Invent. math. 151, 553-577 (2003) 4
DOI: 10.1007/s00222-002-0259-2 Invent lones

mathematicae

The Christoffel-Minkowski problem 1I:
Convexity of solutions of a Hessian equation

Pengfei Guan', Xi-Nan Ma’

1 Department of Mathematics, McMaster University, Hamilton, On. L8S 4K1, Canada
(e-mail: guan@math.mcmaster.ca)

2 Department of Mathematics, East China Normal University, Shanghai, 200062, China
(e-mail: xnma@math.ecnu.edu.cn)

Oblatum 28-1X-2001 & 7-VIII-2002
Published online: 8§ November 2002 — © Springer-Verlag 2002

1. Introduction

Surface area measures are local versions of quermassintegrals in the theory
of convex bodies. If the boundary of the convex body is smooth, the corres-
ponding surface area function is a symmetric function of the principal radii
of its boundary. The general problem of finding a convex hypersurface with
the k-th symmetric function of the principal radii prescribed on its outer
normals is often called the Christoffel-Minkowski problem. It corresponds
to finding convex solutions of the nonlinear elliptic Hessian equation (see
next section for the derivation):

(1.1 Si((uij +ud;)) =¢ on §",
with the positive definite condition
(12) (M,‘j + M(Sij) > 0, on Sn,

where u;; are the second order covariant derivatives with respect to any
orthonormal frame {e;, es, ... ,e,} on §", §; is the standard Kronecker
symbol and Sy is the k-th elementary symmetric function.

We will call a function u € C2(S") convex if u satisfies (1.2). The natural
class of solutions of (1.1) consists of k-convex functions (see Definition 2.1),
which in general are not convex. For the Christoffel-Minkowski problem,
one needs to find the convex solutions. The main objective of this paper is to

Research of the first author was supported in part by NSERC Grant OGP-0046732.
Research of the second author was supported by in part by grants of Foundation for University
Key Teacher of the Ministry of Education of China, Shanghai Priority Academic Discipline
and NSFC No.10001011.



554 P. Guan, X.-N. Ma

study the existence of the solutions of equation (1.1) satisfying the convexity
condition (1.2).

The Alexandrov-Fenchel-Jessen Theorem ([2] and [10]) asserts the
uniqueness of the convex solutions of equation (1.1). In the case k = 1,
(1.1) is the equation for the Christoffel problem. The early treatments in
this case were given in Christoffel [8], Hurwitz [19], Hilbert [17], Siiss [30]
and others; the final solution was obtained in Firey [11], [12] and Berg [3].

The other extreme case of (1.1) is k = n, which corresponds to the
Minkowski problem. This case has been settled by the works of Minkow-
ski [25], Alexandrov [1], Lewy [24], Nirenberg [26], Pogorelov [28] and
Cheng-Yau [7]. The intermediate problems still remain open; very little
is known though there is an extensive literature devoted to them (e.g.,
see [4], [29] and the references there).

It is known that for (1.1) to be solvable, the function ¢ has to satisfy
(e.g., see [28])

(1.3) f x;p(x)dx =0, i=1,...,n+1.
Sn

For the Minkowski problem, (1.3) is also sufficient. But it is not sufficient
for the cases 1 < k < n as pointed out by Alexandrov in [2]. For both the
Minkowski problem and the Christoffel problem (k = n and k = 1), the sum
of k-th surface area functions of two convex bodies is again a k-th surface
area function of a third convex body. These k-th surface area sums are
related to the Blaschke and Minkowski sums of convex bodies respectively.
For the intermediate cases 2 < k < n — 1, this is no longer true in general.
There exist two strictly convex bodies with analytic boundary such that the
sum of their k-th surface area functions is not a k-th surface area function of
any convex body (see [9] and [15], also discussion on p. 396 in [29]). This
type of example suggests that the intermediate problems are much more
complicated.

The intermediate Christoffel-Minkowski problems raise the following
fundamental question in PDE:

Question: for what functions ¢ on the right hand side of the equation (1.1),
is there a regular convex solution?

In order to establish the strict convexity of a solution, it is necessary to
prove the positivity of the eigenvalues of the hessian of the solution. If k = n,
we have a Monge-Ampere equation which is the product of the eigenvalues
of the spherical hessian. The works of Cheng-Yau [7] and Pogorelov [28]
give upper bounds for the eigenvalues and so automatically also give a lower
positive bound on the eigenvalues since the product is positive. Thus the
continuity method builds convexity into the solution class. When k < n, the
matter is more delicate. For example, in the case k = 1, one may have the
trace of the hessian positive while some eigenvalues might be non-positive.
Hence, the major issue here is to find conditions for the existence of convex



The Christoffel-Minkowski problem I 555

solutions of (1.1). In the case of the Christoffel problem, the equation (1.1)
is linear. The necessary and sufficient conditions in [11] were derived from
the linear representation formula of Green’s function. For the intermediate
cases (2 <k <n —1), (1.1) is a fully nonlinear equation. We have to take
a different approach. We deal with the problem using the continuity method
as a deformation process together with the strong minimum principle to
force convexity. This approach has been successfully used previously by
Caffarelli-Friedman [6] and Korevaar-Lewis [22] (it appears that Yau also
suggested a similar approach, see [21]) for semilinear equations in domains
of R”. A crucial deformation lemma (Lemma 4.1) will be established in this
paper for the fully nonlinear Hessian equation (1.1).
We introduce some notation.

Definition 1.1. For s € R, we define Cs to be the cone of positive C'!
Junctions on S" satisfying (1.3) and such that (f;; + d; f*) is positive semi-
definite almost everywhere in S", where f*(x) = (f(x))*. Moreover we say

f is connected to g in Cy if there is a continuous (relative to the C"'-norm)
path h(t,.) € Gy, such that h(0, x) = f(x) and h(1, x) = g(x), Vx € S".

