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1. Introduction

The convexity is an issue of interest for a long time in PDE, it is intimately
related to the study of geometric properties of solutions of general elliptic partial
differential equations. A beautiful result of Gabriel [18] states that: the level sets
of the Green function in three convex domains are strictly convex. Makar-Limanov
[35] considered equation

(1.1) Au = =1 in Q,
u = 0 on 09,

in bounded plane convex domain 2. By an ingenious argument involving the max-
imum principle, he proved that +/u is concave.

In an important article by Brascamp-Lieb [9], they established the log-concavity
of the fundamental solution of diffusion equation with convex potential. As a conse-
quence, they proved the log-concavity of the first eigenfunction of Laplace equation
in convex domains and the Brunn-Minkowski inequality for the first eigenvalues.

For the case of dimension two, another proof of Brascamp-Lieb’s result was
found in Acker-Payne-Philippin [1]. It was observed that the function v = logu
satisfies the following equation,

(1.2) Av = —(A+|Dv*) in Q
v — —oo on £
If we let v = y/u in (1.1), then it satisfies equation
(1.3) vAv = —(1+|Dv[?) in
v = 0 on Q.

The second author [34] gave a new proof the concavity of the function v when
is a bounded convex plane domain, moreover he obtained a sharp estimate on the
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116 PENGFEI GUAN AND XI-NAN MA

lower bound of the Gauss curvature of the graph of v in terms of the curvature of
09Q. But the methods in [1] and [34] are restricted to two dimensions.

In [30, 31], Korevaar studied the convexity of the capillary surface. He intro-
duced a very useful maximum principle (now named Korevaar’s concavity maxi-
mum principle) in convex domains. Under certain boundary value conditions, he
established convexity results for the mean curvature type equations. New proofs of
the log-concavity of the first eigenfunction of convex domains were also given by
Korevaar [31] and Caffarelli-Spruck [13]. Their methods were developed further
by Kawohl [28] (for the intermediate case) and by Kennington [29] to establish
an improved maximum principle, which enables them to give a higher dimensional
generalization of the result of Makar-Limanov [35]. Recently, Alvarez-Lasry-Lions
[5] found a new approach for the convexity problem and they treated a large class
fully nonlinear elliptic equations.

In a fundamental work of Singer-Wong-Yau-Yau [43] and Caffarelli-Friedman
[10], they devised a new technique to deal with the convexity issue via homotopy
method of deformation. Caffarelli-Friedman [10] establish the strictly convexity of
level sets of solution of the following equation in two dimension:

(1.4) Au(z) = f(u(z)), xz €Q,
u = 0 on 0f.

Their result was generalized by Korevaar-Lewis [33] to higher dimensions. This
deformation approach (see also [32] for the earlier contribution of Yau related to
this development) is very powerful, it is the main inspiration for our discussion on
the convexity problem of some nonlinear elliptic equations in classical differential
geometry in the next sections.

2. The Christoffel-Minkowski problem

In this section, we consider fully nonlinear differential equations on S™ associ-
ated to the intermediate Christoffel-Minkowski problem. The Minkowski problem
is a problem of finding a convex hypersurface with the prescribed Gauss curvature
on its outer normals. The general problem of finding a convex hypersurface M with
kth symmetric function Sy of principal radii prescribed as a function of ¢ on its
outer normals is often called Christoffel-Minkowski problem, where Sy is defined as
follows.

DEFINITION 1. For A = (A1, -+, Ap) € R™, Sk(\) is defined as
Se(N) =D Aiy iy,

where the sum is taking over for all increasing sequences iy,...,ix of the indices

chosen from the set {1, ...,n}. The definition can be extended to symmetric matrices.

