal mass, their
evolution mimicks a single-field slow-roll inflaton.

(i) Let us now sketch a general way for the oscillation mechanism to be operative. Let us suppose
that inflation is driven by an inflaton field and there is another scalar fieldvhose vacuum expectation
value depends on the inflaton field and—eventually—on the Hubble parakherad some other mass
scaley, (x) = f (¢, H, w). Under these circumstance$) = (8 //0¢)¢ + (8 f/0H)H. As in illustrative
case, let us restrict ourselves to the case in wiighidp) ¢ is the dominant term and we can approximate
(3) = (0.f/d¢)p. We have therefore tgh= d f/d¢ andp =~ (3 f/0¢) /[1+ (8 f/d¢)?]. In such a case, the
cross-correlation between the adiabatic and the isocurvature modes may be large and non-Gaussianity
may be efficiently transferred from one mode to the other.

An implementation of the transfer of non-Gaussianities from an isocurvature perturbation in the scalar
field y to the inflaton fieldp has been given in Refgl4,45] A key point to bear in mind is that some kind
of coupling between the inflaton field and the extra scalar field is needed for such transfer to occur. On
the other hand we must always require the scalar figtdhave an effective mass which is less than the
Hubble rate during inflation in order fgrto develop non-negligible fluctuations. The two requirements
seem to act somewhat in opposite directipis45] However, a model where the transfer is efficient is
the one with a potential of forrjd4]

A
Vg, 1) =U(p) +m2(p — o)y + ] Vo (363)

The transfer of non-linearities from thesector to the inflaton can be easily understood looking at the
Klein—Gordon equation for the inflaton field fluctuations at second order. Such an equation will contain
a source term deriving from the coupling, which will be of the fo) 0@ ; ~ m2 6@ . Therefore the
scalar fieldy will first develop some non-Gaussianites as described in Section 2.5 during inflation. Such
non-Gaussianities are of isocurvature type since the scalayfieldains subdominant and for cubic self
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interactions they will be of the ordéf? y ~ (M )2A(t — 1)/ H, wherer is the time of horizon crossing
andH is the Hubble parameter during inflation. Then, through the coupling the inflaton will acquire such
non-linearities

2
5@ ~ / dr 2% 5<2>X ~ 0 Ch (52 N2 T (364)

The condition that the scalar fiefds subdominant and light enough thiat ¢ implies thatVy < (H/m x)?
and it givess'® y < AN, /H?2, which can be of the order of the Gaussian compoi€hy. In Ref.[44]
it has been argued that only with a quartic self-coupling for the scalarfiglts possible to develop
non-Gaussianities on a long time scale without any severe fine tuning on the model.

Of course the potential in Eq. (363) can be considered only as a toy model or as an effective potential at
some stage of the inflationary dynamics. In Ré5] some more realistic particle physics realizations of
the transfer of non-Gaussianities have been discussed. An example is the hybrid-type model of inflation
involving three scalar fields. Let us consider the poteljia]

1 i .
Ve, y,0) = —m 0>+ — 2 e 2( —3)2+ %62(90 cosu + y sina)? . (365)
Hereg is the inflaton field, the second fields a light and subdominant scalar field with a quartic coupling
and the third fieldr is coupled to the other two scalar fields so as to trigger the end of inflation by a phase
transition. Hererg is the final vacuum expectation valueofndo parametrizes the couplings @fand
x to a. For large values ap, the scalar field is anchored to the origin. Whemreaches the critical value
¢engfor which the effective mass efvanishes, then inflation ends and the fields roll down towards their
true minimas = =09, ¢ = 0 andy = 0. The effective mass ef is g(¢ cosx + y sina) — ZW(Z) and the
instability point is

+/2u/goo — ySina

= . 366
Pend COSx ( )

In this model the transfer of non-Gaussianity proceeds as followsy Bope,q the inflaton fieldy and

the scalar field, evolve independently. The scalar fiejddrives inflation, meanwhile develops non-
Gaussianities. Notice in particular theits almost constanf, ~ 0. From Egs. (349) and (350) this means
thatthe isocurvature perturbations are just given by the fluctuations of the subdominant scalarfidéd

the fluctuations of the inflaton are curvature perturbations. In Eq. (362) only thgf%nganlengg)
survives. However at this stage there is no correlation between the two perturbations, the mixinfg angle
defined in Egs. (351) being constant and equal to zero. In fact since the transfer function which measures
the degree of correlatiofi,« is proportional tg3/H , in Eq. (362) the transfer of non-Gaussianites from

% 10 ¢ is suppressed. However, because of the coupling betwesrd y through their interactions to

a, near the critical poinbe,q the trajectories in the field space, y) start bending, i. eﬂ # 0. Now in

Eq. (362) the transfer of non-Gaussianities frgro the inflatone is acting sincer3c3 5(0,10,20;3)

is non-vanishing andg # 0. In order to give an estimate of the non- Gau55|an|t|es we recall that they
depend on the coupling and on the number of e-foldsy, according to Eq. (96). In fact to calculate

the bispectra in Eq. (362) one should first recast the scalar field fluctuations in terms of a combination
of mass eigenstatéd; with mixing angles) as defined in Eq. (346). This is due to the fact that¢he
fluctuations correspond to interaction eigenstates, and not to mass eig¢3Bjate this way one can
actually borrow the expression in Egs. (90)—(92). However notice that theZtérﬁqulQXgQ 3) will
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not be given only by expression (90)—(92), but it will contain also contributions that might arise in the
dynamics after the end of inflation, e.g. depending on the details of the reheating stage. Apart from that,
and most importantly, a precise determination of the level of non-Gaussianity produced by the transfer
mechanism should require a full second-order analysis of the perturbation evolution. Therefore in the
transfer functiori”3 we are hiding the effective non-Gaussianity which will follow from such an analysis.
As noticed in Ref[45] a general condition for this mechanism to work is that the terms responsible
for the bending of the trajectories in field space must be different from the non-linear coupling term,
otherwise there are not enough e-foldings for non-linearities to develop; moreover a kind of attractor
trajectory is established which tends to suppresg fhectuations and the transfer of non-Gaussianities.
In fact this situation corresponds to the first example we gave. In Refgl5]an analytical expression
for the one-point probability distribution function (PDF) for the isocurvature mode was also obtained. It
readq44,45]

P()dy = 1 1— 42v3
PN 20 |1+ 12v3/3)°

exp| -3 (367)
Pl T 622002 |

As it can be seen from Eg. (367) the PDF depends only on two parameters, the variarfedioh is
proportional taH during inflation) and the parameteywhich quantifies the amount of non-Gaussianity.
Notice that this parameter just corresponds to the quantity in Eqg. (92) for a quartic potential. In Refs.
[44,45]the time evolution of the PDF was studied and compared with numerical results finding good
agreement with the expression above. Finally, notice from Eq. (360) that the total curvature perturbation
will be given by a Gaussian perturbatighy, which mainly corresponds to the curvature perturbations in
the inflaton fieldp, and by the non-Gaussian curvature perturbafipn.# ., induced by the isocurvature
mode of the scalar fielg.

9.1.4. Some estimates of the non-linearity paramﬁ,ﬁf@r

We can now give a general order-of-magnitude estimate of the non-linearity par@f,ﬁLe,tdm those
inflationary models where the mixing between adiabatic and entropy perturbations is operative, as follows:

3
A (368)

To estimate the quantity on the R.H.S. of the last equation we look at the dominant contribution given
in Eq. (361). In fact we can extend Eqg. (360) to second order in the perturbations and parametrize the
transfer of the entropy perturbations to the adiabatic medeas’!

22 =22 + 172 92 (369)

31By merely extending the first-order expression (360) to second order in the perturbations, corrections of the form (first-
ordery¥ are not considered. However, we can account for them including them in the transfer functions we introduce. Moreover,
these contributions are expected to give corrections of order unity to the overall non-linearity parameter, which on the other hand
turns out to be generically much larger than unity, for the scenario we are considering.
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If we express the second-order entropy perturbation during inflaticﬂﬁza& 2+0@s, from Eq. (356),
then we can write

2 2 2) <(2
Ty g( ) = g.T,, 5( )
= g« st(és)(é“’s)z (370)

whereg, = (H/A), andva(ds) is the non-linearity parameter characterizing the non-Gaussianities in the

entropy fieldds, in a similar way to what discussed in Egs. (96) and (92). I—féfé should account for

the transfer of these non-Gaussianities, additional second-order effects from the gravitational dynamics
after inflation, and it should also account for second-order corrections of the form (firsfofider)atter
contributions are expected to 5€1). On the other hand using Eq. (360) we find

($?) = ggf[l + (T2 Ws0?) (371)

where we have used the fact tHatVs,)?) ~ ((Q(l)) )y and the approximation that the adiabatic and
entropy fields are uncorrelated when they approach the horizon during inf288h
Thus, combining Egs. (370) and (371) we find

D27
3 (T5)*Ty

— e e 71 0 372
[1+(T(l))2]2 v3(0s) . (372)

o
fNL

In fact the expression in Eq. (372) shows how the non-linearities in the entropy field are acquired by the
gravitational potential.

In order to give an order-of-magnitude estimatefﬁ[ we notice that it is possible to introduce a
dimensionless measure of the correlation in terms of the correlation R&§E

Cay
cosd = — 27 (373)
91/2 @1/2

where6 49 =T, D T, @D 4 2 #+ 1S the cross-correlation between adiabatic and entropy perturbations defined

as in Eq. (353) andﬂj =[1+ (T(l(}) 12950 Py = (Télg,))zﬂy* are the linear adiabatic and entropy
power-spectr§289]. Such a correlation angle is indeed a measurable qudhfit289] Moreover it is

possible to argue on general grounds that the traﬂéﬁ}rfunctlon can be written aﬂﬁf; ~ o Ny (T(l> )2,
whered’ is a model-dependent coefficient. Then the non-linearity parameter in Eq. (372) reads

3Py
2]

Forv3(ds) we can use expression (92) if we completely identify the entropy field with the scalaffield
with cubic self-interactions. Therefore we find

£~ “Ly3(55) . (374)

g5 Mva(0s) = V2 e Mp Nk H2 : (375)

where we have used the fact thalt/ H)? = ZeMé. In order for the generation and the transfer of non-
Gaussianities to be effective, some constraints are to be satisfied. One of these requirements is that the
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effective mass of the entropy field is sufficiently small & during inflation), to generate the primordial
entropy perturbations. We now turn back to the toy model defined by the potential in Eq. (363) and,
under some approximations, we specifically impose such constraints. First of all notice that we are able to
recover an expression similar to Egs. (374)—(375) starting from the second-order curvature perturbation
2 A2
@ Ho, MmN
¢ ¢ ¢ H? 3H?
where we have used Eq. (364) in the case of cubic self-interactions for the scalarlifiald now say that
5Dy ~ 5D then(? ~ (gb/H)(/INkZsz/H“)(gE,,l))z, from which we read the non-linearity parameter
(up to factors of order unity¥

Y2, (376)

. 2 2 2 2
d) N (p Nk mX - R Nk mX
fNL E A W ﬁ \/E\/EMP/LSHZ ﬁ . (377)

We now relate the third derivative of the potential with respect to the scalagfiglg =/ to its effective
massV,, asV,, = V,,,x so that
VXX

P V2 Mp 2 mi
Ine ™~ 2\/27 3T1Nk 2 (378)

Notice that we expectv/2./eMp/H)~! to be at most of the order of the amplitude of the produced
density perturbaltionsﬂ??;{2 ~ 2.5 x 1074 [174]. Therefore we conclude that

vV, H 2
fo o~ ax10b L D N2 (379)

If we require that the scalar fields light enoughV,, < H?, to acquire some fluctuatiodg, then we can
estimate &« 10°(V,,/3H?) ~ 1. Thisis actually a conservative estimate. In fact the mass of the scalar field
m%: V,, can be also of the order of the Hubble rate during inflation. The scalayfoeld be subdominant

with respect to the (inflaton) field and thus the stringent slow-roll conditions are widely relad&dt is

also worth to notice that in the inhomogeneous reheating scenario, even if the scalarfiddd€sinining

the inflaton decay rate do not need to satisfy slow-roll conditions, the non-Gaussianities induced by the
self-interactions of are constrained from the requirement th&@’,,/ H 2) ~ 1072[300], to satisfy the
observational limits on the spectral index of density perturbations which can be traced back directly to
the fluctuationgy (see Eq. (310)). This constraint does not apply to the case described in this subsection,

32\We would like to warn the reader about some technical issues which appear in deriving the formula in Eq. (377). It
coincides with Eqgs. (374)—(375) in the limit where during ianat'(Gh/)/.%,)coszA ~ 1 (the factormZX/Hz, being contained
in theo/ coefficient for this particular model). In fact Eq. (377) has been derived under the approximation that the transfer of the
entropy perturbation is extremely efficient and that the final curvature perturbation is essentially determined by such a transfer.
This is of course a limiting case. Related to that, notice that in using Eq. (364) we have assumed that the transfer is operative
during all theN}, e-folds from the time the mode leaves the horizon till the end of inflation. Actually the transfer could be efficient
only for a shorter period of time. Therefore in thlecoefficient we should account for a fraction of tNg e-folds. However, as
we explain later, our estimate of the non-linearity paramﬁ,fﬁris, for other reasons, quite a conservative one.

33|n the case of single-field slow-roll inflation the self-interactions of the inflaton figddoduce a non-linearity parameter

INL ™~ y‘;l/z(v,pw/H)Nk. The slow-roll condition on the third derivative of the inflaton potential imp@&j@yz(ww/m <1
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since the fluctuations of the additional scalar figlthay give only a subdominant contribution to the
total amplitude of the density perturbations. Another condition that we impose onthe modelisthat
during inflation, in order to allow for non-Gaussianities in jheector to develop. This condition implies
that Ny < Hz/mi. Therefore, with our conservative estimate from Eq. (379) we find that

H
L

We see that if the field is not much larger thaH then significant non-Gaussianities can be produced
very close to the limits set by WMAP.

We conclude this section by introducing a simple parametrization for the non-Gaussianity generated in
the gravitational potential by the transfer mechanism. Such a parametrization is needed for practical pur-
poses when confronting with observations. Our results for the non-linearity parameter of the gravitational
potential indicate that we expect the gravitational potential to be of the form

6= b1+ fo (@3 — (63 + O(/D) (381)

as it derives from Egs. (360), (369) and (370). Hg¢feand ¢, are zero-mean Gaussian fields with non-
vanishing cross-correlatiofg¢,) # 0, with the field$, corresponding to that part of the gravitational
potentialinduced by the evolution of the entropy perturbations. Such a parametrization has beenintroduced
in Refs.[83,30] and also envisaged in R¢fL39] as a possible extension of the formula (296), to look

for specific non-Gaussian signatures from two-field inflationary models. If an isocurvature perturbation
mode survives after inflation it is reasonable to parametrize its non-linearities as

H
f S—Ni ~ 60 (380)
X

7 =Y+ [P — (52 . (382)

Therefore, one can use also this parametrization to search for non-Gaussianities in primordial (correlated)
adiabatic perturbationg and isocurvature perturbatios as explained in detail in ReffLl44] (see also
Ref.[30] for more generic cases).

9.2. Non-Gaussianity in unconventional inflation set-ups

While inflation driven by a scalar field with a very flat potential provides an early de Sitter phase of
the Universe and elegantly solves the horizon and flatness problems, it is certainly worthwhile to look
for alternatives whose predictions might be discriminated with present and future observations.Since a
de Sitter phase of expansion obliterates the horizon and flatness problems, any alternative to the standarc
slow-roll inflation has to preserve this property. It is legitimate to ask whether the slow-roll picture is
really necessary or if slow-roll can be obtained in some unconventional way. In the following, we review
some possibilities which may predict a large amount of non-Gaussianity.

9.2.1. Warm inflation

Warm inflation[40,41]is an alternative to the standard scenario of supercooled inflation, where dissi-
pative effects are assumed to play a dynamical role during inflation so that radiation production occurs
simultaneously with the inflationary expansion. The warm inflation picture is a comprehensive set of
possible interactions between fields during inflation; no a priori assumptions about multi-field interac-
tions, thus particle production, during the inflationary epoch are made. As such, the warm inflation picture
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makes explicit that the thermodynamic state of the Universe during inflation is a dynamical question.
Supercooled inflation then emerges as the limiting case in which interactions are negligible.

The evolution of the (minimally coupled) inflaton in warm inflation is described by the phenomono-
logical equation

. . V3% ,
§p+GH+ Dy~ — +V'(9) =0, (383)

where the dissipation rate may generally depend upan

The presence of radiation during inflation influences the seeds of density perturbations. It is therefore
natural to ask whether in such a model the level of non-Gaussianity in the primordial perturbations might
be sensibly different from that of the standard slow-roll scenario. This problem was analyzed[@oRef.
(see also Ref98]), where the bispectrum of the gravitational field fluctuations was calculated through
a simple generalization of the stochastic approach adopted if&%f.In analyzing the dynamics of
inflaton fluctuations, metric fluctuations were disregarded for simplicity, as in [B2f, so that the
bispectrum is non-zero only due to the presence of inflaton self-interactions. Requiring the slow-roll
condition|¢| < (3H + I')|¢| and imposing a near-thermal-equilibrium, Markovian approximation, the
equation of motion for the inflaton field emerges as

do(X, 1) 1
T
Implementing thdluctuation—dissipatiotheorem determines the properties of the noise, which read

[ 2HIV20p(x, 1) — V/(p(X, 1)) + n(X, 1)] . (384)

(=0, (385)
ik, Hnk’, 1)) = 21T 2n)%6® (k — k"ot — 1) , (386)

whereT is the temperature arldandk’ denote physical momenta.

By splitting as usual the inflaton field into a homogeneous backgregd and a fluctuation field
dp(X, t), one can expand the equation of motion in powers of the fluctuations around the background.
The bispectrum is then immediately obtained from the second-order contribution. The corresponding

non-linearity strengtlf,{fl_ in the strong-dissipative regimg&/H > 1, is found[99]

a=s(2)(5)%]

Applying this formalism to theé¢* model, and imposing that the amplitude of density fluctuations matches
the COBE normalization one fino_b$§|f’L ~ 3.7 x 1072, A similar analysis in the weak-dissipative limit,

I'/H <1, leads to a value Qf,ﬁﬁ_ smaller by an order of magnitud@s].