We note that the definition is independent of the choice of orthonormal
frame. Moreover, note that a positive C'*! function f isin Gy if and only if f
satisfies (1.3) and f" is a convex function in R"*!, where fs(x) = |x|fs(|“;—|)
is the homogeneous extension of f* of order one to R"*!. One of the main
thrusts of this paper is that C_ 1 turns out to be related to the existence
of convex solutions of equation (1.1). We refer to Remark 5.2 below for
a heuristic discussion.

We now state our main results.

Theorem 1.2. (Full Rank Theorem) Suppose u is an admissible solu-
tion (Definition 2.1) of equation (1.1) with positive semi-definite spherical
hessian W = (u;; + ud;j) on S". If ¢ € C’_%, then W is positive definite
on S".

The following is the existence theorem.

Theorem 1.3. (Existence Theorem) Let ¢(x) € G_% and suppose ¢ is
connected to 1 in @_% . Then the Christoffel-Minkowski problem (1.1) has

a unique solution up to translations. More precisely, there exists a closed
strictly convex hypersurface M in R™" of class C>* (for all 0 < o < 1)
whose principal radii of curvature function of order k is ¢(x). M is unique
up to translations. Furthermore, if p(x) € C7(S") (I > 2,y > 0), then M
is C>*7  If ¢ is analytic, M is analytic.

In subsequent joint work with B. Andrews, we will study a curvature
flow equation associated to Christoffel-Minkowski problems. The condition

on ¢ in Theorem 1.3 will be replaced by the simpler condition ¢ € C_ 1
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alone via a curvature flow approach with the assistance of the Full Rank
Theorem (Theorem 1.2).

The organization of the paper is as follows. We derive equation (1.1)
together with some basic facts about elementary symmetric functions in
the next section. In Sect. 3, we establish C? a priori estimates for convex
solutions. The key deformation lemma will be proved in Sect. 4 for the
Hessian equation on S". In Sect. 5, we will use the a priori estimates in
Sect. 3 and the deformation lemma in Sect. 4 to prove Theorem 1.2 and
Theorem 1.3.

Acknowledgements. This work was done while the second author was visiting McMaster
University. He would like to thank the Department of Mathematics at McMaster University
for its warm hospitality. We would like to thank Professor D. Jerison and the referee for
valuable comments and suggestions. We would also like to thank Professors C. Riehm and
E. Sawyer for the help in the exposition of the paper.

2. Preliminaries

We recall the definition of k-symmetric functions: For 1 < k < n, and
A=A, ..., ) €RY,

(2.1 Se(h) = Z’\il ki

where the sum is taken over all strictly increasing sequences iy, ... , ik
of the indices from the set {1,...,n}. The definition can be extended
to symmetric matrices by letting Si(W) = Sy(A(W)), where L(W) =
A (W), ..., A, (W)) are the eigenvalues of the symmetric matrix W. We
alsoset Sy = 1 and Sy = 0 for k > n.

For a strictly convex body K in R"*! with smooth boundary M, the
Gauss map 7 is a diffeomorphism from M to S". For x € §", let A(x) =

(A (x), ..., A, (x)) be the principal radii of curvature of M at the point
771 (x). Then
(2.2) Sk(x) = Si(A(x))

is the k-th surface area function over the unit sphere S" at the point x. The
support function of the convex body K, defined by u(x) = maxycg x - y,
can in this case be written as u(x) = x - 71~ '(x). Let e, ... , e, be any
orthonormal frame on §", and let u;; be the covariant derivatives with
respect to this frame. The Hessian matrix W(x) = (u;;(x) + u(x)d;) is
the reverse second fundamental form of the hypersurface. The eigenvalues
AW () = (A (x), ..., Ay (x)) of W(x) (with respect to the standard metric
on S") are the principal radii of M at 7~'(x) (see [7], [28] and also Sect. 2.5
in [29]). Hence, the function u satisfies equation (1.1).

On the other hand, suppose u is a solution of (1.1) satisfying the convex
condition (1.2). After extending it to in R"*!' as a homogeneous function
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of degree 1, u is convex in R"*!. So u satisfies the sublinear relation
u(x +y) < u(x) +u(y),V¥x,y € R*! In turn, u is the support function
of some convex body in R"*! (e.g., Theorem 1.6.5 in [29]). Since W is
positive definite and u € C?, the boundary M of the convex body is C?
(see Appendix in [33]). In fact, if we view u as a homogeneous function of
degree 1 in R"*!, M can be recovered from u explicitly as the image of the
gradient map Vgu+1u (e.g., p. 106 in [29]):

2.3) Vprru(x) = i~ (Ix_l) Vx # 0 € R™.
X

It follows from this identity that for 0 < o < 1 and [ > 2, the inverse Gauss
map 71! is C'~1 if and only if u is in C"*. It is easy to see that M is in
C"% if and only if 7z is in C'~1*% as it can be expressed as a local graph.
Therefore, we have a precise regularity relationship (I > 2): M € C'* if
and only if u € C'*.

We now turn to the definition of admissible solutions of equation (1.1).
The structure of this type of equations has been investigated in [5], [20], [31],
[32], [23]. The natural solution class for this type of equations is the class
of k-convex functions are defined as follows.

Definition 2.1. Let § be the space consisting all n x n symmetric matrices.
For 1 < k < n, let T} be the connected cone in § containing the identity
matrix determined by

i={wWed: S (W)>0,...,85%W)>0}.

Ifu € C*(S"), we say u is k-convex if W(x) = {uij (x) +u(x)é;} is in Ty
for each x € S". We observe that u is convex (i.e., satisfying (1.2) ) on S™ if

and only u is n-convex. Furthermore, u is called an admissible solution of
(1.1) if u is k-convex and satisfies (1.1).

It will become clear that the algebraic properties of the elementary
symmetric functions are indispensable in our proofs. We also refer to the
recent work [18] for the important role of elementary symmetric functions
in other contexts. The following are some basic results for the elementary
symmetric functions that we will use in later sections.

