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1 Introduction

Curvature measure and surface area measure are the basic notions in the classical dif-
ferential geometry. They play fundamental roles in the theory of convex bodies. They are
closely related to the differential geometry and integral geometry of convex hypersur-
faces. The Minkowski problem is the problem of prescribing nth surface area measure
on S™. The Christoffel problem concerns the prescribing the first surface area measure
(e.g. see [1, 3, 6, 7, 14, 17, 19]). The general problem of prescribing surface area mea-
sures is called the Christoffel-Minkowski problem, we refer [12] for an updated account.
The problem of prescribing zeroth curvature measure is called the Alexandrov prob-
lem, which is a counterpart to Minkowski problem. The problem is equivalent to solve
a Monge-Ampére-type equation on S". The existence and uniqueness were obtained by
Alexandrov [2]. The regularity of the Alexandrov problem in elliptic case was proved by
Pogorelov [18] for n = 2 and by Oliker [16] for higher-dimension case. The general regu-
larity results (degenerate case) of the problem were obtained in [9]. The general problem
of prescribing (n — k)th curvature measure for case k < n is an interesting counterpart
of the Christoffel-Minkowski problem. It has been discussed in literature (e.g. [20]).

Nevertheless, very little is known except for the Alexandrov problem.
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In this article, we are concerned with the existence of convex bodies with the
prescribed (n — k)th curvature measure for 1 <k < n.

We start with the definitions of curvature measures and surface area measures
for convex bodies with smooth boundary. Let Q be a bounded convex body in R**! with
C? boundary M, the corresponding curvature measures and surface area measures of Q
can be defined according to some geometric quantities of M. Let « = (x1,..., k) be the
principal curvatures of M at point x, let Wi (x) = Si(k(x)) be the kth Weingarten curvature
of M at x (where S is the kth elementary symmetric function). In particular, W, W5, and
W, are the mean curvature, the scalar curvature, and the Gauss-Kronecker curvature,

respectively. The kth curvature measure of Q2 is defined as
€@, pi= [ W idF,
BNM

for every Borel measurable set 8 in R"*!, where d F,, is the volume element of the induced
metric of R""! on M. Since M is convex, M is star-shaped about some point. We may
assume that the origin is inside of Q. Since M and S" is diffeomorphic through radial
correspondence Ry. Then the kth curvature measure can also be defined as a measure

on each Borel set 8 in S™ (e.g. see [20]):
Ce(M, B) = / Wy_d Fy.
Ry(p)

We note that Cx(M, S™) is the kth quermassintegral of Q. Similarly, if M is strictly convex,
let r1,...,r, be the principal radii of curvature of M, P, = Si(r1,...,1,). The kth surface

area measure of Q then can be defined as

Sk(Q,,B) :Z/Pkdo'n
B

for every Borel set 8 in S”, where doy, is standard volume element on S™.
We are interested in the problem of prescribing (n — k)th curvature measure in a

differential geometrical setting. Suppose 1 < k < n is a given integer, we consider.

1.1 Curvature measure problem
For each positive function f € C2(S"), find a convex hypersurface M as a graph over S”,
such that C,_x(M, B) = fﬂ fdo for each Borel set 8 in S, where do is the standard volume

element on S™.
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We would like to deduce the problem to a fully nonlinear partial differential

equation on S™. If M is of class C?, then

Cn_x(M, B) 2/ Sy dF :/Skgdon. (1.1)
Ry(B) B

where g is the density of dF with respect to standard volume element do, on S". If
we view M as a graph over S”, we may write X(x) = p(x)x,x € S*,VX € M. The density

function g in (1.1) can be computed (see (2.4) in the next section) as
1,2 2)3
g=p""(p"+|Vpl9)*.

Therefore by (1.1), the problem of prescribing (n — k)th curvature measure can be reduced

to the following curvature equation:
Selky, k2, ... kn) = fp' M (p* +|Vp*)"V%, on S", (1.2)

where f > 0 is the given function on S".

This type of equations can be put in a more general form:
Slkc1,k2,...,kn) =gx,0,Vp), 1<k<n on S" (1.3)

A solution of (1.2) is called admissible if at each point X € M, its principal cur-

vatures («1, k2, ..., ky) is in the Garding’s cone:
Te={reR*| S() >0, Vi<k.)

For k < n, an admissible solution is not necessarily a convex solution. The issue of
convexity of admissible solution when k < n arising naturally as in the Christoffel-
Minkowski problem [12]. Lemma 2.4 in the next section states that admissible solution
to Equation (1.2) is unique if it exists. Therefore, some condition on f is necessary to
ensure the existence of convex solutions when k < n. The other challenging problem
for Equation (1.2) is the lack of some appropriate C? a priori estimates for admissible
solutions. Equation (1.2) is similar to the equation of prescribing Weingarten curvature
equation in [5, 11]. But there is a difference: g'/(x, p, Vp) may not be necessary convex in

Vp. This makes the matter delicate. The problem of C? a priori estimates for admissible
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solutions of Equation (1.2) is still open. We will discuss this in the last section of the
article.

Equation (1.2) was studied in an unpublished notes [10] by Yan Yan Li and the first
author. The uniqueness and C! estimates were established for admissible solutions in
[10]. But the issue of convexity and C? estimates for Equation (1.2) were left open (except
for k = 1 and k = n, the first case follows from the theory of quasi-linear equations and
the latter case was dealt with in [9, 16]).