9.2.2. Ghost inflation

A new possibility of having a de Sitter phase in the Universe in a way differing from a cosmological
constant has been proposed in RE5]. It can be thought of as arising from a derivatively coupled “ghost”
scalar fieldp which “condenses” in a background where it has non-zero velocity

() =M? > (¢)=M? . (388)



196 N. Bartolo et al. / Physics Reports 402 (2004) 103-266

Unlike other scalar fields, the velocity doesnot redshift to zero as the Universe expands, it stays
constant, and indeed the energy momentum tensor is identical to that of a cosmological constant. However,
the ghost condensate ®t a cosmological constant, it is a physical fluid with a physical fluctuation
defined as

o=M*t+r. (389)

The ghost condensate then gives an alternative way of realizing a de Sitter phase in the Universe. Fur-
thermore, it can be shown that the symmetries of the theory allow to construct a systematic and reliable
effective Lagrangian for and gravity at energies lower than the ghost cutMfNeglecting the interac-

tions with gravity, the effective Lagrangian fer(around flat space) has the foff]

S = / d*x (} 72 — Ll (V)2 — b (V)2 + - - ) (390)
B 2 2M?2 2M?2 ’

wherex andp are order one coefficients. The Lagrangian is non-Lorentz invariant, as it should be expected,
since the backgroungl= M2 breaks Lorentz invariance spontaneously (iffield can be thought as the
Goldstone boson for this symmetry breaking). The low-energy dispersion relatigiisfof the unusual

form

0°=0"— . (391)

The main motivation for such an approach is that coupling this sector to gravity leads to a variety of
interesting modifications of gravity in the infrared, including antigravity and oscillatory modulation of
the Newtonian potential at late times and large distafiéls

As pointed out in Ref[15], two are the important differences here from ordinary slow-roll inflation.
First, there is no slow-roll. Even in the approximation where the potential is exactly faf\/? is non-
zero. The second important difference with standard slow-roll inflation concerns the size of the fluctuations
in ¢ (or equivalentlyr). Since the effective Lagrangian faris non-relativistic, and in particular there
are nok? spatial kinetic terms, the fluctuations ofire less suppressed than in a relativistic theory. In a
relativistic theory, the fact that scalar fields have scaling dimension one tells that the size of the fluctuations
of a scalar field inside a region of sigeis given by~ 1/R, similarly, at a frequenc¥ it is given by
E. In ordinary inflation, the inflaton fluctuations freeze when they have a typical efergyH, so that
their typical size i$¢ ~ H. We can determine the size of the fluctuations in the ghost inflation case by
a simple scaling argument familiar from power-counting for non-relativistic effective theories. Suppose
one scales energies by a factospf. — sE, or alternatively — s—1z. Clearly, because of the? « k*
dispersion relation, one has to sc#ldifferently, k — s¥/2k or x — s~1/2x. We then determine the
scaling dimension ot by requiring the quadratic action to be invariant, and one findststhat scaling
dimension}

n— s . (392)

Now, = hasmassdimension one, so the fluctuations at frequencies of order the daisfr,, ~ M. But

the fact thatr has scaling dimensiof tells that the fluctuation at a lower enerys ong ~ (EM3)Y/4,

In particular, the size of ghost fluctuations that freeze, as usual, by Hubble friction when its frequency is
of orderE ~ H, is

Sny ~ (HM3HY4 . (393)
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Of course, for consistency of the effective theory, one has to reglikd/. The fielde fluctuates and is

stretched out until the Hubble damping becomes important at frequeneyd ; this doesiotcorrespond

to k ~ H but rather, from the dispersion relation~ +/H M. The fluctuationry causes inflation to

end at slightly different times in different places, and so one has the estimate
op Hony

— ~ Hét = —;
p @

(394)

Notice thatp = M2, has nothing to do with slow-roll parameters. Furthermérg; is much larger. One
then finds

s 1\ 54
o (_) , (395)
o M

which can be compared with the standard inflationary case
0 H
LAY . (396)
p  Mpye

A detailed computation confirms expectation (395) and ditBkthe primordial curvature spectrum

1 H5M3 -3y\1/4 1 H 5/4
Py%= M7 T A (397)
T Jar/4 @ Var1/4H\ M

As for the non-Gaussianity since the mass scales are all much smaller than the Planck scale, there is nc
effect coming from gravitational interactions. The dominant effect comes from the trilinear interaction in
the n effective Lagrangian

% #(Vm)? . (398)

This leads to a non-zero three-point function for the density perturbations. To get an idea of the dimen-
sionless size of this effect, one needs to find the dimensionless size of this coupling at an energy of order
H. Since one knows the scaling dimension of andr, the coefficient of the operator (398) has scaling
dimension;ll. The dimensionless size of this interaction at the cutbfis ~ 1; scaling it down to an
energy of ordeH one gets an estimate for the non-Gaussianity of the perturbdfibhs

7\ /4 5o\ /5
NG ~ (-) ~ (—”) . (399)
M p

These are much larger than in standard inflation, where one expects NGdp/p) during inflation. A
detailed calculation of the level of non-Gaussianity has been performed ifilBEfsee also Ref262])

and shows thafy has a non-trivial momentum dependence. However, for an equilateral configuration,
defined by setting, = ko = k3, one can define an “effective/n.

fel~ —140. . 2785 (400)

This value can be much larger than unity depending upon the paramateis. However, if the resulting
f,ﬁ[f turns out to be of order unity, one expects relevant corrections coming from the post—de Sitter phase.
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9.2.3. “D-cceleration” mechanism of inflation

In Ref.[264] an unconventional mechanism for slow-roll inflation was introduced, motivated by the
behavior of rolling scalar fields in strongly interacting theories, analyzed using the AdS/CFT correspon-
dence181]. The key feature of this model is that the inflaton fielés naturally slowed as it approaches
a point where many light degrees of freedg®merge, the slow-down arising from the virtual effects of
the light particles. From the stringy perspective, this scenario translates to apef@ne travelling
down a five-dimensional warped throat geometry. The ultraviolet end of the throat joins smoothly onto
a compactification in the manner of Randall-Sundi@85], ensuring that gravity in four dimensions is
dynamical while coupling the field theory to sectors in the compactification which can generate correc-
tions to the effective action fap. These corrections generically produce a non-trivial potential energy
for ¢ including a mass term2¢2 and a corresponding closing up of the throat in the infrared region at
a scalep;p.

The dynamics of the prob@3-brane is captured by the Dirac—Born—Infeld (DBI) action coupled to
gravity,

S= / d'xv/—g (; MER + Left + -- ) (401)
with
1
Letr=—" (F@ 1+ f(0)g"8,00,0 + V(9) . (402)

Hereg, is the string coupling constant, the functigtip) is the (squared) warp factor of the AdS-like
throat. For example, for a pure Ag8f radiusR, it is simply f (@) = 1/¢* with . = R*/«/? and/ is the
string tension. The non-analytic behavior of the square-root in (402) gives rise to a speed limit restricting
how fast the scalar field may roll. Whefi¢) = //¢%, the speed limit is given by)| < ¢?/+/4 and a
useful measure of how close we are to the limit is given by

o —— (403)

V1-f(@)d?

which is analogous to the Lorentz contraction factor defined in special relativity and grows without bound
as the speed limit is approached.

The late time behavior of the scale-factoand the scalar fielgh were determined in Ref264] for a
variety of potentiald’ (¢) and for f (¢) =4/ ¢* using the Hamilton-Jacobi approach. This method elevates
the scalar fieldy to the role of cosmological time, so that the Hubble param@tes a/a is considered
as a functionrH = H () determined in terms of the potential by

V(g) =3¢, MEH (9)* — 9(0)/f (9) , (404)
wherey(p) is given by
2(9) = L+ 4gEMEf () H (9)2)Y2 . (405)
The evolution ofp(z) is then fixed by the first-order Friedmann equation,
H/
¢ = —2g,Mp @) (406)
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As in the standard inflationary scenarios, it is useful to introduce a slow-roll parameter

20, M2 [ H'\?
=28 P(_) (407)
Y H

which parameterises the deviation from a pure de Sitter phase. In particular ciye:hagi?(1 — ¢).
In Ref. [264] the first-order equations (404) and (406) were studied for a variety of potelitials
For the massive scalar field casg(p) ~ m2¢?, the late time dynamics was shown to be a power-law
inflation given bya(r) — aot/¢ and
\/Z 4gs 2 1
—, —= Mpmt H— —. 408
Q> 1y, Memi® - (408)
The coefficient of the (time-dependent) Hubble parameter is given by the slow-roll parameter which is a
constant when evaluated on this background,

1 1 3m2), A m
-—=—(14+_/1+ _— . 409
e 3 ( \/ gSMg) 3gs Mp (409)

Fore < 1, one obtains a phase of power-law inflation. The exponential de Sitter phase can be thought of as
the limitase — 0. Note that in contrast to usual single field slow-roll inflation, the accelerated expansion
occurs only if the mass of inflatam is suitably large. This is one novel aspect of this model.

Itis clear from action (402) that expandigdn fluctuationsp — ¢+ d¢ involves expanding the square
root in (402). This produces powersphccompanying the powers of the fluctuatibm The origin of
the strong non-Gaussianities can be therefore understood rather simply. The Lagrangian is proportional

to,./1— v2 wherev, = V2p/¢? is the proper velocity of the brane probe whose position collective

coordmate is the inflatom. The inflationary solution involves a proper velocity approaching the speed

of light as¢ approaches the origin (with bothand ¢ decreasing towards zero). Expanding the action

in fluctuations ofe involves expanding the square root in the Lagrangian, which produces powers of
y=1//1— v127 accompanying powers of the fluctuations of the inflaton. Sjniseelatively large, this
produces a large contribution to non-Gaussianities in the model. It is also easy to understand why linear
perturbations with momentutfreeze when they cross the sound horizoa Ht= k/y rather than at

aH = k. The resulting power-spectrum red@ g’i ~ g H*/p? ~ g,/€*2, where we have used the
inflationary background(408); and the string couplR@nters because the canonically normalized scalar
fieldis /. /gs-

In the largey, smalle regime, the leading terms in the interaction Hamiltonian are given by

a®°r1 k2 1
Hin = - [Z( 0+ — 27 2 540(5@)] (410)

8s

The computation of the three-point correlation function goes along the lines described in Section 2.5 and
gives anfyL with a non-trivial momentum dependenf®. However, for an equilateral configuration
defined by setting fok1 = k» = k3 one can define an “effectivefiy.

M= -10752, (411)
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which can be rather large. Again,if~ 20 andf,{f[f is of order unity, one needs a detailed study of the
post-inflationary evolution of the non-Gaussianities.

In Table 1we summarize the level of primordial non-Gaussianity as generated in different cosmological
scenarios. Actually for the first three cases the values displayed have been obtained by a complete study
of the perturbation evolution from an early inflationary phase, through reheating till the radiation and
the matter dominated epoch (to which the results are referred). For the other scenarios the v@aues of
actually do not refer to the non-Gaussianities generated in the CMB temperature anisotropies, rather to
non-Gaussianities in the curvature perturbatigand for the unconventional inflationary scenarios they
refer only to the inflationary phase). In this case when the values showfyasel, then they should be
a good approximation for the actual observable quantity, but when they are of order unity one expects
significant corrections from a detailed study of the post-inflationary evolution of the non-Gaussianites.
The functiong(k1, ko) is the same in the first three cases and the infrared behavifjaki, ko) is
automatically regularized once the monopole term is subtracted by requiringAtRAT) = 0. In the
curvaton scenario the parametecorresponds to the ratio of the curvaton energy density to the total
energy density at the epoch of the curvaton decay. In the inhomogeneous reheating scenario we have
accounted for a fraction of the total decay rate to be dependent on a light scalar{idigiand for a
ratio I'/H at the end of inflation not much smaller than one, allowing the (positiyerameter to be
o< 1/6, as discussed in Section 8.3. The “minimal case” corresponds to an inflaton decAythate
is fully controlled by a light scalar fielg, I « %2, and such that < H during inflation ¢ = 1/6). In
the multiple-field casel/XX/H2 represents the ratio of the mass of the additional self-interacting light
scalar fieldy and the Hubble parameter during inflation. The value shown is an estimate obtained from
extending some linear relations to second order in the perturbations, and some corrections are expectec
when the estimate shown is of the order one. Here we must make a remark. Notice that the régulting
depends on the “isocurvature fractiowf'» /24, determining the relative amplitude of the isocurvature
perturbation to the adiabatic one, and on the correlation between them. Actually such a formula is valid
not only if after inflation an isocurvature perturbation survives, but also if no entropy mode is left over.

In the latter case one should interpret the combinati®n /2 ,)cos 4 evaluated at the end of inflation.

If an entropy mode survives for the data analysis one must also consider a corresponding non-linearity
parameterfy;;° as shown in Egs. (382) and (381). In the warm scenarindicates the inflaton dissipation

rate. Finally, notice thatin the ghost and D-cceleration scenarios, the values reported refer to an equilateral
configuration of the wave numbets, = ko = ks.

10. Observational constraints on non-Gaussianity

In this section, we discuss how to test observationally Gaussianity of primordial fluctuations and con-
strain the non-linearity parametgf,. . Currently, the best constraint comes from WMAP’s measurements
of CMB anisotropy{139]; thus, we focus on testing Gaussianity of the CMB. This section is organized
as follows: In Section 10.1 we study the statistical properties of the angydamt harmonic spectra
for n = 2 (power-spectrum), 3 (bispectrum), and 4 (trispectrum). In Section 10.2 we make theoretical
predictions for the CMB angular bispectrum from inflation. In Section 10.3 we calculate the secondary bis-
pectrum contribution from the Sunyaev—-Zel'dovich effect and the weak-lensing effect, and foreground
contribution from extragalactic radio and infrared astronomical sources. In Section 10.4 we estimate
how well one can constraiyiy. with observations, and discuss how to distinguish between primordial,
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secondary, and foreground bispectra. In Section 10.5 we present a practical way to defRrnaisigvell
as the point-source contribution from nearly full-sky CMB experiments. In Section 10.6 we review the
observational constraints ofy. from the WMAP experiment using the method described here.

10.1. Angular n-point harmonic spectrum on the sky

As we have mentioned in the introduction, the anguataoint correlation function,

(f(h) f(R2) ... f(An)) , (412)

is a simple statistic characterizing a clustering pattern of fluctuations on th¢ @ky,Here, the bracket
denotes the ensemble average, Bigl 1 sketches its meaning. If the fluctuation is Gaussian, then the
two-point correlation function specifies all the statistical properties(6f, for the two-point correlation
function is the only parameter in a Gaussian distribution. If it is not Gaussian, then we need higher-order
correlation functions to determine the statistical properties.

Yet simple, one disadvantage of the angular correlation function is that data points of the correlation
function at different angular scales are generally not independent of each other, but correlated: the two-
point correlation at 1is correlated with that at®2 and so on. This property makes a detailed statistical
analysis and interpretation of the data rather complicated.

Hence, one finds it more convenient to expai(@) into spherical harmonics, the orthonormal basis
on the sphere, as

o0 1
Z Z lelm(ﬁ) s (413)
1=0 m=—I

and then to consider the angutapoint harmonic spectrunde;,m, diom, - - - ai,m, ). While a;,, form # 0
is complex, reality off (A) givesa;—,, = a/, (—=1)", and thus the number of independent modes is not
4 +1,but2 + 1.

In particular, the angular two-, three-, and four-point harmonic spectra are called the grayuéar
spectrumbispectrum andtrispectrum respectively. By isotropy the angular power-spectra at different
angular scales, or at differeld, are uncorrelated. Moreover, since the spherical harmonics are orthogonal
for differentl’s, they highlight characteristic structures on the sky at a divenother words, even if the
angular correlation function is featureless, the angular spectrum may have a distinct structure, for inflation
predicts a prominent peak in the angular power-spectrum, not in the angular correlation function. In this
section, we study statistical properties of the angmpoint harmonic spectra.

10.1.1. Statistical isotropy of the Universe

In reality, we cannot measure the ensemble average of the angular harmonic spectrum, but one re-
alization such agy,m,aim, - - - ai,m,, Which is so noisy that we want to average it somehow to reduce
the noise.

We assumsetatistical isotropyof the Universe from which it follows that our sky is isotropic and has no
preferred direction. Isotropy of the CMB justifies the assumption. The assumption readily implies that one
can average the spectrum owerwith an appropriate weight, as; represent an azimuthal orientation on
the sky. The average over; enables us to reduce the statistical error of the measured harmonic spectra.
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Fig. 4. Statistical isotropy of angular correlation function. A schematic view of statistical isotropy of the angular correlation
function. As long as its configuration is preserved, we can avef&de) ... f(1,) over all possible orientations and positions
on the sky.

How can we find the weight? One finds it as a solution to statistical isotropgtational invariance
of the angular correlation function on the sky,

(Df(h)Df(h2) ... Df(Ay)) = (f(h1) f(A2) ... f(An)) (414)

whereD = D(a, B, y) is a rotation matrix for the Euler anglesg, andy. Fig. 4 sketches the meaning of
statistical isotropy. Substituting Eq. (413) fg(f) in Eq. (414), we then need rotation of the spherical

harmonic,DY,,, (0). It is formally represented by the rotation matrix elemeﬂnifm (a, B, 7), as[245]

!
A [ A
DY) = )" D) V(). (415)
m'=—I
The matrix elementpﬁ?m = (I, m’'|D|l, m), describes finite rotation of an initial state whose orbital
angular momentum is represented lmndminto a final state represented bgndm’. Finally, we obtain
the statistical isotropy condition on the angulgpoint harmonic spectrum:

_ () p2) (In)
(W iomy - Ay} =D (G Aoty -~ @l ) D5 DE D (416)

all m’
Using this equation, in Refl14] appropriate weights for averaging the angular power-spectiua?),
bispectrum £ = 3), and trispectrunw(= 4), over azimuthal angles have been systematically evaluated.
Some of those may be found more intuitively; however, this method allows us to find the weight for any
higher-order harmonic spectrum. In the following sections, we derive rotationally invariant, azimuthally
averaged harmonic spectra o= 2, 3, and 4, and study their statistical properties.

10.1.2. Angular power-spectrum
The angular power-spectrum measures how much fluctuations exist on a given angular scale. For
example, the variance af,, for > 1, (a;na;,,), measures the amplitude of fluctuations at a given
Generally speaking, the covariance matrix:gf, (a,lmlal*zmz), is not necessarily diagonal. It is, how-
ever, actually diagonal once we assume full sky coverage and rotational invariance of the angular two-point
correlation function, as we will show in this section. The variance;gfthus describes the two-point
correlation completely.
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Rotational invariance (Eq. (416)) requires
_ N
(WamyGony) = D Ay a?;mQDmimleimz (417)
mymy
to be satisfied, where we have used the complex conjugate for simplifying calculations. From this equation,
we seek for a rotationally invariant representation of the angular power-spectrum. Suppose that the
covariance matrix ofy,, is diagonal, i.e.(allmlal”‘zmz) = (C1,)0111,0mym,- EQ. (417) then reduces to

(U @) = (C)ons, Y DIV DI () )31s1,0mym, - (418)

mimy mimy
my
Thus, we have proven thé&t;) is rotationally invariant. Rotational invariance implies that the covariance
matrix is diagonal.
Observationally, the unbiased estimator ©f) should be

1 1
1 * 1 2 *
C = m S Aim Ay = m (“ZO + 2m§:1 almalm>
1 1
_ 2 2 ~ 2
=211 {alo +2 mg_l[(iRalm) + (Sapm) ]} . (419)

The second equality follows fromy_,, = a;, (=D™, i.e.,aj—na;"_,, = aimaj,,, and hence we average
2] + 1 independent samples for a giveerit suggests that fractional statistical error@fis reduced by
/1/(21 + 1). This property is the main motivation for considering the azimuthally averaged harmonic
spectrum.