Proposition 2.2. If W = (Wj;) is an n x n symmetric matrix, let F(W) =
Si(W) for 1 < k < n. Then the following relations hold.

n

1 Z . - .
Sk(W) - E 8(“’ e s s J1s e a,]k)Wiljl ttt Wikjk’
Sy ig=1
./i,...,./ZZ:l
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i (W)
W

FP =

1 . . . . .
- (k— 1! Z 8oy ity s lk—13 By jis - - ’Jk—l)Wil./l"'Wik—l./k—l

i, ik—1=1
Jtseee s Ji—1=1
) ’F
Fo"% = —(W)
oW, 0W,
1 n
= *—2)! E S, r ity s ig—2s Jo Sy Jise s k=2 Wiy - Wisiiss
Tl ik =1
Tl s jk—2=1

where the Kronecker symbol §(1; J) for indices 1 = (iy, ... ,i,) and
J=(,-.., jm)is defined as

1, if I is an even permutation of J;
8(1; J) = { —1, ifl is an odd permutation of J;
0, otherwise.

We will need the next two lemmas in later sections.
Lemma23. For1 <k <[, G = Ay,...,N), 1 <i,j<Li#j we

denote by Si(Gli) the symmetric function with ,; = 0 and S;(Gl|ij) the
symmetric function with A; = A; = 0. Then the following hold,

5:(G)SI-1(Gl) S 1 (Gla) — Si(G) S} (Gla)
= Si(Gla)Si—1(Gla) Si—1(Gler).

If1 <k <l and a # B,

Si(G)Si—2(GlaB) — Si—1(Gla)Si-1(G|B)
= Si(Glap)Si-2(Glap) — Si_,(Glap).

Proof. We first make a simple observation on S;(G) which will also be
used repeatedly in the rest of the paper. As [ is equal to the size of G,
S;/(G) = Ay ... A, and we have for o # B fixed,

2.4)
Si(Gla) =0,  Si(G) = AaSi-1(Gla),  Si(G) = AarpSi2(Glap).

From the definition of S;()), we have the following identities:

2.5 Sk(A) = Si(A) + Ai Si—1 (A0,
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(2.6)  Si(A) = Sk ij) + AiSk—1(Aif) + A Sk—1 (M) + Aidj S (A]if).
Now for any fixed @ € G,

5(G)S-1(Gl) S 1(Gla) — S/(G) S} (Gla)
= [1aSi-1(Gla) + Si(Gl)1S1-1(Gla) Sk 1 (Gla) — SiI(G) S} (Gla)
= SI(G)Si1(Gl@)* + Si(Gla)Si-1(Gla) i1 (Gla) — SiI(G)S;_(Gla)
= Si(Gla)Si-1(Gla) Si-1(Gler).

The second identity in the lemma follows directly from the identities (2.5)

and (2.6). |
Lemma24. For 1 <k <1, G = (A,...,\) and with »; > 0, for
1 <i <[, Ya # B and for all real numbers y, ... , v,

Y SuGla)Si1(Gla) S 1(Glayy

aeG

@n = SI(G)Z(S]%_l(GW,B)_Sk(G|a/3)Sk72(G|a,3))VotVﬁ-
atB

Proof. For convenience in notation, we write « € G for A, € G. We first
prove the following equality: for 1 <« </,
(2.8)
> ks[Sii(Glap) — Su(Glap)Si2(Glap)] = S(Gle)Si-1(Gla).
BeG,pF#a

By counting the terms in the definition of Sy, forav € G,0 <m <[ —1
fixed,

Z Sn(Glap) = (I —m — 1)S,(Gla).
BeG, pF#a

It follows that

Z Si—1(Glap)Sk(Gla) = (I — k) Si(Gla) Sg—1(Gla),
BeG.pra

and

> SiGlaB)Si-1(Gla) = (L — k = 1)S;_1(Gla) Si(Gle).
BeG. B
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From (2.4),

> {152, (Glap) — s Si(Glap)Si2(Glap))
BeG
B#a

=Y [k 1(GlaB)Si(Gla) — S(Glap)(Si1(Glap) + ApSi-2(Glap))]

peG
B#a

= E [Sk—1(Glap)Si(Gla) — Si(Glap) Sk-1(Gle)]
BeG
B#a

= Sk(Gl)[( = ) Sk-1(Gle) — (I —k — DSi—1(Gle) ]
= Sk(Gla) Si-1(Gla).
This proves (2.8). Now we use the Cauchy inequality and (2.8) to
prove (2.7).
For any o # B, $;(G) = AoAgSi—2(Glap) by (2.4), and by the Newton-
MacLaurin inequality, S7 | (Glap) — Si(G|ap)Si—2(G|ap) > 0. Therefore,

Si(G) E [Si_1(Glap) — Si(GlaB) Si2(Glap) |yavs
o,peCG
aFp

= Y {S2(GlaB)[S | (Glap) — S(Glap)Si—2(GlaP)]} (hpVa) havp)

o,BeG
B

< > {Si2(Glap)[Si_(Glap) — S(Glap)Si 2(Glap)]}

a,feG
a#p

= Y S2(Glap)ig[Si- (Glap) — Si(Glap) Si2(Gla) |rpve

o,BeG
B

=Y S 1(Gla) Y g[St (Glap) — Si(GlaB)Si2(Glap)]y.

aeG BeG,B#u
=" SiGl®) Si-1(Gle) Se-1(Gla) 2.

aeG

MpYa + Moy
2

This completes the proof of (2.7). O

3. A priori estimates

We establish a priori estimates for solutions of equation (1.1) in this section.
The equation (1.1) will be uniformly elliptic once C? estimates are estab-
lished for u (see [5]). By the Evans-Krylov theorem and Schauder theory,
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one can obtain higher derivative estimates for u. Therefore, we only need to
get C? estimates for u. We first establish a C° bound for u. In the case k = n,
Cheng-Yau in [7] obtained a C° bound using the isoperimetric inequality.
We modify their approach by making use of a quermassintegral inequality.

For a solution u of equation (1.1), u + f is also a solution for any
linear function f. In order to have C° estimates, we restrict u to satisfy the
following orthogonality condition:

3.1 fxiudx=0, Vi=1,2,...,n+ 1.

If u is a support function of some convex body €2, condition (3.1) implies
that the Steiner point of €2 coincides with the origin.

