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ABSTRACT

Quasi-periodic eruptions (QPEs) are intense repeating soft X-ray bursts with recurrence times about a few hours to a few weeks
from galactic nuclei. More and more analyses show that (at least a fraction of) QPEs are the result of collisions between a stellar
mass object (SMO, a stellar mass black hole or a main-sequence star) and an accretion disc around a supermassive black hole
(SMBH) in galactic nuclei. Previous studies have shown the possibility of reconstructing the SMO trajectory from QPE timing
data, consequently measuring the SMBH mass from tracing a single SMO. In this paper, we construct a comprehensive Bayesian
framework for implementing the QPE timing method, explore the optimal QPE observation strategy for measuring SMBH
masses, and forecast the measurement precision expected in the era of multitarget X-ray telescope, Chasing All Transients
Constellation Hunters (CATCH). Simulations of CATCH observations of GSN 069 and eRO-QPE2 like QPEs confirm the
possible applications of the QPE timing method in precise measurement of SMBH masses (and spins), especially in the lower

mass end (< 107 M) where QPEs prevail and relevant dynamical time-scales are reasonably short to be measured.

Key words: black hole physics — galaxies: active —quasars: supermassive black holes — transients: tidal disruption events.

1 INTRODUCTION

It is nowadays widely accepted that supermassive black holes
(SMBHs) with masses ranging from ~ 10° — 10'© Mg reside at
the centres of most, if not all, massive galaxies with substantial
spheroidal (bulge) components, both quiescent and active (see
reviews by Kormendy & Richstone 1995; Kormendy & Ho 2013).
However, a precise measurement of the the masses of SMBHs
(M,) has been a challenge since it is of great difficulty to directly
probe the motion of objects in the vicinity of SMBHSs, where the
gravitational potential of the SMBHs exerts a dominant influence.
In fact, aside from Sagittarius A* at the centre of our Milky Way
(Schodel et al. 2002; Ghez et al. 2005; Gillessen et al. 2009;
GRAVITY Collaboration 2018), we have not been able to effectively
resolve individual stars or gas clouds around SMBHs. Instead, we
can only measure the collective motion of stars or gas within a given
region as a whole even taking advantage of highly spatially resolved
observations of Hubble Space Telescope and large adaptive optics-
assisted ground-based telescopes. Therefore, the M, measurement
suffers from additional uncertainties from velocity smoothing and
galaxy central mass distribution in the dynamical modelling. So far,
only a total of hundreds of SMBHs in the local galaxies (< 100
Mpc) have been weighted by the so-called stellar and gas kinematics.
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Moreover, these SMBHs are found to be correlated with the bulge
properties of their host galaxies, most commonly known as the M,—
o, relation in which the o, refers to the stellar velocity dispersion
(Ferrarese & Merritt 2000; Gebhardt et al. 2000), making the field
of BH—galaxy co-evolution a frontier of astronomy over the past
two decades (see reviews by Kormendy & Ho 2013; Heckman &
Best 2014). These correlations themselves offer a new and more
convenient approach to estimate the M, since the kinematic method
used in local massive galaxies cannot be extended to more distant or
dwarf galaxies.

Although the M, — o, and the M, — M, relations have been
widely used to infer M, when the host bulge mass M, or the stellar
velocity dispersion o, is available, it is important to recognize their
uncertainties, i.e. 0.3 — 0.4 dex intrinsic scatter even when only
considering elliptical galaxies and classical bulges (Giiltekin et al.
2009; Kormendy & Ho 2013; McConnell & Ma 2013). Furthermore,
these relations are primarily established based on SMBHs with
M, > 107 My, leading to larger uncertainties for lower mass black
holes, i.e. M, < 10° Mg, either due to a larger intrinsic scatter or a
possible systematic error.

For active galactic nuclei (AGNs), perhaps the most popular
method of measuring M, is the virial mass, which assumes that
the broad-line region (BLR) is virialized and the motions of clouds
are governed by the gravity of SMBH (see reviews by Shen 2013;
Peterson 2014). There is a vague coefficient f in the calculation
whose average value is calibrated by the M,—o, relation. It means,
in principle, that the virial mass estimator can not be more accurate
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Figure 1. GSN 069 QPE light curves from four observations during 2018 December—2019 May (Miniutti et al. 2019, 2023a), where the recurrence times show
an alternating long-short pattern Tiong,short> With both Tjong and Tshore Showing clear variations, while the sum of two consecutive recurrence times Tiong + Tshort

remains approximately a constant (Zhou et al. 2024a).

than M,—o, relation. Moreover, f is likely to vary from object to
object, since it depends on the kinematics, geometry, inclination of
the clouds, and even the types of the bulges (Ho & Kim 2014).
Recently, the evolutionary NIR interferometry GRAVITY, mounted
on the Very Large Telescope Interferometer, has opened up a new
era of probing the BLR structure and has great potential to improve
the precision of the M, measurement (Gravity Collaboration 2018;
Abuter et al. 2024), but it can only apply to very few K-band
luminous AGNs. In addition, many other observational properties
of AGNs, i.e. X-ray variability amplitude (McHardy et al. 2006;
Ponti et al. 2012; Pan et al. 2015) and optical variability time-
scale (Burke et al. 2021), have been suggested to correlate with
M,, though their underlying physics and uncertainties remain poorly
understood.

In this paper, we propose a novel method to measure the M, with
unprecedented precision using the quasi-periodic eruption (QPE)
phenomenon. QPEs are intense repeating soft X-ray bursts with
recurrence times about a few hours to a few weeks from galactic
nuclei nearby. Starting from the first detection more than a decade
ago (Sun, Shu & Wang 2013), QPEs from about 10 different nearby
galactic nuclei have been reported (Miniutti et al. 2019; Giustini,
Miniutti & Saxton 2020; Arcodia et al. 2021; Chakraborty et al.
2021; Arcodiaetal. 2022, 2024a; Evans et al. 2023; Guolo et al. 2024;
Nicholl et al. 2024; Chakraborty et al. 2025; Herndndez-Garcia et al.
2025). The QPEs are detected in the soft X-ray band with similar
peak luminosities (10*> — 10*3 erg s~!), thermal-like X-ray spectra
with temperature k7 ~ 100 — 250 eV and the temperature 50 — 80
eV in the quiescent state.

Though there have been some debates on the origin of QPEs,
more and more analyses favor the extreme mass ratio inspiral
(EMRI) + accretion disc model, where the QPEs are the result
of collisions between a stellar mass object (SMO, a stellar mass
black hole or a main-sequence star) and an accretion disc around
an SMBH in galactic nuclei (see e.g. Xian et al. 2021; Franchini
et al. 2023; Tagawa & Haiman 2023; Linial & Metzger 2023, 2024b;
Chakraborty et al. 2024; Giustini et al. 2024; Guolo et al. 2024;
Linial & Metzger 2024a; Linial & Quataert 2024; Arcodia et al.
2024a, c; Pasham et al. 2024a; Zhou et al. 2024a, 2024b; Pasham
et al. 2024b; Miniutti et al. 2025; Vurm, Linial & Metzger 2025;
Yao et al. 2025; Zhou, Zeng & Pan 2025 for details). Among all
the observations, two pieces of direct observational evidence for the
EMRI + disc model have been recognized. Recently, QPEs in X-
ray light curves of three tidal disruption events (TDEs) O(1) years
after their ignitions have been directly detected (Nicholl et al. 2024;

Figure 2. Schematic picture of the EMRI + disc model, where the EMRI
collides the disc at a different location each time due to apsidal precession,
and the EMRI orbital plane precesses on an even longer Lense-Thirring
precession time-scale if the central SMBH is spinning.