We find it useful to define an azimuthally averaged harmonic transfgiim,, as

!

4r
N=,.—— m Y (0) 420
er(N) ‘/Zl“le—E_zal 1m () (420)

which is interpreted as a square-rootfat a given position of the sky,

dh
f 4—n e2(h) =C; . (421)
e; (M) is particularly useful for measuring the angular bispectf@68,145] trispectrum (Chapter 6 of
Ref.[137]), and probably any higher-order harmonic spectra, because of being computationally very fast
to calculate. This is very important, as the new satellite experiments, WMAP and Planck, have more than
millions of pixels, for which we will crucially need a fast algorithm for measuring these higher-order
harmonic spectra.

We derive the covariance matrix6f, (C;Cy;) — (C;){Cy), with the four-point function, the trispectrum.
Starting with

1

CCy)= L apay o), 422
€= G D@D > am )y @i agi,,) (422)

mm’
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we obtain the power-spectrum covariance matrix

2(C1)? 1 .
a1t @@ D D (am @y arm iy e

mm'

(GiCr) = {C)(Cr)

2(C)? (—i
="y
20+1°" T AT D@ + D

where (ajnaj,armra;;, ) is the connected four-point harmonic spectrum, the connected trispectrum,
which is exactly zero for a Gaussian field. It follows from this equation that the covariance mafyixsof
exactly diagonal only whea,, is Gaussian(Tllsllff(L))C is the ensemble average of the angular averaged
connected trispectrum, which we will define in Section 10.1.4 (Eq. (435)).

Unfortunately, we cannot measure the conned;é,‘dO) directly from the angular trispectrum (see
Section 10.1.4). We will thus never be sure if the power-spectrum covariance is precisely diagonal, as long
as we use the angular trispectrum. We need other statistics able to pick up information on the connected
7/',(0), even though they are indirect. Otherwise, we need a model for the connected trispectrum, and
use the model to constrain the conned#;l(O) from the other trispectrum configurations.

There is no reason to assume the conne@fémO) is small. It is produced on large angular scales,
if the topology of the Universe is closed hyperbdlicl8]. An analytic prediction for the connected
trispectrum produced in a closed hyperbolic Universe is derived in Appendix D of B&1. On small
angular scales, several authors have shown that the weak gravitational lensing effect produces a non-
zero connected trispectrum or four-point correlation funcfé®301,299] in Ref. [114] the induced
off-diagonal terms are found to be negligible compared with the diagonal terms lotit 2000.

If the connected trispectrum is negligible, then we obtain

2(C))?
(CiCp) = (C)(Cp) =~ <Ji> o - (424)

(T ), (423)

The fractional error ofC; is thus proportional ta/1/(2/ + 1), as expected from our having 2 1
independent samples to average for a gilefhe exact form follows fronmC; being ;2 distributed
with 2/ + 1 degrees of freedom whey, is Gaussian. Ify,,, is Gaussian, then its probability density distri-
bution is

expl—ap,, /(2(C1))]
27(C;) '
One can use this distribution to generate Gaussian random realizatiaps fofr a given(C;). First,

calculate(C;) with the CMBFAST code[260] for a set of cosmological parameters. Next, generate a
realization ofa;,,, ain, = ¢(C;)Y?, wheree is a Gaussian random variable with unit variance.

P(aim) = (425)

10.1.3. Angular bispectrum

The angular bispectrum consists of three harmonic transfaims ai,m,aism;. FOr Gaussiam;,, the
expectation value is exactly zero. By imposing statistical isotropy upon the angular three-point correlation
function, one finds that the angular averaged bispect&in;,, given by

1 b I3
<allm1alzmzal3m3> = (Blj_lzlg> <m1 mo WlS) (426)
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P

Fig. 5. Angular bispectrum configuration.

satisfies rotational invariance (Eq. (416)). Here, the matrix denotes the Wigrsgrrihol (see Appendix
C). Sincely, I, and/3 form a triangle B;,;,;, satisfies the triangle conditiofl; — ;| <lx </; +; for all
permutations of indices. Parity invariance of the angular correlation function demantjst I3 =even.
Fig. 5sketches a configuration of the angular bispectrum.

The Wigner-3 symbol, which describes the coupling of two angular momenta, represents the azimuthal
angle dependence of the angular bispectrum, since the bispectrum forms a triangle. Suppose that two
“states” with (11, m1) and (I, m2) angular momenta form a coupled state with m3). They form a
triangle whose orientation is representediby m», andms, with satisfyingm1 + ms + m3 = 0. As we
rotate the system, the Wigneg-8ymbol transformsan’s, yet preserving the configuration of the triangle.
Similarly, rotational invariance of the angular bispectrum demands that the same triangle configuration
gives the same amplitude of the bispectrum regardless of its orientation, and thus the Wigpeal
describes the azimuthal angle dependence.

The proof of(B;,1,1,) to be rotationally invariant is as follows. Substituting Eq. (426) for the statistical
isotropy condition (Eq. (416)) for = 3, we obtain

(allmlalzmzalgm3>

_ (1) (I2) (l3)
= Z <allmialzm/2a13m3> Dm/lmle/zmz Dm§m3

all m’
1 I I3
:<Blllzl3> Z ( / / /
alm N1 M2 T3
I lz L i 2 (L)% 1(13)
x Z ( m} M/) (ml mo @L+1b w i D
LMM'
i I L (L)% 1y(13)
“ ) S S g (1 2 M)DM&szm
my LMM'

mi1 mz m3

= <Blllzl3> < ll 12 13 > . (427)
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(L)*

In the second equality, we have redud@ﬁj} MM

we have used the identif245], '

Z 1 I I3 lh I LY\ _ 513L5m/3M’ (428)
my my mg)\my mh M) 2L4+1 °

/m/

mlD@ oD using Eq. (C.17). In the third equality,
m2m

To obtain the unbiased estimator of the angular averaged bispe@yyn, we invert Eq. (426) with the
identity Eq. (428), and obtain

l [ [
Blllzlg = Z ( 1 2 3 )allmlalzmzalgmg . (429)

mip mz m3
all m

We can rewrite this expression into a more computationally useful form. Using the azimuthally averaged
harmonic transforn; () (Eq. (420)), and the identit245],

PR R R S P P (4m)°
mi1 mp mgz) \0 O O 21+ 12+ 1)(23+ 1)

d2f R R R
X/4_7_CYllml(n)lemz(n)Ylgmg(n) s (430)

we rewrite Eq. (429) as

-1 2A
lh I 1 d’h - -
Bllzzzg=(g 5 g) f 2 e Mei (e () . (431)

This expression is computationally efficient; we can quickly calculat® with the spherical harmonic
transform. Then, the average over the full sﬁyjzﬁ/(4n), is done by the sum over all pixels divided by
the total number of pixelsl}/‘lzfv, if all the pixels have equal area. Note that the integral évetust
be done over the full sky even when a sky-cut is applied; @ already encapsulates information on
partial sky coverage through tlg,, which may be measured on an incomplete sky.

We calculate the covariance matrix Bf;;,;,, provided that non-Gaussianity is wedlg;,;,.,) ~ 0.
Since the covariance matrix is a product of sjx’s, we havegCs - 4C2/3! = 15 terms to evaluate,
according to the Wick’s theorem; however, using the idefg4p],

> (,7’1 ! i))zapo, (432)

m

and assuming that none of the zero, we find only 8= 6 terms that do not includezll.ml.a,jmj) but
include On|y<alimial*jmj> non-vanishing. Evaluating these six terms, we obfai1,108,268,88]

1 I I3 [ /A
— 1 2 3 * * *
<BlllzlsBl/ll/zlé> = Z (ml my ms mll m/z m% <a11M1alzmzal3m3al/1mialém/zalémg)
all mm’
(Y (sl o sl
= 11>< lz)( lg)[ 111213+ I1lol3

+ (_1)11+12+13(5lél.lél/2 + 51,215.1,3
110013 111213

léléli
111513
151504
111213

+90

+6 1, (433)
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Fig. 6. Variance of angular bispectrum. Histograms of variance of the angular bispectriqracior</z up to a maximum
multipole of 20. There are 466 modes. These are derived from simulated realizations of a Gaussian sky. The top-left panel shows
the case of full sky coverage, while the rest of panels show the cases of incomplete sky coverage. The top-right, bottom-left, and
bottom-right panels use the 20, 25, and &alactic sky-cuts, respectively.

AAA
where&llfl = O1,14 S50, 0131 and so on. Hence, the covariance matrix is diagonal in the weak non-Gaussian

limit. The dlagonal terms fol; # 0 andly + [2 + [3 =even are
(B[1[2[3> = (Cl]_) <Clz><cl3>(1 + 25111251213 + 51112 + 51213 + 513[1) . (434)

The variance is amplified by a factor of 2 or 6, when two ot’alare the same, respectively.

One finds that Eq. (434) becomes non-exact on the incomplete sky, where the variance distribution be-
comes more scattered. Using simulated realizations of a Gaussian sky, the authorfl@Refeasured
the variance on the full sky as well as on the incomplete sky for three different Galactic sky-cuts, 20, 25
and 30. Fig. 6plots the results; one finds that Eq. (434) holds only approximately on the incomplete sky.

10.1.4. Angular trispectrum
The angular trispectrum consists of four harmonic transfotms, arm,aizmsaim,- In Ref.[114] a
rotationally invariant solution for the angular trispectrum was found as

<allm1a12m2a13mgal4M4> = Z ( ll 12 L ) ( 13 l4 ) ( 1) ( 113:%12(14)) . (435)

mi1 m -M ms3 m M
[, 1 2 3 4

One can prove that this solutio(ff,gllf(L)), is rotationally invariant by similar calculations to those
proving the angular bispectrum to be so. By constructipny, andL form one triangle, whilés, I4,
andL form the other triangle in a quadrilateral with sidesl», /3, andi4. L represents a diagonal of the
quadrilateral Fig. 7 sketches a configuration of the angular trispectrum. When we ariangels, and
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2

Fig. 7. Angular trispectrum configuration.

4 in order ofl1 <lo <3<y, L liesin maxly — 11, 14 — I3) <L < min(l1 + I2, I3 + 14). Parity invariance
of the angular four-point correlation function demawnds- > + L = even ands + I4 + L = even.

The angular trispectrum generically consists of two parts. One is the disconnected part, the contribution
from Gaussian fields, which is given by the angular power-spgti,

( 1131122 (L)) disconnected™ (— 1)ll+l3\/(211 + 1) (23 + 1)(C1y){Ci3)d111,013140 1.0
+ (2L + D(Ciy ) (CR) (=D 611,611 + S1140113] - (436)

For i1 <l2<I3<14, the disconnected terms are non-zero only whea 0 orly = Io = I3 = I4. We have
numerically confirmed that the estimator given below (Eq. (441)) accurately reproduces the disconnected
terms (Eqg. (436)) on a simulated Gaussian sky.

The other is the connected part whose expectation value is exactly zero for Gaussian fields; thus, the
connected part is sensitive to non-Gaussianity. When none ¢6thage the same ifirlglllz(L), one might
expect the trispectrum to comprise the connected part only; however, this is true only on the full sky. The
disconnected terms on the incomplete sky, which are often much bigger than the connected terms, leak
the power to the other modes for which Edl are different. One should take this effect into account in
the analysis.

Inverting Eqg. (435), we obtain the unbiased estimatoT/Qf(L) [114],

[ L l [ L

CICEICEED o) W) A [ G
al m M

X Alym AlomoaQzmzAlgmg - (437)

Note that this expression includes both the connected and the disconnected terms.
We find that this estimator has a special propertylfo& 0 (which demand¢; = I> andl3 = 14).

The trispectrum estimator for these conflguratldff 1(0), reduces to a product of two power-spectrum
estimators(;, Ci,,

Thl Ih l1 0 I3 I3 O
131131(0) Z (ml —mq 0) <m3 —mg 0 ) %ami-midlgmadiz—ms

mims3

= (-1 /2L + D2+ 1)C,Cry (438)
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whereC; = (21 + 1)*1Zmalma,"‘m. We have used the identity, Eq. (432), and,, = (—=1D"a/,, in the

second equality. From this equation, one may assum@éf;fgé@) coincides with the disconnected terms
for L =0 (see Eq. (436)),

( léllgl(o»msconnected: (- 1)ll+l3\/(211 + D23+ D(Ci,)(Ci3) + 2<C11> Ol - (439)
They are, however, different for non-Gaussian fields, because of the power-spectrum covariance,
Eq. (423). By taking the ensemble averagé“@fgl(O), and substituting Eq. (423) fqC;, Ci,), we find a

rather trivial result:

(T/31(0)) = (—1)**3/(2h1 + 1) (25 + 1)(C1, C)
= (—)"13./(21 + 1)(213 + D(Cp,)(Cra) + 2(Cpy) 015 + (T1H2(0))g

l3l3

= 1131113 (0)) disconnectedt ( lglllsl(o»c- (440)

Hence,Tél,’al(O) contains information not only on the disconnected trispectrum, but also of the con-
nected one.

Unfortunately, we cannot measure the connected pdf;g)é}f(O) directly from the angular trispectrum
because of the following reason. To measure the connected terms, we have to subtract the disconnecte
terms from the measured trispectrum first. Since we are never able to measure the ensemble averag
of the disconnected terms (Eq. (439)), we estimate them by using the estimated power-sp@ctium,
we subtract the estimated disconnected temns;;, C;;, from measured‘lgllél(O), then it follows from

Eq. (438) thaiT,llll (0) vanisheexactly T,llll (0)=0; thus,T/Sl,lSl (0) has no statistical power of measuring
the connected terms
For practical measurement of the angular trispectrum, we rewrite the trispectrum estimator given by
Eq. (437) with the azimuthally averaged harmonic transfeyi,) (Eq. (420)). We find that the following
form is particularly computationally efficient:

1
ll lalp* I3l
Tis L) = 577 }: A (441)

hip - .
wherer ', is given by

2L+1(17 I L\ ' [ on A A
hlp _ 1 b 2
1 = . (0 0 0) /d fAler, (e, (A)1Y],,(A) . (442)

SincetlLlll‘j is the harmonic transform on the full sky, we can calculate it quickly. This method makes
measurement of the angular trispectrum computationally feasible even for the WMAP data in which we
have more than millions of pixels; thus, the methods developed here can be applied not only to the COBE
DMR data, but also to the WMAP data.
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Let us calculate the covariance of the trispectrum in the weakly non-Gaussian limit. Since the trispec-
trum covariance comprises eight,’s, the total number of terms 02-6C2-4C2/4! = 105 according to
the Wick’s theorem. The full calculation will be a nightmare, for we have to deal with

(DT = @L+DEL +1) 3 Y ()"
all mm’ MM’

() G e )
X
miy mo» M m3 m4 —M

" A P A R
my my M my my —M

*
X AA1ymy AlymyAlamzAlgm 4@ Iim /al/zm/zaléméalﬁmﬁg . (443)

One can reduce this intricate expression to much a simpler form for some particular configurations. For

L,L" # 0 terms, thanks to the identity (432), only4 24 terms that do not includ@;m,ai;m;) but

include only(a,,.ml.a;*jmj) are non-vanishing. Fdr= L' =0 terms, the triangle conditions in a quadrilateral

demandy =I» andi/z =4 (seeFig. 7). As we have shown, these configurations have no statistical power

of measuring the connected trispectrum of interest. Hence, we evaluate 0 terms in the following.
Evaluating the 24., L’ # 0 terms is still a headache; however, fo I, < I3<14, we have only eight

terms left:

(7 ’1’2(L>T€/,2<L/>>

1314
(2L + D{(Ciy )(Cr,) (Ci3)(Cy)

B liolals | <alalsls ltlo+a+a ghlalsla | shizlsla
= 5LL [51/111/11 + alal/l l/ + ( 1) (Ol [/l [3 l l/lzl/)

htlo+L gllalals | shlalal latlat+L gll2lals | shlalal
+(=Dm (5111/1 ot 111 Al ll}) +(=DE (5111/1 5o, 1‘})] (444)
1'3%4 4'3"1 4'3 37472

where&%ﬁiii = 01,1, 01514 01514 014 and so on. Using parity invariandes+ >+ L =even andz+14+ L =
even, one finds the covarlance matrix diagonal. Thus, the diagonal termhs#00 andl; <l <I3<!4

are simplified very much as

([T22(L)1?) = 2L + D(Ciy{Ci)(Cra) (Crad A+ Sty + 1ty + F1ailata) - (445)

This resultis strictly correct only on the full sky; the incomplete sky makes the variance distribution much
more scatteredrig. 8 plots the variance on the full sky as well as on the incomplete sky.

For the rest of configurations for which the disconnected terms vahigh(, [, = I3, andly # I4, the
covariance matrix is no longer diagonalin L’ [114]. Fig. 9 plots the numerically evaluated variance
on the full sky as well as on the incomplete sky. The variance dividg@by 1)(Cy, ) (C,) (C15)(Cl,) IS
no longer an integer, but more scattered than thaLfex 0 and/1 <l» < I3<I4 even on the full sky.
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Fig. 8. Variance of angular trispectrum |. Histograms of variance of the angular trispectrdmAd andl1 </y < I3<14, for
which the disconnected terms vanish on the full sky. There are 16,554 modes, up to a maximum multipole of 20. The meaning
of the panels is the same asHiy. 6.

10.1.5. Power-spectrum and bispectrum on the incomplete sky
Incomplete sky coverage destroys the orthonormality of the spherical harmonics on the sky. The degree
to which orthonormality is broken is often characterized by the coupling int§2g4al,

Wy = / d2AW (A)Y} (R) Yy (R) = ) d2AY;, (A) Yy (R) (446)
obs

whereW (f) is zero in a cut region otherwise 1, ardys denotes the solid angle of the observed sky.
When W 7% O10mm’, the measured harmonic transform of the temperature anisotropydigld,
becomes diasedestimator of the true harmonic transforaf'®, through

o0

l/
am =Y Y am Wi - (447)
l/

I'=0 m'=—

Hence, we must correct our estimators of the power-spectrum and the bispectrum for the bias arising
from incomplete sky coverage.