We now state our main results.

Theorem 1.1. Suppose f(x) € C3(S"), f>0,n>2,1<k <n-—1.If f satisfies the con-
dition

n+l

X\t
| X| & f (m> is a strictly convex function in R™*!\ {0}, (1.4)

then there exists a unique strictly convex hypersurface M € C3%,«a € (0,1) such that it
satisfies (1.2). O

When k = 1 or 2, the strict convex condition (1.4) can be weakened.

Theorem 1.2. Suppose k =1,or 2 and k < n, and suppose f(x) € C2(S") is a positive

function. If f satisfies

n+l

X\t
|1 X| & f <m> is a convex function in R"™ \ {0}, (1.5)

then there exists unique strictly convex hypersurface M € C3%,« € (0,1) such that it

satisfies Equation (1.2). O

Since the Alexandrov problem (Gauss curvature measure problem) has already
been solved [2, 9, 16, 18], Theorem 1.2 yields solutions to two other important measures,
the mean curvature measure and scalar curvature measure under convex condition (1.5).
The class of functions on S™ satisfying condition (1.5) is quite wide. For example, if v > 0
is a function on S" with (v;; + 8;v) > 0, then f = v~V is in this class. This is because
the homogeneous degree one extension h = |X|v‘ﬁ(%) of v~ is convex in R™! and it
is strictly convex except in the radial direction. It is easy to see that h" satisfies (1.5)
since ”T“ > 1. We note that (v;; 4+ 8;;v) > 0 is equivalent to say that v is a support function

of a strictly convex body.
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The plan of the article is as follows. In Section 2, we derive uniqueness and C'
bound of the solutions of (1.3). Theorem 1.1 will be proved in Section 3. The novel feature
is the C? estimates. Instead of obtaining an upper bound of the principal curvatures,
we look for a lower bound of the principal curvatures by transforming (1.2) to a new
equation for the support function on S through Gauss map. Section 4 is devoted to the
proof of Theorem 1.2. The key part is the C? estimates for the case k = 2, which we use
a special structure of S,. Then we establish a deformation lemma 4.3 as in [11, 12] to
ensure the convexity of solutions in the process of applying the method of continuity.
In the last section, we discuss C? estimates for admissible solutions of curvature type
Equations (1.3).

2 Uniqueness and C! Boundness

We first recall some relevant geometric quantities of a smooth closed hypersurface M C
R"*!, We assume the origin is inside the body enclosed by M.

A, B,...will be from 1 to n + 1 and Latin from 1 to n, the repeated indices denote
summation over the indices. Covariant differentiation will simply be indicated by indices.

Let M™ be a n-dimension closed hypersurface immersed in R®*!. We choose an
orthonormal frame in R™*! such that {e;,e;,...,e,} are tangent to M and e,; is the
outer normal. Let {w,} and {wap} be the corresponding coframe and the connection
forms, respectively. We will use the same notions for the pull-back of them through the

immersion. Therefore, on M,
wny1 = 0.
The second fundamental form is defined by the symmetric matrix {h;;} with
Win+1 = hjjo;. (2.1)

We recall the following fundamental formulas of a hypersurface in R**!:

Xij = —hjjens1 (Gauss formula)
(én+1); = hije; (Weingarten equation)
hijx = hixj (Codazzi formula)

Rijia = hithji — hyhjx  (Gauss equation), (2.2)
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where R;jy; is the curvature tensor. And we have the following formulas:

hijii = Rijix + Bmj Rimik + Rim Rjmik,
hijii = hiiij + (Amjhi — i hij) ke + (Bmjhig — hphig) Ao,

n n
(ens1)ii = Z hi;je; — Z hl'zjen+1- (2.3)

j=1 j=1
Since M is star-shaped with respect to origin, the position vector X of M can be
written as X(x) = p(x)x, x € S", where p is a smooth function on S”. Let {ey,..., e,} be

smooth local orthonormal frame on S”, let V be the gradient on S” and covariant differen-

tiation will simply be indicated by indices. Then in terms of p, the metric of M is given by
gij = P*8ij + pip;.
So the area factor
g = (detgy)? = p"(o? + Vo[22, (2.4)
The second fundamental form of M is
hij = (p* + IV,oIZ)’%(,oZSij + 2pipj — ppij) (2.5)

and the unit outer normal of the hypersurface M in R**! is

x—V
N=_PX" P (2.6)
V% +1|Vpl?
The principal curvature («1, k2, . .., k) of M are the eigenvalue of the second fundamental

form with respect to the metric satisfying the following equation:

det(hij — kgi]-) =0.

Equation (1.3) can be expressed as differential equations on the radial function

p and position vector X, respectively. From (2.6) we have

(X, N) = p?(p? + |Vp|?) V2,
X

Silicy, kg - k) (X) = |X|‘”+”f<|X|

> (X,N), VXelM. (2.7)

Equation (1.2) is equivalent to Equation (2.7).
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Definition 2.1. For 1 <k < n, let 'y be a cone in R"” determined by
Mr={LeR*: S@X)>0,..., S) >0}

A C? surface M is called k-admissible if at every point X € M, (1, k2, ..., kn) € k. O

The following four lemmas had been proved in [10]; for the completeness, we

provide the proofs here. First we get the C° estimates.

