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Abstract— We study wavelength assignmentfor lightpaths over WDM
rings to minimize the SONET ADMs used. This problem has attracted
much attention recently However, its computation complexity remainsun-
known, and the only known heuristic [6] which doesnot allow the splitting
of lightpaths is problematicin both the algorithm itself and its performance
analysis. We first prove the NP-completenes®f this problem, followed by
a nontrivial randomized i’% -approximation scheme. We then presenta

tighter lower bound on the minimum number of ADMs required. After
that, we show the incorrectnessof the known heuristic and then modify it
to make it correct. We also proposethreeadditional heuristics. Their per-
formancesare compared thr ough extensve simulation studies.

Keywords— Wavelength assignment, wavelength division multiplexing
(WDM), optical networks, SONET, add-drop multiplexer (ADM).

|. INTRODUCTION

WDM ring networksarebeingdeployedby agrowing number
of telecomcarriersto supportmultiple high-level SONET/SDH
self-healingrings over a single physicalfiber opticalring. One
of the mostfundamentahetwork designproblemsfor WDM
networksis theassignmenof wavelengthgo agivensetof light-
paths.While mostof thepreviouswork attemptgo minimizethe
numberof wavelengthgequiredfor a givensetof lightpaths,or
if given a fixed numberof wavelengthsto minimize the num-
ber of blocked lightpaths[1], [2], [4], [7], [8], [9], it was ar
guedin [5], [6] that unlessthe wavelengthlimit is exceeded,
thefirst-orderoptimizationgoalshouldbeto minimizetheover
all network costwhich is dominatedoy the numberof required
SONET add/dropmultiplexers(ADMs) andnot the numberof
wavelengths.It wasalsoshawvnin [6] thatthesetwo minimiza-
tion problemsare intrinsically different, and there exist cases
wherethetwo minimacannotbe simultaneoushachiesed.

In [6], a simplelower boundof the numberof ADMs is de-
rived. In addition, two heuristicsto minimize the numberof
ADMs weredeveloped:Cut-First, andAssign-First. Thefor-
mer allows splitting of lightpathswhile the latter doesnot. We
further thesestudiesand assumehat the lightpathsare not al-
lowedto be split. First of all, despiteof effortsin [6] in devel-
opingtheheuristicsthecomputatiorcompleity of theproblem
remainsunknown. Thus,the first part of our effort provesthe
NP-completenessf this problemanddiscusgheapproximality
issues.Secondthe performancenalysisto Assign-Firstis in-
correctandwe presenta counterexampleto illustratethis. We
modify the algorithmand provide a correctperformanceanal-
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ysis. After that, we presenthreeadditionalgreedyheuristics:
Iterati ve Merging, Iterati ve Matching, andEuler Cycle De-
composition Due to the difficulty of the theoreticalanalysis,
we conductextensive simulationsto comparethe performance
of thethreeheuristics.

Il. PROBLEM FORMULATION

Assumea Wavelength Division Multiplexed (WDM) ring
network consistingof N optical nodeslabeled from 0 to
N — 1 in clockwise order Let R be a set of lightpaths
{(ss,t;) : 1 < i < |R|} wherethe lightpath (s;, ;) is the arc
from s; to t; in clockwisedirectionoverthering. For simplicity,
we call s; theorigin nodeandt; thetermination node.A wave-
lengthassignmento a setof lightpathsis valid if any two over-
lappinglightpathsare assignedifferentwavelengths. A valid
wavelengthassignmento a setof lightpathsR corresponds$o
avertex coloringof the circular arc graph determinedy R as
follows: the vertex setis R andthereis an edgebetweenwo
lightpathsif only if thesetwo lightpathsoverlapwith eachothet

It is easietto think of eachwavelengtharoundthering aspro-
viding theconnectwity for asingleSONETring. Eachlightpath
within a SONET ring usestwo ADMs, one at the origin, the
other at the termination. However, two adjacentightpathsin
thesameSONETTing, i.e., with thesamewavelength canshare
oneADM atthecommonnode.Ourfocusis to addresshemin-
imum ADM problem: assignwavelengthschannelsto a given
setof lightpathssuchthat the numberof ADMs usedis mini-
mized.A closelyrelatedproblemis the maximum ADM sharing
problem: assignwavelengthschannelgo a given setof light-
pathssuchthat the numberof ADMs sharedby the lightpaths
is maximized.It's obviousthatthesetwo problemsaddresshe
samequestionjndeed for any wavelengthassignmenthe sum
of the numberof ADMs usedandthe numberof ADMs shared
is alwaysequalto twice the numberof lightpaths.

