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1. Introduction

The classical Brunn-Minkowski theory for convex bodies was developed from a
few basic concepts: support functions, Minkowski combinations, and mixed vol-
umes. As a special case of mixed volumes, the Quermassintegrals are important
geometrical quantities of a convex body, and surface area measures are local ver-
sions of Quermassintegrals. The Christoffel-Minkowski problem concerns with the
existence of convex bodies with prescribed surface area measure, for details please
refer to [17,3,8,18].

In 1962, Firey [5] generalized the Minkowski combination to p-sums from
p = 1top > 1. Later, Lutwak [13,14] showed that Firey’s p-sum also leads to a
Brunn-Minkowski theory for each p > 1. This theory has found many geometry
applications, see for example, [16] and its references. It was also shown in [13]
that the classical surface area measures could be extended to the p-sum case. So
it is natural to consider a generalization of the classical Christoffel-Minkowski
problem for each p > 1. The generalized Minkowski problem has been treated in
[13,15,7,4]. In this paper we study the remaining case, which may be called the
Christoffel-Minkowski problem of p-sum. First we introduce some notations and
relevant results.

Let K™+ denote the set of convex bodies (compact, convex subsets with
nonempty interiors) in Euclidean space R"**, and let ICS+1 denote the set of convex
bodies containing the origin in their interiors. For K € K", let hyx = h(K,-) :
S™ — R denote the support function of K, and let Wy (K), W1 (K), ..., W41 (K)
denote the Quermassintegrals of K (see, for example [18]). Thus Wy (K) = V(K),
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the volume of K and W,, 1 = V(B) = w,, 11, where B is the unit ball in R"*!,
For each Firey p-sum, Lutwak [13] defined the mixed p-Quermassintegrals by
1—k Wi (K - L) — Wi (K
an TRy k) = i DU e D) = WilK)
p

e—0+t €

where K, L € Kt  and k = 0,--- ,n. When p = 1, W, (K, L) is the usual
mixed Quermassintegral and will be denoted as Wy (K, L). According to [13],
W x. has the following integral representation:

1

(1.2) Wy (K, L) = T

/ R(L,w)Ph(K,u)'"PdS, (K, u)
Sn

forall L € ICSH, where S, (K, u) is the (n — k)-th surface area measure of K.
We say that K is of class Ci if 0K is a C? hypersurface with (everywhere) positive
principal curvatures. From the theory of convex bodies and differential geometry
(see for example [18] and [19]), we see that in this case

(1.3) dS,—k(K,:) = Sn—k(hij + 5ijh)dw.

where dw is the Lebesgue measure on S, h is the support function of K, h;; is the
second covariant derivative with respect to local orthonormal frame {e1, s, ..., €, }
on S™ and S,,_(h;j + 0;;h) is the (n — k)-th elementary symmetric function of
the eigenvalues of (h;; + d;;h). This leads to

Definition 1. Foreachp > 1 and K € IC;H‘I of class Ci, we call
hlipsk(hij + (S”h)
the k-th p-area function of K.

For each Firey’s p-sum, one can consider the problem of prescribing the k-th p-
area function of a convex body. In the smooth category, it reduces to the problem
of finding the convex solutions to the nonlinear elliptic equation

(1.4) Sk(uij + diu) = uPf on S"
where the convexity means
(1.5) (uij + d;5u) >0 on S™.

When p = 1, this corresponds to the classical Christoffel-Minkowski problem [18].

Lutwak [13] is the first to study the generalized Minkowski problem for p > 1.
He proved existence of a unique solution X € K" with h(K, u)'~?dS, (K, u) =
du(p # n+1), where 1 is a given even positive Borel measure on S™ which does not
concentrated on a great sphere of S™. The regularity of the solution was proved in
[15]. Recently, K.S.Chou and X.J.Wang [4] and P.F.Guan and C.S.Lin [7] dropped
the evenness assumption for p > n + 1 in the smooth category. In [7] they got

n—1

partial smoothly results for 5= < p < n + 1. Moreover the weak solution for

—n — 1 < p < n+ 1 was obtained in [4].
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In the present paper we study the existence of convex bodies of prescribed the k-
th p-area functions for 1 < k < n.For a positive function f € C™(S™) (m > 2),
we say that f is spherical convex on S™ if the spherical hessian (f;; + 0;; f) is
positive semidefinite on S, where subscript denotes covariant derivative in a local
orthonormal frame field on S™.