Bykov et al. 2025; Chakraborty et al. 2025). Moreover, the QPE
and TDE hosts show strikingly morphological similarities (Gilbert
et al. 2024) and a preference for extending emission-line regions
indicative of recently faded AGNs (Wevers et al. 2024). The other
observational evidence is about the alternating long-short pattern in
the QPE recurrence times which has long been noticed in several
QPE sources (Miniutti et al. 2019; Giustini et al. 2020; Arcodia
et al. 2021, 2022), including the most famous source GSN 069.
A more intriguing feature in the QPE timing was identified by
Zhou et al. (2024a): there are large variations in both the long
and the short recurrence times of GSN 069 QPEs Tiong shor(?),
while Tiong(t) + Tihort(t) remains nearly a constant (see Fig. 1). This
observation strongly implies that Tiong + Tspore is the fundamental
period of underlying physical process that is sourcing the QPEs,
and two flares with varying intervals are produced per fundamental
period. These two observations naturally fit in the EMRI + disc
model (see Fig. 2), while are hardly explained by other models in
a natural way. Therefore, a unified model proposes that both TDEs
and QPEs are the embers of AGNs, where AGNs increase both
the TDE rate and the formation rate of low eccentricity EMRIs,
and QPEs are preferentially found in recently faded AGNs, where
TDEs often feed a misaligned accretion disc to the EMRI (Jiang &
Pan 2025).

In the framework of EMRI + disc model, a range of astrophysical
applications of QPEs have been investigated, including measuring
SMBH parameters, probing structure of SMBH accretion discs,
formation processes, and formation rates of EMRIs (Xian et al. 2021;
Kaur, Rom & Sari 2025; Zhou et al. 2024a, b, 2025; Arcodia et al.
2024b) and implications for potential multimessenger observations
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of EMRIs in the era of spaceborne gravitational wave astrophysics
(Kejriwal et al. 2024). In this work, we will focus on measuring
SMBH masses with QPE timing data, which we have briefly
discussed in previous works (Zhou et al. 2024a, b, 2025; hereafter
Papers I-11I). Using the QPE timing method, one can reconstruct the
trajectory of a single SMO around an SMBH, therefore accurately
measure the orbital parameters and the SMBH mass.

The QPE timing method is a truly direct dynamic measurement
achieved by tracing the motion of a single star orbiting around an
SMBH, thereby circumventing many uncertainties related to both
measurement and systematic errors involved in traditional methods.
This method is in the same spirit of measuring the Sagittarius
A* SMBH mass by monitoring orbits of individual stars (Schodel
et al. 2002; Ghez et al. 2005; Gillessen et al. 2009; GRAVITY
Collaboration 2018). As QPEs are preferred to be found in dwarf
galaxies hosting low-mass black holes (Wevers et al. 2022), this
technique is particularly valuable as all previous methods are much
less accurate in the low-mass range (Greene, Strader & Ho 2020).
For example, the mass M, of the prototype and most well-studied
intermediate-mass black hole (IMBH) in the nearby AGN NGC
4395 has a huge mass uncertainty between 4 x 10> and 1 x 10*
Mg, reported by various works (Peterson et al. 2005; den Brok et al.
2015; Woo et al. 2019). In this regard, the QPE timing method
we proposed will also aid in the detection of IMBHs with robust
mass measurement, particularly in inactive galaxies throughout the
universe.

Existing light-curve data of QPEs have been obtained using
XMM-Newton (Miniutti et al. 2019, 2023a, b; Arcodia et al. 2021,
2024c¢), Chandra (Miniutti et al. 2023a), and NICER (Arcodia et al.
2021; Chakraborty et al. 2024; Nicholl et al. 2024). Among these
instruments, XMM-Newton provides the highest quality data but its
observation epochs typically span only about one day. The precision
of mass measurement is expected to improve substantially with
extended-duration monitoring.

The Chasing All Transients Constellation Hunters (CATCH; Li
et al. 2023), proposed by the Institute of High Energy Physics at
the Chinese Academy of Sciences, comprises a constellation of
~ 100 satellites aiming to conduct simultaneous follow-up obser-
vations for diverse transients in the X-ray band. On 2024 June
22, the first CATCH pathfinder (Huang et al. 2024) was launched
alongside the Space-based multiband astronomical Variable Objects
Monitor mission (Gotz et al. 2009). The complete constellation
is projected to be deployed in the early 2030s. CATCH uses
the WALKER constellation design with three orbital planes, each
of which consists of a few tens of satellites. This configuration
enables uninterrupted (long-term) monitoring mode (Li et al. 2023),
effectively allowing continuous observation of a source. A small
number of satellites can be fully reserved for QPE observations.! In
this paper, we forecast the potential contribution of CATCH to the
M, measurement and compare its capabilities with those of current
instruments.

This paper is organized as follows. In Section 2, we illustrate the
underlying principles of the QPE timing method. In Section 3, we
introduce the details of the Bayesian framework for QPE timing
analysis. In Section 4, we simulate four strategies to demonstrate
the capability of measuring M, of QPE timing method and two
more strategies to demonstrate the unique potential of CATCH
to measure a. Summary and discussions are given in Section 5.

IPrivate communication with Lian Tao, PI of CATCH.
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Throughout this paper, we will use geometric units with convention
G=c=1.

2 BASIC PRINCIPLES OF THE QPE TIMING
METHOD

The physical picture of constraining the SMBH mass from QPE
timing is rather simple. As the SMO orbiting around the SMBH, it
crosses the accretion disc twice and produces two flares per orbit.
Therefore, there is an alternating long-short pattern in the QPE
recurrence times, arising from the orbital eccentricity and different
light path length from the two collision locations to the observer.
The orbital period can be identified as Top; = Tiong + Tshore t0 a good
precision, where T,y and Tiwon are the adjacent QPE recurrence
times. Different from in Newtonian gravity, the EMRI orbit in the
curved space—time does not close itself due to the apsidal precession.
As a result, both Tjng and Tipor are time dependent and vary on the
time-scale of the apsidal precession period Ty,. Both periods Toy
and T, can be constrained with a reasonable amount of QPE timing
data, and are related to the SMBH mass M, and the semimajor axis
A of the EMRI orbit via the Kepler’s third law

A \32
Tow =27 (M) M, , (D

and the ratio
Taps _ P ~ A
Tobt 3M. . 3M . ’

where p is the semilatus rectum relating to the semimajor axis A and
the orbital eccentricity e as A = p/(1 — e?), the approximation sign
in the equation above is accurate for low-eccentricity orbits. With the
two observables T and Ty, one can naturally constrain the SMBH
mass with M, oc T./ T,)?

Note that the two periods measured in the observer frame are
different from their intrinsic values by a factor of (1 + z) due to the
cosmology redshift z, therefore the SMBH mass M, derived above is
in fact a redshifted mass, which is different from the intrinsic mass by
a factor of (1 + z). The differences are small for currently detected
QPE sources at low redshifts z ~ (O(0.01), but could be important
for sources at high redshifts.