Lemma 2.2. If M satisfies (2.7), then

(mine 1

maXSnf 1/(n—k)
ck ’

1/(n—k)
< min |X| <max|X| < .
sn s Ccy

Proof. Since M is compact, | X| attains a maximum R at some point X;. Let Bg be a ball
of radius R centered at the origin. We note that M C Bg, and M and 9 Bg have the same
outer normal ‘ﬁ—h at X;. We have (X;, N) = Rand

k(X)) >R, Vi=1,---,n.

Hence,
X
f(—1> = Silk(x), -+, k(X)) = CER™F.
| X1
In turn,
1/(n—k)
maxgn
max | X| < —if .
sn cx
The inequality (%)1/ =k} < ming. |X| can be shown in a similar way. [ |

The next is the gradient estimate for general admissible solution p.

Lemma 2.3. If M satisfies (2.7), then there exist a constant C depending only on
n, k, ming. f,|f|c: such that

msz;}XIVpl <C. O
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Proof. Since we have the lower and upper bound for the solution of (2.7), thus we only

need prove
(X,N)>=C.
For any local orthonormal frame (e, - - - , e,) on M, we have the following formulas:
(1X1%); = 2(X, &), (2.8)
(1X1%);j = 28;; — 2hi;(X, N), (2.9)
(X, N); = hix(X, ex), (2.10)
(X, N)ij = hyjr(X, ex) + hij — highyj (X, N). (2.11)
Set

X
X) = | x|~ (—)
P(X) = |X]| f X]

Equation (2.7) becomes
Sk(hij) = $(X)(X, ). (2.12)
Let
P(X) = y(t) —log(X,N), t=|X|?

of which the function y(t) will be determined later in the article.

Assume P(X) attains its maximum at a point X, € M. If at X,, (X,e) = 0foralle e
Tx, M, we have (X, N) = | X|?, there is nothing to proof. So we may assume (X, N)? < |X|?
at X, and we may choose the smooth local orthonormal frame {ey, ..., e,} on M such that

at X,
(X,e)=0, 1i>2.

From now on, all the calculations will be done at X,. Since

(X, N)i

1 2y,
X ) + v 01X,

P(X) = —
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we have

(X, N);

XN =2y'(t)(X, g). (2.13)
Fori = 1, we have
h]l(X,el) _ /
W = 2)/ (t)(X,el>

By the assumption, (X, e;) # 0. We have
hiy = 2y/(t)(X, N).
Again from (2.13), we have for
hi;=0,i> 2.

Now we may choose a local orthonormal frame field {e, ..., e,} on M such that (h;) is

diagonal at X,. Using (2.13), we have

Flhyy = Fhjy = (91 + 207/ (t)(X, €1))(X, N), (2.14)

where Fi/ = sg(Th]) Since forany 1 <i < n,
1y

XN (XN, 212 L 2

1

_ _m[hmx, er) + hi — hi;(X, )]

+ '@ + y"@NIX12:)* + @) (1 X1)s.
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From (2.14), we get

Fiip, — _i;j\ll; iy — (i'(lt;;?) + FiR
+4lly' () + y"(ONX, e)*F'! + y' () F[2 — 2Ry (X, N)]
= —¢1(X, &) — 20y (t)(X, e1)* — k¢ + F'h%
+4lly' @) + y"©NX, e)F'' + 2y () F* — 2k (X, N)?y'(t)¢
<0.
So we have

(X, N)2[2y'(t)p(k — 1) + 4((y'@)? + y" (@) F] > 4lly’(t)? + y" (@O X|*F1! — ¢1 (X, e1)
— k¢ — 2¢y'(t)|X|> 4 2y’ (t)F + FURhZ. (2.15)

Now let

y(t) =

’

(07
t
where o > 0 will be determined later. We have

4 2
2y (00l — 1)+ 4l () + " (@) F < (% + f_g') FU, (2.16)

Now we treat the right-hand side in (2.15), where we shall use some properties
for the elementary symmetry functions (see for example [13]).

Let's take o large enough such that
20
—p(X,e)) — ko — 20y (t)|X|* = t—2|X|2¢ —$1(X,e) — k¢ > 0. (2.17)
If A= (1,...,An) €Ty, forany 1 <i <mn, then (Ai) = (Ay,..., %, ..., An) € [k, and
Sk_2(A]i) > 0, where the hat means this element has been deleted.

We have

Sk—1(A) = Sg—2(A| DA + Sk—1(A[1),
ZFii =Mn-k+ I)Sk—l(hij).
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Since at X,,
2a
hyy = _t_2<X’N> <0,
we have
Se-1(hij) < Sk-1(A|1) = F'L.
So for o large enough, there is a positive constant C, such that we have

4ly' (@)% + y "N XIPF' + 2y () F" + FURE,

) _
4(0{ 20!) |X|2F11 _ Msk_l(hij)

v

PO 2
C,F'. (2.18)

v

By (2.15)—(2.18), there exists a positive constant that depends only on n, k, ming: f,| flc:,
such that maxg- |[Vp| < C. [ |

The proof of the gradient estimate in Lemma 2.3 follows similar arguments in [5].
One difference is the choice of the test function. Also, a barrier condition % < 0 was
imposed in [5]. Equation (2.7) considered here differs from Equation (1) in [5] by a factor
(X, N). This factor arises naturally from the geometric situation. It is also the reason we
are able to prove Lemma 2.3 without any barrier condition. It is of interest to know when
can one obtain a gradient estimate for general curvature equation (1.3).