First, we derive a relationship between the angular power-spectrum on the incomplete sky and that on
the full sky. Taking the ensemble average of the estimator of the power-spectrum, the ps¢288};
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Fig. 9. Variance of angular trispectrum Il. Histograms of variance of the angular trispectrdm#dy, I = I3, andly # Iy, for
which the disconnected terms vanish on the full sky. There are 4059 modes, up to a maximum multipole of 20. The meaning of
the panels is the same asHig. 6.

Cr=@ 417 |y |? we have

true 2
(€)= 21 1 Z Cy Xm:/ Wit mm'|

1 P . . R . .
wz—ﬂc}f“ez > / d2AW (A) Y}, (A) Yy () / 2w (1) Yy, (MY ()
m['m'
1
=5 1C"“e / d?AW (AYY; () / d2rh W (1) Y, (h)6®@ (A — )
m

2/\
= Cjre / d4—: W (A)P,(1)

Q
= e (448)

In the second equality, we have také}'® out of the summation oveét, as|W,;,,,» |° peaks very sharply
atl =1, andCtrue varies much more slowly thaV,,.,,,,|2 in I’. This approximation is good for nearly

full sky coverage. In the third equality, we have usegd,, Yy, (W)Y, () = 5@ (f — m). In the fourth
equality, we have usel, Y;* (MY}, (M) = (21 + 1)/4= P,(A - ). The result indicates that the bias
amounts approximately to a fraction of the sky covered by observations.
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Next, we derive a relationship between the angular bispectrum on the incomplete sky and that on the
full sky. We begin with

_ true _true _true
(Alymy AlymyQigms) = Z <a[/1m/la[/2n1’2alémé>Wlll/lmlm/lwlzlémzm/z nglémgm/3 . (449)
all 'm’

Rotational and parity invariance of the bispectrum implies that the bispectrum is given by

(Alymy AlymyQigms) = biyiyis dzﬁYl*m (ﬁ)Yl*m (ﬁ)Yl*m (), (450)
1my 2m2 3m3

whereby, 1,1, is an arbitrary real symmetric function, which is related to the angular averaged bispectrum
Bliils- Whenb};‘lﬁ3 varies much more slowly than the coupling integral, we obtain

(Alym1 AlymoGizms) = Z btrlzls /dzﬁyﬁ /(”)YE’< /(n) lym /(A)

all v all m’
x /d2ﬁ1W(ﬁ1)Yzflm/l(ﬁl)Y[iml(ﬁl)
X /dzﬁzW(ﬁz)Yzém’z(ﬁz)Yf;mz(ﬁz)

x / RhaW ()Y, (1) Y ()

true

by, / AW (R Y}, (Y, (MY, (R) . (451)

Then, we calculate the angular averaged bispect®jy, (EqQ. (426)). By convolving Eq. (429) with
the Wigner-3 symbol and using the identity Eq. (430), we obtain

-1
<Blllglg> ~ b}rl;el An l]_ 12 13
2\ 2L+ D@2+ DR +D\0 0 0

X Z /d mYllml(m)lemz(m)Ylamg(m)

all m

X / AW (W)Y, (MY, (DY, (7)

e <211+1><212+1)<213+1) L I 3\t
Pzl 0 00

d’rh [ d?n
/ /—W(n)Pll(m A) Pp, (1 - A) P (rh - A)

_ plrue \/(211+1><212+1><213+1> <11 I 13) Qops

hlal3 47 0 0 0) 4
_ plrue Qobs

11713 ? ’ (452)
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where we have used the identity,

1 d bl 13
f_ l%Ph(x)Pzz(x)st(x):(g Z g) . (453)

Thus, the bias for the angular bispectrum on the incomplete sky is also approximately given by a fraction
of the sky covered by observations.

10.2. Theoretical predictions for the CMB bispectrum from inflation

In this section, we derive analytical predictions for the angular bispectrum from inflation. We expand
the observed CMB temperature fluctuation fiedd,(n)/ T, into the spherical harmonics,

AT (A
= / 42h T(”) Y (R) | (454)

where the hats denote unit vectors. The CMB angular bispectrum is given by

mimoam
Bllllzle,2 *= (Alym1AlymoQiams) (455)

and the angular averaged bispectrum is (Eq. (429))
_ l1 I2 I3 maimams3
Blllzlg = ; (ml mo m3) Blllzl3 s (456)
all m

where the matrix is the Wignerj3symbol (see Appendix C). The bispectrusy;,";?"*, satisfies the
triangle conditions and parity invarianeei +mp +m3=0,l1 + > +I3=even, andl; — ;| <[ <I; +1;

for all permutations of indices. It implies tha} ") *"* consists of the Gaunt integraty ;7 *", defined
by

G = f APAY 133 (R) Yigmp (R) Yigs ()

. Ch+D@2+D@3+1D (13 Ir I3 1 I I3
o 4n 0O 0 O m1 mp m3z)

(457)

G is real, and satisfies all the conditions mentioned above.

Rotational invariance of the angular three-point correlation function impliesBibyat, is written as

By 2" =4 T b (458)
whereby,,1, iS an arbitrary real symmetric function of, I, and/z. This form, Eq. (458), is necessary
and sufficient to construct generk; "% under rotational invariance; thus, we will usgy,;; more

1l2l3
frequently tharBl"l’llz’;;Z’"3 in this section, and call this function treducedispectrum, as;,;,;, contains all

physical information irB,’”fZ’,’;Zma. Since the reduced bispectrum does not contain the Wighsyabol,
which merely ensures the triangle conditions and parity invariance, it is easier to calculate physical

properties of the bispectrum.
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We calculate the angular averaged bispectrBy,;,, by substituting Eq. (458) into Eq. (456),

@hL+D@+D@3+1) (11 I 1
Blllzlg = \/ 4n < 8 CZ) 8) bl]_lzlg s (459)
where we have used the identity,
Lo I I3\ mumoms \/(211 + D2+ D)s+1) (1, I I3
Z (ml mo m3> glllzl3 B yions 0O 0 0)° (460)

all m

Alternatively, one can define the bispectrum in the flat-sky approximation,
(a(lpa(inalla)) = 2m)20@ (1 +12+13) B, 12, 13) , (461)

wherel is a two-dimensional wave vector on the sky. This definitioBdf, |2, 13) reduces to Eq. (458)
with the correspondence

qgmmems (27_[)25(2)(|1_|_ o +13) , (462)

111713
in the flat-sky limit[113]. Thus, we have
buiis = B(l1, 12, 13)  (flat-sky approximation) (463)

This fact motivates our use of the reduced bispectiyn;,, rather than the angular averaged bispectrum,
Biy1,15- Note thatby, 1, is similar to By, defined in Ref[179]; the relation ishy, 1,1, = v/ 4By 1,15
If primordial fluctuations are adiabatic scalar fluctuations, then

3

=) [ 5 00gn 7, (462)
(2m)

where®(k) is the primordial curvature perturbation in Fourier space,@ick) is the radiation transfer

function. a;,,, takes over the non-Gaussianity, if any, framgk). Although Eq. (464) is valid only if

the Universe is flat, it is straightforward to extend this to an arbitrary geometry. We can calculate the

isocurvature fluctuations similarly by using the entropy perturbation and the proper transfer function.

As it has been shown in Section 8, the primordial non-Gaussianity may be parameterized as a linear
plus quadratic term in the gravitational potential in the general form of Eq. (296), where the non-linearity
parameterfy. appears as a kernel in Fourier space, rather than a constant. This gives rise to an angular
modulation of the quadratic non-linearity, which might be used to search for specific signatures of infla-
tionary non-Gaussianity in the CMR61]. In this section, however, we restrict ourselves to the simplest
weak non-linear coupling case, assuming tfiat is merely a multiplicative constant, as done in data
analyses so far. Hence we write

B(X) = DL (X) + L[ (X) — (@2 (X))] , (465)

in real space, wheré (x) denotes the linear Gaussian part of the perturbation, (gxix)) = O is
guaranteed.
In Fourier space, we decompogék) into two parts,

o(k) = oL (K) + onL(K) (466)
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and accordingly we have
g = ale + a}j} ) (467)

wheredy (k) is a non-linear curvature perturbation defined by

dS
onL(K) = fi [ / (2753 oL (K + P} () — (2m) %6 (k) (0f (x>>} : (468)

One can immediately check th@(k)) = 0 is satisfied. In this model, a non-vanishing component of the
@(k)-field bispectrum is

(@ (k)@ (k2) DL (K3)) = (2m)°5' (K1 + k2 + k3)2fne Po(ke) Po(k2) (469)
where Py (k) is Bardeen'’s potential linear power-spectrum given by

(@ (k)P (K2)) = (2m)° Py (k1)6® (k1 + ko) - (470)
We have also used

(LK + PP (P) = (20)°Pa(p)6® (k) (471)
and

@200 = @02 [ dpatl (472)

Substituting Eq. (464) into Eq. (455), using Eq. (469) fordtik)-field bispectrum, and then integrating
over anglek1, k3, andks, we obtain the primordial CMB angular bispectrum,
L L _NL L NL L NL L L
BlnfllszzmS = <a11M1alerZa13m3> + <a11M1a12m2QISWt3> + <a11m1a12Wt2a13M3>

111713

o8}
=29 1" /0 r2 drlbr, (n)bi, (b (r) + bl (bl (b (r)

I GLAGUAGIE (473)
where
2 o0
by == /0 K2 dk P o (k) gmi (k) ji (k) (474)
2 o0
b (r) = - /0 k2 dk f g1 (k) ji (kr) (475)

Note thath} (r) is dimensionless, whilsN- () has a dimension of —3.
One can immediately check that Eq. (458) holds; thus, the reduced bispebtiin(Eq. (458)), for
the primordial non-Gaussianity reads

pPim _ o /O r2dr(bf, (r)by, (b} (r) + bf, (b= (1 by (r) + by - (r)bL (1) by ()] - (476)

I1l2l3 —

We can fully specifyb}olrli:,‘3 by a single constant parametégk_, as the CMB angular power-spectrum,

C;, will precisely measure cosmological parameters. We stress again that this formula is valid only when
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Fig. 10. Components of primordial CMB bispectrdi3]. This figure show$7,'- (r) (Eq. (474)) andalN'-(r) (Eq. (475)), the
two terms in our calculation of the primordial CMB angular bispectrum, as a functian \érious lines in the top panel
show [I(I + )bk (r)/2n] x 1010, wherer = c(1g — 1), att = 0.4,0.6,0.8, 1.0, 1.2, 1.4, and 16 x 7, (decoupling time);

[bN-(r) 1] x 100 are shown in the bottom paned is the present-day conformal time. Note tleay = 11.8 Gpc, and
ct+=235 Mpcin our cosmological model chosen here. The thickest solid line in the top panelis the CMB angular power-spectrum,
[[(I + 1)C;/2n] x 1010, C; is shown for comparison.

the scale-dependence i, is weak, which is a good approximation if the momentum-independent part
of fnu is larger than unity.

One can calculate the primordial CMB bispectrum (Eqgs. (473)—(476)) numerically as follows. One
computes the full radiation transfer functiqsy (k), with the CMBFAST code[260], assuming a single
power-law spectrumPy (k) o< k*~4, for the primordial curvature fluctuations. After doing the integration
overk (Egs. (474) and (475)) with the same algorithmCMBFAST , one performs the integration over
r (Eqg. (476)),r = c(zg9 — 1), Wherer is the conformal timezg is the present-day value. In our model,
cto = 11.8 Gpc, and the decoupling occurscat = 235 Mpc at which the differential visibility has a
maximum. Ourtg includes radiation effects on the expansion of the Universe; otherwigse 12.0 Gpc.

Since most of the primordial signal is generated.,atwe choose the integration boundary as(tg —

2t,) <r<c(rg — 0.17,). We use a step-size ofIzt,, as we have found that a step size df2t, gives

very similar results. As cosmological model, let us assume a scale-invariant standard cold dark matter
(SCDM) model withQm =1, Q4 =0, Qp, = 0.05,2 = 0.5, andr = 1, and with power-spectrurfy (k)
normalized to COBH56]. Although this model is almost excluded by current observations, it is still
useful to depict the basic effects of the transfer function on the bispectrum (see alfboRpf.

Fig. 10showsbf (r) (Eq. (474)) andb}'- (r) (Eq. (475)) for several different values ofwe find that
b}- (r) andC; look very similar to each other in shape and amplitudezat 00, although the amplitude
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Fig. 11. Primordial CMB bispectrum[143]. The primordial angular bispectrum (Eq. (473)), divided by the
Gaunt integral, 4/}”112’732’”3 (Eq. (457)). The bispectrum is plotted as a function &f for (I1,12)=(9,11),
(99,101), (199,20f), and (499,501). Each panel plots a different 1-dimensional slice of the bispectrum. The

top panel plots ia(ls + 1)iz(3 + 1)<alNl;lal'-2m2alL3m3)f,\jl_l(g?l’llz’?szm)*l/(Zn)z, while the bottom panel plots
11(1 + Dio(s + 1) <alL1m1“L al’;‘r';l3>f,\TLl(i¢’”l’"2’"3)—l/(2n)2. Note that we have multiplied the bispectrum in each panel

lomap l1lal3
by a factor of 18°.

in the Sachs—Wolfe regime is different by a factor-e3. This is becaus€; « P¢(k)g$l(k), while
b}- (r) o« Pg(k)gT1(k), wheregt; = —%. We also find thab}- (r) has a good phase coherence over a wide
range ofr, while the phase dfl’\”- (r) inthe high! regime oscillates rapidly as a functionrof his strongly
damps the integrated result (Eq. (473)) in the Higbgime. The main difference betwe€pandb; (r) is
thatb; (r) changes the sign, whilg; does not.

Looking atFig. 10 we find/?b- ~ 2 x 10~ andbN f,* ~ 1071°Mpc 3. As most of the signal is
coming from the decoupling epoch, the volume element, & r2Ar, ~ (10%? x 107 Mpc3; thus, we
can give an order-of-magnitude estimate of the primordial reduced bispectrum (Eq. (476)) as

BPIM™ 14282 AR, (12D BN X 3] ~ 174 x 2 x 107 fiy, (477)

SincebNt fit ~ r20(r — r.) (see Eq. (480)):2ArbN- £t ~ 1. This rough estimate agrees with the
numerical result below (FidL1).

Fig. 11shows the integrated bispectrum (Eq. (473)) divided by the Gaunt integfg]"*, which is
the reduced bispectruriy,,”) . While the bispectrum is a 3-d function, we show different 1-d slices of
the bispectrum in this figure. We plot

la(l2 + DI3(13 + 1){afym afp,@lms (G2 ™t (21)
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as a function of3 in the top panel, while we plot

1111+ D22 + D@, Ay iyms) (G2 7/ (27)2

in the bottom panel. We have multiplied edsz}k(r) which containsPg (k) by I(I + 1)/(2x) so that the
Sachs—Wolfe plateau &< 10 is easily seen. We have chogeand/, so ag(/1, [2) = (9, 11), (99, 101),
(199 201), and(499 501). We find that thel1, I2) = (199, 201) mode, the first acoustic peak mode, has
the largest signal in this family of parameters. The top panel has a prominent first acoustic peak, and
strongly damped oscillations in the hignegime; the bottom panel also has a first peak, but damps more
slowly. The typical amplitude of the reduced bispectrurifig,™ ' ~ 107, which agrees with the
order-of-magnitude estimate of Eq. (477).

The formula in Eqg. (476) and numerical results agree \\88] in the Sachs—\Wolfe regime, where
gTi(k) ~ —ji(kry)/3, and

b ~ =6 (CRVCEY + RV + ey (SW approximation) (478)

Each term is of the same order as Eq. (476). Hé?l%y," is the CMB angular power-spectrum in the
Sachs—Wolfe approximation,

2 o
VW= — / k2 dk P (k) j2(kr ) . (479)
97 Jo
In deriving Eq. (478) from Eq. (476), we have approximaigti(r) (Eq. (475)) with
BN (r) ~ (—%) 2/ k2 dkj (kr ) ji (kr) = ——fgL ro2(r — 1) (480)
© Jo

The Sachs—Wolfe approximation (Eq. (478)) is valid only wheri,, and/z are all smaller than- 10,
for which the authors of Ref86] give ~ —6 x 1020 in Fig. 11 We stress again that the Sachs—Wolfe
approximation gives a qualitatively different result from our full calculation (Eq. (476))at0. The
full bispectrum changes sign, while the approximation never changes sign because of th€;§‘§’e of
The acoustic oscillation and the sign-change are actually great advantages when we try to separate the
primordial bispectrum from various secondary bispectra. We will analyze this point later.

As we have calculated the full bispectrum at all scales, it is now possible to calculate the three-point
function in real space. Unlike the bispectrum, however, the form of the full three-point function is fairly
complicated; nevertheless, one can obtain a simple form for the skev$aegsen by

A 3
Sa = <<ATT(”)> > , (481)

which is perhaps the simplest (but less powerful) statistic characterizing non-Gaussianity. We®xpand
in terms of By,1,1; (EQ. (456)), otby1,15 (EQ. (458)), as

1 @h+D@+1D)@23+1) (h I I
Sa=o- > \/ = (é 5 8) Biy 1,15 Wi, Wi, Wi,

l1lol3

1 1 1 N (I b 12\
:ﬁ Z <11+§> (124-2) <13+§><8 5 03> b Wiy Wi, Wiy (482)

2<1hizl3
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Fig. 12. Primordial skewneg$$43]. The top panel shows the primordial CMB skewness (Eg. (482)) summed up to a égrtain
—S3(<13) fy[- x 105 The bottom panel shows the error$yf (Eq. (517)) summed up g, os,(</3) x 10'%. The solid line
represents the zero-noise ideal experiment, while the dotted lines show COBE, WMAP, and Planck experiments.

whereW, is the experimental window function. We have used Eq. (459) to refiagg, by the reduced
bispectrump;, 1,15, in the last equality. Since= 0 and 1 modes are not observable, we have excluded
them from the summation. Throughout this section, we consider a single-beam window fuigtien,

2
e~ 1+D/25) \whereoy, = FWHM/+/81n 2. Since(% 2 lg) by, IS Symmetric under permutation of
indices, we change the way of summation as

> —6 > . (483)

2< 1113 2<l1<<13

This reduces the number of summations by a factar & We will use this convention henceforth.

The top panel oFig. 12plots S3(< I3), which isS3 summed up to a certaip, for FWHM beam sizes
of 7°, 13, and 8.5. These values correspond to COBE, WMAP, and Planck beam sizes, respetiuely.
12 also plots the infinitesimally thin beam case. We find that WMAP, Planck, and the ideal experiments
measure very similafz to one another, despite the fact that Planck and the ideal experiments can use
many more modes than WMAP. The reason is as follows. Looking at Eq. (482), one finfisithatinear
integral ofby, 1,1, overl;; thus, integrating oscillations i 1?;'3 around zero (sekig. 11) damps the non-
Gaussian signal on small angular scales300. Since the Sachs—Wolfe effect, implying no oscillation,
dominates the COBE-scale anisotropy, the cancellation on the COBE scale &ifteds significantly
than on the WMAP and Planck scales. Planck suffers from severe cancellation in small angular scales:



N. Bartolo et al. / Physics Reports 402 (2004) 103-266 221

Planck and the ideal experiments measure only the same amaosnasfWMAP does. As a result, the
measurediz almost saturates at the WMAP resolution scate,500.