In a similar way, one can constrain the Lense—Thirring precession
period Tir of the EMRI orbit from the QPE timing data if the
QPE source has been monitored for a sufficiently long time 2 Tyr.
Consequently, one can infer the dimensionless spin a of the SMBH
via the relation

Iir 1 p\"* 3
Tow 2a (M> ' ©)
In practice, we choose to conduct the QPE timing analysis in the
Bayesian framework, the basic ingredients of which have been shown
in previous works (Papers I-III). In this work, we aim to generalize
the previous analyses and construct a QPE timing method which is
capable of measuring orbital parameters and SMBH masses M, (and
spins a) in a comprehensive Bayesian framework.

To summarize, both the SMBH mass and spin can be obtained
from the three periods Top, Taps, Trr via equations (1)—(3), which
are intrinsic properties of Kerr geodesics and are independent of
the existence of an accretion disc or not. In the following section,
we will explain the details of how to measure these three periods
along with disc motion parameters from QPE observations of an
EMRI + disc system, where the disc could either be an equatorial
disc or a misaligned and precessing disc.

@
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3 BAYESIAN FRAMEWORK FOR QPE TIMING
ANALYSIS

As discussed in previous studies, one can predict the SMO-disc
collision times and the resulting QPE light curve with a model of
SMO motion and an accretion disc model. But the full light prediction
is subject to large uncertainties in the disc model, the nature of the
SMO, and the radiation mechanism. We therefore choose to constrain
the EMRI kinematics and the QPE emission separately for mitigating
the impact of these uncertainties. We first fit each QPE with a simple
light-curve model and obtain the starting time of each flare #y, &= o (#))
(see Papers I-III for details), which is identified as the time of the
SMO crossing the disc and is used for constraining the SMO orbital
parameters. With data d = {ték) + 0 ®(1y)} (k is the flare index) and
a QPE flare timing model, we can constrain model parameters ® in
the Bayesian inference framework. According to the Bayes theorem,
the posterior of model parameters is written as
Ld|O, H)yr (O, H)

PO, Hld) = Z) ; (C))
where L(d|®,7H) is the likelihood of detecting data d under
hypothesis H with model parameters ®, 7 (©, H) is the assumed
prior for model parameters ® in H, and the normalization factor
Z(d) is the evidence of hypothesis H with data d.

To quantify the support for one hypothesis H,; over another H,
by data d, we can calculate the evidence ratio of two hypotheses, i.e.
the Bayes factor,

_ 2@
Zy(d)

By ®)
The larger B3} represents stronger support for hypothesis H; over H,.
In Jeffreys’ scale, log B(l) € (1.2,2.3),(2.3,3.5),(3.5,4.6), (4.6, 00)
are the criteria of substantial, strong, very strong, and decisive
strength of evidence, respectively.

In the following subsections, we will explain the two major
components of the QPE timing model (EMRI trajectories and disc
motion), define the likelihood for the Bayesian framework of the
QPE timing method for measuring SMBH masses.

3.1 Forced EMRI trajectories

As shown in Paper III, the SMO orbital energy dissipation as crossing
the accretion disc is small but can be measured in some QPE sources
via long-term monitoring. In this subsection, we briefly review the
steps of computing forced EMRI trajectories in the Kerr space—time.
We start from time-like geodesics in the Kerr space-time, analytic
solutions to which have been derived by Fujita & Hikida (2009) and
van de Meent (2020) as

r(0) =r(g-(A);E, L, C),
z(A) = z2(q:(A); E, L, C) ,
t(A) =t(qr, (A E, L, C),
o) = ¢(gpr (A E, L, C),

where XA is the Mino time; {E, L, C} are the energy, angular
momentum, and the Carter constant, respectively; {Y,, T, Y, Ty}
are the Mino time frequencies in the r, z(= cos6), t, ¢ direction,
respectively; and {g; ini, Gz,ini> G1,ini» 9¢,ini} are the initial phases. The
conversion relation between the constants {E, L, C} and the orbital
parameters {p, e, cos fy;n} can be found in Schmidt (2002), where
Omin 1s the minimum polar angle that the geodesic can reach. A
geodesic is uniquely determined by a set of orbital parameters

qr(A) =T, A+ Grini »
q:(A) = 1A + Gz i »
q:(A) = T + Grini
qs(A) = YA + G4 ini »

(6)
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{p, e, cosOnin} and initial phases {g, ini, ¢z ini, 9g.ini} at initial time
tini, Where the initial phase q: ini is fixed by t(qmni’ qr ini» qz,ini) = lini-

Assuming the orbital energy dissipation as the SMO crosses the
accretion disc is a small perturbation, then the SMO trajectories
can be formulated as perturbed geodesics with varying constants
{E(t), L(t), C(t)}. In the language of perturbation techniques, the
forced EMRI trajectories can be computed using the method of
osculating orbits, i.e. in the adiabatic approximation, the equations of
motion can be written as

dg,
r0) =r(g,(A);E,L,C), d?\ =T, (E,L,C),
dg.
z(A) =z2(q:(A); E, L, C) , =TAE,L,C),
o ™
1) = 1@ (AR E L.C). S =TAE.L.O).
_ ) dgy
¢ = ¢(gypr (A E, L, C), TR Yy(E.L,C),
with time-dependent { E, L, C} and thereby time-dependent frequen-

cies Yr ;1.0

The time dependence of {E, L, C} can be derived from the change
of orbital parameters of {Ton(p, €), e, cOs Oin} as the SMO crosses
the disc. As shown in several recent studies of star—disc collisions
(e.g. Linial & Metzger 2023; Wang, Zhu & Lin 2024), the relative
changes in orbital parameters are similar in magnitudes with §e/e ~
8Tobt/ Tobt ™~ 86min/Omin- As we have shown in previous studies, Top
is the best-constrained orbital parameter, while e and cos O, are less
constrained with O(1) fractional uncertainties. As a result, the small
fractional change in the orbital period §7,, is detectable, while Se
and 86y, are undetectable for the QPE sources currently available.
We therefore can safely take é = i, = O in calculating the EMRI
trajectories. As for the orbital period decay rate Ty, (7), we model it
as

Tobl(t) = Tobt,max sin Lsd(t) B (8)

where (g the angle between the SMO orbital plane and the disc
plane. This function form is motivated by the energy loss for a star
crossing an accretion disc (Linial & Metzger 2023; Linial & Quataert
2024). For a precessing misaligned disc, tsq is modulated by the disc
precession and the SMO orbital precession, therefore the decay rate

Tont is non-uniform. In the case of an equatorial accretion disc, the
orbital period decay rate simplifies as a constant.

3.2 Disc motion: precession and alignment

In general, a TDE star that is scattered into the tidal radius of an
SMBH is from a random direction. As a result, the initial orientation
of the accretion disc formed in a TDE is also random. The possible
signature of the disc precession on the QPE timing has been discussed
in several previous studies (e.g. Franchini et al. 2023; Chakraborty
et al. 2024; Arcodia et al. 2024¢; Miniutti et al. 2025). As a minimal
assumption of the disc precession, we model it as a rigid body-like
precession with a constant precession rate. The normal vector of the
disck plane is written as

Rgise = (sin B cosa, sin B sinw, cos B) , )

where « € (0, 27) is the azimuth angle and 8 € (0, 7r/2) is the angle
between the disc plane and the equatorial plane. With the constant
precession rate assumption, the azimuth angle then evolves as

2w
a(t) = o + —( — tini) (10)
Tp
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where 7, is the disc precession period, and «;y; is the initial value of
the azimuth angle at #;y;.