Theorem 1. Let1 < k <nandp > k+ 1.

(i) Whenp > k+ 1, forany 0 < f € C™(S™)(m > 2), if fﬁﬁ is
spherical convex on S, then there exists a unique convex body K € ICSL'H with
C™th9(0 < a < 1) boundary OK, such that its k-th p-area function equal to f.

(ii) Whenp = k+ 1, forany 0 < f € C™(S™)(m > 2), ifffﬁ is spherical
convex on S™, then there exists a unique positive constant vy and a unique (up to
dilation ) convex body K € K§" with C™+12(0 < a < 1) boundary 0K, such
that its k-th p-area function equal to v f.

Theorem 1 is main result in this paper. To prove theorem 1, we write equation
(1.4) as

(1.6) Sk (uij + diju) = uP° f on S",

where pg = p — 1. This is a Hessian equation, so it is more natural to consider
the existence of admissible solutions (see Definition 3 below). The following two
theorems deal with the existence of admissible solutions of (1.6). First we treat the
case pg > k

Theorem 2. Let 1 < k < n. If po > k, then for any positive function f €
C™(S™)(m > 2), there is a unique positive admissible solution of (1.6 ) which
satisfies

(1.7) [l omsia (S™) < C.

where 0 < o < 1 and the constant C' depends only on n,k, o, po, mingn f,
[1fllcm (sm)-

For the case py = k, we adapt the technique in [7] to obtain

Theorem 3. Let 1 < k < n and py = k, then for any positive function f &€
C™(S™)(m > 2), there is a unique positive constant v such that the equation

(1.8) Sk(uij + 0iu) = uF~ f on S".

has a positive admissible solution, which is unique upto a dilation.

We remark if f is analytic, then the solutions above are also analytic. The admissible
solutions above are in general not convex. In [8] P.F.Guan and X.N.Ma used ideas
in [1] and [11] to prove a full rank theorem for the classical Christoffel-Minkowski
problem. The corresponding version for the p-sum case is the following
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Theorem 4. Consider the equation
(1.9) Sk(uij +5i(7u) =uPof on S",
where p, > 0. Suppose a positive C* admissible solution u satisfies

(1.10) (uij + 5iju) > 0.

. . .
Then if f~ *tro is spherical convex, i.e.

((f_’“ﬁ”o)ij +6z’jf_k+lm> >0,

the matrix (u;j + d;5u) is positive definite.

With the help of the full rank theorem, we can prove the admissible solutions
obtained in Theorems 2 and 3 are strictly convex (i.e. (u;; + 0;;u) is positive
definition) under the assumptions in Theorem 1.

This paper is organized as follows: in Section 2 we state some notations and
preliminary results needed in this paper. We prove the a priori estimates for a
positive admissible solutions of equation (1.6) in Section 3. Theorems 2 and 3 will
be proved in Section 4. Finally in Section 5 we sketch the proof of our full rank
Theorem and prove Theorem 1.

Acknowledgement. The first two authors would like to thank professors B.Guan and P.F.Guan
and X.J.Wang for their kindly encouragement. The authors thank the referees for his help.

2. Preliminary

In this section we state some definitions and basic properties of elementary sym-
metric functions, which are needed in this paper.

Definition 2. For 1 < k < nand A\ = (\,--- ,\,) € R", the k-th elementary
symmetric function is

Q2.1) Sk = D A A
1< <ip
whereiy,--- iy € {1,--- ,n}.Let W = (W;;) be a symmetric nx nmatrix. We set

Sg(W) = S(A(W)), where A\(W) = (A (W), -+, A\n(W)) are the eigenvalues
of W. We also set Sy = 1 and Sy, = 0 for k > n.