The support function u of a convex hypersurface M satisfies the following
nonlinear elliptic Hessian equation (e.g., [21]):
(2.1) Sk({uij +udsj}) =¢ on S",

where u;; are the second order covariant derivatives with respect to any given local
orthonormal frame {es, €2, ..., e, } on S™. Since M is convex, u satisfies the following
converity condition:

(22) (uij(x) + u(m)éw) >0, Vz € S".
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CONVEXITY SOLUTIONS OF FULLY NONLINEAR ELLIPTIC EQUATIONS 117

In what follows in this section, a function u € C?(S") is called convez if u
satisfies (2.2). For 1 < k < n, define

Iy = {)\ e R™: Sl(/\) > 0,..., Sk(/\) > 0}

A function u € C%(S™) is called k-convex if the eigenvalues of W(z) = {u;;(z) +
u(x)d;;} is in 'y for each z € S™. w is called an admissible solution of (2.1) if it is
k-convex. u is convez if and only u is n-convex.

We first note that

(2.3) / zip(z)dz =0, i=1,...,n+1,

is a necessary condition for (2.1) to be solvable (e.g., see [41, 21]).

At one end k = n, equation (2.1) corresponds to the Minkowski problem. By
the work of Nirenberg [36], Pogorelov [39, 41] and Cheng-Yau [14], (2.3) is also
sufficient in this case. But when 1 < k < n, the natural solution class for this of type
equations is much larger than the class of convex functions. Hence the major issue
is to find conditions for the existence of convez solutions of (2.1). At the other end
k =1, equation (2.1) is linear and it corresponds to the Christoffel problem. The
necessary and sufficient conditions for the existence of a convex solution can be read
off from the Green function [17]. For the intermediate cases (2 < k <n-—1), (2.1)
is a fully nonlinear equation, Pogorelov in [41] found a sufficient condition for the
existence of convez solutions. But it is rather restrictive (see remark 5.5 in [26]). In
[26], we introduced a general sufficient condition for the solution of the intermediate
Christoffel-Minkowski problem. We deal with the problem via continuity method
as a deformation process together with strong minimum principle to enforce the
convexity.

DEFINITION 2. Let f be a positive C1'! function on S™ satisfies (2.3), Vs € R,
we say f is in Cs if (f; + 6i;f°) is semi-positive definite almost everywhere in S™.

The following full rank theorem was proved in [26].

THEOREM 1. Suppose u is an admissible solution of equation (2.1) with semi-
positive definite spherical Hessian W = {u;j +ud;;} on S™. If p € C_1, then W is
positive definite on S™.

As a consequence, an existence result can be established for the Christoffel-
Minkowski problem.

THEOREM 2. Let ¢(x) € C 1, then Christoffel-Minkowski problem ( 2.1) has

a unique convex solution up to translations.

Theorem 2 was first proved in [26] under further assumption that ¢ is connected
to 1in C_ 1. It turns out this extra condition is redundant as C_ 1 is indeed
connected. This fact was first proved in the joint work of Andrews and the second
author [7] via curvature flow approach. More recently, this fact was also verified
directly by Sheng-Trudinger-Wang [42].

The proof of Theorem 1 relies on a deformation lemma for Hessian equa-
tion (2.1), a fully nonlinear version of the results of Caffarelli-Friedman [10] and
Korevaar-Lewis [33]. This type of deformation lemma enables us to apply the
strong Maximum Principal to enforce the constant rank of (u;; + ud;;) on S™. The
proof of such deformation lemma in [26] relies on some delicate algebraic structure
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118 PENGFEI GUAN AND XI-NAN MA

of Sx. Theorem 1 was subsequently generalized to Hessian quotient equations in
1

[27]. All these results point to a general phenomenon, as we observe that —S, * is

concave. The following general convexity principle was established recently in [11].

THEOREM 3. Let f be C? symmetric function of homogeneous degree —1 defined
on a symmetric domain ¥ C Ty in R™. Let U = {A € Sym(n) : A\(A) € ¥}, and
define F : & — R by F(A) = f(MA)). Suppose F(A) = —F(A™1) is locally
concave on the positive definitive matrices, fx, = g—/{: >0. If0 > g€ C%S") and
g(z) is concave in R"*! after being extended to R™! as a function of homogeneous
function of degree 1, if u is an admissible solution of the equation on S™

(2.4) F(u;; +uds;j) = g,

with (ui; +ud;;) semi-positive definite on S™, then the Hessian (u;; +ud;j) positive
definite on S™.