Let's denote A = A(p) = (A1(p),--- , An(p)) to be the eigenvalues of the second fun-
damental form (h;;) with respect to the first fundamental form (g;;) of the spherical graph
defined by p. For the rest of this section, we set F(i) = S,i/k(k). Equation (1.2) can be

written as
F) =Fhy,... Ap) = fYRpUE(p2 1|V 12120 = K(x, p, V).

The following is the uniqueness result of the problem.

Lemma 2.4. Suppose 1 <k < n, Alp;) € Tk, 1 = 1,2. Suppose p;, p2 are solutions of (1.2).
Then p; = ps. O
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Proof. We prove it by contradiction. Suppose p; > p; somewhere on S". Take t > 1 such
that

toy > p2 onS", tp; =p, atsome point P eS".
Obviously, A(tp;) = t~'A(p;), and therefore F(A(tp;)) = t "1 F(A(py)). It is clear that

K(x,tpy, Vitpy) = t V*K(x, p1, V1)
=t F(M(p) < t L F(A(p1) = F(A(tp1)).

It follows that

Hence

L(t,ol - /02) Z Or

where L is a linear elliptic operator. The strong maximum principle yields tp; — p; =0

on S". Since n > k, from Equation (1.2), we conclude that ¢t = 1. [ |
The following lemma will also be used in this article.

Lemma 2.5. Let L denote the linearized operator of F(A) — K(x, p, Vo) at a solution p of
(1.2). If w satisfies Lw = 0 on S®, then w = 0 on S". O

Proof. We write F(x, p, Vp, V?p) = F()). The linearized operator L at p is defined as

oF oF K oF 0K
Lu)=) —u; ———u ———u
w Za“ U+Z(3pk 3pk) k+(3p 3P>

i.; P X

We have

F(x,tp, V(tp), VZ(tp) = F(r(tp) = F(r(p)/t).
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Applying % | ., to above identity,

Z pLJ+Z Pk+_P— Z)\FA—_

dpij
It is easy to see that
K(x,tp, V(tp) =t M*K(x, p, Vp).

Applying % |t=1 to this equation,

3K 9K
Z —pk+—p=-n/kK(x,p,Vp).
0Pk op

It follows that
Lp=—-F()+n/kK(x,p,Vp) =(n/k—1)Kl(x,p,Vp) > 0.
Set w = zp, we get
0=Lw=L(zp) =L'z+ zLp,
whereL'z=p ) ; J ap z”—l- first-order derivatives of z. By (2.5), we have (5~ 3F ) < 0. Therefore

at minimum point of z, L'z < 0. Since Lp > 0, the minimum value of z must benonnegative.

Similarly, the maximum value of z must be nonpositive. That is w = 0. |

3 Proof of Theorem 1.1

In this section we prove C? estimates for convex of solution of Equation (1.3). For the
mean curvature measure case (k = 1), a gradient bound is enough for a C? a priori bound
by the standard theory of quasi-linear elliptic equations. In the rest of this section, we
will assume k > 1.

For the C? estimates for admissible solutions of (1.3), it is equivalent to esti-
mate the upper bounds of principal curvatures. If the hypersurface is strictly convex,
it is simple to observe that a positive lower bound on the principal curvatures implies

an upper bound of the principal curvatures. This follows from Equation (1.3) and the
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Newton-Maclaurin inequality,

) S, ¢
S”"()‘)S[C_I:’g} ).

This is the starting point of our approach in this section. To achieve such a lower bound,
we shall use the inverse Gauss map and consider the equation for the support function
of the hypersurface. The role of the Gauss map here should be compared with the role of
the Legendre transformation on the graph of convex surface in a domain in R"”. Since M
is curved and compact, the Gauss map fits into the picture neatly. This way, we can make
use of some special features of the support function. We note that a lower bound on the
principal curvature is an upper bound on the principal radii. And the principal radii
are exactly the eigenvalues of the spherical Hessian of the support function. Therefore,
we are led to get a C? bound on the support function of M.

Let X : M — R™"! be a closed strictly convex smooth hypersurface in R**!. We

may assume the X is parameterized by the inverse Gauss map
X: S — R
The support function of X is defined by
ulx) = (x, X(x)), at xeS™

Let e, ey,...,e, be a smooth local orthonormal frame on S"*, we know that the second

fundamental form of X is
hij = u;j + udij,

and the metric of X is

n
gij =Y hahj.
=1

The principal radii of curvature are the eigenvalues of matrix (with respect to the stan-

dard metric on S*)

W;j = uij + ud;;.
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Equation (1.2) can be rewritten as an equation on support function u:

det W

F(W;) = |:Sn—k(VVij)] (x) =G(X)u"x on S" (3.1)

where X is position vector of hypersurface, and

n+l 1 X
G(X) = | X"t Fi (ﬁ) .