In the long run, the initially misaligned disc is expected to approach
the equator plane gradually. One can in principle constrain the
evolution history of the inclination angle S(¢) in a non-parametric
approach if sufficiently dense observations of QPEs are available.
However, QPE sources are usually sparsely monitored due to limited
X-ray observation resources. In practice, we choose to bridge the
spare observations with a simple function

sin B(t) = sin Pini exp{—ﬂ} , (11)
a

parametrizing the alignment process with the alignment time-scale

parameter t,, where B, in the initial value of the disc inclination

angle. This function form is motivated by the eigen-mode analysis

of disc alignment process (e.g. Scheuer & Feiler 1996; Zanazzi &

Lai 2019).

3.3 QPE timing model

In the previous two subsections, we have summarized the key points
in modelling the EMRI motion and the disc motion, based on which
one can construct a full QPE timing model. But not all the ingredients
are necessary for modelling each QPE source, e.g. no evidence for
disc precession in GSN 069 QPEs is found (Zhou et al. 2025).
Therefore, we consider the following two hypotheses with slightly
different assumptions about the EMRI and the disc motion, and the
data favoured hypothesis will be selected by Bayesian analyses:

(i) Vanilla hypothesis (Hy). The SMO moves around the SMBH
losing orbital energy as crossing the equatorial accretion disc. The
EMRI + disc system can be specified by nine parameters: the intrinsic
orbital parameters (p, e, Omin), the initial phases (g, inis z,ini> G¢,ini)s
the mass of the SMBH M, or equivalently the orbital period Ton
(equation 1), the dimensionless spin of the SMBH a and the orbital
period decay rate T,.

(ii) D isc precession and alignment hypothesis (H,). Different
from the vanilla hypothesis, we consider a misaligned disc with
initial orientation angles (o, Bini) and precessing around the polar
direction with a constant period 7,. In this hypothesis, the angle
between the SMO orbital plane and the accretion disc tyq is time
dependent, so does the orbital period decay rate (equation 8). In
addition to disc precession, we also consider a possible disc align-
ment process which is parametrized with an alignment time-scale 7,
(equation 11). Therefore, four additional parameters {tini, Bini, Tp» Ta}
are introduced for describing the disc motion in this hypothesis (and
the orbital period decay rate parameter Ty in H, is replaced with
7'-'obl.max)-

From an SMO trajectory and disc motion, one can calculate the
disc crossing times 7.5, which we identify as the flare starting times.
Specifically, we choose the disc crossing time as when the SMO
crosses the upper disc surface or the lower disc surface depending
on the observer direction, i.e. rey(Rers - Raise) = H Sign(fgps - Risc)-
Without loss of generality, we fix the observer in the x — z plane,
i.e. the unit direction vector pointing to the observer is ng,s =
(sin Byps, 0, cos Oops). The propagation times of different flares at
different collision locations rn.s to the observer will also be
different. Taking the light propagation delays into account, we find
the flare starting time in the observer frame as

fobs = lfors + Stgeom + Stshap > (]2)

MNRAS 543, 1816-1832 (2025)

where

atgeom = —FersPobs * Rers

13)
5lshap =-2M, lOg [rcrs(l + Robs - ncrs)] s

are corrections caused by different light path lengths and different
Shapiro delays (Shapiro 1964), respectively. To summarize, our QPE
timing model is written as té'gg(@, H) in a short notation, where k is

the index of observed flares, # is the hypothesis adopted, and ® is
the associated model parameters.

3.4 Bayesian framework

As discussed in previous analyses, it is possible that there are some
physical processes that affect the QPE timing but are not included in
our QPE timing model. Assuming the unmodelled advances or delays
in the QPE timing follows a Gaussian distribution with variance crszys,
the likelihood of seeing data d = {t((,k)} under hypothesis H with
model parameters ® is written as (see Paper II for a short derivation)

k k

1
S S
H 27 () { 2615 )?
(k)

where (5 (137))* = (o (t{"))* + 0. is the uncertainty contributed by
both measurement error bars and unmodelled uncertainties. Note
that ® includes both the physical parameters introduced in the
previous subsection and the systematic uncertainty parameter oys.
Similar inference method has been widely used in the context of
hierarchical test of general relativity with gravitational waves (Isi,
Chatziioannou & Farr 2019).

For each QPE source, we apply both hypotheses H ; to the timing
data of observed flares ték) , and perform model parameter inferences
using the NESSAI (Williams 2021) algorithm within Bilby (Ashton
et al. 2019) with the default settings, except more live points
nlive = 2000 for better performance in the parameter inference.
As we will see later, the data favoured hypothesis will be featured
with higher evidence obtained from the Bayesian inference, and the
hypothesis preference is quantified by the Bayes factor.

As a clean measurement of the SMBH mass from QPE timing data
alone, we do not include any prior information about the SMBH mass
informed by external measurements, e.g. commonly used M, — o,
relations (Tremaine et al. 2002; Giiltekin et al. 2009).

'Ctiming(d|® S H) =

4 APPLICATIONS OF THE QPE TIMING
METHOD

4.1 GSN 069

We first apply the comprehensive Bayesian framework to the well-
studied QPE source, GSN 069, which has been extensively analysed
in Papers I-1II. In Table 1, we present the priors of model parameters
used for orbital analyses in H, and #,. In Fig. 3, the best-fitting
EMRI trajectories of H, and H; are displayed along with the QPE
light curves. The posterior corner plots of all model parameters are
shown in Figs Al and A2, respectively. The orbital parameters are
constrained as

p = 304535, M.,

e=0.04T00, (Ho)
Tont = 64737002 ks,
Ty = —6.5702 % 107,

Tops = 76131 d, (15)

GZ0Z 1290190 g0 UO Jasn euly) o ABojouyos| pue 8oualdg 1o AlsiaAlun AqQ | $89528/91.81/2/SS/8101e/SBIUW/WOoD dNo"olWwapeoe//:sdny WwoJl papeojumoq



Table 1. Priors used for the orbital parameter inference of GSN 069 EMRI.
Entries left blank in the 7(®, H() column indicate that the same prior values
from the 7(®, #H 1) column are imposed.

e) (0, H1) 7(©®, Ho)
p[M.] U[50, 500]
e U[0,0.9]
€0S(Omin) ulo, 1]
qrini Uu[0, 27
qz,ini Uulo, 2]
q¢,ini Uulo, 2z
Tobt [ks] U[60, 70]
a ulo, 1]
Oobs ulo, o Uulo, = /2]
Uini Uulo, 2x] None
7p [d] U[1, 2000] None
Bini Ulo, m/2] None
7, [d] U[1, 2000] None
Topt [x1077] None U[-10, 0]
Tobt,max [X 10_5] u[—lo, 0] None
Osys [ks] ulo, 2]
and

p = 300M° M, ,

0.02
e =0.047002
Tow = 64717003 ks, (Hy)
Tobt,max = _73t(2)g X 1075 N
Tus = 75715 d,
T, = 1288795 d
7, = 1144758 d (16)

at 20 confidence level, where the apsidal precession period is
obtained from equation (2). The log Bayes factor between the two
hypotheses is found to be

logBy =—19+£0.2. (17

In Jeffreys’ scale, disc precession in GSN 069 is substantially
disfavoured.?