Definition 3. Let S be the set of all n x n symmetric matrices. For 1 < k < n,
denote

2.2) [, ={WeS8S:8(W)>0,-,S(W) > 0}

If u € C?(S™) is the solution of (1.6), we say u is an admissible solution if
W(x) = (uij(z) + 0i;u(z)) is in I}y, for each x € S™.

The sets [}, are open convex cones and satisfy [ 41 C I foranyk =1, --- ,n—1.
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Proposition 1. Let W = (W;;) be an x n symmetric matrix, let G(W) = Si(W)
for some 1 < k < n. Then the following relations hold.

Se(W) = il Z 5(its - iks g1 k) Wingy - Winje
i1, i =1
Jtee gn=1
oG
G’ (W)
MWag
1 . S
= (k;—l)! Z 4( 104 i1y k=13 By J1s s Je—1)Wing Wiy
ik
Jl’ - 11 1
2
Gij,rs - 8 G
OW,;0W
1 . . .
= (k_z)l Z 5 Z )T 117 s k—25 758,015 ‘7]k72)W1’1j1' ' 'Wik,gjk,gy
Zk =1
J17 Jk— 2 1

where the Kronecker symbol §(I;J) for indices I = (i1, ,im) and J =
(1, jm) is defined by

1, iflis an even permutation of J ;
0(I; J) = ¢ —1, if Lis an odd permutation of J;
0, otherwise.

Let Sk (A]¢) denote Si(A) in which \; = 0. We have the following identities in:
Proposition 2. Foranyk=0,--- ,n,i=1,--- ,nand A\ € R"

0Sk41(N) .
T = Sk(Al4),

Sk()\) = Sk<)\|i) + /\Z'Skfl()\ﬁ),

Z Se(Ai) = (n — k)Sk(N),

Z AiSk(Ai) = (k4 1)Ski1(N).

Also we need the following

Proposition 3. Let A € Iy, for some k € {2,--- ,n}, thenforany0 < h <k —1,
and 1 <1i < n, Sp(Ali) > 0. Therefore \; < S1(A\) for1 < i <n.

The refined Newton-Maclaurin inequality is crucial to our a priori C estimates.

Proposition 4. ForV\ € I, and k>r, 1 >s k—1>r—s>0, we
have

SCL1FT[8.05]7F
23 nl g o | T
> el <[5e)
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Proposition 1 and 2 are standard. We refer the readers to [10,7] for Proposition 3
and 4.

3. A priori estimates for positive admissible solutions of (1.6)

In this section we get the a priori estimates for positive admissible solutions of the
Hessian equation (1.6).
The C° estimate is easy.

Lemma 1. Suppose py > k. If u > 0 is an admissible solution of (1.6), then

k k
3.1 L < wPo—Fk < L
mazgn f mingn f

When py > k, (3.1) gives a C° estimate for admissible solutions of (1.6).

Proof. Let zy be a maximum point of u. Choose a local orthonormal frame field
{e;} such that (u;;) is diagonal at x(, namely,

(Uij + (5iju) = diag(u + ULl ey U+ unn)
then at xg, u;; <0, = 1,...,n. Since u is admissible, by the Newton - Maclaurin
inequality (2.3) we have

k
S si\" |1 " N
g = () =[] =
So
ulo f < u® C,’f.
which asserts the second inequality. The first inequality is obvious. a

Now we utilize the C? - estimate to get an uniform C' estimate for the case
po > k.

Lemma 2. Suppose pg > k. If u > 0 is an admissible solution of (1.6), then
there exists a positive constant C which depends only on n, k, and maxgn ‘vff ‘
(independent of py) such that

[Vl
max
S u

<C.

From Lemma 2 we get a Harnack inequality for positive admissible solutions of
equation (1.6) when py > k.

Corollary 1. Let p, > k. There is a constant C' > 0 depending only on n, k, and

\fo ‘ (independent of po) such that

maxgn

maxgni
— < C.

mingnu

Now we begin the proof Lemma 2.
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Proof. Write equation (1.6) as
(32) Sk(le) = upof on Sn,

where pg > k and W;; = u;; +d;;u. For any positive admissible solution u, denote
v = logu, then (3.2) becomes

3.3) Sk(Uij + vv; + 5@') = e(po_k)vf on S".