Equation (3.1) is similar to the equation in [8], where a problem of prescribing Weingarten
curvature was considered. The position function and the support function have the

following explicit form:

n
X(x) = Zuiei +ux, on xeS"
i=1

Straightforward computations yield

X = uje + uile) + wix+ ux = uje — xudy + wx + ueg = We;, (3.2)

n n
D Xu= ) (Wue + Wale)]
1=1

il=1

n n n
= Z [Z sz:| e + Z Wi (—x831)
i=1 =1 i

il=1

= Z |:Z Vvll:| € — XZ T/V[l. (33)
=1 =1

i=1 = i
The following is a key lemma.

Lemma 3.1. If G(X) is strictly convex function in R™! \ {0}, and u(x) satisfies (3.1), then
max(Au + nu) < C, (3.4)
where the constant C depends only on n, maxg: f, ming: f, |V flco, and |V?2 f|co. In turn,

|V2p| < C. (3.5)
0
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Proof. Since we have already obtained C'! bound in Lemma 2.3, to get (3.5), we only need

to prove (3.4). Let

n
H:Z:Au+nu
=1

and assume the maximum of H attains at some point x, € S*. We choose an orthonormal
frame e, e, ..., e, near x, such that u;j(x,) is diagonal (so is W;; = u;; + ud;; at x,). The
following formula for commuting covariant derivatives are elementary:

(Au)i; = Alug) + 2Au — 2nuy;.
So we have

H; = (Au);; +nui; = AW) — nW; + H. (3.6)

Let FY = awu
of W; at x, as AM(Wj) = (A1, A2, ..., An)),

Fn-:1< Sn )i [snl(xm - snsnkl(w)]
k Sn—k Sn—k Snsz '

. At x, the matrix F¥ is positive definite, diagonal. Setting the eigenvalues

The following facts are known (e.g. see [8]):

ZFLI Wy =F, ZF” an

Now at x,, we have
H; =0, Hij <0 (3.7)

At x,, we have

n

0 > Xn: FiH; =Y Fif; = Xn:F”A(Wii) - niFiiVVii + HXn:F”

i,j=1 i=1 i=1 i=1 i=1

> 3" FUAW,) - nF + (C2 %) FH. (3.8)

i=1
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From Equation (3.1),

FYWj = [G(X)u_%]l: F9Wjy + FYS Wiy Wy = [G(X)u_%]ll'

By the concavity of F, we get

n n

YOFTAM) = Y [G(XIuTE],

i=1 1=1
Combining this with (3.8), we have the following inequality at x,:

S [6(X)u+], —nF + (C1 %) FH <0. (3.9)

=1

Now we treat the term [G(X)u‘%]”. In the following, the repeated indices on «, 8 denote

. . . 2
summation over the indices from 1,2,...,n+ 1. Denote G, = 2%, Gup = 5arisr -

1
[G(Xu"t], = GuXFu * + G(X) (——) uFly,
" 1 1
Y [6XIu ], = GapXi X[ u™% + Gu Xjju~*
=1
2

k

1/1
GoXsu ¥ luy + — (- + 1) G(X)u k"

1 )
% 2|pu)? - EG(X)u—rluu.

Using (3.2) and (3.3), it follows that at x,,
1 1 1 ]. 1 2 1
Z [G(X)Iut], = Gope'ef WU * — [Gax"‘uk + EG(X)ukl} H - E(Gaefulwu)u’ﬁ’l
=1

1 1 _1_9 2 n _1
+ z (k + 1) G(X)u ¥ *|Du| —i——i—kG(X)u k., (3.10)

By (3.10), at x, (3.9) becomes
1 1 ]. 1 Y §
Gopeile] Wu ™% — |:GaX“u‘k + EG(X)u‘k‘li| H—nF + (CI7%) ‘H

2
k

1 1/1 1
(GuefuWi)u™ ¢! + & (— + 1) Glxu

- 2 puf® + +%G(X)u—% <0. (3.11)
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If G(X) is strictly convex in R"*! \ {0}, then there exist a uniform constant ¢, > 0 such
that

n
Z Ga,ﬁef‘ef >c, 1=1,2,...,n
af=1

Since Y )\, WF > HTZ we obtain H(x,) < C. [ ]

Proof of Theorem 1.1. For any positive function fe C%S"),for0<t<1land1<k<
n—1,set filx)=[1-¢t+ tf_%(x)]*k. We consider the following family of equations for
0<t<l1:

Skl iz, ... k) (@) = filXp (e + |Vp2)"V%, on S", (3.12)

where n > 2. We want to find solutions in the class of strictly convex hypersurfaces. Let
I ={t €[0,1] : such that (3.12) is solvable}. Since p = [Cﬁ]‘ﬁ is a solution fort =0, I is
not empty. By Lemmas 2.3 and 3.5, 00 < p € C*}(S") and the principal curvatures of the
solution hypersurface are bounded from below and above. The Evans—Krylov theorem
yields p € C?%(S") and

llollczaen < C, (3.13)

where C depends only on n, maxg. f, ming: f, |V f|co and |V? f|co, and «. The a priori es-
timates guarantee I is closed. The openness is from Lemma 2.5 and the implicit function
theorem. So we have the existence. The uniqueness of the solution for ¢ € [0, 1] is from

Lemma 2.4. This completes the proof of Theorem 1.1. |

Remark 3.2. We suspect the strict convexity condition (1.4) can be weakened. For the

cases k = 1, 2, this is verified in Theorem 1.2. O

4 Proof of Theorem 1.2

In this section, we will first prove the C? estimate for the scalar curvature measure case
under the convexity assumption of the solution. The proof of Theorem 1.2 is different
from the proof of Theorem 1.1 in this section. Due to the weakened condition, we are not

able to obtained a positive lower bound for the principal curvatures directly. Instead, we
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will use special structure of the elementary symmetric function S, to get an upper bound
of principal curvatures for convex solutions of (1.3). Since the convexity of solutions is not
guaranteed for Equation (1.3) when k < n, we will use condition (1.5) and a deformation
lemma to prove the existence of a strictly convex solution of (1.3) in the next section, as
in [12].