The Bayes factor itself may not be conclusive in excluding disc
precession, since it depends on the parameter priors used. As a cross
check, one can directly measure the disc precession period 7, from
the QPE data. Consistent with the indication of the Bayes factor
above, the disc precession period 7, is found to be even longer than
the observation span (see equation 16), i.e. the disc precession is
slow and has introduced little modulation on the QPE timing within
the observation span. In addition, the two best-fitting trajectories
in hypotheses H, and H; are quit similar, which is also consistent
with slow disc precession in GSN 069. Longer monitoring is needed
for accurately measuring such slow disc precession, and we will

2Miniutti et al. (2025) claimed that the superorbital modulation in the GSN
069 data is not likely from EMRI apsidal precession, but is from disc
precession. Probably the most reliable way to test this claim is a simultaneous
measurement of the EMRI apsidal precession period Taps and the disc
precession period 7, from the data assuming EMRI + a precessing disc (#1).
However, the measurement result 7, 3> Taps ~ 76 d (equation 16) supports
the opposite: the disc precession is slow. NOTE that the 7, and T,y constraints
are measured from the GSN 069 data in the framework of EMRI + disc model,
instead of an assumption. In Appendix B, we perform detailed O—C analyses
for comparison and discuss possible sources of discrepancy in interpreting
the superorbital modulation in the GSN 069 data.
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investigate disc precession measurement accuracy in more details in
the following subsection.

The SMBH mass constraints in the data favoured hypothesis H,
is obtained from equations (1) and (2) as

log,o(M./Mg) = 56701, (Hy) (18)

at 20 confidence level. This SMBH mass constraint is independent
of and of significantly lower uncertainty than the constraint inferred
from the M, — o, relation, log,,(M,/Mg) = 6.0 & 1.0 (at 20 confi-
dence level; Wevers et al. 2022).

In the data less favoured hypothesis H;, the apsidal precession
and SMBH mass constraints are found to be

log,o(M./Mg) = 5.6%01 (H1) (19)

which is consistent with equation (18). This comparison also shows
that the slow disc precession in GSN 069 has introduced weak
modulation to the QPE timing. As a result, two different hypotheses
yield consistent constraints of the SMBH mass.

GSN 069 represents a good example of dynamical measurement of
SMBH masses with the QPE timing method. In addition to intrinsic
EMRI orbital period and apsidal precession period, constraints of
disc motion parameters are also obtained as side products.

4.2 Optimal observation strategy: SMBH mass measurement

In this subsection, we simulate different strategies of observing QPEs
and evaluate their performances in measuring SMBH masses. As an
example, we consider a mock QPE source that is similar to GSN
069 and eRO-QPE2, with source parameters M, = 10° Mg, a =
0.9, p =100M,, and e = 0.04. The three dynamical time-scales
are therefore Top = 31.5 ks, Tops = 12.1 d, and Tyr = 202.5 d. For
convenience, we assume an equatorial disc and the injection values
of full QPE timing model parameters are listed in Table 2. More
general cases of EMRI + a precessing disc will be explored in a
following subsection.

Using the osculating trajectory method described above, true flare

starting times in the observer frame 1% are calculated directly
(k)

obs, true
following equation (12). The observed flare starting times #,  will
be slightly different due to measurement noises,
16" = tior e 815 . (20)

obs, true

where 6ték) is randomly drawn from a Gaussian distribution with a
mean value 0 and a standard deviation o(t((,k)). In this work, we fix
the measurement uncertainty as U(ték)) =100s.3

Different from traditional X-ray telescopes, CATCH consists of
O(10%) small satellites which enable uninterrupted long time-scale
monitoring of multiple targets. A month long continuous monitoring
of anumber of particularly interesting sources is practical for CATCH
(Li et al. 2023). As a reference, we first consider an uninterrupted
observation epoch lasting for one apsidal precession period Ty ~ 12
d, then two different strategies of observation cadence and duration

3From XMM-Newton observations of eRO-QPE2, flare starting time uncer-
tainties are found in the range of ~ (30, 80) s (Zhou et al. 2024b). The current
design of effective collecting area of a single CATCH satellite is 140 cm?
in the keV range, which is smaller than that of XMM-Newton by a factor
of ~ 8. A simple scaling analysis shows that ~ (80, 220) s or ~ (60, 160) s
uncertainties are expected if one or two CATCH satellites are used for eRO-
QPE2 observations. We use 100 s as a fiducial value of flare starting time
uncertainties in this work and it is straightforward to obtain model parameter
constraints by simple scaling if a different resolution is assumed.

MNRAS 543, 1816-1832 (2025)
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Figure 3. Top panel: light-curve data of GSN 069 along with the best-fitting EMRI trajectories, where the vertical bands are the inferred starting times

(k)
)

+ a(t(()k)) of the QPEs. Middle panel: distance to the disc mid-plane zgisc(¢) of the best-fitting orbits for the disc precession and alignment hypothesis

(k) (k)y _

(H1), where the orange horizontal lines denote the disc surface z = H and the verticals bands are the inferred starting times t(()k) £6(1y ), with 6(1) ") =

\/ (a(t(()k)))2 + aszys. Bottom panel: same to the middle panel, but for the vanilla hypothesis ().

Table 2. Priors and the injection values of the QPE timing model parameters
used for the simulations. Entries left blank in the 7 (®, Hg) column indicate
that the same prior values from the 7(®, ) column are imposed.

® (O, Hy) T (®, Ho) Injection values
p [M.] U[50, 1000] 100

e U[0,0.9] 0.04
c0S(Omin) ulo, 1] 0.5
qr,ini Ul0, 2] 1.47
qz,ini Ulo, 2] 1.6
q¢.ini Ul0, 2x] 0.37

Tobt [ks] U[20, 40] 31.5

a ulo, 1] 0.9

Oobs Uulo, ] Uulo, = /2] /3

ini Ul0, 2x] None 0

7, [d] U[1,2000] None 7 &20 & 150
Bini Uul0, /2] None /7

7, [d] Ufl1,2000] None 500

Top [x1073] None Ur-10, 0] -1
Tobt.max [x1073] Ur-10, 0] None -1

Ogys [ks] U[o, 2] 0

of each observation epoch if the total amount of observation time is
fixed as Ty = 4 d.

Strategy A. A single uninterrupted observation epoch lasting for
one apsidal precession period Ty, ~ 12 d.

Strategy B. Four observation epochs distributed randomly in 12 d,
with each epoch lasting for 1 d.

MNRAS 543, 1816-1832 (2025)

Strategy C. Same to B, except for the epochs distributed randomly
in ~ 50 d, mimicking existing QPE observations, e.g. observations
of GSN 069 during 2018 December-2019 May (Fig. 1).

From mock observations of strategies A, B, and C, we infer model
parameters as in the case of GSN 069. The model parameter priors
used are listed in Table 2. The inferred values of the semilatus rectum
p, eccentricity e, orbital period Toy, apsidal precession period Tipg
and SMBH mass M, from the three strategies are summarized in
Table 3. The best-fitting EMRI trajectories under the three strategies
are shown in Fig. 4.