Lemma 3.1. Suppose M € C?, M is a compact convex hypersurface
in R"™!, and let ¢ be the k-th surface area function of M. If L is the
extrinsic diameter of M, then

k

kel —1
L <cpi (f w) {ylgsf fS max (0, (y, X>)¢(X)} .

where c,, i is a constant depending only on n and k. In particular, if u is
a support function of M satisfying (1.1) and (3.1), then

kL

+ —1
0 <minu <maxu < c,x (/ go) { inf max (0, (y, x))(p(x)} .

yeS” S

Proof. The argument follows mainly that in [7]. Here we will make use of
a quermassintegral inequality and the Minkowski formula.

Let p, ¢ € M, suchthattheline segment joining p and g has length L. We
may assume 0 is in the middle of the line segment. Let y be a unit vector in
the direction of this line. Let v be the support function, and W = {v;; +vd;;}.
We have S (W) = ¢. Now, for x € §", we get

v(x) = sup(Z, x) > 1L max (0, (y, x)).
ZeM 2

If we multiply by ¢ and integrate over S", we get

-1
L<2 (/ v(p> (/ max (0, (y, X>)¢) .
s N4

By the Quermassintegral inequality,

( / vSk(W>>m < Cu ( / vsk_l(W>)Z.
N N
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On the other hand, from a Minkowski type formula (e.g., (5.3.14) in p. 291
in [29], note that we have a different normalization of Sj), we have

n—k+1) | vSi_ (W)= k/
Sn

SU (W) =k / 0.

u u

In turn, we get

k1 1
k
L<coy ( f w) (inf max(0, (y,x>><o) .
s yest s

Since u satisfies (3.1), the Steiner point of M is the origin. The last
inequality is a consequence of the above inequality. O

In the case of k = 1, equation (1.1) is a linear elliptic equation on the
sphere. That C? a priori estimates hold for a solution u satisfying (3.1) in
this case follows from standard linear elliptic theory. Therefore, we will
restrict ourselves to the case k > 2.

Proposition 3.2. There is a constant C > 0 depending only on n, k,
lollc2sry and ming: @, such that if u satisfies (3.1) and u is an admissi-
ble solution of (1.1), then |ul|c2ny < C. There is an explicit bound for the
Sunction H := trace(u;; + 8;u) = Au + nu,

(3.2) min(n@(x)) =< max H(x) < max(np(x) — Ap(x)),

where § 1= (C%)%, Ck = #Lk),

Proof. Since u is k-convex (k > 2), the entries |u;; + 6;;u| are controlled
by H.By Lemma 3.1, we have a C° bound on u. So the |u;;| are controlled
by H. C! estimates follows from interpolation if we have bounds on the
second derivatives. Therefore, we only need to bound H. The first inequality
follows from the Newton-MacLaurin inequality. Assume the maximum
value of H is attained at a point xo € S". We choose an orthonormal local
frameey, ey, ... , e, near xq such that u;; (xo) is diagonal. If W = (u;; +6;;u),

we define G(W) := (%)% (W). Then equation (1.1) becomes

(3.3) G(W) = @.

For the standard metric on S", one may easily check the commutator identity
H; = AW; —nW; + H. By assumption the matrix W € I'y, so (GY) is
positive definite. Since (H;;) < 0, and (GY) is diagonal, by the above
commutator identity, it follows that at x,

n
(3.4) 0> GYHy = G"(AWy) —nG" Wi + H Y G".

1
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As G is homogeneous of degree one, we have
(3.5) G'"W; = ¢.
Next we apply the Laplace operator to equation (3.3) to obtain
G' Wi = Vi@, GV Wy W, + GYAW; = Ap.
By the concavity of G, at x, we have
(3.6) G"'A(Wy) = Ap.
Combining (3.5), (3.6) and (3.4), we see that

(3.7) 0>Ap—np+HY G

i=1
As W is diagonal at the point, we may write W = (W, ..., W,,) as
a vector in R". A simple calculation yields

S W)ETLAS(W) S (W)

Gii 1 1
(Cfl)% oW;; (cfl)z

Si—1(W1i),

where (W|i) is the vector given by W with W;; deleted. It follows from the
Newton-MacLaurin inequality that

noo S (W)E—!
ZG”:(n—k—i—l)&Sk,l(W)zl.
i1 (C)*

By (3.7), H < np — A. O

By the Evans-Krylov theorem and Schauder theory (e.g, see [14]), to-
gether with Proposition 3.2, we have the following a priori estimates.

Theorem 3.3. Foreach integer | > 1 and 0 < o < 1, there exist a constant
C depending only on n, [, o, min ¢, and ||¢||c.1(S") such that

(3.8) llullcra (") < C,
for all admissible solution of (1.1) satisfying the condition (3.1).

So far, we have obtained an upper bound for the principal radii of
the Christoffel-Minkowski problem. For the Minkowski problem, a lower
bound for the principal radii then follows directly from equation (1.1). But
when k < n, there is no such lower bound in general. In the next section,
we will show that the principal radii of the general Christoffel-Minkowski
problem are bounded from below if ¢ satisfies the condition in Theorem 1.3.
In the case of the Christoffel problem, Firey’s conditions [11] are necessary
and sufficient. But they are very cumbersome and difficulty to verify. It
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is desirable to have some simple sufficient conditions. Pogorelov in [27]
established a lower bound of the principal radii on §? under the condition

(3.9) @) — @5 (x) >0, on S,

where ¢(x) is differentiated at the point x with respect to arc length of the
great circle on S°.

To conclude this section, we derive a simple estimate which drops the
dimensionality restriction in (3.9). For the Christoffel problem, equation
(1.1) can be written in the simple form >_;_, Wj; = ¢.

We may assume that the smallest eigenvalue of the matrix (W;;) is
attained at some point x, € S" and along the e; direction. Then we have

Viwll(xo):()a l=1,2,,l’l, AW]](X())ZO'
As Wi = Wi + Wiy — Wy, at the point x,,

0< Zwllii = (AW); +nWy — ZWii = @11 +nWi — .
i=1

i=1

Therefore at x,, nWi; > ¢ — ¢1;.