We consider the following prescribed scalar curvature measure equation:

X

B _ —(n+1)
S2(A{hi)(X) = | X]| f<|X|

) (X,N), VXeM. (4.1)

Lemma 4.1. Let f be a C? positive function on S" and let M be a star-shaped hypersur-
face in R"*! with respect to the origin, if M is a convex solution surface of Equation (4.1)

and for the function p = | X| on S, the following estimates hold:
lollez = C, 4.2)

where the constant C depends only on n, k, ming- f and | flcz. O

Proof. C! estimates were already obtained in Lemma 2.3 in the Section 2. We only need
to get an upper bound of the mean curvature H.
Let

F(X) = f( X ) , o(X) = |X]""VF(X), (4.3)
Equation (4.1) becomes
Solk1, k2, ... kn)(X) = p(X)(X,e,11), on M. (4.4)

Assume the function P = H + %lX |2 attains its maximum at X, € M, where a is a constant,

which will be determined later. At X,, we have

P,=H;+a({X,e)=0, (4.5)

P = Hy; +all — hii(X, eni1)]. (4.6)

Let Fi/ = w, we choose a suitable orthonormal frame {e, es,...,e,} in a neighbor-
ij

hood of X, € M such that at X,, the matrix {h;;} is diagonal. Then at X,, the matrix {F"}
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is also diagonal and positive definitive. At X,,

Z Fip;= ZF”HU +a ZF” a(X, eni1) Z Fih; <o. (4.7)

ij=1 i=1

In what follows, all the calculations will be done at X, € M. First we deal with
the term Y 1" , FiHj;. From (4.5) and (2.3), we have

30t = 30 () = 3B s )
i=1 i=1 J=1

i=1 j=1

= Z FUhyji + AP Z Fihy — HZF”h”,

ij=1

where [A> =" h

We treat the term " Fi F'hy;j;. Differentiate Equation (4.4) twice, by (2.2),

ij=1

ZF hll]] = Z[‘P(X)(X €n+1 ]J] + Z h Z hjkkhjll

ij=1 jkAl jkAl

= AG(X, eny1) +2 Z¢jhj,~<x, ej)+¢ Y (X, en1)j

Jj=1 Jj=1

+ Z h? Zh]kkhﬂl—i-Zh]kk

jkA ikl
By (2.2) and (2.3), we have

n

Z(X, ent1)ii = Z[hil<X,el)]i

i=1 il=1
= Z |:Z hiu(X, e) + hy; — h§i<X, en+1>:|
i=1 LiI=1

= me,em +H — |4 (X, en41)
=1

n
—a ) (x,e)" + H—|A*(X, en11).
i=1
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In turn, (4.4)-(4.5) yield the following estimate:

n n
> Flhj = —|APS (i) + 0H + A(X, en1) +2 ) dhji(X, )
ij=1 j=1

—ag ) (x,e)?—a*) (xe)’. 4.8)
i=1 i=1

It is easy to compute that

n .o
ZF” = (n—-1)H,
i=1

n

> Flhy = 2S,(hy)),
i=1

n
3 R = Bl 35401,
i=1

|A|? = H? — 2S5, (hy)). (4.9)

Combining the (4.7)-(4.9), we get

ain—1VH+¢H+2Y ¢ihi(X, &)+ Ap(X, en1) + 3HS;(hyj)

i=1
< 25(hij)* + 2a(X, €011) S2(hij) + lag + a®1 > (X, &)’ (4.10)

i=1

Let Fy, F4p be the ordinary Euclidean differentiations of function F in R""!. Using (2.2),

we compute

n+1
¢ = —(n+ D |X|""NX, ) F(X) + | X7 Y " Fax?,
A=1
n n+1
Ap=D) ¢i=H [(n + 1) X", e ) F — X7 Y FAe;?H}
i=1 A=1
n n+l
=2+ DX YN (X, @) FaXf — nin+ 1) X" F
i=1 A=1

n+l n n
X7 N N FapXAXE + (4 Din+ 3 XTI Y (X, e)2.
A,B=1 i=1 i=1
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As the solution is convex,
Ss(hi;) >0, 0<h; <H.
If a is suitably large, we get the following mean curvature estimate:
max H < C(n,mszilx f,rré%nf,|Vf|Co,|V2f|co). (4.11)

This finishes the proof of the lemma. ]

Since the C? estimates in Lemma 4.1 are only valid for convex solutions, in order
to carry on the method of continuity, we need to show the convexity is preserved during

the process.