We definea segment to be a sequencef lightpathsin which
theterminationof alightpath(exceptthelastone)is theorigin of
thesubsequenrightpath,andany two lightpathsin thesequence
do not overlapwith eachother A segmentis saidto beacircle
segment if theterminationof thelastlightpathis alsotheorigin
of the first lightpath, in otherwords, a circle sgmentcovers
theentirering. A sggmentwhichis not a circle sgmentis said
to be a noncircle segment. The numberof ADMs to be used
by a circle segmentis equalto the numberof lightpathsinside
the sggment. The numberof ADMs to be usedby a noncircle
segmentis one more thanthe numberof lightpathsinside the
segment. Thusthe total numberof ADMs usedis the number
of noncirclesggmentsplusthetotal numberof lightpaths.Thus
theminimumADM problemcanbesolvedin two phasesin the
first phase the lightpathsare groupedinto segmentssuchthat



thenumberof noncirclesegmentss assmallaspossiblejn the

secondphase assignthe wavelengthchanneldo the segments.
Notethatthe secondphases exactly the well-studiedcircular

arccoloringproblem.It only affectsthenumberof wavelengths
used but hasnoimpacton thenumberof ADMs used.

I1l. COMPUTATIONAL COMPLEXITY

Although someheuristicswere presentedn [6] to the mini-
mumADM problem,the computationatompleity of this op-
timization problemremainsopen. In this section,we shav that
theproblemis NP-complete.

Let R beary setof lightpaths. R is saidto be uniformiif the
numberof lightpathspassinghrougheachlink is the same.In
particular if thereareexactly L lightpathsin R passinghrough
eachlink, R is saidto be L-uniform. We have the following
resulton the NP-completenessf theminimumADM problem.

Lemma l: The minimum ADM problemis NP-complete
evenif thesetof lightpathsis restrictedto be uniform.

Proof. We reducethe circulargraphcoloring problemto the
minimumADM problem.Thecirculararccoloringproblemhas
beenprovento be NP-completéan [3]. Theproofin [3] actually
impliesthefollowing strongerresult:

Given an L-uniform lightpath set R, to decidewhetherits
correspondingirculararcgraphis L-colorables NP-Compl ete.

Let R be ary L-uniform lightpathset. Note thatthe chro-
matic numberof the circulararcgraphcorrespondingo R, de-
notedby x (R), isatleastL, andyx (R) = L if andonlyif R can
be partitionedinto L subsetsvith the lightpathsin eachsubset
form aring. Onthe otherhand,the minimum ADMs required
by ary Lopt(R) = |R| if andonly if R canbe partitionedinto
L subsetswith the lightpathsin eachsubsefform aring. Thus
opt(R) = |R| if andonly if x (R) = L. Thisimpliesthatthe
minimum ADM problemis NP-completesvenif the lightpath
setis constraintedo be uniform.

In the next section,we provide a tighter lower bound and
heuristicalgorithmsfor the minimumADM problem.

V. ﬁj —APPROXIMATING SCHEME

We exploit integral multicommodityflow model. By L we
denoteghemaximallink load(assumingatlink 0, R; C Risthe
setof lightpathscontaininglink 0, Ry := R\R;. The number
of wavelengthausedfor optimalsolutionis betweenZ and|R|.
Assumadt is W. WeaddW — L one-hopf ake” lightpathsatlink
0 andcutthe W lightpathscontaininglink 0 atits midpointand
thenwire theringtoaline. AssumeX = {z;|1 < < W}isthe
setof all right halvesof cutlightpathsandY = {y;|1 <i < W}
is the setof left halves. By X; := {z;|]L + 1 < i < W},
Y, = {y|L +1 < i < W} wedenoteall “fake” right and
left halves. We build anagyclic digraphG with unitary vertex
capacityandedgecostfunctionc asfollows. G = (V, E), where
V=R,UXUY. Foraryr, € V,ry € V,if r; andr, donot
overlapand{ry,r2} ¢ X; UY; andr; is attheleft of r, then
we addanedge(ry, r2).

Now definec, V(r1,r2) € E,

Casel. r1, ro sharesomeendpoint.Assigncostl1.