Let P = \Vv|2, and suppose g is a maximum point of P, choose a local orthonor-
mal frame field such that at z,,

Vv =wve1,v1 > 0.

Since at xg, P, = 0and P;; <0 (i =1,---,n). It follows that
(3.4) D v =0 de v =0, Vi
j=1
and
1 n
(3.5) gPi =D v+ Zw“ <0.
Jj=1 7j=1
From (3.4) we may rotate es, - - - , e,, such that (v;;) is diagonal at z, there-

fore (a;j) = vij + vivj + 8;j = diag(l + v}, 1 + vag, -+, 1 + vpy,) =
diag(A1, -+ An).
In what follows our calculations will be done at xy. Since the solution u is

admissible so the matrix (a;;) € I, . Denote F"/ = ds’“(a”) , then Z FUPp,
7,7=1
0, from (3.5) and the following Ricci identity

Vjii = Viji = Viij + UsRsiji = Viij + vs (050 — 05i055) = Vigj + vj — 0045,
we have
(3.6) ZF% + Z Fig a0, + 03 ZF <0.
i,s=1

Differentiating (3.3) in direction e and contracting with v, we get

3.7 i Flvgvs = [(po — k)02 f + vy fr]ePo—Fv,
i,s=1
From (3.6)—(3.7) and the fact py > k, we obtain

(3.8) v Y F 4 fre@omhv <o,
=2
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By Proposition 2 and 3,

Z Fii= Z Sp—1(Mi)=(n — k +1)Sp_1(A\)—=Sp_1(A|1)>(n — k)Sp_1(N).

Furthermore, by the Newton-Maclaurin inequality

3 S () % B e(p[) k)v E
Sk-1(A) > Cp 1[ g(,’j)] =Ch 1{054 .
So (3.8) implies
(n— k)k [eo=bv 17% p
. — <
3.9 U TR o -I-f_O

Noting that e = w is an admissible solution of equation (1.6), by (3.1) we get

k(n —k) IV f]
— <
U 1 o f(

=

mazxf
manf

).

: i [V
Since 2~ + can be controlled by maxgn

7,50
4%
Vel < Clon, kg 2

The proof is complete.

O
In the following we will get C? estimates for positive admissible solutions of
equation (1.6) under the assumption pg > k£ > 2. Since for k = 1 (1.6) is semilinear
elliptic equation, the C° and C"! estimates implies high order derivative estimates.
Let u > 0 be an admissible solution of equation (1.6) for pg > k, let
U= %7 where [ = mingnu.
Then (1.6) can be written as

(3.10) Sk (it + 045) = AP f,

where f = [P0~k f By (3.1) we have

S i< e,
max f min f
minu = 1,

“po—k < max f

~ minf’
Define B
H

G=—
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Lemma 3. Suppose pg > k > 2. There is a positive constant C which depends
only onn, k, maxgn \fo ‘ , maxgn %, and pg such that for any positive admissible

solution u of (1.6)

maxgnG < C.
Furthermore, if k < po < k + 1, C is independent of py.
Proof. Write equation (3.10) as

@3.11) F(W) =@,

1 ~ ~ ~ ~
where F' = SF, W = (W;;), Wy; = tij + 0ijii, 0 = 2, and ¢ = f*.
At a maximum point x,, of G,
VH Vi

(3.12) T and  H;j < Gilyj.

Choose a local orthonormal frame field {e;} such that W = (W;;) is diagonal at

. oF -
Zo. Denote 7 = ——, then (F*?) is also diagonal at x( and
ij

Fii: %Sj_l()‘)skfl()‘“)» (7’:17 ,TL),

where A = (A1, Ag, ..., A, ) are the eigenvalues of W. In what follows our calcula-
tions will be done at x,,. By (3.12)

(3.13) Y FUH; <Gy Flu,.
ij ij
Commuting the second derivatives,

(3.14) > FUH; = Fi'Wiw+HY F"—ni’p.
ij ik i

Differentiating (3.10) along e, twice, and by the concavity of F', we get

> FiWink > o(o — )i 2|Vi[*¢ + oi” ' ¢H — noi” ¢
ik
(3.15) +200° IV - V@ + 1T A,
Combining (3.13)—(3.15) we have
GY Fliy > HY F"—n(o+1)i°¢ + oo — )i | Vi [*¢
17 [