Theorem 3 has a counter part for domains in R™.

THEOREM 4. Let f be a C? symmetric function defined on a symmetric domain
U Cl; inR Let U = {A € Sym(n) : \(A) € U}, and define F : ¥ — R by
F(A) = f(MA)). If F = —F(A™') is a concave function on the positive definitive
matrices, fx, = E?_M > 0. Then ifu is a C* convex solution of the following equation
in a domain Q in R™

(2.5) F(uij) = g(z)
and g(x) is concave function in Q2. Then the Hessian u;; is constant rank in Q.

REMARK 1. The concavity condition on G(W) = —F(W~!) was introduced
by Alvarez-Lasry-Lions [5]. It was used by Andrews [6] in a similar spirit to obtain
a pinching estimate of curvature flow for convex hypersurfacles. Theorem 1 is a
special case of Theorem 3 with the setting of F(A) = —S, ¥(A). Both of them
implies that there is a priori upper bound of principal curvatures of the convex
hypersurface M satisfying (2.1). The existence of such estimate has been known
for sometime if a stronger condition (™% )ij + np“%&j) > 0 is imposed. Under this
condition, the upper bound of the principal curvatures can be deduced simply from
the equation (2.1) combining the ellipticity and concavity of the fully nonlinear

operators F(W) = —S,:%(A) and G(W) = —F(A™1).

PROPOSITION 1. Suppose there ezists a positive constant co such that ((¢™* )ij+
gp_%(sij) > cpdy; on S™, then there is a positive constant C depends only on n, k, co,
infgn ¢ and ||p|lc1.1(S™) such that for the admissible solution u of (2.1) we have
the following estimate on S™

1
"C'(Sij > {ui; + udi;} > C6y;.

Proof. An upper bound of {u;; + ud;;} has been established in [26]. Let W;; =
ui; + udsj, we rewrite (2.1) as

1 _1
(26) F(Wij) - _Sk k (Wij) =—@ k.

Let W¥ be inverse matrix of W;;, and P(z) = Wk£p& (z), where € is a unit vector
in R™. Assume P(z) attains its maximum on z, € S™. We can also assume ¢ is e;

Licensed to McGill Univ. Prepared on Thu Aug 10 17:12:49 EDT 2017for download from IP 132.206.150.223.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



CONVEXITY SOLUTIONS OF FULLY NONLINEAR ELLIPTIC EQUATIONS 119

and take other directions e, ..., e, such that (e, es,...,e,) is a local orthonormal
frame near z, and W;;(z,) is diagonal. Then the function

P(zx)=wH
attains its maximum at x, € S™. Define
. OF 0*F 1
ij — Fu ,st __ = k.
= aw, B A

A straightforward computation yields that, at o,
0 > 2wt)? Z FUWHWE, + Y FOR W Win] - W Z P

17kl
+H(WH? Z F'Wyi + (W) 2g11.

%

. _1 k 1 1
S FiW, =5k =g, ZF“— T s s >0

By the upper bound of {u;; + uéij}, there exists a positive constant C' such that
Y Fr<c.
i
It follows from the concavity of functions F(A) = —F(A~!) and F(A) as in [46]
that
0D FI Wi Wen +2Y  FUWHWE,.
i5kl ik
Combing the above facts, we obtain
(2.7) W'(gi1 +9) < C.
The proof is complete. O
This type direct estimate on the upper bound of the principal curvatures blows
_1
up when some of the eigenvalues of (gaz-j’c + @‘iéij) vanish. On the other hand,
Theorem 1 or Theorem 4 implies the following stronger result, which even allows
_1
the eigenvalues of (goij’“ + <p’%6ij) to go negative.