We conclude this section by noting that when we can calculate the expected form of the bispectrum,
then it becomes a “matched filter” for detecting non-Gaussianity in the data, and thus much more powerful
a tool than the skewness in which the information is lost through the coarse-graining.

10.3. Secondary sources of CMB bispectrum

Even if the CMB bispectrum were significantly detected in the CMB map, its origin would not neces-
sarily be primordial, but rather there would be various secondary sources such as the Sunyaev—Zel'dovich
(S2) effect[302], the weak lensing effect, and so on, or foreground sources such as extragalactic radio
sources. To isolate the primordial origin from the others, we have to know the accurate form of bispectra
produced by secondary and foreground sources.

10.3.1. Coupling between the weak lensing and the Sunyaev—Zel'dovich effects
The coupling between the SZ effect and the weak lensing effect produces an observable effect in the
bispectrun{92,70] We expand the CMB temperature field including the SZ and the lensing effect as

AT ()  ATP(h 4 VO(h)) N ATSZ(R)

T T T
ATP(A ATP(A ATS#(f
~ ()+v( ())-V@(ﬁ)"f—A, (484)
T T
where P denotes the primordial anisotro@yi) is the lensing potential,
R R ks R
o0 = —2/ dr o(r, r) , (485)
0 rr 4
and SZ denotes the SZ effect,
ATS%(R)
—— =y, (486)
wherej, is a spectral function of the SZ eff@02]. y(f) is the Comptory-parameter given by
R dr T,(r, Or) _
v = o [ L 02 (487)
Ik Tpo
where
GTﬁgasd‘BTpo"* 4 1 2 kBTpO Ty
=— ——=43x10 Qph . 488
Yo [ pm e C? * e ~(Ooh") lkeV ) \ 10Gpc (488)

T, = pgasle/PgasiS the electron temperature weighted by the gas mass density, the overline denotes
the volume average, and the subscript 0 means the present epoch. Wgag:ﬂdam.88, Whereu;1 =
ne/(pgas/mp) is the number of electrons per proton mass in the fully ionized medium. Other quantities
have their usual meaning.
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Fig. 13. SZ-lensing coupling. A schematic view of the SZ-lensing coupling bispectrum. One of the three CMB photons, which are
decoupled at the last scattering surface (LSS), penetrates through a SZ cluster, changing its temperature, and coming toward us
As the other two photons pass near the SZ cluster, they are deflected by the lensing effect, changing their propagation directions,
and coming toward us. As a result, the three photons are correlated, generating a three-point correlation, the bispectrum.

Transforming Eqg. (484) into harmonic space, we obtain

o VD =10+ + 171"+ 1)
aim = alF,)n + Z Z (_1)mg”/’?/m m 2 all?m’@l”m” + alSmZ

l/’n/ l//m//

:al?n + Z Z (_1)m+m +m//gl—l};1”m mir

U'm’ I"m"”
l U+ -1+ +1"0"+1) P*
2

where%)’;"/?" is the Gaunt integral (Eq. (457)). Substituting Eq. (489) into Eq. (455), and using the

identity, %, " "27"% = ¢]'17'2"3 e obtain the bispectrum,
10213 16203

/@l// »+ alSmZ , (489)

L +1) =L+ D +13(3+1) p sz
81”11112';1321113 {g?;ll;szms [ 5 C11<@73m3a13m3>

+5 permutation} . (490)

The form of Eq. (458) is confirmed; the reduced bispectbﬂﬁzﬁnsincludes the terms in square brackets.

While Eqg. (490) is complicated, we can understand the physical effect producing the SZ-lensing
bispectrum intuitivelyFig. 13shows how the SZ-lensing coupling produces the three-point correlation.
Suppose that there are three CMB photons decoupled at the last scattering surface (LSS), and one of thes
photons penetrates through a SZ cluster between the LSS and us; the energy of the photon changes becau:
of the SZ effect. When the other two photons pass near the SZ cluster, they are deflected by the gravitational
lensing effect, changing their propagation directions, and coming toward us. What do we see after all?
We see that the three CMB photons are correlated; we then measure a non-zero angular bispectrum.
The cross-correlation strength between the SZ and lensing effexs, P2 ), thus determines the
bispectrum amplitude, as indicated by Eq. (490).



N. Bartolo et al. / Physics Reports 402 (2004) 103—-266 223

In Ref.[92] (07, a>?) was derived assuming the linear pressure bias n{@@él, 7, = T ,bgas, and

the mean temperature evolutldﬁ ~ Tpo(l + z)~ %, for z < 2, which is roughly suggested by recent
hydrodynamic simulationf60, 237,270.] They obtained

2
(@) =~y 4;;:9’:1? / dz — Dz(z)(l—i- 2)? *2 5(()'> Po <k= ré)) , (491)
whereD(z) is the linear growth factor. Simulations without non-gravitational hed8g,270]suggest
that7 ,0 ~ 0.2-0.4keV andhgas ~ 5-10; analytic estimations give similar numb§87,303] In the
pressure bias model, the free parameters (except cosmological onépaed bgas however, both
actually depend upon the cosmological mo@d7]. Sincel3(@;*maf’mz) ~2x 10—10jvaobgas [92,70]
and/2cf ~ 6 x 1071, we have

bSEIeNS ~ 173[(12CP) (13(05,a53%)) x 5/2] ~ 172 x 3 x 10719, T ,0bgas , (492)
whereT o is in units of 1 keV, andy,,, = A i Lis the reduced bispectrum (Eq. (458)).
Comparing this with Eq. (477), we obtain

b o
~1"1x 10 . (493)
bR T obgas

This estimate suggests that the SZ-lensing bispectrum overwhelms the primordial bispectrum on small
angular scales. This is why we have to separate the primordial from the SZ-lensing effect.

While the pressure bias model gives a rough estimate of the SZ power-spectrum, more accurate predic-
tions exist. Several authors have predicted the SZ power-spectrum analytically using the Press—Schechte
approach63,180,16,140,68,202) the hyper-extended perturbation thef893]. The predictions agree
with hydrodynamic simulations we]237,258,270,239)While a big uncertainty in the predictions lies
in phenomenological models which describe the SZ surface brightness profile of halos, the authors of
Refs.[141,142]have proposed universal gas and temperature profiles and predicted the SZ profile relying
on amore physical basis; they have then used the universal profiles to improve upon the analytic prediction
for the SZ power-spectrum. The universal profiles should describe the SZ profile in the average sense; on
the individual halo-to-halo basis, there could be significant deviation from the universal profile, owing to
substructures in halos (see, e.g., REB8]).

10.3.2. Extragalactic radio and infrared sources

The bispectrum from extragalactic radio and infrared sources whose fRpas,smaller than a certain
detection thresholdFy, is simple to estimate, when we assume the Poisson distribution. The authors
of Ref.[279,13] have shown that the Poisson distribution is a good approximation at low frequencies
(v <100 GHz). The Poisson distribution has white-noise power-spectrum; thus, the reduced bispectrum
(EQ. (458)) is constant;'t, = b5'® = constant, and we obtain

I110l3 —
B = S, (494
where
Fy d
b(< Fd)zg3(x)/ dFF3 dz g3(x) ﬁﬁn(> Fo)F3 . (495)
0
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Here, di/dF is the differential source count per unit solid angle, and Fy) = f;do dF(dn/dF). We

have assumed a power-law count/dF « F~#-1, for g < 2. The other symbols mean= hv/kgT =~
(v/56.80 GH2(T/2.726 K)~%, and

he)? [ sinhx/2\? 1 T \ " 3/sinhx/2\?
=2 () = ) (TR s
(kT) X 67.55MJysr1\ 2726 K X
Using the Poisson angular power-spectrdtt, given by
cmkfw=g%w/%dFﬂgﬁ=fu>ﬁ n(> FQ)F? (497)
- o dF 2—p d-
we can rewriteb>"Cinto a different form,
2—p)*? _1/2 3/2
b(< Fg) =~ [n(> F)]"?[CP(< F) 1P/ . (498)
23— p)

The authors of Ref[279] have estimated (> Fyq) ~ 300sr ! for Fy ~ 0.2Jy at 217 GHz. Thigy
corresponds todbdetection threshold for the Planck experiment at 217 GHz. In[R@8] their estimation
was extrapolated to 94 GHz, findimg> Fq) ~ 7 srfor Fy ~ 2 Jy, which corresponds to the WMAP
50 threshold. These values yield

CPS90GHz <2Jy) ~ 2 x 10716 | (499)

CPS(217GHz <0.2Jy) ~ 1 x 10717 . (500)
Thus, rough estimates féf are

bS"Y90 GHz <2Jy) ~ 2 x 1072, (501)

bS"%(217 GHz <0.2Jy) ~ 5 x 10728 . (502)

While we have assumed the Euclidean source cotiat E) for definiteness, this assumption does not
affect order-of-magnitude estimates here.

As the primordial reduced bispectrumds!—* (Eq. (477)), and the SZ-lensing reduced bispectrum
is o [ 73 (Eq. (492)), the point-source bispectrum rapidly becomes to dominate the total bispectrum on
small angular scales:

il f

1l —4 Y4
ﬁ ~ 1 x 10 (W) > (503)
b%—lens -3 jvaObgas

pSiC ~ X 106 W . (504)

For example, the point-sources overwhelm the SZ-lensing bispectrum measured by WMAROft

What do the SZ-lensing bispectrum and the point-source bispectrum lookHige?4 plots the
primordial, the SZ-lensing, and the point-source reduced bispectra for the equilateral configurations,
[ = 11 =1, =1I3. We have plotted?(/ + 1)2b111/(2n)2. We find that these bispectra are very different from
each other in shape on small angular scales. It thus suggests that we can separate these three contributiot
on the basis of shape difference. We study this point in the next section.
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Fig. 14. Equilateral reduced bispectra. Comparison between the primordial (solid line), the SZ-lensing (dashed line), and
the point-source (dotted line) reduced bispectra for the equilateral configuratioas,/y = I> = I3. We have plotted

[2( + 1)2by;/(2m)2] x 1018, which makes the Sachs-Wolfe plateau of the primordial reduced bispectrum on large angu-
lar scales] < 10, easily seen.

10.4. Measuring bispectra: signal-to-noise estimation

In this section, we study how well we can measure the primordial bispectrum, and how well we
can separate it from the secondary bispectra. Suppose that we fit the observed bisaq?lfjtjgnhy
theoretically calculated bispectra, which include both the primordial and secondary sources. We minimize

2 .
1< defined by

>

2<11<i2<lI3 O-111213

111013 1= 1ol3

(BObS _ AB(I) )2
ZZ’ , (505)
wherei denotes a component such as the primordial, the SZ and lensing effects, extragalactic sources,
and so on. We have removed unobservable mdde$) and 1.
As we have shown in Section 10.1, the variance of the bispectfffg;g, is the six-point function of
ai, [171,108] When non-Gaussianity is weak, we calculate if263,88]

0-1211213 = <B[211213> - <Blllzl3>2 ~ (gll(glz(glgAlllzlg s (506)
where Ay, takes values 1, 2, or 6 when &k are different, two are the same, or all are the same,
respectivelys; = C; +CZN is the total CMB angular power-spectrum, which includes the power-spectrum
of the detector noiseﬂl’\‘. We calculateClN analytically following[125] with the noise characteristics of
relevant experiments. We do not inclu@gfrom secondary sources, as they are subdominant compared
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with the primordialC; and C,N for relevant experiments. Including from extragalactic sources (Egs.
(499) or (500)) changes our results by less than 10%.
Takingd;2/0A; = 0, we obtain the equation

B(l) B(]) BObS B(l)

111213 111513 111213 111013
| X TEE A= ) T (507)
i | 2<hi<i<is  hibls o<lhi<l<ly  Cllls

We then define the Fisher matrik;;, as

(@) )
B B
2 : 1112137 111513
F"E - SE—
! 2<i St
<lhi<l<ls 1023
@ ()
2 1 1 N\ (11 b 12\2b1,.br:
22 () () (503) (5 6 5) (508)
T 2<1<lr<I3 0-111213

where we have used Eq. (459) to replag.;, by the reduced bispectrury,;,;, (see Eq. (458) for
definition). Since the covariance matrix af is Fi;l, we define the signal-to-noise rati@/N);, for a
component, the correlation coefficient;;, between different componernitandj, and the degradation
parameterg;, of (S/N); due tor;;, as

S 1
(_) _ , (509)
NJ,; pl
Ft
- j ’ (510)
/ S p—
Fii"Fj
di = Fy F; b (511)

Note thatr;; does not depend upon the amplitude of the bispectra, but on their shape. We have defined
d; so asd; = 1 for zero degradation, whilé; > 1 for degradedS/N),. In Refs.[268,70]the diagonal
component oiFl.Jfl has been considered. We study all the components to look at the separability between
various bispectra.

We can give an order-of-magnitude estimateSgiV as a function of the angular resolutidn,as

2
follows. Since the number of modes contributingstaV increases as”?, andl3<é (l) (’)) ~0.36x [,
we estimatgS/N); ~ (Fi;)*/? as

<£> Nils/les/z

l3b(i) )
N (l / ’)‘ x ——M_ ~ %) x 4x 1012, (512)
T

0 0O (12C))3/?

where we have usddC; ~ 6 x 10710,
Table 2tabulatesr;;, while Table 3tabu|atesFiJ‘.1; Table 4tabulatesS/N);, while Table Stabulates
d; in the diagonal, and;; in the off-diagonal parts.
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Table 2

Fisher matrix

COBE Primordial SZ-lensing Point-sources
Primordial 42 x 107612 —4.0 x 1077 fnL i T s0bgas ~1.0 x 1079 fiy b3F
SZ-lensing 13 x 1077 (j,T ,0bgas? 3.1 x 10719, T obgadSK
Point-sources 1.1 x 10~ 125192
WMAP

Primordial 34 x 1073 £2 2.6 x 1073 fL )i T jobgas 2.4 x 1073 fLbSE
SZ-lensing 0L4(j, T yobgas? 0.31/,T ,0bgadh5
Point-sources 5.6(b59)2

Planck

Primordial 38 x 1072 f2, 7.2 x 1072 iy i T jobgas 1.6 x 1072 fiy bSI°
SZz-lensing 39,7 ,0bgas? 5.7;,T obgadS¥
Point-sources 2.7 x 10365192

Fisher matrix,Fj; (see Eq. (508)): denotes a component in the first rojdenotes a component in the first colurihyg is
in units of 1 keV,pSI® = b5'¢/10~25, andbSI = 5S¢/10-27,

Table 3

Inverted fisher matrix

COBE Primordial SZ-lensing Point-sources

Primordial 35 x 10° £ 1.1 x 10°(fnL i T yobga9 1.3 x 107 (fu b5t
SZ-lensing 3L x 107(j, T ,0bga9 ~2 —7.8 x 10°(, T ,0bgad3) 1
Point sources 3.1 x 1012(b59—2

WMAP

Primordial 30 x 102 £y —6.1(fNL i T ,0bgad "t 0.21( fu b3 1

SZ-lensing 8(),T obgad ~2 —0.46(j, T ,0bgadr39) 1
Point-sources 0.21(b319 2

Planck

Primordial 261y, ~4.9 x 10-2(fnL ji T yobgad ™t —5.7 x 1073( fy b5 ~1
Sz-lensing % x 1072(j,T jobga9 ~2 —5.4x 1075, T ,0bgadr3i) 1
Point-sources 3.7 x 10745192

Inverted fisher matrixFl.;l. The meaning of the symbols is the same aBable 2

Table 4
Signal-to-noise ratio

Primordial SZ-lensing Point-sources
COBE 17 x 1073 fiL 1.8 x 1074|,|T ,0bgas 5.7 x 10~ 'bh2
WMAP 5.8 x 1072 fjL 0.34]j,|T ,obgas 2.2b58
Planck 019fnL 6.2/,|T ,0bgas 52h53

Signal-to-noise ratia,S/N); (see Eqg. (509)), of detecting the bispectrimienotes a component in the first row. The meaning
of the symbols is the same asTable 2
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Table 5

Signal degradation and correlation matrix

COBE Primordial SZ-lensing Point-sources
Primordial 146 033sgrj,) 1.6 x 1072
SZ-lensing B9 —0.79sg1(j,)
Point-sources 3.45

WMAP

Primordial 101 —0.12sgr(j,) 2.7x10°2
SZ-lensing 16 —0.35sg1j,)
Point-sources 114

Planck

Primordial 100 —5.9 x 10~2sgn(j,) —58x 1074
SZ-lensing 100 —1.8 x 10~2sgnj,)
Point-sources 1.00

Signal degradation parametéy(see Eq. (511)), and correlation coefficient,(see Eqg. (510)), matrixdenotes a component
in the first row j denotes a component in the first coluapfor i = j, whiler;; fori # j.

10.4.1. Measuring the primordial bispectrum

Fig. 15shows the signal-to-noise rati§), N . The top panel shows the differenti N for the primordial
bispectrum at Iz interval, [d(S/N)?/d In I31%2 £}, and the bottom panel shows the cumulatiyeV,
(S/N)(< l3)fN_|_1, which isS/N summed up to a certaig. We have computed the detector noise power-
spectrum,ClN, for COBE four-year ma36], WMAP 90 GHz channel, and Planck 217 GHz channel,
and assumed full sky coveradeig. 15also shows the ideal experiment with no noi€¢\E = 0. Both
[d(S/N)Z/d In 13172 and (S/N)(< l3) increase monotonically withs, roughly o /3, up tolz ~ 2000
for the ideal experiment.

Beyondi/z ~ 2000, an enhancement of the damping tajrbecause of the weak lensing eff¢257]
stops[d(S/N)z/d In 13]Y/2, and hencéS/N)(< [3), increasing. This leads to an important constraint on
observations; even for the ideal noise-free, infinitesimally thin beam experiment, there is an upper limit
on the value of§ /N < 0.3 L. For a given realistic experimeritl(S/N)?/d In I3]*/2 has a maximum at
a scale near the beam size.