4. A Deformation Lemma

In this section, we establish the key deformation lemma which will set the
stage for the strong minimum principle. As in the previous section, we let
W = (I/l,:,' + (S,’jl/l).

Lemma 4.1. (Deformation Lemma) Let O C S” be an open subset, sup-
pose u € C*0) is a solution of (1.1) in O, and that the matrix W = (Wij)
is positive semi-definite. Suppose there is a positive constant Cy > 0,
such that for a fixed integer (n — 1) > 1 > k, §;(W(x)) = Cy for all
x € 0, . Let ¢(x) = S;.1(W(x)) and let t(x) be the largest eigenvalue of
{—((p_%),-j (x)— 8,-]-(p_% (x)}. Then there are constants Cy, C, depending only
on |lullcs, ll@llcit, n, k and Cy, such that differential inequality

4.1)

Y FP(0)up(x) < k(n — D't () SW))T) + C1 V()| + Cap(x)
o.p

holds in O, where the F*? are defined in Proposition 2.2.

Remark 4.2. The lemma is a fully nonlinear version of the corresponding
results of Caffarelli-Friedman [6] and Korevaar-Lewis [22] for the Lapalace
equation in R”. We note that the a priori estimates established in the previous
section are not used here since we are working on the assumption u € C*.
Also, we make no assumption on the size of S;;, and the constants C;, C;
in Lemma4.1 depend only on ||u||c3, ||¢||c1.1, 7, k and Cy. This dependence
is crucial in establishing Theorem 1.3 for ¢ € C"!.
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The rest of this section will be devoted to the proof of the Deformation
Lemma. As the proof is technically complicated, we would like to sketch
some of the main lines first. Let

aSr(W ; 9S8, (W
4.2) FoP — k( )’ Flirs — L
0Wyp AW, W,
as defined in Proposition 2.2. We set
i 08 (W s O2S (W
(43) SY = w, ij.rs w
aWij 8W,:,'8Wrs

Recall that p(x) = Sp(W(x)), and ¢(x) = S;.1(W(x)). Since W is positive
semi-definite and u is k-convex, (F®#) is positive definite and (SV) is positive
semi-definite. We observe that there are at least / positive eigenvalues of
W with a controlled lower bound by the assumption S;(W) > Cy. Let B
be that part of the index set so arranged such that the W; might be small
(controlled by ¢) fori € B (see the proof below for the precise definition).
In view of this observation, W;; is negligible for each i € B. The basic
idea in the proof of Deformation Lemma is to to explore the relationship
between Y0 s F*’og and @'t Sy(W) Y i{(9%)ii + ;i k}. One of the
key terms to be handled will be )" , S F** Wiy, With the help of some
basic properties of elementary symmetric functions, it turns out that some
algebraic cancellations will occur after commuting covariant derivatives and
re-arranging the terms to fit the right algebraic formats! Almost all of the
computations in the proof are algebraic and the inequality in Lemma 2.4
will be used in a crucial way in the last step of the proof.

Proof of the Deformation Lemma. Following the notation of Caffarelli and
Friedman [6], for two functions defined in an open set O C S*, y € O, we
say that h(y) < k(y) provided there exist positive constants ¢; and ¢, such
that

4.4 (h = K)(y) = (c1IVP] + c29) ().

We also write 2(y) ~ k(y) if h(y) < k(y) and k(y) < h(y). Next, we
write & < k if the above inequality holds in O, with the constants ¢, and
¢y depending only on ||ul|c3, ||¢]|c2, n and Cy (independent of y and O).
Finally, h ~ kif h < k and k < h. We shall show that

n

(4.5) 3 FP¢us S kn— Dot S(W)r.
o,B=1

Forany z € O, let Ay > A,... > A, be the eigenvalues of W at z.
Since S;(W) > Cy > 0 and u € C3, for any z € S", there is a positive
constant C > 0 depending only on ||u||c3, ||¢l|c2, n and Cp, such that
M>h...>=N>C. LetG={1,2,...,[}and B={[+1,...,n} be
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the “good” and “bad” sets of indices respectively, and define S;(W|i) =
Sk ((W]i)) where (W|i) means that the matrix W excluding the i-column
and i-row, and (W|ij) means that the matrix W excluding the i, j columns
and i, j rows. Let Ag = (A1, ..., A;) be the “good” eigenvalues of W at z;
for convenience in notation, we also write G = A if there is no confusion.
In the following, all calculations are at the point z using the relation “<”,
with the understanding that the constants in (4.4) are under control.

For each fixed z € O fixed, we choose a local orthonormal frame
e1, ... ey so that W is diagonal at z, and W;; = A;,Vi = 1,... ,n. Now
we compute ¢ and its first and second derivatives in the direction e,,.

We note that S¥ in (4.3) is diagonal at the point since W is diagonal. As
¢=Sm(W)and g, =), ; SY Wi, we find that (as W is diagonal at z),

(4.6)
0~9() ~ (X Wi)SIG) ~ D Wi, (0 Wi~0, i€B),

i€eB i€eB
This relation yields that, for 1 <m </,

Sn(Gl)), ifjeG;

47 Su(W) ~ Sn(G),  Su(W[j) ~ {S (G). ifjeB.

Su(Glij), ifi, je G
Sm(WIij) ~ {Sm(Gl)), ifie B, jeG;
Sn(G),  ifi,jeB,i#].

Also,

(4.8) 0~ ¢u ~ SIG) Y Wi ~ > Wi

ieB ieB

By Proposition 2.2,

" S(G), ifi=je€eB,
49 SY ~
“3) {0, otherwise.

S (W]ir), ifi=jr=s,i#r;
(4.10) SP = =S (Wlij), ifi # jor=j.s=i;

0, otherwise.