THEOREM 5. For any constant 1 > 8 > 0, there is a positive constant v > 0

such that if p(x) € CT1(S") is a positive function with s‘;‘ff":’; >0, |':|rcpf"l(‘:n) > 3,

and ¢ satisfies the necessary condition (2.3) and

(2.8) (<pU + @~ kéu) -y kdw on S",

then Christoffel-Minkowski problem (2.1) has a unique C*® (V0 < o < 1) conver
solution upto translations.

Proof. We argue by contradiction. If the result is not true, for some 0 < 3 < 1,
there is a sequence of positive functions ¢, € C*1(S™) such that supg. ¢; = 1,
infgn o1 > B, lleillcrisny < 5 (@™ %)ij + @7 ¥05) > —Lp7%8,;, ¢ satisfies
(2.3), and equation (2.1) has no convez solution. By [27], equation (2.3) has an
admissible solution u; with

lwllcsia(sny < C,
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120 PENGFEI GUAN AND XI-NAN MA

independent of [. Therefore, there exist subsequences, we still denote ¢; and wuy,
o —¢@ in CH(S"), w —u in C>*(SM),

for some positive p € CH1(S™) with (goi_j% + ¢ %68;;) > 0, and u satisfies equation
(2.1) and (u;j(x) + u(x)d;;) < 0 at some point z. On the other hand, Theorem 2
yields a convex solution @ € C*%(S") for such . By the uniqueness theorem in
27, u—a= Z?H a;x;. In turn, (us; + uds;) = (U5 + @d;5) > 0 everywhere. This
is a contradiction. ]

The same argument also produces a similar a priori estimate for a lower bound
of eigenvalues of (u;; + ud;;) of solution u of equation (2.4) in Theorem 3 with a
weaker condition that g — 3|z| concave in R**! for some 3 > 0.

3. Weingarten curvature equations

The Christoffel-Minkowski problem was deduced to a convexity problem of a
spherical Hessian equation on S™ in the last section. It can also be considered as
a curvature equation on the hypersurface via inverse Gauss map. In this section,
we discuss some curvature equations related to problems in the classical differential
geometry. For a compact hypersurface M in R™t!, the kth Weingarten curvature
at x € M is defined as

Wk(w) = Sk(lﬁ',l(w),liz(l'), T 7’%71(*/1"))

where Kk = (k1,K2,..., k) the principal curvatures of M. In particular, W, is
the mean curvature, W, is the scalar curvature, and W, is the Gauss-Kronecker
curvature. If the surface is starshaped about the origin, it follows that the surface
can be parameterized as a graph over S™:

(3.1) X = p(z)z, ASINUR

where p is the radial function. In this correspondence, the Weingarten curvature can
be considered as a function on S™ or in R®*!. The problem of prescribing curvature
function has attracted much attention. For example, given a positive function F in
R™*1 \ {0}, one would like to find a starshaped hypersurface M about the origin
such that its kth Weingarten curvature is F. The problem is equivalent to solve
the following equation

(3.2) Sk (K1, K2, oy k) (X) = F(X) forany X € M.

The uniqueness question of starshaped hypersurfaces with prescribed curvature was
studied by Alexandrov [4] and Aeppli [2]. The problem of prescribing Weingarten
curvature and similar problems have been studied by various authors, we refer to
[8, 47, 45, 38, 12, 15, 48, 19, 20, 21] and references there.

We will use notions of admissible solutions as in last section

DEFINITION 3. A C? surface M is called k-admissible if at every point X € M,
Kk € k.

Under some barrier conditions, an existence result for equation (3.2) was ob-
tained by Bakelman-Kantor [8], Treibergs-Wei [45] for £ = 1, and by Caffarelli-
Nirenberg-Spruck in [12] for general 1 < k < n. The solution of the problem [12]
in general is not conver if kK < n. The question of convexity of solution in [12] was
treated by Chou [15] (see also [48]) for the mean curvature case under concavity as-
sumption on F, and by Gerhardt [19] for general Weingarten curvature case under
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CONVEXITY SOLUTIONS OF FULLY NONLINEAR ELLIPTIC EQUATIONS 121

concavity assumption on log F', see also [20] for the work on general Riemannian
manifolds.