(3.16) + 0’ \QH 4+ 200° Vi - V@ + 07 Ap.
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On the other hand
G Fliy=GY FI(Wi; —b;)
ij ij

:GF-@GZF“

~ |

We—HY F".
Inserting this into (3.16), we get
0>2HY F'+(0-1)a" '¢H — n(l +0)i°¢
[

(3.17) + o(o — 1)@ 23| Vi |> + 2007 ' Vi - V@ + 07 Ag.

Notice that

- 1 1_ )
S Fi = Sk )Y Sea(Ald)
_ TL—:+IS$()\)SIG_1()\)

Sk(N)
k1, Siea(Y)
k LAV

Inserting the above relation into (3.17) and then divided by @7, we obtain

(n—k+1)Sk1(\) H

0> 2°—r Sk(A)f{—l—(a—l)u—n(l—i—a)
(3.18) +a(a—1)‘vﬁz 2+20—V;‘.V;+?.
By Lemma 2 and notice the relations:
Vau Vu Vg VfUE AG  AfYUE
5w %~ ik and 5 = i
we can write (3.18) in the following form:
(3.19) 2("_:“) Sgk(lx)ﬁjt(a—l)g < oer + e,
where ¢; ~ (n, k, maxgn IfoI) and ¢y ~ (n, k, maxgn Ivffl,maxSn ‘Aff‘).

Now we treat the first term in (3.19). First we have

’12‘7_14)5 = (%)pogk (lpo—kf)% — upoz;k fl/k’.
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where ¢g ~ (n, k, maxgn |vff|
cOG% — (0 -1)G <ogc1 + ca.

On the Christoffel-Minkowski problem of Firey’s p-sum
By equation (3.11) and the above formula,
H  aG G G
(3.20) T ST s = sk .
Taking! = 1,7 = k—1, and s = 1 in the refined Newton-Maclaurin inequality
(2.3) gives
~ 1
Sk— H#=1
G > cln k)~
k SF1
Hence from (3.20), we obtain
S A7 7\
Ml > c(n, k)—— =c(n, k) ( 1)
Sk S}:-—l S k
=
G =
(3.21) =c(n, k) | —=
u- & fl/k
By Lemma 1
IS ok < furo—h < 0 o
mazx f manf
It follows that
Sk—1(A) ~ k
3.22 ——F——=H > cyGFT.
(3.22) A Co
). Now (3.19) and (3.22) imply

So we finish the proof of this Lemma.
From the above Lemmas we have the following a priori estimates.
Corollary 2. Suppose py > k. Then there is a constant C' > 0 depending only
V1 maxgn ‘Af—fl, and po such that for any positive

on n,k, ming» f, maxgn 7
admissible solution u of (1.6),
lulls < C:
If k < py < k + 1, then there exists constant C' depending only on n,k,
(independent of po) such that for any positive admissible

maxgn \fo\’ maxgn |Aff|
solution u of equation (3.10),
lills < C.

Proof. We prove the first formula since the other is similar. When k = 1, equation
(1.6) is semilinear so the a priori estimates follow from standard elliptic theory. For
O

k > 2, it is a consequence of Proposition 3 and Lemma 3.
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4. Proof of Theorem 2 and Theorem 3

We want to solve equation (1.6) in the class of positive admissible solutions. For
the case py > k, the following proposition shows that the linearized operator of
(1.6) is invertible at any positive admissible solution, so we can use the continuity
method to obtain Theorem 2. For py = k we shall use approximation to get the
existence.

Lemma 4. Let u > 0 be an admissible solution of (1.6) and py > k, then the
linearized operator L., has trivial kernel.