Specifically, we show the posteriors of the apsidal precession
period T,y in Fig. 5. It is of no surprise to find uninterrupted
monitoring for a long time-scale (~ 12 d) in strategy A yields the
tightest constraints on T, and consequently on the SMBH mass
M,. If the total observation time is limited, observation cadence and
duration of each observation epoch make a difference. Strategies
B and C are similar except different observation cadence, which
yield quite different T, constraints. Strategy B of high observation
cadence also yields a reasonable constraint, wider than in strategy A
by a factor of ~ +/3. In contrast, strategy C of low observation
cadence yields double-peak structure in the posterior of Ty, a
major peak located at the injection value and a minor one at
roughly four times the injection value, in addition to two extra
tiny peaks at twice and three times the injection value, respectively.
For each peak, the fractional uncertainty 67/ Typs is comparable
to in strategy B, due to comparable total observation time. This
result is also consistent with the intuition that the phase information
encoded in each observation epoch adds up ‘coherently’ if intervals
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Table 3. Median values and 20 uncertainties of semilatus rectum p, eccentricity e, orbital period Tobt, apsidal precession period Typs, and SMBH mass M, for

the three strategies considered.

Strategy for mass measurement p [M,] e Tobr [ks] Tops [d] log;((Me/Mg)
A 10672 0.047000 31.57003 129717 596700
B 10442 0.04400 315700 1263 5984012
C (major/minor) 107715/378%3¢ 0.057002 31.57003 13.1734/46.0%51 5.957098 /5131003
0 4
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Figure 4. Best-fitting EMRI trajectories obtained with three different strategies, where zgisc(?) is the z-component. The vertical bands indicate the simulated

(k)

datat,” + U(t(()k)). The orange horizontal line marks the disc surface. Upper panel: strategy A. Middle panel: strategy B. Lower panel: strategy C.

between consecutive observations is short (< Typs) as in strategy
B. Otherwise, multiple peaks in the posterior may show up as in
strategy C.*

For the purpose of precise measurement of SMBH masses from
QPE timing, the optimal strategy is clearly strategy A, which consists
of a single observation epoch that spans an entire apsidal precession

4Multiple peaks in the posterior may pose a challenge for some samplers. The
sampler NESSAI with a large number of live points used in this work seem to
properly sample all the peaks (see Fig. 5 for example).

period T,. However, QPE sources exhibit a wide range of Ty
from tens to hundreds of of days. For sources of particular interest,
such as eRO-QPE2 with T, ~ 1 month, uninterrupted long-term
monitoring over one full T, is feasible for CATCH. Nevertheless,
this approach becomes impractical for sources with longer Typs. A
more practical alternative exemplified by strategy B is to divide the
limited total observation time into N & T /(2Ton) separate epochs,
ensuring that each epoch captures at least 2 3 QPE flares. To properly
sample the phase information of apsidal precession, these epochs
should be quasi-uniformly distributed within one T, as exemplified
in strategy B.

MNRAS 543, 1816-1832 (2025)
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Figure 5. Probability distributions f(Typs)A Typs of the apsidal precession period Ty obtained from three different observation strategies, where ATy is the

bin size.

4.3 Disc motion

In the previous subsection, we have applied the QPE timing method
to mock QPE data assuming an equatorial disc (Hy). As elaborated
in Section 3.2, the QPE timing method is flexible in incorporating
the component of disc motion (#;). Both hypotheses can be adopted
in analysing the QPE timing data and the support to one hypothesis
to another by data can be quantified in three ways as shown in
Section 4.1: the best-fitting models in the two hypotheses, the Bayes
factor B}, and the constraint of disc precession period 7, in H,.
For demonstrating the robustness of the QPE timing method for
more general cases where the disc is precessing and aligning, we
generate three more sets of mock QPE data assuming a ~ 12 d
long observation of an EMRI + disc system with same disc motion
parameters o = 0, Bini = /7, 17, =500 d and different disc
precession periods 7, =7, 20, and 150 d, respectively. All other
injection parameters remain the same as in the previous subsection
(Table 2). For comparison, we also generate a set mock data assuming
an equatorial disc as in previous subsection.

We fit each set of mock data with the EMRI + disc model with
hypotheses H, (an equatorial disc) and H; (a precessing disc),
respectively. The priors used in the Bayesian inference are listed
in Table 2 and the constraints on a fraction of model parameters
obtained are summarized in Table 4. We summarize the analysis
results as follows.

Fast disc precession with 7, =7 or 20 d: the best-fitting EMRI

trajectories with the two hypotheses H ; are shown in Figs C1
and C2, from which, the disc-precessing hypothesis H; is clearly
favoured over the equatorial disc hypothesis H,. This intuition is
also supported by large log Bayes factors log B} summarized in
Table 4. With the data favoured hypothesis H,, it is of no surprise to
find that all the physical parameters, including the semilatus rectum
P, eccentricity e, orbital period Ty, apsidal precession period Typ,
SMBH mass M,, and the disc precession period 7, are correctly
recovered and tightly constrained (Table 4). The other hypothesis ¢
with a conflicting assumption is strongly disfavoured by the mock
data according to both the not well-behaved best-fitting trajectory
and the log Bayes factor.
With hypothesis #,, the EMRI orbital period Ty is still tightly
constrained since they are mostly constrained by the alternating
long-short pattern in the recurrence times, therefore is not strongly
affected by the model assumption on the disc motion, while the
apsidal precession alone cannot properly fit two different superorbital
modulations introduced by both the apsidal precession and the disc
precession, therefore the apsidal precession period T,s(cx p) is not
well constrained.
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Slow disc precession with 7, = 150 d: the best-fitting EMRI
trajectories with the two hypotheses Hy ; are shown in Fig. C3.
The two best-fitting trajectories are quite similar, because the slow
disc precession makes little difference to the QPE timing during the
relatively short observation span. Consequently, the disc precession
period 7, in H; is barely constrained, where no disc precession
(tp — 00) is also compatible with the mock data, and the upper end
of the 20 credible interval obtained is in fact determined by the prior
imposed. Consistent with the resemblance of the two trajectories,
the log Bayes factor between the two hypotheses log B} = 0.4 £ 0.2
also shows that there is no preference for one hypothesis over
another from the mock data. As a result, the model parameter
constraints in the two different hypotheses are also found to be
similar.

Equatorial disc (7, = 00): the best-fitting EMRI trajectories under
the two hypotheses H, and H; are shown in Fig. C4. Similar to the
slow precession case, the two trajectories are close due to the absence
of disc-induced modulation. In hypothesis H,, the precession period
7, remains unconstrained, with the posterior dominated by the prior
imposed. It is natural to find a log Bayes factor log B} = —1.2 +0.2,
which represents substantial preference for the true hypothesis H.
This case is quite similar to GSN 069.

The injection and recovery experiments demonstrate that EMRI
apsidal and disc precessions are not degenerate, both of which
can be correctly recovered from QPE timing data, no matter the
disc precession is fast, slow or absent. In particular, for fast
precessing discs (7, S observation span), the disc precession pe-
riod is well constrained and the true hypothesis #,; is strongly
favored according to the log Bayes factor log B). With a wrong
hypothesis H,, the best-fitting model prediction is clearly off
the data simply because apsidal precession alone cannot explain
modulations in QPE timing data from both apsidal and disc
precessions.

For a slowly precessing disc (z, 3> observation span), the disc
precession period 7, in H; is unconstrained, simply because disc-
induced superorbital modulations are negligible within the obser-
vation window. As a result, two best-fitting trajectories in the two
hypotheses are found to be quite similar, and there is no preference
for equatorial disc precession hypothesis H, over H,; according to
the log Bayes factor.