Theorem 4.2. Suppose M is a convex hypersurface and satisfies Equation (2.7) fork < n
with the second fundamental form W = {h;;} and |X|”T+1 f(‘—)Xfl) is convex in R™! \ {0}; then
W is positive definite. O

We now use Theorem 4.2 to prove Theorem 1.2.

Proof of Theorem 1.2. The proof is the same as in the proof of Theorem 1.1 by the
method of continuity; here we make use of Theorem 4.2. The openness and uniqueness
have already treated in the proof of Theorem 1.1. The closeness follows from a priori
estimates in Lemma 2.3 and quasi-linear elliptic theory in the case of kK =1 and the a

priori estimates in Lemma 4.1 in the case of k = 2, and the preservation of convexity in

Theorem 4.2. ]
If set Flk) = —S,;fmdk(lc), ¢ = IXIHT“f_%(l—ﬁ‘)(X, N)_%. Equation (2.7 can be written

as
Fk)=¢, on M. (4.12)

Without the extra factor (X, N )‘%, Theorem 4.2 would follow Theorem 1.2 in [4]. Here we
cannot apply Theorem 1.2 directly. The proof of Theorem 4.2 is similar to the proof of

Theorem 1.2 in [4], it relies on the following deformation lemma. A similar lemma was



Existence Problem for Curvature Measures 1969

also proved for spherical hessian equations in [12] and for curvature equations in [11]

(only with different homogeneity on the right side of the equation).

Lemma 4.3. Assume M, is a piece of C* hypersurface M; M is the solution of
Equation (2.7) and the matrix W = {h;;} is semipositive definite. Suppose there is a posi-
tive constant C, > 0, such that for a fixed integer, (n — 1) > 1 > k,VX € M,, §(W(X)) > C,.
Let ¢(X) = §41(W(X)) and let 7(X) be the largest eigenvalue of {—(F‘% )x,x: (X, ent1)}, where
the differential is ordinary differential in R"!. Then, there are constant C depending
only || X]||cs, ||F||lc2 and C,, so the following differential inequality holds at each point
X e M,,

S Fgu < kin — DFE SW)T(X, eni1) + CVP| +¢),
a’ﬁ

where F¥ = afkﬂ O
waﬁ

Proof. A proof was already given in [11] for the following prescribed curvature equation:
Sk(k1,k2,...,k,)(X) = F(X), on M. (4.13)

Since we are treating a different homogeneity here, we will make a minor change
in the last step of the proof in [11]. We follow the same notations as in [11] (see also [12]).
Foranyz € M,, letA; > Ay > ... > A, be the eigenvalues of W at z. Since §(W) > C, > 0 and
M e C3, for any z € M, there is a positive constant C > 0 depending only on || X]|¢s, || F||c2,
nand C,, such that A\; > A, >... >4 >C.Let G={1,2,...,l}and B={l+1,...,n}. As
¢=SnuWand¢, =) ; SUhije, there is C > 0 such that

Col2) = ) hilz), Clp2) + 192 = D hiial2). (4.14)

ieB ieB

By (2.21) in [11], there is ¢ > 0 such that

n 1 f
ZFO{a(paa f CSZ(G) Z |:ﬁ - k%ﬁ},] . (415)
a=1 i€B

Since

fIX, eni1) = F(XN(X, ent1),
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use (2.2), sothat forV ie{1,2,...,n},

n+1
fi=)_ Fx,e(X,en11) + F(Xhi(X, &),
A=1
n+1 n+1
fi= Y Fxx.elef (X en1)+ ) Fx,X}(X en1)
AC=1 A=1
n+l
+ZZFXA lhu(X el +F Zhu] Xe] _hlzi(XrenJrl)
A=1

From (2.2) and (4.14), for i € B we get

n+1 n+1
A
fi=) Fxef(X,enn), fi= Y Fxxelef(X )
A=1 AC=1

It follows that forV i € B,

fi———

k+1 f2 s [ k+1FAFC
=C ).

< Fypo — —— ] efef (x,eni1). (4.16)
k f AC=1 F

So, the lemma follows from (4.15) and (4.16). The proof of the lemma is complete.

Proof of Theorem 4.2. By the Evans—Krylov theorem and Schauder theorem, X, e,,; €
c4 If W= {h;;} is not of full rank at some point x,, then thereis n — 1 > > k such that
S(W(x)) > 0, Vx € M and ¢(x,) = S+1(Wl(x,)) = 0. By Lemma 4.3 and the condition on F,

n

Y FPup(X) < C1IVHX)| + C26(X). (4.17)
allg

The strong minimum principle implies ¢ = §.,(W) = 0. On the other hand, M is star-
shaped with respect to origin, so (X, e,.1) > 0, where (,) is ordinary inner product in
R"™*1, Since M is compact, there is a point x € M such that all the principal curvatures of

M at x are positive. This is a contradiction. |

5 The Question of C? Estimates for Admissible Solutions of Curvature Equations

A large part of the study of curvature measures has been carried out for convex bodies.