In what follows, we will use the relations (4.6)—(4.10) to single out the
main terms in the calculation.
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Since doe = Y, ; (ST Woso Wiie + S Wijaq), it follows from (4.10) that
forany @ € {1,2, ... ,n}

boo = D Sa Wi Wia Wia = Y St (WD Wiy + D 5" Wiige
i#]j i#]j i

= (XY D ) S Wi Wia W

ieG ieB i,jeB i,jeG
JEB JEG i) i#j

AW = (42 + 2 ) S WDWE, + Y S Wi,
ieG ieB i,jeB i,jeG i
JEB  JEG ] i#j
We want to simplify the above expression. From (4.8) and (4.7), we have
12) Y S W1 Wia Wiia ~ (D S1-1(GLY W) - Wi ~ 0.
’Elf; jeG ieB
J

By (4.8), Vi € B fixed and Vo, —W;jq ~ D je Wjjo. Then (4.7) yields,
J#

4.13) 3" S (Wi Wie Wygo ~ =Si-1(G) Y W,
i,jeB ieB
i#]

and

(4.14) > SaWIipWE, ~ > S (GIY Wy,
jeG.ieB i€B,jeG

Inserting (4.12)—(4.14) into (4.11), by (4.7) we obtain

415)  Gua ~ Y S"Wiwa =2 S1(GIPWS, — Si1(G) Y W,
i ;Eg i,jeB

Now we would like to construct a contraction of ¢y, with F** in (4.2)
(note that F* is diagonal at the point). By Proposition 2.2 and (4.6), we
have for any @ € {1,2, ... ,n}

Si-1(Gla), ifae G ,a=p;
(4.16) FP ~ 18 1(G), ifaeB a=4;
0, ifa # B,

and
Si—2(Wlir), ifi=jr=s,i#r;
4.17) Firs =8 8§ »(Wlij), ifi#j,r=j,s=1i;
0, otherwise.
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From (4.15) and (4.16) we obtain the contraction

n

n
Z Faﬂ¢aﬁ = Z Faa¢aa ~ Z Z SiiFaaWiiozo{
a,B a=1

a=1 i
418) =23 "> S (GIPFWi, — Si(G) Y Y F“W,.
a=1 ;Eg a=11i,jeB

To put the above in a useful form, we will start to commute the co-
variant derivatives and make use of some basic properties of the ele-
mentary symmetric functions. For example, homogeneity of S, identi-
ties (2.4)—(2.6) and the Newton-MacLaurin inequality will be used repeat-
edly.

By (4.6), (4.9) and homogeneity of S and S, (since |B| =n — 1)

DY ST Wi = W) = U+ Dy F“—kpy 8"
a=1 i=1 a=1 i=1

~ —kp Y 8"~ —(n — DkpS(G).

ieB
Commuting the covariant derivatives, it follows that

(419) Xn: Xn: SiiFaaWiiozo{ = Xn: Xn: SiiFaa(Wouxii + Wi — Waa)

a=1 i=1 a=1 i=1
n n

~ N ST Wagi — (n = DkgSi(G).
a=1 i=1
Differentiating equation (1.1), we get

Qi = Z FPT Wi Wryi + Z FPWegii.

o, B.r.s a,B

Propositon 2.2, together with (4.17) and (4.9) yield,

S S S F W = 2 g = 3 W

o i o,B,r,s
(T T Y ) S o (W) W W
ieB aeG  aeB  «o,feB  «a,peCG
PeB  BG  azp  a#p
n
(4.20) i+ Y Sa(Wlap) Wy | SiG).
o, =1

a#£p
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It follows from (4.7) and (4.8) that for 1 <m < n,
420 D7 Su(Wlap) Wea Wi ~ [ 3 Su(GIBIWps | Y Weai ~ 0.

ggg BeG a€B
In turn,
(4.22)
ZZSiiFaaWaaii ~ SI(G)Z {wii N Z Si-2(Glap) Wepi Woi
a=1 i=l1 i€B o.peG
ap
— D S 2 (C)WepiWawi + Y S"—2(W|“/3)W§ﬁi}'
a,BeEB o, p=1
a#Ep a#p

We note that |[B| =n —[,50 ), p k¢ = (n — [)kg. Now inserting (4.22)
and (4.19) to (4.18), by (4.7) and (4.16) we have

(4.23)
D FPous ~ S1(G) Y (i — ko) =SiG) D Y Si-2(Glotp) Wi Wi
a,f ieB ieB a,peG
aFp
=SUG)DY Y Sta (G Waei Wepi —2) Y S1(GIB)Sici (W) W,
ieB a,feB a=lieB,feG

aFp

+SG) Y D S a(WleB)Weg — > S1(G) D S 1(Wla) Wi,
ieB a#p a=1 i,peB
We need to further simplify the terms in (4.23). We first deal with the
fourth and fifth terms on the right hand side of (4.23). Fori € B, we regroup
the summations in these terms as

TEVED SEE)IED DR DD 3) SED IR0 DR

a#p ggg a&/ieﬁB a&/isﬁG a=1 BeG ggg a&/isﬁG a=peG

Since W is positive semi-definite, by (2.5), VB € G fixed, WggSi—2(G|p)
< S-1(G). Forany ¢ € B, B € G, §;(G) = §-1(G|B)Wgg by (2.4), and
Sk—2(WlaB) ~ Sk—2(G|B) by (4.7). So we have,

Y SUG)Sia(Wlap)Wag ~ Y Si-1(GIAWysSi2(G1B) Wy,

i.aeB i,aeB
BeG BeG
425) =) Si(GIAS1(G)Wag

i,aeB
BeG
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Also, when «, B € G, o # B, as W is diagonal, by (2.4) and (2.5),

4.26)
Si1(GB)Sik—1(Gla) = S 1 (G|B)[Sk-1(GlaB) + WegSi2(Glap)]
> S 1(GIB) WepSi—2(GlaB) = Si(G) Sk—2(Glap).