For an equatorial disc, the disc precession period 7, in H; is
again unconstrained. It is natural to find quite similar best-fitting
model predictions in the two hypotheses. The true hypothesis H, is
favoured according to the log Bayes factor.
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Table 4. Median values and 20 uncertainties of semilatus rectum p, eccentricity e, orbital period Ty, apsidal precession period Tps, disc precession period

7p, and SMBH mass M, for different injections and hypotheses.

Injection Hypothesis p[M,] e Tobt [ks] Taps [d] 7 [d] logo(Ms/Mp) log B(')
Precessing disc Ho 604376 0.087908  31.670%  73.6+88 4.82%0%
(tp =74d) Hi 107+13 0.047300 31,5700 13.071 71491 5951006 2132402
+379 +0.19 +0.06 —+45.9 +1.10
Ho 603370 0.0610:02  31.4109% 73,0182 4.82+119
(tp =20 d) Hi 11273 005092 3151007 13675, 19.812Y7 5.93%01¢ 194.0 £0.2
20 +0.01 +0.03 +2.5 +0.11
Ho 10872 0.047000 3157008 132733 5.94+011
(tp = 150 d) Hi 10978 0.047000 315700 133732 125077% 5.947008 0.4+0.2
Equatorial disc Ho Same as the strategy A in
Table 3
(tp = 00) Hi 106+11 0.047000 3151002 129713 11817079 5.96007 —1.2402

4.4 Optimal observation strategy: SMBH spin measurement

Similar to the apsidal precession, Lense-Thirring precession of
the EMRI orbital plane in the Kerr space—time also introduces a
superorbital modulation to the QPE recurrence times. In general,
the Lense—Thirring precession period 7iy is much longer than
both the orbital period T, and the apsidal precession period
T;ps. Uninterrupted monitoring of QPE sources for a long period
of time ~ Tip seems impractical even for CATCH. To demon-
strate the feasibility of the QPE timing method in measuring the
SMBH spin with a limited amount of observation time Ty, < Tir,
we fix Tops = 15 d and simulate the following two observation
strategies.

Strategy 1. 15 observation epochs with each epoch lasting for 1 d
and distributed within 7ir in a quasi-uniform way.

Standard I1. 5 observation epochs with each epoch lasting for 3 d
and distributed within 711 in a quasi-uniform way.

We perform the Bayesian analysis as in the case of SMBH
mass measurement simulations. The inferred values of the semilatus
rectum p, eccentricity e, orbital period Ty, apsidal precession period
T.ps, Lense-Thirring precession period Tir, SMBH mass M,, and
SMBH spin a from the two strategies are summarized in Table 5. The
best-fitting EMRI trajectories under the three strategies are shown in
Fig. 6.

Although observations of low cadence are not able to resolve
apsidal precession in strategy C, more observations as in strategy I,
make a difference. If enough amount of separated observation epochs
are distributed within one 71, strategy I demonstrates that 71 can be
resolved, which in turn improves the resolution of T,,,. Meanwhile,
the strategy II with an even lower observation cadence yet longer
single epoch duration within one 7yt achieves the same precision of
M, and a measurement as in strategy 1. Both strategies [ and Il reduce
the 20 uncertainty of log;,(M,) by an order of magnitude compared
to strategies A—C. The SMBH spin a is also well constrained with
comparable 20 uncertainties < 0.1 in both strategies I and II. Strategy
I with higher cadence yields tighter constraints on a fraction of model
parameters (e, Topt, Taps) than in strategy II.

A similar idea has also been proposed for measuring the Sgr A*
SMBH spin by tracing S stars (Zhang, Lu & Yu 2015). For the
star S2, the Lense—Thirring precession is out of reach of the current
astrometry (Genzel, Eisenhauer & Gillessen 2024). A star moving
around the Sgr A* on a tighter orbit is desired for detecting the SMBH
spin from Lense—Thirring precession (Waisberg et al. 2018).

5 SUMMARY AND DISCUSSIONS

More and more analyses show that (at least a fraction of) QPEs are
sourced by quasi-periodic collisions between SMOs and accretion
discs of SMBHs. As a result, the QPE timing data encode rich
information of the EMRI trajectory, including the orbital period T,
the apsidal precession period Tps and the Lense-Thirring precession
period Tir, If these periods are extracted from QPE timing data, one
then can robustly measure the SMBH mass and spin. We name this
dynamical measurement method as the QPE timing method, which
is in the same spirit of measuring the Sagittarius A* SMBH mass by
tracing individual stars around the SMBH (Schdodel et al. 2002; Ghez
et al. 2005; Gillessen et al. 2009; GRAVITY Collaboration 2018).
The QPE timing method can be applied to a much broader range
of SMBHs since there is no need to spatially resolve the orbits of
individual stars.

To implement the QPE timing method, we constructed a compre-
hensive Bayesian inference framework in which one can reconstruct
the EMRI trajectory (and the disc motion), consequently measure
the SMBH parameters from QPE timing data.

As an example, we first applied the QPE timing method to the
well-studied QPE source GSN 069, analysing its orbital parameters
under different hypotheses in the Bayesian inference framework. In
the disc precession hypothesis #, the disc precession period T, is
found to be longer than the observation span, therefore introduces
negligible modulation to the QPE timing. This observation is also
supported by similar best-fitting EMRI trajectories in H; and in H,
(an equatorial disc). Consistent with this observation, the log Bayes
factor (equation 17) between two different hypotheses also represents
substantial preference for H. In the data favoured hypothesis H, the
SMBH mass is tightly constrained (equation 18), with an uncertainty
lower than intrinsic uncertainties of M, — o, relations. The other
hypothesis H; yields similar model parameter constraints.

To further demonstrate the robustness of the QPE timing method
in the presence of disc motion, we generated additional mock QPE
data sets assuming a precessing and aligning disc with a wide range
of precession periods, and analysed them under both hypotheses
Ho and H;. As a result, we find that H, is strongly favoured,
in terms of Bayes factor, trajectory best-fits and the constraint of
disc precession period 1, when the disc is precessing rapidly. In
the case of a slowly precessing disc with 7, much longer than the
observation span, the disc precession period 7, is unconstrained;
neither hypothesis is strongly preferred according to the log Bayes
factor; however, both yield similar accurate recovery of EMRI orbital
parameters. In the case of an equatorial disc, the disc precession
period 7, is unconstrained and the precessing disc hypothesis H;
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Table 5. Median values and 20 uncertainties of semilatus rectum p, eccentricity e, orbital period Topy, apsidal precession period Typs, Lense-Thirring precession
period Ty, SMBH mass M,, and SMBH spin a for the two strategies considered.

Strategy for spin measurement pM,] e Tobt [ks] Tops [d] Tir [d] logy(Me/Mp) a
+1 +0.005 +0.005 +0.1 +22 +0.01 +0.07
1 1007, 0.047 5 003 31.5% 004 12175 20377, 6.00% 0, 0.897 503
+3 +0.01 +0.01 +0.3 +24 +0.01 +0.06
I 10174 0.04%5 0, 31.5% 001 12.275 213745 6.00% ) » 0.867 03
40
20
0
-20
-40
E‘ 0 1 14 15 25 26 37 38 50 51 61 62 80 81 93 94 115 116 137 138 154 155 168 169 175 176 189 190 195 196
; 60
z
N 40
20
0
-20
—40
—-60
0 1 2 3 25 26 27 28 80 81 82 83 115 116 117 118195 196 197 198
Time [days]

Figure 6. Same to Fig. 4 except for strategies to SMBH spin measurement. Upper panel: strategy I. Lower panel: strategy II.

is disfavored according to the log Bayes factor; EMRI orbital
parameters are correctly recovered in both hypotheses. Notably, these
tests confirm that EMRI motion and disc motion are not degenerate
in QPE timing data: the underlying EMRI dynamics can be reliably
inferred no matter the disc precession is fast, slow or absent. These
examples demonstrate the feasibility of the QPE timing method in
reconstructing the EMRI trajectory and the disc motion.