Case2. r1,r, donotshareendpointwe have two subcases.

Case2.1{ry,r2} N (X1 UY7) = @, assigncost2.

Case2.2{ry,r2} N (X; UY1) # &, assigncostl.

Fig.2. Wiretoaline. X = {a.R,b.R,..., f.R}, Y = {a.L,b.L,..., f.L},
X1 ={e.R, f.R},Y1 ={e.L, f.L}

Any feasiblesolutionis viewedasa setof W vertex disjoint
pathsin G thatlinks all W pairs{(z;,y:)|1 < i < W} and
containsall verticesandeachpathis correspondingo a unique
wavelength. Thus,the two halvesof any cut lightpathare as-
signedthe samewavelength,andour approacHinally doesnot
cutlightpaths.For ary feasiblesolution,if walkingfromall z;’s
to arrive atall y;'s alongsuchW paths,the total edgecostwe
collectis exactly the numberof ADMs needed.Sotheintegral
multicommoditymodel (Pleaserefer to textbooksfor this ILP
formulation)is:

To minimize
<z = Z Z f;ce (1)
e 1<i<W
Subjectto:
Y fi=1VreR, @)
i,e:e=(7r,v)
Y. fi=1VreR €)
i,e:e=(v,T)
N fH=6i00=1,.,W 4)
ere=(x;,v)



Yoo f=6i05=1,.,W (5)
ere=(v,yi)
fie{0,1},i=1,.., W, Ve. (6)
Here
0ij =1,0=7;0i; =0,i # . (7
By relaxingthe constraintg6) as
0< fi<l,i=1,.., W,Ve. (6)

andsolvingthe relaxed linear programmingproblem,we geta
feasiblefractionallvV -commoditieslow F* with objectivevalue
z* . We decomposéhei-th commodityflow into K; pathsfrom
z; t0y;. Assumeits j-th pathis P; ; andit carriesflow f%7.

We manabctureW dice. Thei-th die hasK; faces,andits
j-th faceis assignedprobability fi/ of being selected. We
flip all theseW dice. If we get j-th faceselectedon the i-
th die, we selectpath P; ;. Use P; to denotethe i-th suchse-
lectedpath. We get a “coarse” integral multicommaodityflow
F = (f)1<i<w,eck consistingdf W pathsPy, P, ..., Py with
objective valuez. Here E[Z] = z* Easyto check,F satisfies
constraintsn (4)(5)(6) but may not satisfiecconstraintg2)(3).

By U C Rwedenotel (P)UV (P)U...UV (Pw)UR; \ (XU
Y), hereV (F;) is the setof verticesof the path P;. We assign
thei-th wavelengthto thelightpathsin P;. Thisassignmentises
z ADMs for thelightpathsetU.

Vr € Ry, (2)(3)arebothsatisfiedor neitheris satisfiedoy our

coarsesolution(f#), sincetheleft of two constraintsarealways
equal.Whenflipping thei-th die,V r € R,, with probability

pri= Y
j:rEPi,]-
r € P;. Furthermorenve have

Z DPri = 1

1<i<W

(8)

Sinceall W flipping experimentsareindependent)sing(8) one
canprove

Pr(r ¢ U) = (1= pra)o-(L = prw) <
So
BIR\UI < ()

For any requestotin U, we assignan individual wavelength
and2 ADMs. Assumetotally we usedS ADMs andtheoptimal
solutionusesOpt ADMs. We have

E[S] < E[Z) + 2E[|R,|]
<2+ 2(R| - L)
< Opt + §(|R| -I)

< Opt + g(Opt -L)

Combinedwith the trivial result (Pleaserefer to sectionVI)
S < Opt + 2L, we geta probability algorithmwith solution
S satisfying

3+e
1+e

E[S] < Opt
This ratio is betterthanthe trivial ratio of 2 (eachrequestuses
oneindividualwavelengthandtwo ADMS).

The randomizedapproachin factgivesa solutionspace for
which the averageworst caseratio is % But we may have
discardedmary termswhenestimatingthe worst ratio, for ex-
ample,Pr(r ¢ U) may be far lessthan % Whenp,. 1, ..., Prow
arenot equallydistributed. Sofor certaininstancesywe cando
the experimentsseveral timesandselectthe bestresultswhich
might give ratio betterthanthe worstratio.