From (4.26), we get

4.27)
Y SO a(WIaB) Wiy =2 Y S i(GIAS-1(GlayWay,
ieB a,peG i€eB a,eG
a#p a#p
=Y > S GBS (Gl W,
i€eB a,eG
aFp

It is easy to check that Wi, = Wy on the standard S" (recall that
Weop = g + Sqput). Combining (4.25) and (4.27), taking into the account
of the regroup identity (4.24), we obtain the inequality

SG) Y Y SiaWlapWay =23 Y Si(GIA S (W) Wi,

i€eB a#p a=1 ieB,BeG
SO S S A (WlaPWay =2 Y S 1(Gle) i1 (Gla) Wy,
i€B a, /ieﬂB ieB aeG
o

We note that S,,(W|aB) ~ S,,(G), Yo, B € B by (4.7). Putting the previous
inequality into (4.23),

n

> Fus S SO (@i — ko) = D D St 2(Glof) Weui Wi |

o, B ieB ieB a,feG
atp

_ZZZSI 1(G|05)Sk ](GlOl) aai

ieB aeG

—SG) Y D Si-2(G) Waai Wppi
ieB a,/;eﬂB

—Zsz 1(G) D S (Wl Way,

a,feB

+Z > S(G)Sia(GYWEy,
ieB a,BeB
a#p

(4.28) =516) Y [ i - k] ‘2 —ko|+ I+ B+ I,

ieB



The Christoffel-Minkowski problem I 571

where
I = S(G)Si2(G) Y- Wiy = Wawi Wpa ]
i,o,peB
aFp
—ZS, (G) Y S (W1 Wag,
o,feB
51(G)¢}
12:Z< = — Y S1(Glo) Sk (Gla) Wy, |
ieB aeG
and

2
=Y {&(G)[%‘ -3 Sk_z(G|aﬂ>Ww,~W,s,s,~]

ieB o,peCG
aFp
=Y S1(Gla) S 1 (Gle) W, }

aeG

Claim. I, <0, 1, < 0and I5 < 0.

If the Claim is true, it follows from (4.28) that

k+1¢?
(4.29) Z FPgus < SIG)Y [ : % - k(p] :
ieB

Then (4.5) follows from (4.29).

Proof of the Claim. Since W;g, = Wqg;, we observe that by (4.7),

—Zsz 1(G) D S (Wl Way,

o,feEB

< =) 51(G) Y Sia(WIDWy,

ieB o,feEB
==Y S5.1(G) Y Sii(WlayWay,

ieB a,feB

(430) S-S T W+ Yy wi )
i€B «a, /ieﬂB i€B aeB
o

If we put (4.30) into ;, by (4.8), (4.7) and the Newton-MacLaurin inequal-
ity, we get
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_ {SI(G)Sk—2(G) Z Waat( Z Wﬂﬂ")

i,xeB BeB,BFa
+S1(G)Si1(G) Y W2, |
i,aeB
+D Y IS(G)Si2(G) = S1-1(G) Sk 1 (G)I Wy,
ieB a&/ieﬂB
~ [S1G)Sk2(G) = S @S @I D Wa + 3 > w2y <0
i,aeB i€eB o,peB

a#p

To treat I,, by (4.8) and Proposition 2.2, for i € B,

“31) g = (Z + Z)Sk,] (W) Wai ~ D Sie-1(Gler) Wi

aeB  aeG aeG

By homogeneity of S;(W), (4.31) and (2.4),

I~ _(Zs, (6)S1(Glea)Woss) — 3 Si-1(Gle) Sic1 (Gl W

aeG aeG

1 1 1
=@[Zs,a](G|a>W£aSk_1(G|a>Wm,] = S5e1(Gl) S (Gle) Wy,

aeG aeG

Z Si-1(Gla) Si—1 (Gla) W, Weg Si—1 (G| B)

w(xﬁeG
= S1(Gl) Sk 1 (Gl W,
aeG
~ S (Gl S 1 (Gl Wiy — Y S1-1(Gle) Sk 1 (Glo) W,
aeG aeG
= 0.

Now we deal with /5. It follows from (4.31) that for any i € B,

Y S (Gl Way + D Sk 1(Glo) S 1(G1B) Waai Wi

aeG a,feG
aFEp
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By Lemma 2.3 and Lemma 2.4, as ¢ ~ S;(G) by (4.7), we have

o~ 3| YISUGISE (Gl = SUGIS11 (Gl Sy (Gle) W2,

ieB  aeG
+51G) Y [Si-1(Gla)Si-1(G1B) = S{(G)Sk-2(GlaB) I Weai Wi |
a&f;eﬂG
-y { Y SuGlw)S-1(Gla) Si-1(Gla) W,
ieB aeG
+51(G) Y [SL1(Glap) — S«Glap)Si-2(Glap)Wui Wy | < 0.
o,peG
aFEp

The Claim is verified. The proof of the Deformation Lemma is
complete. |

5. The existence and convexity

First, we prove Theorem 1.2.

Proof of Theorem 1.2. By the a priori estimates in Theorem 3.3, u € C>*(S"),
for 0 < o < 1.If W is not of full rank at some point x¢, then thereisn —1 >
[ > k such that S;(W(x)) > 0,Vx € §" and ¢(xo) = S;+1(W(xp)) = 0. By
(4.1) in the Deformation Lemma 4.1, as ¢ € @7%,

Z FP@)pup(x) < CLIVPX)| + Crgp(x).
op

The strong minimum principle implies ¢ = S;1;(W) = 0. On the other
hand, we may assume u satisfies (3.1), so u is nonnegative on S". By
the Minkowski type formula (e.g., page 291 in [29]), (n —I) fSn uS;(W) =
(I+1) fSn S;.1(W). We conclude that u = 0. This is a contradiction to (1.1).

O

Now we proceed to prove Theorem 1.3.

Since ¢ is connected to 1 in C_ L, there is a continuous function /A (¢, x)
in [0, 1] x §" such that #(0,x) = 1, h(1,x) = ¢(x) and & is in G_% for
each fixed r. Now, we approximate & by a sequence of positive functions
h'™ satisfying
Properties:

(1) A™ is continuous in [0, 1] x S", and 2™ (0, x) = 1;
(i1) for each r fixed, 2™ is smooth in the x variables and satisfies (1.3);

(iii) for each fixed m and [, k™ is in C([0, 1] x C'(S"));
(iv) h™ — h uniformly in C([0, 1] x C"1(S")).
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Such a sequence can be easily obtained by the operations of smoothing
and projecting in the x variables (to satisfy (1.3)). We point out that we do
not require A" (t, .) to be in G_%.