The following is proved in [24].

THEOREM 6. Suppose M is a k-admissible surface of equation (3.2) in R™*!
with semi-positive definite second fundamental form W = {h;;} and F(X) : R***\
{0} — R* is a given smooth positive function. If F(X)—% is a convex function in
a neighborhood of M, then {h;;} is positive definite. that is, M is strictly convez.

As a consequence, we deduce the existence of convex hypersurface with pre-
scribed Weingarten curvature in (3.2) (in [24]): if in addition to the barrier con-

dition in [12], F(X)_% is a convex function in the region 71 < |X| < rq, then the
k-admissible solution in Theorem [12] is strictly convex.

In the literature, the homogeneous Weingarten curvature problem
X
RY

also draws some attention. If M is a starshaped hypersurface about the origin in
R™*1, by dilation property of the curvature function, the kth Weingarten curvature
can be considered as a function of homogeneous degree —k in R™*1\ {0}. If F is of
homogeneous degree —k, then the barrier condition in [12] can not be valid unless
the function is constant. Therefore equation (3.3) needs a different treatment. In
fact, this problem is a nonlinear eigenvalue problem for the curvature equation.
When k = n, then equation (3.3) can be expressed as a Monge-Ampere equation of
radial function p on S™, the problem was studied by Delanoé [16]. The other special
case k = 1 was considered by Treibergs in [44]. The difficulty for equation (3.3) is
the lack of gradient estimate, such kind of estimate does not hold in general (see
[44, 24]). Therefore, some conditions have to be in place for f in (3.3). In [24], a
uniform treatment for 1 < k < n was given, and together with some discussion on
the existence of convex solutions.

(3.3) Sk(k1, k2, kn)(X) = vf(7)IX17F, VX € M,

THEOREM 7. Supposen > 2, 1<k <n and f is a positive smooth function
on S™. If k < n, assume further that f satisfies

\Y
(3.4) sup M < 2k,
smf
Then there exist a unique constant v > 0 with
Cck Ck
3.5 —n <N
(3:5) maxsn f T T= mingn f

and a smooth k-admissible hypersurface M satisfying (3.3) and solution is unique
1

up to homothetic dilations. Furthermore, for 1 < k < n, if in addition tX|f(|§—,)‘E

is convex in R"*t1\ {0}, then M is strictly convez.

REMARK 2. Condition (3.4) in Theorem 7 can be weakened, we refer to [24]
for the precise statement. When k = n, the above result was proved by Delanoé
[16]. In this case, the solution is convex automatically. The treatment in [24] is
different from [16]. When k = 1, the existence part of Theorem 7 was proved in
[44], along with a sufficient condition for the convexity of solutions.
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122 PENGFEI GUAN AND XI-NAN MA

We now switch to a similar curvature equation arising from the problem of pre-
scribing curvature measures in the theory of convex bodies. For a bounded convex
body € in R**! with C? boundary M, the corresponding curvature measures of 2
can be defined according to some geometric quantities of M. The k-th curvature
measure of () is defined as

Ck(Qvﬂ) = / Wn—dena
BAM

for every Borel measurable set 3 in R"™!, where dF,, is the volume element of the
induced metric of R**! on M. Since M is convex, M is star-shaped about some
point. We may assume that the origin is inside of €2. Since M and S™ is diffemor-
phism through radial correspondence Rj);. Then the k-th curvature measure can
also be defined as a measure on each Borel set § in S™:

Ck(M, B) :/ Wr—kdFy.
Rym(B)
Note that Cx(M,S™) is the k-th quermassintegral of Q.