The QPE timing method opens up the possibility for precision
measurement of SMBHs, though the current bottleneck is the
limited X-ray observation resources available. The multitarget X-ray
telescope under construction, CATCH (Li et al. 2023), will hopefully
be the solution to the bottleneck of X-ray follow-up observation.
First, CATCH will allow comprehensive X-ray monitoring of a large
sample of optical TDEs in the era of the Rubin Observatory Legacy
Survey of Space and Time (Ivezi¢ et al. 2019) and the Wide Field
Survey Telescope (Wang et al. 2023), and thus the discovery of a large
number of QPEs following TDEs. In fact, it is impractical to follow
all TDEs that will be discovered in the near future even for CATCH.
This is not necessary either. There is emerging evidence suggesting
that QPEs are not equally associated with all TDEs, yet they occur at
a much higher rate in recently faded AGNs (Jiang & Pan 2025). This
preferred subset of TDEs can be identified by their bright infrared
echoes from torus remnant (Wu et al. 2025) or by the presence of
extended emission-line regions in their host galaxies (Xiong et al.
2025). Accurate measurements of even a small number of SMBHs
with QPE timing data are valuable, e.g. in calibrating traditional mass
measurement methods in the low-mass range. In addition, different
from traditional X-ray telescopes, CATCH consists of ~ 10> small
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satellites, a small number of which can be fully reserved for TDE
follow-up and QPE monitoring. Refined observations can then be
made for the QPE targets.

In this work, we explored different observation strategies for
accurately measuring SMBH masses from QPE timing in the CATCH
era. In general, the apsidal precession period T, is much longer than
the orbital period Ty, therefore is harder to be accurately measured.
As aresult, the mass M, measurement precision is mainly determined
by the measurement precision of the apsidal precession period, with

SM, 38T,
M. 2 Ty

ey

For particularly interesting QPE sources, the design of CATCH
enables uninterrupted long-term (say ~ 1 month) monitoring. This
will of course be the optimal strategy for precision measurement of
SMBH masses. For general QPE sources, we may allocate less total
amount of observation time T,,s, and divide the total observation
time into N &~ Typs/(2T,,) epochs that are distributed in a quasi-
uniform way within one apsidal precession period T,p. In this way,
each observation epoch guarantees to detect 2 3 eruptions, and the
apsidal precession information encoded in different epochs adds up
‘coherently’, therefore enables an optimal measurement of T, given
a limited amount of total observation time.

In addition to apsidal precession of the EMRI, a misaligned and
precessing disc is also possible to introduce superorbital modulations
to the QPE timing. In this case, the disc motion information may also
be extracted from the QPE data as demonstrated via the injection and
inference experiments in Section 3.2.
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The same strategy works for measuring the SMBH spin using the
QPE timing method. The only difference is that a even longer time-
scale 71t matters, which takes more observation time to be measured.
The spin measurement precision is up to the measurement precision
of the Lense—Thirring precession period Tyt with
da ~ 8Tur . (22)

a TLT
In practice, the apsidal precession period T, and the Lense—
Thirring precession period Tir are unknown a priori. Therefore,
the observation strategy and the model parameter inference can only
be updated iteratively.
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APPENDIX A: POSTERIOR CORNER PLOTS OF
GSN 069

In the section, we include posterior corner plots of model parameters
in hypotheses H, and H for analysing QPE timing data of GSN 069.
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APPENDIX B: O—C ANALYSIS OF GSN 069

For comparing with the Bayes analysis in the framework of
EMRI + disc model, we apply a similar O—C analysis as in Miniutti
et al. (2025) to GSN 069 data. In the top two panels of Fig. B1, we
show the fitting result of a simple linear model, i.e. a constant period
Tisiar,

O-C= l(k - NcycTtrial s (B1)

obs

where Ny is the number of cycles and T, = 17.88 h (Miniutti
et al. 2025). In the O—C analysis, there is some ambiguity in

identifying Ny of each flare due to data gaps, while it is of
no such difficulty in the Bayes analysis of the EMRI + disc
model. Therefore, we use the numbers Ny from the best-fit-ting
EMRI + disc model in the O—C analysis. Note that the first flare in
the last epoch is identified as the 213th flare, while it was identified
as the 211th in Miniutti et al. (2025). From top panels of Fig. B1,
the linear model of a constant period is insufficient to fit the data. In
middle panels, we use a quadratic model

(O Cquadratic = té’gl - (Tothcyc + = Tobt<Tobt)N ) ) (BZ)

2
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Figure B1. O—C analysis versus EMRI + disc model fitting to GSN 069 data, where error bars represent 1o uncertainties. The number of cycles of the first

flare in the last epoch is labelled by the dashed vertical line.
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Figure B2. Same to Fig. B1 except for that flare peak times instead of flare starting times are used.

where (7o) is the averaged orbital period across the whole time span
assuming constant 7. Fitting the quadratic model to either the odd
and even flares, orbital period and its derivative are constrained as

Ty = 6477675 s,

, (B3)
Tope = —6.9701 x 107, (Odd flares)
and
Ty = 6471518 5|
" s (B4)

Ty = —6.1701 x 107, (Even flares)

at 20 confidence level. The O—Cgyadraic analysis does not yield
clear in-phase or antiphase pattern in the residuals of even and odd
flares. In the bottom panels are the residuals of the best-fitting QPE
timing model with £, for GSN 069, i.e. & — ¥ in which there
is no clear signature of unmodelled superorbital modulation either.
Another possible source of discrepancy is the different ways of

defining the QPE timing: we define a starting time for each flare and
MNRAS 543, 1816-1832 (2025)

interpret it as when the star crosses the disc, while Miniutti et al.
(2025) use the flare peak time. We again apply the O—C analysis to
flare peak times and the results are displayed in Fig. B2. The results
are quit similar to what is show in Fig. B1 except lower uncertainties
of the flare peak times.

To summarize, there is some intrinsic ambiguity for identifying
number of cycles of each flare in O—C analysis. This may lead to
different interpretations of O—C analysis results and is likely the
source of discrepancy between this work and Miniutti et al. (2025).

APPENDIX C: BEST-FITTING EMRI
TRAJECTORIES DISC MOTION

In this section, we present the best-fitting EMRI trajectories with
both H and H; for the simulations in Section 4.3.
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Figure C1. Best-fitting EMRI trajectories obtained with the two hypothesis in the fastest disc precession case with 7, = 7 d, where z4isc(#) is the distance to

the disc mid-plane. The vertical bands indicate the simulated data with inference uncertainties t(()k) + c”r(t(()k)), where &(t(()k)) = \/(cr(t(()k)))2 + GSZYS, The orange
horizontal line marks the disc surface. Upper panel: vanilla hypothesis (#o). Lower panel: disc precession and alignment hypothesis (7). It is clear that H; is

much more favoured by the mock data.
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Figure C2. Same to Fig. C1 except for a precessing disc with 7, = 20 d.
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t from a TEX/IATEX file prepared by the author.
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