We consider the following equation:

(5.1) Se(uy™ (x) + 8u" (x)) = h™(1,x),  VxeS"

Proposition 5.1. For sufficient large m, the equation (5.1) has a unique
smooth strictly convex solution u™™ satisfying (3.1) for all t € [0, 1].

Proof. Uniqueness follows from the Alexandrov-Fenchel-Jessen Theorem,
regularity follows from Theorem 3.3. We use the continuity method for
existence.

Foreachm fixed, let I, = {t € [0, 1]|(5.1)has a strictly convex solution}.

Since u is strictly convex and satisfies (1.1), the linearized operator L, at
u is self-adjoint and Span{x, ... , x,.1} is the exact kernel. By the standard
implicit function theorem, /,, is open and non-empty (as 0 € [,,).

We claim 1, is closed when m is sufficiently large. Suppose this is not
true. Then by Theorem 3.3 and the continuity method, there is a sequence of
smooth functions {#"}, and t,, > 0, x,, € S" such that W, = (u;ﬁm +6;ut™)
is positive definite for ¢ < t,,, u,, satisfying (5.1) with det(W,, (x,)) = 0.
Since A" — h uniformly in C"!, by Theorem 3.3 there is a subsequence
{tm;} which converges to o, so A"/ (t,,,;, x) converges to h(to, x) in C L1 and
u"™i converges to a function u in C> for every 0 < o < 1. The Hessian
matrix W = {u;; + 6;;u} is positive semi-definite on S" and is degenerate at
some point. On the other hand, u satisfies (1.1) with ¢ = h(#y, x). This is
a contradiction to Theorem 1.2 as h(fy, .) € C_ 1. |

Proof of Theorem 1.3. As mentioned before, uniqueness is given by the
Alexandrov-Fenchel-Jessen theorem. By Proposition 5.1, there is a sequence
of strictly convex functions {u"} satisfying

Sc(W,,(x)) = h"(1, x), on S".

By Theorem 3.3, there is a subsequence of smooth strictly convex functions
{u™i} which converges to u in C*% for every 0 < o < 1. And u satisfies
(1.1). By Theorem 1.2, u is strictly convex. The higher regularity and the
analyticity of u follows from standard elliptic theory. O

We conclude this paper with some remarks regarding the sufficient con-
dition in Theorem 1.3.

Remark 5.2. As mentioned in the introduction, ¢ € C_ 1 is equivalent to

1 . . . . . .
@~ % being convex in usual sense in R"*! if we view it as a homogeneous
function of degree 1. Equation (1.1) can be rewritten as

@RS (g + usy) = 1.



The Christoffel-Minkowski problem I 575

. . 1. .
‘We note that the differential operator S * is concave. The condition ¢ € C_ 1

. . . 1 .
may be interpreted as a dual condition to the concavity of S;%. If we consider
the standard hessian equation on a domain in R”

Si(uij(x)) = p(x),

where u;; are the second derivatives of u with respect to the standard flat
metric on R”. There is a natural technical explanation of the convex condition
on ¢. The matrix (u;;) is strictly positive if and only if there is a positive
lower bound on its eigenvalues. This is equivalent to having an upper bound
on the eigenvalues of (it;;), where # is the Legendre transform of u. Note
that i satisfies

Sn (i) IR
(5.2) T = o Y(Vi).
Sn—k (i)
As the hessian quotient operator (Ss—fk)]/ kis concave, the strict convexity of

¢~/ is a natural condition to ensure C? estimates for equation (5.2).

Remark 5.3. From the proof, the condition on ¢ in Theorem 1.3 can also be
replaced by the condition that ¢ > 0 is connected to Sy (v;; + vé;) € C_ 1
for some arbitrary smooth strictly convex body with support function v in
Theorem 1.3. If ¢ > 0 satisfies (1.3), it is easy to check that the following
condition

(5.3) {—gij + kéijo} = 0,

implies the condition in Theorem 1.3. So condition (5.3) is stronger than
the condition Theorem 1.3. When k£ = 1, the Pogorelov’s condition (3.9)
for the Christoffel problem implies condition (5.3). Hence even in the case
of k = 1, the condition in Theorem 1.3 is weaker than condition (3.9).

Remark 5.4. If G is an automorphic group of S" which has no fixed point
(e.g., G a symmetry action with respect to the origin) and if ¢; > 0 and
¢, > 0 are invariant under G one may connect @ and ¢, in C_ 1 by the
function A (t, x) = (t(p(x)]“ + (1 — t)(p[%) —*. Then A(t, x) satlsﬁes (1.3)
automatically as it is invariant under G (see [16]). In particular, every
G-invariant function ¢ € C_ 1 is connected to 1 in G_% . In this special

situation, ¢ € C_ 1 if and only if ¢ = v~ for some positive support function

v of a G-invariant convex body. By Theorem 1.3, for any G-invariant
convex bodies K| and K, with support functions v; and v, respectively,
for A € [0, 1], there is a unique G-invariant convex body K, with support
function u such that Sy({u;; + d;ju}) = (Avy + (1 — A)v,) 7. The relation
defines an operation for such G-invariant convex bodies. This observation
shows that the class of functions which satisfy the condition in Theorem 1.3
is quite large.
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Remark 5.5. Inthe case of figures of revolution, the intermediate Christoffel-
Minkowski problems were solved in Firey [13]. Pogorelov in [28] obtained
a sufficient condition for the intermediate Christoffel-Minkowski problems.

Set g; = (tp(x) + 1 — t)%, and let n;(x), ..., n,(x) be the eigenvalues of
the matrix {3;;g, — (g;);;} at the point x. Set T = max; ,(;(x)). Pogorelov’s

I .
condition can be stated as (”n;l)2<k—'> T < ming: g,. Note that at any max-

1
imum point of g, it yields (%)Z(k—l) maxg: g < ming: g;. This puts the
restriction on g, that ¢ is close to a constant.
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