Anotherremainingproblemis thatwe assumeve know W,
the numberof wavelengthghatthe optimal solutionuses.lIt is
not a problemif we call the above proceduresereral timesby
setting = L, L + 1, ..., | R| andselectthe bestresultwe get,
sincethe value of W thatthe optimal solution usedshouldbe
in theinterval [L, |R|]. Sofinally we getthe polynomialtime
probabilityalgorithmwith worstexpectedratio %

V. TIGHTER LOWER BOUND

Leto;, 7; andz; denotethetotal numberof lightpathsorigi-
natingat, terminatingat, andcrossingover nodes: respectrely.
Let ¢; denotethe load on the link betweennodei and node
i + 1. A simpleandstraightforvard lower boundon the min-
imum numberof ADMs is givenin [6]:

N-1

up = Z max(o, T;)

=0

The calculationof thislower boundignoresthefactthatthetwo
lightpathscanbe matchednly if they do not overlapwith each
other In this section,we provide a strongedower boundbased
onthemaximummatching.

At eachnode i, we constructa bipartite graph H; =
(U, Vi, Ey), where
« U; isthesetof lightpathsendingat nodes;
« V; isthesetof lightpathsstartingfrom nodei;
o foraryu € U; and v € V;, (u,v) € E; if andonly if v andv
do notoverlapwith eachother
« m; is thesizeof themaximalmatchingof H;.

Thenafter consideringhe constrainthatany two lightpaths
cannot overlapif they sharean ADM, we have the following
lower boundfor thenumberof SONETADMSs we need:

N-1
7
ap =Y (o3 +7i—my)
=0
N-1 N-1
= (Uz + Tz) - Z m;
i=0 =0
N-1
=2|R| - > m,.
i=0



It shouldbe notedthatthe above lower boundis strongerthan
thelower bounda, because

N-1
ap = Z max(o;, T;)
=0
N-1
= )_(oi + 7i —min(0;,7;))
i=0

andmin(ai, 7',') > m;.

VI. ASSIGN FIRST: REVISITED

If all lightpathsdo not crossover somelink, thenthe light-
pathsform aninterval graph,andthe minimum ADM problem
for suchinstancehasa greedysolutionwith polynomialtime
compl«ity. Basedonthisconclusionthe AssignFirst heuristic
presentedn [6] initially assignall lightpathsthat passthrough
a carefully selectedink with uniquewavelengthsandthenuse
theabove greedyapproacho assignvavelengthgo theremain-
ing lightpaths.We foundsomeerrorin its analysisandmodified
it to avoid theerror.

TheAssignFirst heuristicpresentedn [6] initially assigrall
lightpathghatpasghroughacarefullyselectedink with unique
wavelengthsandthengreedilyassignwavelengthsasabove to
the remaininglightpaths,which form aninterval graph. It was
shavnin [6] thatthe numberof ADMs usedby AssignFirst is
at mostzﬁgl max{p;, 7;} + min} ' {z; + min{p;, 7;}}

Beforewe explain why the analysisandthe algorithmitself
areincorrect,wefirst shav by a counterexamplethatabore ex-
pressionis incorrecteven asan upperbound. Considera ring
network with N = 4n nodeshumberedrom0to N — 1 in the
clockwisedirection. A setof M = N lightpathsis definedas
follows: T' = {(i,(i + 2n + 1) mod N) | 0 <4 < N} Each
lightpathtraverses2n + 1 links, which is morethan half way
aroundthering. Thus,all thesdightpathsmustbe assignediif-
ferentwavelengths.This meansno ADMs canbe shared.Each
lightpathrequire2 ADMs, andthetotal numberof ADMs used
is2M = 8n. Ontheotherhand,s; = 7; = 1 andz; = 2n.
Accordingto theabore upperbound thetotal numberof ADMs
usedby Assign-Firstis atmostN + 2n + 1 = 6n + 1, whichis
impossible.Thusthe performancenalysisof the Assign-First
givenin [6] mustbeincorrect.