For COBE, WMAP and Planck experiments, the to8IN) fy* are 17 x 103,58 x 10-2, and 019,
respectively (se&able 4. To obtainS/N > 1, we needfyL > 600, 20, and 5, while the ideal experiment
requiresfyL > 3 (seeTable §. We can also roughly obtain these values by substituting Eq. (477) into
(512),

S
() ~1x107%fnL . (513)
prim

N
The degradation parametesg;im, are 1.46, 1.01, and 1.00 for COBE, WMAP, and Planck experiments,
respectively (se@&able 5, suggesting that WMAP and Planck experiments will separate the primordial
bispectrum from the others with 1% or better accuracy; however, COBE cannot discriminate between
them very well, as the primordial and the secondary sources change monotonically on the COBE angular
scales. On the WMAP and Planck scales, the primordial bispectrum starts oscillating around zero, being
well separated in shape from the secondaries that do not oscillate. This is good news for the forthcoming
high angular resolution CMB experiments.
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Fig. 15. Signal-to-noise rat{d43]. The predictions of the signal-to-noise ratig N, for COBE, WMAP, and Planck experiments
(see Eg. (509)). The differentidl/ N at Inl3 interval is shown in the upper panel, while the cumulatiy&/ up to a certairiz

is shown in the bottom panel. Both are in unitsfif_ . Solid line represents the zero-noise ideal experiment, while dotted lines
show the realistic experiments mentioned above. The (8taV) 1\~ are 17 x 10-3,5.8 x 1072, and 019 for COBE, WMAP,

and Planck experiments, respectively.

Table 6
Detection limit for the non-linearity parameter

Experiments /NL (Bispectrum) fNL (Skewness)
COBE 600 800

WMAP 20 80

Planck 5 70

Ideal 3 60

The minimum non-linearity parametefy , needed for detecting the primordial non-Gaussianity by the bispectrum or the
skewness with signal-to-noise ratio greater than 1. These estimates include the effects of cosmic variance, detector noise, anc
foreground sources.

10.4.2. Measuring secondary bispectra

Signal-to-noise ratios for detecting the SZ-lensing bispect(§fy)gjens iN UNItS of|jv|7pobgasare
1.8 x 1074, 0.34, and 6.2 for COBE, WMAP, and Planck experiments, respectivelyiédse 4, where
Tpo is in units of 1 keV. Using Egs. (512) and (492), we can roughly eStifft& )s,|ens 8S

S _
(—) ~ 12 % 107°|},|T,0bgas - (514)
N sz-lens
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Hence(S/N)s~ensincreases with the angular resolution more rapidly than the primordial bispectrum (see
Eq. (513)). Since;,|T yobgasshould be of order unity, COBE and WMAP cannot detect the SZ-lensing
bispectrum; however, Planck is sensitive enough to detect, depending on the frequency, i.e., a value of
Jy- FOr example, 217 GHz is insensitive to the SZ effecf,as 0, while j, = —2 in the Rayleigh—Jeans
regime.

The degradation parametetiyiens are 3.89, 1.16, and 1.00 for COBE, WMAP, and Planck exper-
iments, respectively (s€Rble 3; thus, Planck will separate the SZ-lensing bispectrum from the other
effects. Note that theS/N)s~jens Values must be understood as order-of-magnitude estimates, since our
cosmological model is the COBE normalized SCDM that yielgls- 1.2, which is a factor of 2 greater
than the cluster normalization fa,, = 1, and 20% greater than the normalizationggy = 0.3 [124].

Hence, this factor tends to overestimafgmalsnf) (Eq. (491)) by afactor of less than 10; on the other hand,
using the lineaP3 (k) power-spectrum rather than the non-linear power-spectrum tends to underestimate
the effect by a factor of less than 10/at- 3000[70]. Yet, our main goal is to discriminate between

the shapes of various bispectra, not to determine the amplitude, so that this factor does not affect our
conclusion on the degradation parametéys,

For the extragalactic radio and infrared sources, one can estimate the signal-to-noise rafios as 5
10~ 7(b5"¢/10725), 2.2(bS"¢/10-25), and 5255°/10-27) for COBE, WMAP, and Planck experiments,
respectively (segable 4, and the degradation parametefs, as 3.45, 1.14, and 1.00 (s&&ble 3. This
estimate is consistent with that of Rg38]. From Eq. (512), we find

S bSFC
=) ~Px108(—x) (515)

thus,S/N of the point-source bispectrum increases very rapidly with the angular resolution.

Although WMAP cannot separate the Poisson bispectrum from the SZ-lensing bispectrum very well
(seer;; in Table 5, the SZ-lensing bispectrum is too small to be measured by WMAP anyway. Planck
will do an excellent job on separating all kinds of bispectra, at least including the primordial signal,
SZ-lensing coupling, and extragalactic point-sources, on the basis of the shape difference.

10.4.3. Measuring primordial skewness
For the skewness, we defifgN as

2 2
(;’) i; (516)

7%,

where the variance [271]

[%(0)]°

1 d coso
05, = ((53)%) =6 f .

@+ D@+ D@+ D (1 1 |
> (4n)° (5 0 0

2
2 “72 “72“72
%11%12(6/13 11" "3

l1lol3

9 1 1 1 Ih I I3 2
e X (we3)(mr3) (m43) (5 % 8) aunanwiwing.

2<hh<lb<l3
(517)



N. Bartolo et al. / Physics Reports 402 (2004) 103—-266 231

100 E T T \\\\\‘ T T T TTTT T T T TTTT T \E
= (/N (<L) ;
10-t & Bispectrum =
107 E
1078 & 3
10° EtttFrH— A
i ideal (zero—noise) -
10! & ---- realistic —
- Skewness Planck -
107% & 3
107 g E
E 1 ) \\\\‘ 1 1 1 \\\H‘ 1 1 \\\H‘ 1 \:

10 100 1000
1

3

Fig. 16. Bispectrum vs. skewneldst3]. Comparison of the signal-to-noise ratio summed up to a cegally N (< [3), for the
bispectrum (top panel; Eqg. (509)) and the skewness (bottom panel; Eq. (S18))< 3) is in units of fiy.. The dotted lines
show COBE, WMAP, and Planck experiments (dotted lines), while the solid line shows the ideal experimdatbISedor
fNL to obtainS/N > 1.

In the last equality, we have used symmetry of the summed quantity with respect to indices (Eq. (483)),
and removed unobservable modes; 0 and 1. Typicallyss, ~ 10715 asagg, ~ [4(0)]¥2 ~ 1075,
where%(0) is the temperature auto-correlation function including noise.

The bottom panel dfig. 12plotsas, (< [3), which ises, summed up to a certaip, for COBE, WMAP,

and Planck experiments as well as for the ideal experiment. Bigg= C,e710+D95 1 =1 wherew 1
is the white-noise power-spectrum of the detector nfigs)], w—! keepsos, (< I3) slightly increasing
with /3 beyond the experimental angular resolution sdaiepb_l. In contrastS3(< I3) becomes constant
beyond! ~ agl (see the top panel dfig. 12. As a result,S/N starts slightly decreasing beyond the
resolution. We use the maximuy N for calculating the minimum value ofy. above which the
primordial S3 is detectable; we find thafy. > 800, 80, 70, and 60 for COBE, WMAP, Planck, and the
ideal experiments, respectively, assuming full sky coverage.

ThesefyL values are systematically larger than those for detediifng, by a factor of 1.3, 4, 14,
and 20, respectively (s@able §. The higher the angular resolution is, the less sensitive the primordial
Sz is to non-Gaussianity thaBy,;,i,. This is because of the cancellation effect on smaller angular scales
caused by the oscillation df;,;,;, dampsSs.

Fig. 16compares the expected signal-to-noise ratio of detecting the primordial non-Gaussianity based
on the bispectrum (Eg. (509)) with that based on the skewness (Eq. (516)). It shows that the bispectrum is
almost an order of magnitude more sensitive to the non-Gaussianity than the skewness. We conclude that
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when we can compute the predicted form of the bispectrum, it becomes a “matched filter” for detecting
the non-Gaussianity in data, and thus much more a powerful tool than the skevai@eisummarizes

the minimum fy_ for detecting the primordial non-Gaussianity using the bispectrum or the skewness
for COBE, WMAP, Planck, and the ideal experiments. This shows that even the ideal experiment needs
fnL > 3 to detect the primordial bispectrum.

10.5. Measuring primordial non-Gaussianity in the cosmic microwave background

Measuring fy. from nearly full-sky experiments is challenging. The bispectrum analysis explained
in Section 10.1 required/*/2 operations §/3/2 for computing thred’s andN for averaging over the
sky) whereN is the number of pixels. The brute-force analysis is possible for the COBE data for which
N ~ 3000[145], while it is quite challenging for mega-pixel experiments (e)j.,~ 3 x 10° for
WMAP, 5 x 10’ for Planck). In fact, just measuring all configurations of the bispectrum from the data
is possible. What is challenging is to carry out many Monte Carlo simulations: in order to quantify the
statistical significance of the measurements, one needs many simulations. It is the simulations that are
computationally very expensive. Since the brute-force trispectrum analysis refydiréss even more
challenging.

Although we measure the individual triangle configurations of the bispectrum (or quadrilateral config-
urations of the trispectrum) at first, we eventually combine all of them to constrain model parameters such
as fnL, as the signal-to-noise per configuration is nearly zero. This may sound inefficient. Measuring all
configurations is enormously time consuming. Is there any statistic vatieadycombines all the con-
figurations optimally, and fast to compute? Y&44]. A physical justification for our methodology is as
follows. A model like Eqg. (466) generates non-Gaussianity in real space, and the Central-Limit Theorem
makes the Fourier modes nearly Gaussian; thus, real-space statistics should be more sensitive. On the
other hand, real-space statistics are weighted sum of Fourier-space statistics, which are often easier tc
predict. Therefore, we need to understand the shape of Fourier-space statistics to find sensitive real-spact
statistics, and for this purpose it is useful to have a specific, physically motivated non-Gaussian model,
compute Fourier statistics, and find optimal real-space statistics.

10.5.1. Reconstructing primordial fluctuations from temperature anisotropy

We begin with the primordial curvature perturbatiah&) and isocurvature perturbatio§gx). If we
can reconstruct these primordial fluctuations from the observed CMB anisoNBy)/ T, then we can
improve the sensitivity to primordial non-Gaussianity. We find that the harmonic coefficients of the CMB
anisotropyga;, = T—lj dZﬁAT(ﬁ)Yl’;(ﬁ), are related to the primordial fluctuations as

i = W, / P2 e[ B (1)2) + S (M350 ] + i (518)

where @;,,(r) and Sy, (r) are the harmonic coefficients of the fluctuations at a given comoving dis-
tance,r = |x| from the observer. A beam functio; and the harmonic coefficients of the noisg,
represent instrumental effects. Since noise can be spatially inhomogeneous, the noise covariance matri»
(nimny;,,) can be non-diagonal; however, we approximate it vmmgé,,/amm/. We thus assume the
“mildly inhomogeneous” noise for which this approximation holds. The functjor) is defined by

2
0 (r) = - / k? dkg; (k) ji(kr) (519)
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wheregT; (k) is the radiation transfer function of either adiabatic (adi) or isocurvature (iso) perturbations.
Note that this function is equal t,*bN" (r) (see Eq. (474)).

Next, assuming thad(x) dominates, we try to reconstruéi(x) from the observedT (fi). A linear
filter, ¢;(r), which reconstructs the underlying field, can be obtained by minimizing the variance of the
difference between the filtered field(r)a;,, and the underlying field;,, (r). By evaluating

) 2y

20, () (|O(r)aym — P (r)|7) = 0, (520)
one obtains a solution for the filter as

W,
1) = ﬁz(r) L (521)
C
where the functiorg, (r) is given by
2
Bi(r) = n/kz dk P (k)gri(k)ji(kr) , (522)

and P (k) is the power—spectrum ab. Of course, one can replad@ewith S whenS dominates. This
function is equal tcblL (r) (see Eq. (475)). Here, we put a tilde on a quantity that includes effedts of
and noise such that; = C; le + a%, where(; is the theoretical power-spectrum that uses the same
cosmological model asr; (k).

Finally, we transform the filtered field;(r)a;,, back to pixel space to obtain an Wiener-filtered,
reconstructed map ab(r, i) or S(r, ). We have assumed that there is no correlation betweandS.
We will return to study the case of non-zero correlation later (Section 10.5.3).

Fig. 17 shows(;(r) as a function ot andr for (a) an adiabatic SCDM{,, = 1), (b) an adiabatic
ACDM (Qm = 0.3), (c) an isocurvature SCDM, and (d) an isocurvatd@DM. While we have used
P(k) o k=2 for both adiabatic and isocurvature modes, the specific choid@(of does not affect),
very much asP (k) in f; in the numerator approximately cancels &uk) in C; in the denominator. On
large angular scales (smallgrthe Sachs—Wolfe (SW) effect makésequal to—3 for adiabatic modes
and—%3 for isocurvature modes in SCDM. For th€DM models the late-time decay of the gravitational
potential makes this limit different. Adiabatic and isocurvature modes are out of phlase in

The figure shows that; changes the sign of the fluctuations as a function of scales. This indicates that
acoustic physics at the last scattering surface modulates fluctuations so that hot spots in the primordial
fluctuations can be cold spots in the CMB, for example. Therefore, the shép&daiconvolves” the sign
change, recovering the phases of fluctuations. This is an intuitive reason why our cubic statistic derived
below (Eg. (525)) works, and it proves more advantageous to measure primordial non-Gaussianity on a
filtered map than on a temperature map.

This property should be compared to that of real-space statistics measured on a temperature map. As we
have shown in Section 10.4 the skewness of atemperature map is much less sensitive to the primordial non-
Gaussianity than the bispectrum, exactly because of the cancellation effect from the acoustic oscillations.
The skewness of a filtered map, on the other hand, has a larger signal-to-noise ratio, and more optimal
statistics like our cubic statistic derived below can be constructed. Other real-space statistics such as
Minkowski functionald194,96,255,57]peak—peak correlationf$09] may also be more sensitive to the
primordial non-Gaussianity, when measured on the filtered maps.
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Fig. 17. Wiener filters for the primordial fluctuatiofs44]. Wiener filters,0; (r) = p;(r)/C; (Eq. (521)). We plot (ay; for an
adiabatic SCDM@m=1,Q,=0,2,=0.05,2 =0.5), (b) for an adiabatid CDM (2m =0.3,2,=0.7,2,=0.04,4=0.7), (c)
for an isocurvature SCDM, and (d) for an isocurvatd@DM. The filters are plotted at five conformal distaneesc(zg —7) as
explained in the bottom-right panel. Herés the conformal timetg at the present). The SCDM models havg = 11.84 Gpc
andctgec= 0.235 Gpc, while thetCDM modelsctg = 13.89 Gpc and:tgec= 0.277 Gpc, wheregecis the photon decoupling
epoch.

Unfortunately, agr; oscillates, our reconstruction @f or S from a temperature map alone is not
perfect. While®; reconstructs the primordial fluctuations very well on large scales via the Sachs—\Wolfe
effect, ¥, ~ 0 on intermediate scales ¢ 50 for adiabatic and ~ 100 for isocurvature), indicating
loss of information on the phases of the underlying fluctuations. Then, toward smaller scales, we recover
information, lose information, and so on. Exact scales at whiich- 0 depend orr and cosmology.

A good news is that a high signal-to-noise map of the CMB polarization anisotropy will enable us to
overcome the loss of information, as the polarization transfer function is out of phhserimpared to

the temperature transfer function, filling up information at whigh- 0. In other words, the polarization
anisotropy has finite information about the phases of the primordial perturbations, when the temperature
anisotropy has zero information.

10.5.2. Measuring primordial non-Gaussianity in adiabatic fluctuations

Using two functions introduced in the previous section, we constrogbe statistic which is optimal
for the primordial non-Gaussianity. We apply filtersiig , and then transform the filtereg,,’s to obtain
two mapsA andB, given by

A(r,N) = Z Malelm(ﬁ) ) (523)

Im l
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B(r,h) = Z ﬁl(g)Wl ajm Yim (N) . (524)
Im l

The latter mapB(r, ), is exactly they;-filtered map, a Wiener-filtered map of the underlying primordial
fluctuations. We then form a cubic statistic given by

d’n
Sprim = 4n / r?dr / 2 AC B f) (525)
T

where the angular average is done on the full sky, regardless of the sky cut. We firtththateduces
exactlyto

BYss Bhiy,
S prim = Z —zs 28 (526)
nih<ty ChC:Ci
where
Elllzlg = B111213 Wll ng ng ) (527)
and BPPS, is the observed bispectrum with the effectif corrected whileglq;izr}; is given by Egs. (476)
and (459).

The denominator of Eq. (526) is the variancelfiff*l’zsl3 in the limit of weak non-Gaussianity (say

| AL 1<10%) when alll’s are different:(élzllzl3) = C1,C1,C13A1 115, Where Ay, is 6 for Iy = Ip = I3,
2 for 11 = Io # I3, etc., and 1 otherwise. The bispectrum configurations are thus summed up nearly
optimally with the approximate inverse-variance weights, providedAhgt, is approximated with- 1.

The least-square fit B8} to B2S, can be performed to yield
(B’

SLprim = fNL Z —23 (528)
h<b<ts €1CRC

This equation gives an estimate 6§ directly from.%prim.

The most time-consuming part is the back-and-forth harmonic transform necessary for pre-filtering
(see Egs. (523) and (524)), takihg’/2 operations times the number of sampling points of order 100,
for evaluating the integral (Eq. (525)). This is much faster than the full bispectrum analysis which takes
N®/2, enabling us to perform a more detailed analysis of the data in a reasonable amount of computational
time. For example, measurements of all bispectrum configurationsiygte- 512 take 8 h to compute
on 16 processors of an SGI Origin 300; thus, even only 100 Monte Carlo simulations take 1 month to be
carried out. On the other handyim takes only 30 s to compute, 1000 times faster. When we measure
L for Imax = 1024, we speed up by a factor of 4000: 11 days for the bispectrum vs. 4 mifpf@y.
We can do 1000 simulations féghax = 1024 in 3 days.

10.5.3. Mixed fluctuations

The;-filtered mapB, is an Wiener-filtered map of primordial curvature or isocurvature perturbations;
however, this is correct only when correlations between the two components are negligible. On the other
hand, multi-field inflation models and curvaton models naturally predict correlations. The current CMB
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data are consistent with, but do not require, a correlated mixture of these fluctuation[tr®)282,225]
In this case, the Wiener filter for the primordial fluctuations (Eq. (521)) needs to be modified such that
O1(r) = B;(r)W;/C; — B;(r)W;/C;, where

B0 = / K2 k[ Po () g29(K) + Pe (g2 i kr) |

~iSo

) = / K2 kL Ps () g500K) + Pe(K)g25(0) 1jnkr)

for curvature (adi) and isocurvature (iso) perturbations, respectively. Agis the primordial power-
spectrum of curvature perturbation’; of isocurvature perturbations, amig of cross correlations.