1
Proof. Let W;; = u;; + 0i5u and F' = S, then I is homogeneous of degree one
about W;;. Write equation (1.6) as

(41) F(WZ]> = u"<p7

whereo = £, p = f % . The linearized operator of (4.1) is:

42 Lu(v)= Y FY - (v +6i50) — ou” v,

ij=1

where F = 9 Since w is an admissible solution, the matrix (F*/) > 0. As in
ij

[2], let v = uw, then (4.2) can be written as
L,(v) = (1 — o)u”pw + 2FYww; + uF"w;;.
Suppose L, (v) = 0, then
uF9w;; + 2F7uw; + (1 — o)upw = 0,

where o > 1. At a maximum point of w, (w;;) < 0, (F¥) > 0 and w; = 0, we
get -
0> uF“w;; = (0 — 1)upw,

so maxgn w < 0. At a minimum point of w, similar argument shows that
mingn w > 0. Thereforew =0 on S™ ie.v =0.This proves KerL, = 0.
O

Now we begin the proof of Theorem 2 via the continuity method.
Proof. For 0 <t < 1, consider the family of equations
Sk (uij + 0i5u) = uP° fy (*¢)
where f; = (1 —t)CF +tf. Let
I={tj0 <t <1 s.t.(x;) has positive admissible solution }

Obviously, v = 1isthe solution of (xg),so I # (). The openness of I comes from
implicit function theorem, Lemma 4, Schauder theory and Fredholm’s alternative.
From Corollary 2 in Section 3 we can get an uniform C? estimate (with pg fixed) for
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positive admissible solutions for (x; ), so it is uniform elliptic for positive admissible
solutions. From the Evans — Krylov’s theory [9], we can get higher order estimates.
Therefore, I is closed. So we get the existence part of Theorem 2.

Now we prove the uniqueness of positive admissible solutions of (1.6). Suppose
u and v are two positive admissible solutions. Write (1.6) in the form (4.1). If u # v,
then we may assume that v < v in a neighborhood O of some point zy. Choose a
positive constant p > 1 such that pu > v in O and pu(zg) = v(xp). Let w = pu,
then w — v > 0in O and (w — v)(xg) = 0. Define

u' = (1 —t)v+tu
and denote
Ut = (u;&] + 5Z-jut) = (1 - t)V + tW,

where V' = (v;; + 0;;v) and W = (w;; + 6;w). Since w and v are admissible
solutions, we have V € [}, and W € I7}. Since I} is a convex cone, we have
Ut € I},. Thus

(FY(U")) >0

. as;

%] ) — k
where (F™7 (U")) UL
Let f(t) = F(U"), then

4.3) F(W)— F(V) = / F1(t)dt
0

=50 [ Fiwha (s )+ 6o - o)
ij=1 \

On the other hand, by equation (4.1)
(4.4) FW)—-F(V)=p""w ¢ —v7¢p.
1

Denote a;; = [ F¥(U")dt, then (a;;) > 0. From (4.3) and (4.4) we get
0

@5 (p 7w —v7) = Zaij (wij —vij) + (Z an‘) “(w—w).
ij i
Since xg is a local minimum point of w — v > 01in O,
(wij — Uij) Z 0 at Zo,
and the right side of (4.5) is nonnegative at z. But at z,,
(p'77 = (o) ¢(0) <0,

a contradiction. O
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When pg = k, equation (1.6) is dilation invariant and we can not get the C°
estimate as in the case py > k. Furthermore, the linearized operator of (1.6) is
not invertible and the openness is false in this case. Therefore we can not use the
continuity method. It turns out that the method in [7] is effective for our purpose.

Proof of Theorem 3. Now we consider the equation
(4.6) Sy (uij + 6i5u) = uF f.
For Vr € Z %, let u” be the solution of

4.7) Sk(uij + 0iju) = ubr .

We normalize u" by setting :

where [,, = minu", L, = maxu”. Now @ satisfies the equation

4.8) ety + 0ija) = {a}r+ f,
with f, = li/rf . From (3.1) we have
k k
4.9) Cnprcpyrg On
max f minf
and
I w7 I
< < ’
masz” <frs minfC”’

maz f, mazx f

minﬁ minf’
Afr  Af
oo

By Corollary 1 and Corollary 2, there is a constant C' independent of r such
that

|||z < C.
By the Evans-Krylov and Schauder theory,
[@" |gm+1.a < Crmti,as
with C),41,« independent of 7. So there is a subsequence r; — oo such that
' —u m cmthe(gmn),

and
1

ZTJJ Vs
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for some positive constant y. By (4.9)

k k
n S ’7/ S QTL .
mazxf minf

Therefore u satisfies the equation
Sk(uij + 62]u) = ’U,k’)/f on S™.