The problem of prescribing curvature measures is dual to the Christoffel-Minkow-
ski problem in the previous section. The case k = 0 is named as the Alexandrov
problem, which can be considered as a counterpart to Minkowski problem. The
existence and uniqueness results were obtained by Alexandrov [3]. The regularity
of the Alexandrov problem in elliptic case was proved by Pogorelov [40] for n = 2
and by Oliker [37] for higher dimension case. A general regularity result (degen-
erate case) of the problem was obtained in [22]. Yet, very little is known for the
existence problem of prescribing curvature measures C,_x for k < n.

The problem is equivalent to solve the following curvature equation
(3.6) Sk(K1, K2, ooy bin) = M, 1<k<n on §S"

9(z)

where f is the given function on S™ and g(x) is a function involves the gradient
of solution. The major difficulty around equation (3.6) is the lack of C? a priori
estimates for admissible solutions. Though equation (3.6) is similar to the equation
of prescribing Weingarten curvature equation (3.2), the function g (depending on
the gradient of solution) makes the matter very delicate. Equation (3.6) was studied
in an unpublished notes [23] by Yanyan Li and the first author. The uniqueness
and C! estimates were established for admissible solutions there. In [25], we make
use of some ideas in the convexity estimate for curvature equations to overcome the
difficulty on C? estimate.

THEOREM 8. Suppose f(z) € C*(S"), f>0,n>21<k<n-1. Iff
satisfies the condition
X
| X
then there exists a unique strictly conver hypersurface M € C3* a € (0,1) such
that it satisfies (3.6).

(3.7) |X|"T+lf( )% s a strictly conver function in R™1\ {0},

For the C? estimates for admissible solutions of (3.6), it is equivalent to estimate
the upper bounds of principal curvatures. If the hypersurface is strictly convex, it
is simple to observe that a positive lower bound on the principal curvatures implies
an upper bound of the principal curvatures. To achieve such a lower bound, we
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CONVEXITY SOLUTIONS OF FULLY NONLINEAR ELLIPTIC EQUATIONS 123

shall use the inverse Gauss map and consider the equation for the support function
of the hypersurface. The role of the Gauss map here should be compared with the
role of the Legendre transformation on the graph of convex surface in a domain in
R™. We note that a lower bound on the principal curvature is an upper bound on
the principal radii which are exactly the eigenvalues of the spherical Hessian of the
support function. We give a brief illustration how the idea of convexity estimates
can help us to obtain C? estimate for solutions of equation (3.6).

Let X : M — R"™*! be a closed strictly convex smooth hypersurface in R*t1,
We may assume the X is parameterized by the inverse Gauss map. The support
function of X is defined by

u(z) =<z, X(x) >, VreS"

Let eq,eq,...,e, be a smooth local orthonormal frame field on S®. The inverse
second fundamental form of X is

hij = Uu;; + U(Si]‘,
and the metric of X is

n
95 = Y _ hihji.
=1

The principal radii of curvature are the eigenvalues of matrix
Wij = Uu;; + ’U,(SZJ

Equation (3.6) can be written as an equation on support function u.

det W;; .1 1
3.8 F(W;) = [-——=2-]%(2) =G(X)u™* on S",
(38) W) = gy (@) = GX)
where X is position vector of hypersurface, and
n+1 1 X
G(X) = X" ().

LEMMA 1. Suppose f satisfies condition (3.7). If M is a convex hypersurface
in R"*! respect to the origin satisfying (3.6), then the following estimates hold for
its radial function p = | X/,

(3.9) V2l < C.

Proof: C! estimate for general admissible solutions follows simply from the
equation by the maximum principle. We only need to obtain an upper bound of
H= Z?=1 = Au+ nu. Assume the maximum of H attains at some point z, € S™,
choose an orthonormal frame e, ey, ..., e, near x, such that u;;(z,) is diagonal.

Set ' = %‘:‘;). At xo, we compute

n
(3.10) 0> FUAWy) —nF + (Ch~F) "% H.