For measuring non-Gaussianity from the correlated fluctuations, we use Eq. (466) as a madel for
andSield non-Gaussianity to parameterize them vyfﬁﬁ“ andf,'\ﬁf’, respectively. We then form a cubic
statistic similar to%prim (EQ. (525)) usingi (r, A1) and a new filtered map (r, i) which uses, (r). We
have two cubic combinationgiagiB2, for measuringfa% andAiseB2,, for £,5°, each of which comprises
four terms including on@2 (or P2), onePZ, and twoPg Pc’s (or Ps Pc’s). In other words, the correlated
contribution makes the total number of terms contributing to the non-Gaussianity four times more than
the uncorrelated-fluctuation models (see R&®] for more generic cases).

10.5.4. Point-source non-Gaussianity

Next, we show that the filtering method is also useful for measuring foreground non-Gaussianity arising
from extragalactic point-sources. The residual point-sources left unsubtracted in a map can seriously
contaminate both the power-spectrum and the bispectrum. We can, on the other hand, use multi-band
observations as well as external template maps of dust, free-free, and synchrotron emission, to remove
diffuse Galactic foregrounfB9]. The radio sources with known positions can be safely masked.

The filtered map for the point-sources is

. W, A
D) = Z Flalelm(n) . (529)

m l

This filtered map was actually used for detecting point-sources in the WMAP [88hdJsing D (f),
the cubic statistic is derived as

dzﬁ 3 éobs Bsrc

Swom [ GE DN = Y Swehe (530)
4n 2n ) S, CnCinCi

Here, B}",. is the point-source bispectrum for unit white-noise bispectrum *€.= 1 in Eq. (494)).

When the covariance betwed. andBf'¢, is negligible as is the case for WMAP and Planck (see

Table 5, we find

2
3pSc ( 1515‘;13) (531)
CrLCLCr

S src =
<2<l
We omit the covariance only for simplicity; however, including it would be sinijpb].

Again, ¥src measure$S™© much faster than the full bispectrum analysis, constraining effects of resid-
ual point-sources on CMB sky maps. Singg,. does not contain the extra integral oveiit is even
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100 times faster to compute thafprim. This statistic is particularly useful because it is sometimes diffi-
cult to tell how much ofC; is due to point-sources. In Section 10.6 we see kw (i.e.,55°) is related
to C; due to the unsubtracted point-sources.

10.5.5. Incomplete sky coverage
Finally, we show how to incorporate incomplete sky coverage and pixel weights into our statistics.
Suppose that we weight a sky map &(f) to measure the harmonic coefficients,

alPs = % / d?AM (A)AT (MY}, (A) . (532)
A full-sky a;,, is related thlon?s through the coupling matri®s;;,,,,, = deﬁM(ﬁ)Yl’gl(ﬁ)Y,/m/(ﬁ) by

aﬁ,?sz > @rm My e - 10 this case the observed bispectrum is biased by a facybd%ﬂMs(ﬁ)/Mn);

thus, we need to divid§yrim ands,, by this factor. If only the sky cut is considered, then this factor is

the fraction of the sky covered by observations (see Eq. (452)).

Monte Carlo simulations of non-Gaussian sky maps computed with Eq. (518) (see Appendix A of
Ref. [139]) show that¥pim reproduces the inpufy.’s accurately both on full sky and incomplete sky
with modest Galactic cut and inhomogeneous noise on the WMAP data, i.e., the statistic is unbiased.
The error onfyL from %prim is as small as that from the full bispectrum analysis; however, one cannot
make a sky cut very large, e.g., more than 50% of the sky, as for it the covariance meﬁrj;&@is no
longer diagonal. The cubic statistic does not include the off-diagonal terms of the covariance matrix [see
Eq. (526)]; however, it works fine for WMAP sky maps for which one can use more than 75% of the sky.
Also, Eq. (531) correctly estimat®$" using simulated realizations of point-sources (see Appendix B of
Ref.[139]).

These fast methods allow to carry out extensive Monte Carlo simulations characterizing the effects of
realistic noise properties of the experiments, sky cut, foreground sources, and so on. A reconstructed map
of the primordial fluctuations, which plays a key role in the method, potentially gives other real-space
statistics more sensitivity to primordial non-Gaussianity. As it has been shown, the method can be applied
to the primordial non-Gaussianity arising from inflation, gravity, or correlated isocurvature fluctuations,
as well as the foreground non-Gaussianity from radio point-sources, all of which can be important sources
of non-Gaussian fluctuations on the CMB sky maps.

10.6. Applications to observational data
There are two approaches to testing Gaussianity of the CMB.

e Blind tests (null tests) which make no assumption about the form of non-Gaussianity. The simplest test
would be measurements of deviation of one-point PDF from a Gaussian distribution. (Measurements
of the skewness, kurtosis, etc., for example.) Being model-independent is a merit of this approach,
while the statistical power is weak. If we had no models to test, this approach would be the only choice.

e Testing specific models of non-Gaussianity, constraining the model parameters. This approach is
powerful in puttingguantitativeconstraints on non-Gaussianity, at the cost of being model-dependent.

If we had a sensible (yet fairly generic) model to test, this approach would be more powerful than the
blind tests.
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Both approaches have been applied to the CMB data on large angular(sedg4134,135,108,255,84,
218,51,19,67,208,179,214,251,25,227,145,137,148, HB9htermediate scalgs- 1°) [220,263] and

on small scales¥ 10 [294,252,232]So far, there is no compelling evidence for the cosmological non-
Gaussianity, and the pre-WMAP constraintfin was weak fy. <(2000-3000 at 95% confidence level
[145,59,252]

In this section, we briefly review results of Gaussianity tests on the WMAP data presented in Ref.
[139]. The WMAP, Wilkinson Microwave Anisotropy Probe, has recently produced clean and precise sky
maps of the CMB in 5 microwave ban8], with the angular resolution 30 times better than that of the
differential microwave radiometer (DMR) aboard the COBE satdli]. Detailed study of these sky
maps offers a fundamental test of cosmology, as various cosmological effects change temperature and
energy distribution of the CMB at all angular scales (¢1dL.5]). The temperature and polarization power-
spectra of the WMAP datd 10,136]have determined the best-fit cosmological model with errors in the
parameter determinations being quite smalll0%)[269,216] The systematic errors in the parameter
determinations are minimized by both the careful instrumental d¢sigh217,24,1114nd data analysis
technique$286].

Apart from the CMB, there are a number of non-cosmological, “foreground” sources in the microwave
sky. The emission from our Galaxy is the brightest component, which must be masked or subtracted out
before any cosmological analysis of the CMB. Since the WMAP observes in five frequency bands, much of
the Galactic emission can be reliably subtracted using the non-monochromatic nature of thd&3glaxy
The power-spectra measured in different bands coincide with each other after the foreground subtraction,
which is reassurinfL10]. Actually, much more problematic a foreground component is the extragalactic
radio sources. Although we can mask those positions of the sky which are known to have sources brighter
than some threshold flux (which is determined by the sensitivity of observations), there always remain
undetected sources. The undetected (unmasked) sources potentially contaminate the cosmological CME
signals. Since we cannot subtract them out individually, we must estimate the effect of the sources in a
statistical manner.

The emission from the sources is highly non-Gaussian and only important on small angular scales;
thus, we can use the non-Gaussian signals to directly estimate the source contribution. This example
illustrates usefulness of the higher-order statistics in a real life.

10.6.1. Minkowski functionals

For the first test, one can use (but is not limited to) the Minkowski functidd@k,96,255,57]which
measure morphological structures of the CMB, describing the properties of regions spatially bounded
by a set of contours. The contours may be specified in terms of fixed temperature threshokd®/q,
whereg is the standard deviation of the map, or in terms of the area. The three Minkowski functionals are:
(1) the total area above thresholyv), (2) the total contour lengtig; (v), and (3) the genus; (v), which
is the number of hot spots minus the number of cold spots. Parameterization of contours by threshold is
computationally simpler, while parameterization by area reduces the correlations between the Minkowski
functionals[263]; however, when a joint analysis of the three Minkowski functionals is performed, one
has to explicitly include their covariance anyway. Therefore the simpler threshold parameterization will
be used.

In Ref.[139] the Minkowski functionals at five different resolutions from the pixel size of 3.7 degrees
in diameter to 12 arcminutes have been measufid.18 shows one example at 2gixel resolution.
The gray band shows the 68% confidence region derived from 1000 Gaussian Monte Carlo simulations.
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Fig. 18. The Minkowski functionals for the foreground-cleaned WMAP da89]. The Minkowski functions at Z8pixel

resolution (filled circles) and the residuals between the mean of the Gaussian simulations and the WMAP data. The gray band
shows the 68% confidence interval for the Gaussian Monte Carlo simulations. The WMAP data are in excellent agreement with
the Gaussian simulations.

(See Section 2.3 of Refl139] for description of the simulations.) The WMAP data are in excellent
agreement with the Gaussian simulations at all resolutions.hBwt,Gaussian is it?

10.6.2. Angular bispectrum
For the second test, we use the fast cubic statistics derived in Section 10.5, which combine three-point
(triangle) configurations of the angular bispectrum that are sensitive to the models under consideration.
Once again, we consider two components. The first one is the primordial non-Gaussianity frominflation
parametrized byfnL (see Section 8), which determines the amplitude of a quadratic term added to
Bardeen’s curvature perturbation(x) = & (X) + fNL[c;bE X) — (@E (X))]. It is useful to estimate the
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maps with the standard source cut, while the filled circles show those with flux thresaaldéined at 4.85 GHz. The dashed

lines show predictions from the source count model of &™), while the solid lines are those multiplied by 0.65 to match the
WMAP measurements. The right panels sh6l. The filled circles are computed from the measurgd substituted into Eq.

(534). The lines are predictions. The error bars are not independent.

r.m.s. amplitude o to see how important the second-order term is. One obtafs/? ~ (#2)Y/2(1+
[ (#2)), where(#?)1/2 ~ 3.3 x 107° [36]; thus, a fractional contribution from the second term is

f3L(@F) = 1073(fin /1002 . (533)

We are talking about very small effects.

This parameterization is useful to firglantitative constraints on the amount of non-Gaussianity
allowed by the CMB data. Also, the form is general in thfgt parameterizes the leading-order non-
linear corrections t@.

Fig. 19 shows fy. measured from the foreground-cleaned\Q+W coadded map using the cubic
statistic, as a function of the maximum multip@lay (for details of measurements, see R&R9)). There
is no significant detection ofy. at any angular scale. There is no significant band-to-band variation, or
significant detection in any band. The best constraints8 < fy. < 134 (95%), which is equivalent to
say that the fractional contribution to the r.m.s. valuebdfom the second-order term is smaller than
2 x 107°. These results support inflationary models, but still do not exclude the possibility of having a
small contribution from non-linearities predicted by second-order perturbation theory.

Note that f\y_ for Imax = 265 has a smaller error than that fgrx = 512, because the latter is dom-
inated by the instrumental noise. Since all the pixels outside the cut region are uniformly weighted, the
inhomogeneous noise in the map (pixels on the ecliptic equator are noisier than those on the north and
south poles) is not accounted for. This leads to a noisier estimator than a minimum variance estimator.
The constraint orfy. for Imax= 512 will likely improve with more appropriate pixel-weighting schemes
[108,252] Apparently, the fact that the constraint actually obtained from the data is worse than predicted
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(cf., Table § should be due to sub-optimalness of the current estimator. The simple inverseNzot3e (
weighting makes the constraints much worse than the uniform weighting, as it increases errors on large
angular scales where the CMB signal dominates over the instrumental noise. (However, it works fine for
the point-sources.) The uniform weighting is thus closer to optimal.

The Minkowski functionals shown ifrig. 18 also place constraints ofiy., comparing the data to
the predictions derived from Monte Carlo simulations of the non-Gaussian CMB (for details of the
simulations, see Appendix A ¢139]). It has been found thafy. < 139 (95%), remarkably consistent
with that from the bispectrum analysis.

10.6.3. Point-source non-Gaussianity

The second component is the foreground non-Gaussianity from radio point-sources, parameterized by
the skewnes$;>C. The filled circles in the right panels &ig. 19showbS™ measured in Q (top panel)
and V (bottom panel) band. We have used source masks for various flusgudefined at 4.85 GHz to
make these measurements. (The masks are made from theRDB8 5 GHz source catalogue.) We find
thatbS"Cincreases as$.: the brighter sources being unmasked, the more non-Gaussianity is detected. On
the other hand one can make predictionshfdf using the source count model. Comparing the measured
values ofbS™ with the predicted counts b279] (dashed lines) at 44 GHz, one finds that the measured
values are smaller than the predicted values by a factor of 0.65. The solid lines show the predictions
multiplied by 0.65. Our value for the correction factor matches well the one obtained from the WMAP
source counts for 2-10Jy in Q bafg9].

The source bispectrumh$', is related to the source power-spectradfff, by an integral relatiofi. 39],

Sc
c¥"%(Se) = bS8 (M SelH + f d; bUS)g(MSTT, (534)
0

whereg(v) is a conversion factor from Jyst to uK which depends upon the observing frequemcy
asg(v) = (2476 JyuKtsr1~1[(sinhx/2)/x2]2, x = hv/ksTp =~ v/(56.78 GH2). One can use this
equation combined with the measurgd® as a function of the flux thresholg}; to directly determine
> as a function ofS¢, without relying on any extrapolation¥he right panels oFig. 19also show the
estimated>"C as filled circles. The measurements suggestttafor the standard source mask (indicated
by the shaded area)d§= (15+ 6) x 10~3 K2 srin Q band. InV band;5°= (4.5+ 4) x 103 uK?sr.

In addition to the bispectrum, the WMAP team has carried out other methods to estimate the source
contribution: (1) extrapolation from the number counts of detected sources in the WMARP3@8ta
and (2) the angular power-spectrum on small angular s¢aH3. These methods yield consistent
results.

Insummary, the WMAP 1-year data has enormously improved the sensitivity for testing the Gaussianity
of the CMB. Yet, we do not have any compelling evidence for primordial non-Gaussianity. This result
is consistent with what is predicted by inflation and the second-order perturbation theory. There may be
some chance to find non-Gaussian signals arising from second-order perturbations. Detection can be made
possible by the Planck experiment combining the temperature and polarization anisotropies. While we can
detectfnL ~ 5 by using the temperature alone (Jedle §, combining the polarization measurements
increases our sensitivity: we have several observables for the bispectrum UG as(TTE), (TEE),
and (EEE). The future polarization-dedicated satellite experiment (e.g., CMBPol) in combination with
the Planck temperature map may enable us to dgfgct- 3.
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11. Conclusions and future prospects

Testing Gaussianity of the primordial fluctuations is and will be one of the most powerful probes of
the inflationary paradigm. Gaussianity tests are complementary to conventional ones using the power-
spectrum: as we have shown in this review, Gaussianity tests enable us to discriminate between different
inflationary models which would be indistinguishable otherwise. We have examined various examples
including the standard single-field slow-roll inflation, the curvaton model, the inhomogeneous reheating
scenario, multi-field models and some unconventional scenarios, which make unique predictions for
the strength of non-Gaussianity and its shape {sd#e 1for a summary). For the single-field slow-
roll inflationary model, on the other hand, we have shown that inflation itself produces a negligible
amount of non-Gaussianity, and the dominant contribution comes from the evolution of the ubiquitous
second-order perturbations after inflation, which is potentially detectable with future observations of
temperature and polarization anisotropies of the CMB. This effecdt existegardless of inflationary
models, setting the minimum level of non-Gaussianity in the cosmological perturbations. Alternative
models for the generation of perturbations might produce stronger non-Gaussianity than this minimum
amount. Therefore, if we do not find any evidence for this ubiquitous non-Gaussianity, then it will
challenge our understanding of the evolution of cosmological perturbations at a deeper level. (In other
words, no detection of non-Gaussianity at the levghgf ~ 1 rules out our standard cosmological model!)
It is extremely important to keep improving upon our sensitivity to the primordial non-Gaussianity until
we reach the critical sensitivityyn, ~ 1.

We have reviewed in great detail the current constraintggrirom the angular bispectrum of the CMB.
Here, let us make a remark on future prospects for observational constraifig .dbhas been shown
that the angular bispectrum of temperature anisotropy alone can detect non-Gaussigafity, 5
[143]. This estimate assumes that the Planck satellite is the ultimate experiment measuring temper-
ature anisotropy in terms of primordial non-Gaussianity. Small-scale CMB experiments, such as the
Atacama Cosmology Telescofi46], would detect non-Gaussianity from secondary anisotropies (see
Section 10.4 and, e.g., Ref®2,70,6). If we add polarization information (which is assumed to be
measured as accurately as temperature up~+03000), then one can improve it tfy. > 3. This is
still a factor of 3 larger than the critical limit; however, fortunately we have many more Gaussianity
tests which can, in principle, give us independent measuremeng ofif fluctuations are Gaussian,
then the power-spectrum contains all the statistical information, so that one cannot overcome cosmic
variance by using other statistical tools; however, if fluctuations are non-Gaussian, then there can be
many independent statistical tools measuring different aspects of the same non-Gaussianity, giving in-
dependent constraints on the strength and shape of non-Gausstnifythose statistical tools are
orthogonal to the bispectrum, then one can improve the limitgyanby the square-root of the num-
ber of independent statistical tools (i.e., we need at least 9 completely independent methods to measure
e =1).

Although numerous statistical estimators have been applied to the CMB data for Gaussianity tests,
only a few of these (Minkowski functionafd39], Mexican-hat waveletf209], local curvaturg58])
have been used to find limits ofy . Also, the extent to which these statistical tools are independent

34Let us mention here the analysis of the 3-point function of CMB anisotropies in the WMAP data doBefAlso
interesting is a statistical method based on the multivariate empirical distribution function of the spherical harmonics, proposed
in Refs.[105,106]
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remains unknown (see R¢5b7] for the first attempt to address this issue); thus, studying statistical power
and complementarity of the statistical tools measurfg will be one of the most important goals. To
achieve this goal, it is crucial to have accurate numerical simulations of the non-Gaussian CMB sky
maps (both temperature and polarization), as well as analytical calculations of the effekis @

the statistics can be very complicated. At the time of writing, analytical predictions exist only for the
bispectruni143] and the trispectrurf215]. Simulations of non-Gaussian temperature fluctuations with
the fnL-model already exigi139,160]and can be readily extended to include polarization, as well as
arbitrary non-Gaussian initial conditions in the primordial curvature and entropy perturbations. Moreover,
direct simulations of the non-linear dynamics of cosmological perturbations, which have been evaluated
analytically in this review, may be feasible. We clearly need a systematic study of the combined statistical
power of various methods constrainigig, , using these simulations.