This proves the existence part of Theorem 3.

The uniqueness upto a dilation is similar to the uniqueness part in Theorem 2.

Sk (uij + 6iju)
uk

Finally we prove the uniqueness of ~. Let M (u) = . Suppose

I791,v and ' >0, u?>0,suchthat

Sy +65u%) = () f,  s=1,2.
We may assume that y; > 2. So
(4.10) M(u') = M(u?) = (71 —72)f > 0.

Since M is invariant under scaling, we may assume u! < u?, and u!(zg) =
u?(z0) at some point g € S™. Let

ut =tu' + (1 —t)u?, and M, = M(ub).

Then
(“ﬁj + 5ijut) (u + 61]“ )+ (1 —1)- (“ + 513“ )-
We have
d
4.11) M(u') = M(u?) = | —Mdt.
On the other hand,
i B i Sk(uﬁj + 5ijut)
e ' dt (ut)?
GVt =)y 4 0wt — )] kSk(uty; + biut) (' —?)
()t ()
GZJ 1_ (% o
_ (ut —u?),, iy > Gt — kS, (b —?),

t\k k+1
(u) (ut)"*
where G = aS = Since u” is admissible and I, is a convex cone, we have

(GYYy>0 for 0<t<I.
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Denote
1 ais
QA5 :/ p kdt’
/ ()
P Gll
o RO kS,
+1
/W)
Then (ai;) >0 and (4.11) can be written as
M(u') — Za” ut,u?) - (ut —u? )ij—i-c(ul,uQ).(ul—uQ).

Atzo, ((u' —u?);;) <0, thus 3 ag;(u' — u?);; < 0. This means that at o,
ij

M(u') — M(u?) <0,

which contradicts to (4.10). Thus we finish the proof of Theorem 3.

5. Proof of Theorems 1 and 4

In this section we will generalize Guan-Ma’s deformation Lemma [8] to equation
(1.6), then similarly to their proof we can get Theorem 4. Combining Theorems
2, 3 and 4 we shall prove Theorem 1. The idea of Theorem 4 comes from [1,11]
and [8]. We follow the notations [8] with the exception that we denote the symbols
FoB in [8] as G*P.

Lemma 5. Let O C S™ be an open subset. Suppose v € C*(O) is a solution of
(1.6) in O, and the matrix W = (W;;) = (u;; + 0;;u) is positive semidefinite.
Suppose there is a positive constant Cyy > 0, such that for a fixed integer (n — 1) >
1>k S (W(x)) > Coforallzg € O. Let g(x) = Si41(W (z)) and let T(x) be the
largest eigenvalue of{—(ffﬁ) - 6Z-jf7’°+]70 }. Then there are constants Cy, Cs
such that differential inequality

6DZ@”¢M>Wmmmfmw%%wwwmwm

holds in O, where the G*P as in Proposition 1 .
Remark 1. When py = 0, (1.6) is just the equation considered in [8] and Lemma 5

is the deformation Lemma proved there.

Sketch of Proof. Following the notation of Caffarelli and Friedman [1], for two
functions defined in an open set O C S™, y € O, we say that h(y) < k(y)
provided there exist positive constants ¢; and co such that

(h=k)(y) < (a1 Ve| + c20)(y).
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We also write h(y) ~ k(y) if h(y) < k(y) and k(y) < h(y). Next, we write h < k
if the above inequality holds in O, with the constant ¢, and ¢y depending only on
llullcs, |l¢]lc2, n and Cy (independent of y and O). Finally, h ~ k if h < k and
k < h.We note that we use G*’to stand for ' in [8]. Following the arguments of
[8] step by step, except that replacing ¢ by uP° f, we can get the following relation
(which corresponds to (4.29) in [8]):

n o 2
(52) Y GPhap <~ SiI(G) > {(u%f)“ - % W) _ kuPOf} .