Considerary 0 < 7 < N. Let R; denotethe setof links
passingthrough the link i. We first greedily assignwave-
lengthsto the lightpathsnot in R; and assumewe have used
W; wavelengths. After that we constructa weightedbipartite
graphG; = (R;, W;, E;): Thereis anedgebetweera lightpath
(s,t) € R; andawavelengthw € W; if andonly if
« the lightpath (s,t) doesnot overlapwith ary lightpath as-
signedwith w,

« eithers is the terminationnode of somelightpath assigned
with w, or ¢ is the origin nodeof somelightpathassignedvith

w.
Supposehereis anedgebetween(s, t) € R; andw € W;. If

s is theterminationnodeof somelightpathassigneavith w and
t is the origin nodeof somelightpathassignedvith w, thenthe
weightof the edgeis setto 2, otherwisel. Theweightdefined
this way representshenumberof ADMs sharedf thelightpath

(s,t) is assignedvith w. Find a maximum-weightednatching
in G;. Eachedgein the matchinginducesa wavelengthassign-
mentto a lightpathin T;. If thereare more lightpathsin R;
not assigndeéby the matching,we assigneachof thema unique
wavelength. We do this procedurdor all 0 < ¢ < N, andselet
thebest.Easyto check,thenumberof ADMs usedis at most

N-1
Z max{o;,7;} +2min{¢; : 0 <i < N}
=0

< Opt+2L

VIl. GREEDY SEGMENTING APPROACHES

As indicatedin Sectionll, the minimum ADM problemcan
be solved in two phases:in the first phasethe lightpathsare
groupedinto sggmentssuchthat the numberof noncircleseg-
mentsis as small aspossible;in the secondphase,assignthe
wavelengthchannelsto the sgments. The first phasecom-
pletelydetermineshenumberof ADMs usedwhichis equalto
thenumberof noncirclesgmentplusthetotal numberof light-
paths.Thesecondghasédntendsto minimizethewavelengthus-
age.In this sectionwe presenthreegeneralgreedyapproaches
for thefirst phase]terati ve Merging, Iterati ve Matching, and
Euler Cycle Decomposition

A. lterative Merging

Initially we have |R| segments,with eachsegmentconsist-
ing of onelightpath. At eachstep,one of the following three
possibleoperationss performedn decreasingriority:
Operation 1. Merge two noncirclesegmentsinto a circle seg-
ment.

Operation 2. Split a noncirclesggmentinto two noncircleseg-
mentandthen mege one of themwith anothemoncircleseg-
mentinto acircle sgment.

Operation 3. Merge two noncirclesegmentsinto a larger non-
circle sgment.

Operationl decreasethe numberof noncirclesggmentsby
two, andOperatior2 andOperatior8 bothdecreas¢henumber
of noncirclesggmentsby one. Thus,the algorithmterminates
afteratmost|R| — 1 steps

B. Iterative Matching

The lterati ve Matching is inspiredby the approachto de-
rive the tighter lower boundin SectionV. Initially we have
|R| segments,with eachsegmentconsistingof one lightpath.
At eachstep, at eachnode: we constructa bipartite graph
Gi = (U'l7 W; EZ)’ where
» U; isthesetof sggmentsendingat nodes;

« V; isthesetof sggmentsstartingfrom nodei;
o foraryu € U; and v € V;, (u,v) € E; if andonly if » andv
do notoverlapwith eachother

We find the maximum matchingof G;. Thenwe pick the
nodeat which the sizeof the maximummatchingis the largest,
andmergethe sggmentsaccordingo the maximummatchingat
this node. This procedurds repeatedintil no matchingcanbe
foundany more.lIt’s obviousthatthis algorithmhaspolynomial
run-time.



C. Eulerian Circuit Decomposition

We first shav thate; = 7; atary node: if andonly if R is
uniform. The sufiicient partis intuitice andthuswe only need
to shawv the necessarypart. Supposdhato; = 7; atary node
i. constructa directedmultigraphG g asfollows: G hasthe
samenodesetasthering andcorrespondso a lightpath (s, t),
thereisalink fromstot in Gg. ThenGr is anEuleriandigraph
andeachof its connectedcomponents alsoEulerian. Accord-
ing to Euler's Theoremgachconnectedomponentontainsan
Euleriancircuit. Let Ry, R», - - - , R bethepartitionof R cor-
respondingo the connectedomponent®f Gr. TheneachRy,
isuniformandsoisR = R UR, U ---U Rk.