In addition to the CMB, we have other methods to constrain the primordial non-Gaussianity. Galaxy
correlations at large distances, where non-linear clustering is modest, still preserve statistical properties
of the primordial fluctuations; thus, one can use them to find limits on the primordial non-Gaussianity
(see, e.g., Refd7] for a review). Using the three-dimensional bispectrum, the authors of B have
found a limit —2000< fn. < 1600 (95%), from the PSCz survey. They conclude that the bispectrum
analysis of the Sloan Digital Sky Survey can reagl | ~ (150-200), and that of an idealistic all-sky
redshift survey up ta ~ 1 can reachfni| ~ 1. In principle, therefore, the LSS data might become
as competitive as the CMB data. One big advantage of the LSS data is three-dimensional information.
Since the CMB data give us only two-dimensional information, the number of modes of the bispectrum
that one can measure is fairly limited even on the full sky, and this is the fundamental limitation of the
CMB bispectrum. On the other hand, the number of modes available in the three-dimensional bispectrum
is enormous, and helps to obtain tight limits i . Of course, there are disadvantages of the LSS data:
non-linear clustering and bias producing spurious non-Gaussian sjg@&]sCombination of CMB and
LSS data will thus offer a systematic error check and potentially an improved signal-to-noise ratio for
detection of . ~ 1.

Yetanothertoolisthe number of massive halos (e.g., clusters of galaxies) aft6§h147,193,244,293,

61]. The number of massive clusters is very sensitive to statistical properties of the primordial fluctua-
tions. For example, one can calculate the number of clusters corresponding to density peaks of, say, 3-
for a Gaussian distribution. Since these objects are rare, the number is very sensitive to the exact shape
of the tail of the probability distribution function of density fluctuations. Even a slight amount of non-
Gaussianity can change it rather dramatically. This method is powerful when density fields are positively
skewed, giving more objects for a given mass and redshift. (A positive skewness in density fluctuations
correspondsfyL. < 0.) Although the current limits orfy. from the WMAP constrain deviation of the
number of massive clusters from the Gaussian prediction to withi®% forz <1 andM < 1015M®,

the constraints rapidly improve as one goes to highigB9]. Therefore, one needs to go to higito look

for signatures of non-Gaussianity in cluster abundance. One major problem of this method is, however,
as it has been correctly pointed out by several autf®4,256] that one needs very accurate (of order a

few percent) determinations of the mass of clusters=al, in order to findfy. ~ —100. It seems rather
difficult to achieve this accuracy for many clusters. Yene findsone exceptionally massive cluster

(~ 10'®M,) at a very higre (~ 3), then it should tantalizingly indicate the presence of non-Gaussianity.

A preliminary, lowerz version of this methodology was attempted in R283] for a massive cluster,

MS 1054-03, at; = 0.83, where evidence for non-Gaussianity was claimed; however, unfortunately
uncertainties in mass determinations are still too large to claim a robust detection of non-Gaussianity
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(the WMARP limit is inconsistent with this detection), but in principle one can extend it to higivéh a
better determination of the mass.

Non-cosmological non-Gaussianities from Galactic emission and extragalactic point-sources are seri-
ous contaminants. Fortunately the shape of the angular bispectrum from point sources is very different
from that of the primordial bispectrum, and they can be separated verji48I139] A problem occurs
when we find a non-Gaussian signal, but we do not know what the origin is. Although many authors
claim detection of non-Gaussianity in the WMAP 1-yr dga,219,65,287,71,81,104,209,158bne of
its can be accounted for by thfiy. model, and their origin is unclear (also, one should keep in mind that
the statistical significance of these detections is less than arouipdQearly, understanding possible
foreground contamination and other possible systematics in the data are critical issues for measurements
of primordial non-Gaussianity.

Therefore, testing the Gaussianity of primordial perturbations represents a challenge for the present
and future CMB experiments, as well as for LSS observations, which might reveal the ultimate origin of
the structures we see in the Universe today.
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Appendix A. Second-order gravitational perturbations

A.1l. Basic notation

The number of spatial dimensionsris= 3. Greek indiceso g, ..., u, v, ...) run from 0 to 3, while
latinindices &, b, ..., i, j, k,...m,n,...)runfrom 1 to 3. The total space—time meigjc has signature
(=, 4+, +, +). The connection coefficients are defined as

1 . (98, 0gg 0gpy
) = op P P / ) Al
w=2¢8 <ax/f T T e (A-1)

The Riemann tensor is defined as

y T Fj:ur;;v - Fﬁvr;}u : (A.2)

o _ o o
R Buv — F/fv,# o F/f#,
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The Ricci tensor is a contraction of the Riemann tensor
o
RH" =R oy (A3)
and in terms of the connection coefficient it reads

Ry =0,I% —d,I* +T* 1% —I*%1°% . (A.4)

ot uy nhovo oot uy av’ o

The Ricci scalar is given by contracting the Ricci tensor

R=R", . (A.5)

The Einstein tensor is defined as
G =Ry —3guR . (A.6)

The Einstein equations are written@g, = KZTW, so thatc? = 8rGy, whereGy is Newton’s constant.

In the following expressions we have chosen a specific ordering of the terms. In the expressions in
which two spatial indices appear, such as Eq. (A.18), we have assembled together the terms proportional
to 0;;. The intrinsically second-order terms precede the source terms which are quadratic in the first-order
perturbations. The second-order fluctuations have been listed in the following ord&t,as?, »@,

wfz), 7@, 152) and /sz) respectively. This ordering simplifies the analogy between the first-order and the
second-order equations and allows to obtain immediately the expressions in a given gauge.

A.2. The connection coefficients

In a spatially flat FRW background the connection coefficients are

/ /

/
0o _ 4 i a 0o_4
T'opo=—; Tp:.=—0 [I;.=—0dj; A7
00 a 0j a 7 ij a ) ( )
) 0 )
oo=10=17=0. (A.8)

The first-order perturbed connection coefficients corresponding to first-order metric perturbations in
Eq. (103) are

5(1)F80 — (f)(l)/ i (A.9)

/
sOr0 —0.9® + % 0.0 (A.10)

O = L oi® 1 oi® 4 aig® (A.11)
a
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@0 a' W _ >4 @’

oMY = —zzqs dij — 8;0;0 —2;lp Sij — oy

a’ 1 /
— =Dy + Dy, (A.12)

a 2

sOrh, = ' 5 + 3D} POl (A.13)

/
oVt = — o,y Ps; — oy el + a7y Vo — a 0P 3k

30, DjxP + 39, DY — 38 Dy (A.14)
k

At second order we get

1 /
518, = 5 @' = 29D D" 4 kDo D + % * 08,0 + 80D, 0®" (A.15)
la
5(2)[‘& _ a ¢(2) (a 2 + w(z)) 2¢(1)ai¢(1)
a 1
-2 $Do,0® — yD'a.0M + 5o Dy, (A.16)

. 14 1 .
5(2)F100 (]5(2) - (a @) +wl(2)) + 2( (2)/_|_ (wl(z))/)

2

/
+ 2l//(1)ai¢(1) _ ¢(1)/aiw(1) 42 @ w(l)aiw(l) + Zw(l)aiw(l)
a
/
— 0, pW DIk, %@kw(l) D%y — 5, 0® pik, D (A.17)
a 1 /
5(2)[‘% — <_E (]5(2) -5 l//(2) 1/1(2) + 4 ((]5(1)) + 2¢(1)¢(1) + 4 (f)(l)l//(l)

/
k. (1 n_ 9 ko 1 1
+oF Mo yp® — —30 oo, >)5 — 5616,

2 2 2
+ 30 + 0,17 + 0,2 + 42

la 2 2 2 1 2 2
+§—(Dl,y<2>+a 740,17 + 1) = 3 Qo +2,07)
+ 2¢(1)aiajw(1) _ aiw(l)aj a)(l) _ ajl//(l)aiw(l)

— VDY + 1800, Dy + 165 0o, Dy ® — $040 o, Dy | (A.18)
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. /. . / . . 2
02T = — 39?5, + 1 (DiP +0,2) +3 (/P

()i
J

+ PN+ 30,00 —d 0

_ Zw(l)lﬁ(l)/fsi- _ aiw(l)éjd)(l) _ %/aiw(l)ajw(l)

+y @D P ICY DY — 1 DOy, O (A.19)
01, =3 (0@ — @l + 0y @)

+3@; D' ® +0, D' 1? — ' Djy?)

+ %a_,'ak}{i(z) + ‘_11 (6‘,- Xi(Z)k + akX;(Z) _o Xﬁ))

1d . . . . .
-5 @ 0@ + o @55+ 2P (=0, — gy P’ + 3y
/
+22 pWe W5 + 0 0D 80,00 + VDo
a
+ lﬁ(l) (aj DikX(l) + akDi‘X(l) -0 Dij(l)) + ajlp(l) Dikl(l)

/
. . a .
+ aklp(l) D}X(l) _ amlp(l)DlmX(l)éjk _ ; alw(l) Dij(l)

/
a . , )
=3 D"V Dy = 5 D"V Dy + 5 DTV, DD (A.20)

A.3. The Ricci tensor components

In a spatially flat FRW background the components of the Ricci teRgoare given by

1 N\ 2
Roo=-3L +3(“ ) . Ry =0; (A.21)
a

a

a’ a 2

The first-order perturbed Ricci tensor components read

/ / /
3D Roo= = 8,0'0® + 0,5 0® +08,0'p® +3y®" + 3Ly 1 3L 40" (A.23)
a a a
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SV Ry = — 8,0 + ( ) 0,00 + 20y 4+ 2 o o+ 2 > % DF V", (A.24)
a a
’ ’ 1" /N 2 "
sOR;: = | =L W _5L @ 2% 4@ _of L) 4@ oL @
/ a a a a a
N 2
_2<“_) yO g0 4o gky® _ a o (1)} b1y — 0500’
a
a/ 1/ a,/ 1 a, 2 1 1 N 1
+—Dij)(() +—Din()+(—) D,‘j}(()-i-—Din() +6i@-lﬁ()
a a a 2 J
0,0, aa @ 1aa k@ 1aa kg LoDy, ®
— 0,00 — @7+ 590, DT + 500, D _Ek Dijy

(A.25)

At second order we obtain

1 3 1

/ / 3 i Cl/
5(2)R00 _ " ¢(2) + = V2¢(2) l//(2) e lp(Z) + = ; akakw(z)

+ } 8,0’ 6L pD D" — ok pDp e — 3pD YD’
2 a
+ le(l)VZ ¢(1) 1//(1)6"¢>(1) + 6 ',D(l)lp(l)/ n 61//(1)l//(1)//

//
+ 302 — D y26,D +“ Fo®a,¢® + akw<1>akw(1>

2 /
a a
+ (Z) *oWo,0® — — aklpﬂ)akw(l) +2-— w)vzw(l) — Pk p®’

+ 2y D v2, @’ +3 o Da,0® —5,¢M0, DD — 3,0, Dk D
a ik @ 1 ik (1 1)/ ik (1

_ ;aiakw( ) D! X( ) _ ;akw( )aiDl X( ) _ akw( ) aiDl X( )

_ aiakw(l)/DikX(l) + % DikX(l)DkiX(l)U + %Dikl(l)/DkiX(l)

la" 4 ) (!
+§;D 1 Driy ™ . (A.26)
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! 1 1 1
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+ %akw(l) DikX(l) _ % akamX(l) Dmi}{(l) _ % kaX(l)akDmiX(l)
+ 3 Dy D8, Dty ® 4 1 DRy D Dy (A.27)

The expression for the purely spatial par6& #,,, is very long, thus for simplicity we will divide it into
two parts: the diagonal pa#t? R¢;, proportional tos;;, and the non-diagonal pakt’’.

2 2
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A.4. The Ricci scalar

At zeroth order the Ricci scal& reads

6 4
R=—< . (A.30)
a a
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The first-order perturbation ¢t is
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At second order we find
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A.5. The Einstein tensor components

The Einstein tensor in a spatially flat FRW background is given by

N\ 2
Gl‘j:—i(“—) , (A.33)
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The first-order perturbations of the Einstein tensor components are
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The second-order perturbed Einstein tensor components are given by
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Whereé(Z)Gd; stands for the diagonal part 6)?2)G"j, which is proportional ta¥' , andé(z)G"d; is the
non-diagonal contribution.
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Appendix B. Perturbing the Klein—Gordon equation
In the homogeneous background the Klein—Gordon equation for the scalap fgeld
a /

The perturbed Klein—Gordon equation at first order is
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To obtain the Klein—Gordon equation in the Poisson gauge one can simphPsety® =0, V' =, =0,
and¢® =y Thus at first order we find

5(1) an 2 5(1) / Vzé(l)q) _4¢(1)/ b= _5(1)¢62_Va2 _ 2¢,(1) Z_‘(; , (B.4)
while at second order the equation is
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where we have used the background equation (B.1) and the first-order perturbed equation (B.4) to simplify
some terms.

Appendix C. Wigner 3-j symbol

In this appendix, we summarize basic properties of the Wigrjesy8abol, following Ref[245]. The
Wigner 3§ symbol characterizes geometric properties of the angular bispectrum.

C.1. Triangle conditions

The Wigner 3} symbol,

1 I I3 (C.1)
m1 mp m3z) "’ '

is related to the Clebsh—Gordan coefficients which describe coupling of two angular momenta in the
quantum mechanics. In the quantum mechariisthe eigenvalue of the angular momentum operator,
L =r x p: L2Y},,=[(I+1)Y,,,. mis the eigenvalue of thedirection component of the angular momentum,
LY =mY .

The symbol such as

(—1)’"3(11 L2 l3> (C.2)

mi1 mz —m3

describes coupling of two angular-momentum stdtegndL o, forming a coupled staté,3 =L + L.
It follows from L1 + Lo — L3 = 0 thatmq + m2 — m3 = 0; thus, the Wigner 3symbol (C.1) describes
three angular momenta forming a triandle,+ L + L3 = 0, and satisfiesi1 + m> + m3 = 0.

Sincel 1, L2, andL 3 form a triangle, they have to satisfy the triangle conditiohs— L ;| <Ly <L; +
L;,whereL; = |L;|. Hence/y, [, and/3 also satisfy the triangle conditions,

i — 1| <k <li +1j; (C.3)

otherwise, the Wigner Bsymbol vanishes. The triangle conditions also include- m»> +m3=0. These
properties may regard, (m) as vectorsl, which satisfyl; + |> + I3 = 0. Note that, howevet, # I.
Forly = I, andlz = m3 = 0, the Wigner 3-symbol reduces to

w1l 1 0\ (=1
b (m —m 0>‘¢zz—+1' €4

In Section 10.1, we have used this relation to reduce the covariance matrix of the angular bispectrum and
trispectrum. We have also used this relation to reduce the angular trispectriim=for(see Eq. (438)).

C.2. Symmetry

The Wigner 3f symbol is invariant under even permutations,

1 b I3 _ I3 11 I _ b I3 11 (C.5)
mi1 m2 m3 m3 m1 m2 my m3 mi) ' '
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while it changes the phase for odd permutatioris i I2 + I3 = odd,

aNhtltlis (I 2 I3
e (e ) (6)
_ < b 11 I3 ) _ ( 1 I3 Ir ) _ ( I3 I 11 > . (C.7)
mos mi m3 mi ms3 mo m3 mo mq

The phase also changes under the transformation ef m» + m3z — —(m1+mo +m3), if l1 + 1>+
I3 = odd,

<ll lo I3 ) :(_1)11+12+13< lh l2 I3 ) . (C.8)

mi1 mz m3 —myi —m2 —m3

If there is noz-direction component of the angular momenta in the systemyi;es 0, then the Wigner
3+ symbol of the system,

li I I3
( 0 O 0) ’ (C.9)
is non-zero only if1 + I + I3 = even. This symbol is invariant under any permutations.of
In Section 10.2, we have frequently used the Gaunt integfd];?"*, defined by

gmlmzmg = /dzﬁYllml(ﬁ)lemz(ﬁ)Yl3m3(ﬁ)

111213
_ \/(211+1)<212+1>(213+1> h b B\(h L I3 (C.10)
- Ar 0 0 0/)\mi1 mp m3z) "’ '

to calculate the angular bispectrum. By definition, the Gaunt integral is invariant under both the odd and
the even permutations, and non-zero only # I, +Iz3=evenmy+mo+m3=0, and|l; — [ ;| <[y <I; +1;.
In other words, the Gaunt integral describes fundamental geometric properties of the angular bispectrum
such as the triangle conditions.

The Gaunt integral fom; = 0 gives the identity for the Legendre polynomials,

1d A
f_ 1§P11<x>Pzz(x)P13(x>=(5 5 3) . (C.11)

In Section 10.1, we have used this identity to derive the bias for the angular bispectrum on the incomplete
sky (EqQ. (452)). Here, we have used

4
HdM:szlﬂ@%m. (C.12)

C.3. Orthogonality

The Wigner 3t symbol has the following orthogonality properties:

L I I3 Lhh I I3 _
2 @t (ml ma ms) (mi my m3)_5mlm35m2mé’ (€19

I3m3



N. Bartolo et al. / Physics Reports 402 (2004) 103-266 259

and
S (h ko B(hol ) O (C.14)
mi my mz)\my my ml A3+ 1 '
mima
or
Lo 13\
Z(l 2 3) =1 (C15)
all m MLz s

The orthogonality properties are essential for any basic calculations involving the Wigisgngsols.
Note that these orthogonality properties are consistent with orthonormality of the angular-momentum
eigenstate vectors, and unitarity of the Clebsh—Gordan coefficients, by definition.

C.4. Rotation matrix
A finite rotation operator for the Euler anglesp, andy, D(«, 8, y), comprises angular momentum
operators,
D(x, B, y) = *heg Plygmiile (C.16)

Since the Wigner 3-symbol describes coupling of two angular momenta, it also describes coupling of
two rotation operators. Using the rotation matrix elem@ﬂ) (I, m'|D|l, m), we have

) p2) t« (1 2 I3 lh b I3
Db Do Z(le+1)ZDm3m3( o m3> (m’l - (C.17)

ms3 M3

In Section 10.1, we have used this relation to evaluate rotationally invariant harmonic spectra. Note that
the rotation matrix is orthonormal,

0 (1)
Z Dm:; m'm = 5’"/’"” : (018)

C.5. Wigner 6-j symbol

The Wigner 6} symbol,

1 Ir I3
i (€19

describes coupling of three angular momenta. We often encounter the Wigrm@bol, when we
calculate the angular bispectrum which has more complicated geometric structures (see, ¢92],Ref.
Appendix C of Ref[137]). The angular trispectrum also often includes the Wigngs@nbol[114].

The Wigner 6} symbol is related to the Wignerj3symbols through

rapar |l o 1 l l [
(_1)ll+12+l3 {l:/l. 1/2 1/3 } ( 1 2 3 )
1l I3 my mz m3

, , , / / / / / /
=S (s (A ) (2 n ) )

all m’
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By using Eq. (C.15), we also obtain

(_1)1’1+1’2+1’3{11 I2 13}: Z (—1)matmytmy

/A A
1 2 3 all mm'’
o 1 b I3 Ii 15 lé
my mp m3)\my mh —mj
I [ L [ [ [
x< 1,02 3)( ro2, B ) . (C.21)
—my my mg my —m, m3
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