Po
a,3 i€B u f

Computing the right hand side of (5.2), noticing that for: € B, W;; ~ 0implies
w;; = Wi —u ~ —u, Vi € B, we have

o k+1 (Upof) o rg o | 1 fz

Here we have used Schwartz inequality to part the "cross term":

Lo Po - Po 17
20 —uPo—1 i < (1 ) Po—2 i2 Po i
o U ui fi < po +k uPo ™%y f+/<:2(1+pk°)u 7

Notice that
53) (%), = af* {(‘”}W " fu] -

Leta = e +k, then (5.3) reads

—mxw]:_l —m@nP< 1)3 l
[f ” p0+7<1f 1+po+lC f i

K22

So
o (15 ) 2 - ]
po-l—k f % Do
—~(po + Ry fHER [ (70 )
combining these formulas we get (5.1). a

The same argument as in [8] gives the following
Proof of Theorem 4. Suppose © > 0 is an admissible solution of equation (1.6)
with positive semidefinite spherical hessian W = (u;; + d;;u) on S”, if

S N, . .. _

f PoT* is spherical convex on S™, from Lemma 5, strong minimum principle

and Minkowski integral formula [18], we know W is positive definite on S™.
Now let’s prove the main theorem in this paper.

Proof of Theorem 1. Let’s begin the case p > k + 1,1i.e. p, = p — 1 > k. For any
positive f € C™(S™), m > 2 we consider the equation

(5.4) Si(uly + oiut) = ()" 1, (%)
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where pg =p—1,0<¢ < 1and

—(po+k)
fo= | —0Ck 4efmm]|

It is obvious equation (x1) is equation (1.6). Suppose that f “EE s spherical
1

convex , then ft_ [ERLET spherical convex for every 0 < ¢t < 1. Theorem 2 assures

the existence of positive admissible solution u’ of equation (5.4). Notice that the
solution of (*¢), u = 1 is strictly spherical convex. We claim that forall 0 < ¢ < 1
, the solution w? is strictly spherical convex. In fact, if the claim is not true, there
would be some ¢y € (0, 1] such that u! is strictly spherical convex for 0 < t < ¢
but u!o is not strictly spherical convex. By the a priori estimate for u!, u® is
positive semidefinite , but the Theorem 4 asserts that 1 is positive definite. This
contradiction proves the first part of Theorem 1.

Now we prove treat the p = k.

Our method is similar to the proof of Theorem 3. First suppose f~ o s strictly
spherical convex. For any natural number r € N, consider the equation

5.5) Sk(uij + 6iju) = uk+%f

_ 1
It is easy to see that when r is large, f 2**+ is also strictly spherical convex.
According to (i), equation (5.5) has strictly spherical convex positive solution u (™).
As in the proof of Theorem 2, let

u

") = with 1, = mingnu(").

T

Then @(") is strictly spherical convex and satisfies the equation
Si(i 4 6;510) = @ f,

~ 1
where f, = [ f. By similar argument as in Theorem 2, we can get a subsequence
of {@(")} converges to a function u (in C™+1:®) which satisfies equation

Sk(uij + diju) = uF~ f on S™.

Furthermore, w is spherical convex. Since f ~o% is spherical convex, then as in (i)
it follows that w is strictly spherical convex and we get the result.

If f~ o is just spherical convex, we can construct a sequence of positive func-
tions fs(s = 1,2,---) such that it converges to f in C™(S™) and fs_% is strictly
spherical convex. For every f, consider equation (5.5), and repeat the above argu-
ment, we can get a sequence of positive solutions v(*) which are strictly spherical
convex, and satisfies the equation

Sk (vij + 6i5v) = VP f.

By Corollary 2, we can get a subsequence such that v®) — v and  ~, — 7,
with v being spherical convex and

Sk(vij + 5ijv) = ’Uk’}/f.

Now the same process in (i) implies that v is strictly spherical convex, and we get
the existence part of (ii). The uniqueness has been proved in Theorems 2 and 3.
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