Now let R be ary uniform set of lightpaths and
Ry, Ra,-- - , Rk bethepartitionof R correspondingo thecon-
nectedcomponent®f Gg. If a Ry is 1-uniform, thenthetotal
numberof ADMs usedrequiredby Ry, is exactly |Ry|. Now
we assumehat Ry, is L-uniformfor someL > 1. An Eulerian
circuit over Ry, canbefoundin polynomialtime. This Eulerian
circuit canbefurtherdecomposethto anumberof sggmentsoy
walking from an arbitrarynodein this circuit andgeneratinca
segmentwhenthereis an overlap. To minimize the numberof
noncirclesggmentswe canfind the beststartingpoint by enu-
meratingall possiblestartingpoints. If all lightpathsin Ry, are
shortin thesensdhatno D;, of themcovertheentirering, then
ary Euleriancircuit over R;, canbe decomposedhto at most

[%-‘ segmentsandthuswe have the following boundon the

total numberof ADMs used.

Lemma 2: Supposehat R is uniform. Let Ry, R, - , Rk
be the partition of R correspondingo the connectedcompo-
nentsof G andlet

I ={1<k< K : Ryisnotl-uniform}.

Supposéhatfor ary k € I, nosetof D,, lightpathsin R, cover
the entirering. Thenthe total numberof ADMs usedby the
Euleriancircuit decompositiorheuristicis at most

| Ry
IR+ [ o, |-
kel
If R is notuniform,we canadd

1 N-1
5 D loi— i
2

=0

lightpathsto R to form a uniform setof lightpaths,denotedby
R'. Then

N-1
R|=|R|+ » ;= T
B|=|Rl+5 > los =i
=0

N-1
= Z max{o;,T;i} = aup.
i=0
The Euler Cycle Decompositionheuristiccanthenbe applied
toR'.

VIIlI. SIMULATION OF HEURISTICS

It is hardto obtainthetight performancenalysisof the pro-
posedheuristics. Even thoughwe have provided someupper

boundsonthenumberof ADMs by someheuristican theworst
casetheir practicalandaveragebehaviors arestill unknown. In

this section,we comparetheir performancehroughsimulation
studies.Theunderlyingring network consistf N = 16 node
(16 is recommendedo be the maximal numberof nodesfor

SONETrings). Thenumberof lightpaths | R|, is randomlygen-
eratedbetweenl6 and256. Theorigin of eachlightpathis also
randomlygeneratedetweer) and16, andsois thetermination
of eachlightpath. For eachinstancewe run all threeheuristics:
Modified AssignFirst (MAF), Iterati ve Matching (IMat) and
Iterati ve Merging (IMer) . Tablel lists the 18 outputsof ran-
domly generatedhon-trivial experiments.Thelastrow in Table
| summarizeshe cumulatve ADM sharingsof the 200 experi-
mentswe conducted.

| MAF | IMat [ IMer |

30 [ 37 | 43
13 | 16 | 18
25 | 29 | 35
43 | 54 | 67
39 | 45 | 54
27 | 33 | 35
15 [ 19 | 19
10 | 10 | 11
48 | 67 | 74
39 | 48 | 60
3L | 38 | 44
26 | 34 | 30
48 | 66 | 74
47 | 60 | 63
16 | 22 | 21
35 | 39 | 49
44 [ 61 | 70
35 | 41 | 49
[4950 | 6184 6922 |
TABLE |

ADM SAVINGSIN 18 EXPERIMENTS.

As demonstratedby Tablel, in general,lterati ve Merging
(IMer) outperformdterati ve Matching which furtheroutper
formsModified AssignFirst. Howeverthisis notalwaystrue.
For eachheuristic,theredoesexist someinstancein which it
outperformgheothertwo.

IX. CONCLUSION

We studiedthe minimum ADM problem which addresses
wavelengthassignmentor lightpathsover WDM ringsto min-
imize the SONETADMSs. We first provedits NP-completeness
andgave arandomizedsolution. We thenpresentighter lower
boundson the minimum numberof ADMs requiredby ary in-
stanceof lightpaths. After that, we modifiedthe approachAs-
sign First, which is originally presentedn [6]. We also pro-
posedthreenew heuristics. Their performancesre compared
throughextensve simulationstudies.



Recentlywe found the techniqueto prove: (1) Iterative
Merging givesapproximatingratio 1.75; (2)lterati ve Match-
ing givesratio g; (3) TheCir cle SegmentFirst, modifiedfrom
iterative matchingin which we greedilyfind ary possiblecircle
segmentby depth-firstor width-first searchinggivesratio 1.5.
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