=1

By equation (3.8) and the concavity of F' , we get

(3.11) i[G(X)u—%]” —nF 4+ (CP*"tH<0.
=1
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124 PENGFEI GUAN AND XI-NAN MA

The main observation is that [G(X )u‘%}” is the dominating term. We use the stan-
dard convention that repeated indices on «, 8 denote summation over the indices
2

from 1,2,--- ,n+ 1. Denote G, BXQ,GQ,QZWBQB%—(E.

We calculate that, at x,

n

-+ a, B2, —+ o, —% 1 !

Z[G(X)u Flu= Gagele, Wiju™* — [Gaz®u™k + EG(X)U ' |H
=1

2
(3'12) —-E(Gaef"uqu)U_%_

F (- + DGX)u— 2| Duf? + %G(X)u—%.

?rl»—\
| =

Now (3.11) becomes

1 1 1 1 . 1
Ga,gef"efWﬁu_F — [Gax“u™F + Z (X)u"*7YH —nF 4+ (C" %) "xH
2 1 1.1 1
(3.13) —E(GaG?UIWll)U'F~1 + (g T DX )u” E2Duf? 4 42 G( Ju™® <0.
Since G(X) is strictly convex and Y, W32 > & T’ we obtain H(z,) < C. O

When k =1 or 2, the strict convexity condition (3.7) can be weakened.

THEOREM 9. Suppose k = 1,0or 2 and k < n, and suppose f(x) € C%(S") is
a positive function. If f satisfies
X
(m) % is a convez function in R™1\ {0},
then there exists unique strictly convex hypersurface M € C3%, a € (0,1) such that
it satisfies equation (3.6).

(3.14) X[ f

LEMMA 2. If M is a convex hypersurface in R*! respect to the origin satisfying
(8.6) for k = 2, then the following estimates hold for its radial function p = |X|,

(3.15) lpllcz < C.

Proof: We only need to get an upper bound of the mean curvature H.
Equation (3.6) can be expressed as

(3.16) Sa(k1, Koy ey kn )(X) = (X)) < X €141 >, on M,

where ¢(X) = |X|~(*+tD f (| XI) This time, we perform calculation at a maximum
point X, € M of the function P = H + | X|?, where a is a constant to be chosen

later.
As before, we may assume {h;;} and F¥ = sz%& are diagonal at X,. At
this point, N
n n n n
(31T FIP; =Y FiHi+a) F'—a<X,en1 >y F'hy <0,
ij=1 i=1 =1 i=1

Set |A[> = Y, h%, we compute that

n n
(318) > FUH; = Z Fiih; + A2 ZF —HY F“h},.
i=1 i=1

ij=1
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By equation (3.16),

n n n
Y Flhiji=  Ap< Xenp1>+2) ik < X,ej>+0 Y < X enj1 >
ij=1 j=1 Jj=1
+ D b= D hgkkhgu + )
4.kl 4.kl Jk
At X,
n n
Z < X,6n+1 >i= —QZ <ze; >2 +H — |A|2 < X,€n+1 >,
i=1 i=1
and
n = n
> Fihig; > —|APSa(hiy) + 0H + A < X, enp1 > 42 dihy; < X,e5 >
ij=1 j=1
n n
(3.19) —aqSZ <z, e > —a? Z <z e >2.
i=1 i=1
In turn,

a(n = 1)H + ¢H + 23 ¢ihii < X, e; > +A¢ < X, eny1 > +3HS3(hij)
=1

(320) < 252(}1”')2 + 2a < X7Gn+1 > Sz(hi]') + [ad)—{- a2] Z < X, e >2 .
i=1
Since M is convex, if a is suitable large, we obtain an upper bound of H at
Xo. ]

To ensure the convexity of solutions in the process of applying the method of
continuity in the proof of Theorem 9, we establish a corresponding deformation
lemma for equation (3.6) as in Theorem 1 and Theorem 6 under the condition that

]Xiﬂ%f(l—ﬁ—l)_% is a convex in R™*1\ {0}. We refer [25] for the detail of proof.
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