There are some generalizations of these curvature measures to other classes of subsets
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in R"*1, The notion of (n — k)th curvature measure can be naturally extended to k-convex
bodies (i.e., the principal curvatures of the boundary («1,«32,...,«,) € ['y at every point).
Since k < n, an admissible solution of (1.2) is not convex in general. It is important to
study the existence of admissible solutions of Equation (1.2). For k = n, the answer is
affirmative by the solution of the Alexandrov problem. For k = 1, Equation (1.2) is quasi-
linear, which can be solved using the method of continuity. C! estimates in Section 2
implies C%“ estimates by the standard quasi-linear elliptic theory and the Schauder
theorem. Lemma 2.5 guarantees the openness. The following is proved in [10]; it answers
the corresponding Christoffel problem for the mean curvature measure in the admissible

case. The issue of the convexity has been addressed in Theorem 1.2.

Theorem 5.1. Suppose k =1, f(x) € C}(S"*), f > 0, then there exists a unique admis-
sible hypersurface M € C%%,« € (0, 1) with positive mean curvature, such that it satisfies
(1.2). dJ

For the intermediate cases 1 < k < n, the existence of admissible solutions of
Equation (1.2) depends on the establishment of C? a priori estimates which is still open.
At this point, we would like to raise a
Question: For a given smooth positive function g(x, t, p), do there exist a priori second
derivative estimates for admissible solutions of equation for the general equation (1.3)
on S"*?

It is known that if g'/¥(x, t, p) is convex in p € R?, such C? estimates exist. This
is a quite restrictive condition. The function on the right-hand side of the prescribed
curvature measure equation (1.2) does not satisfy this condition. In the rest of this
section, we prove C? estimates for Equation (1.3) in the case k = n. We consider the

following equation:

deth;; = G(x, p, Vp), (5.1)

where p is the radial function of a hypersurface M c R"*!, that is p is a positive function

on S". We assume C° estimates for this equation, our purpose is to get the C? estimates.

Theorem 5.2. Suppose M is a convex hypersurface and satisfies Equation (5.1), where
the prescribed function G(x, p, Vp) is a positive smooth function. Suppose p(x) is an

admissible solution with 0 < C; < p(x) < C; < 00,x € S*. Then there exist a positive
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constant C that depends only on the constant C;, C,,|G|c2 and the lower bound depends

on G, such that we have the following C? estimates:

lplcz < C. U

Since any function in (x, p, Vp) can be written in terms of (X, N), when k =n,

Equation (1.3) can be expressed as

F(h;;) =logdet h;; =1og G(x, p, Vp) = g(X, N), (5.2)
where FU = 2L Firs = ahdzth . Pick a local orthonormal frame in R"! such that
ij ij TS
{e1, ez, ..., e,} are tangent to M. We use the following two different types of indices:

1<i,j,k<n,1<AB,C=<n+1.

For any point X, € M, if we choose a local orthonormal frame with diagonal

second fundamental form (h;;(X,)), then at this point we have the following:
Dig = gxae” + gns (NP = gxae + gnshue®, (5.3)

where D;g is the covariant derivative with respect to ¢, and gx4 = a%' gna = 3%, etc. As

in last section at X,, we get

Dng = (gx+@™), + (gns (V%))
= gxaxrerer” + 2gxanrer (V)1 + gxa(er?), + gnans (N4 (NP); + gys (NP)1
= gxaxzer e’ + +2hi1gxayser?er® — hi1gxa N4 + h%lgNANBelAelB
+ gz (hije;® — b2 NP) = b2 [gnanzer “e® — gus N*]

+ hll[ZgXANBelAelB — gXANA] + gXAXBelAelg + gNBhujejB. (5.4)
Differentiating Equation (5.2), we have

Fihy = Dg, (5.5)
FYhijin = Di1g— FU™hijihys:. (5.6)
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Proof of Theorem 5.2. We only need to establish the curvature estimates. Let

P(X,§) = log(hié&k&)(X) — a(X, N),

where § € S” and « is a positive constant that will be determined later. Suppose that
P(X, &) attains its maximum at some X, € M and & € S"”. We may assume &, is e; and the
other directions e, ..., e, can be chosen such that (e;,es,...,e,) is a local orthonormal

frame near X, and h;j(X,) is diagonal. Then the function

P(x) = logh;; — a(X, N) (5.7)

attains its maximum at X, € M. At the point X,, we have

Px) = My ix, ;.
11

So at X,,

hi1 hi  h3y;

=ah;(X,e), P(X)=—""— =% —a(X,N);. 5.8

™ ahi(X, ) (X) o R, af ) (5.8)
By (5.4) and (5.6),

N y 1 .

hll ZF”Pii(X) — F® [hiill =+ hiihfl — hllhlzi] — h—llF”h%Ii

—ahy FU [hiij(X, ej) + hii — K2 (X, N)]
= D11g — ahy FPhy(X, e;) + la(X, N) — 11Hhy,
+hy = nehn = F9hijihrs — hLuFiihfli
= [@(X, N) — 11Hhy, + h2,[1 + gyayse“e,® — gys N®]

+h11[ngANB€1A€1B - gXANA —nol + gXAXBelAE‘lB

+ gwshuije® — ahi FUhy(X, e))
N 1.
— FY9"hijihpsy — h—uF”hfli
<0. (5.9)
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From (5.3) and (5.8),

gnehii e — ahllFiihiij<Xr ej) = gnzhiije;® —ahi1Djg(X, e))
= gNBhlljejB — ahll[gXAejA + gNthjejB](X, e]-)

= gNBeJ-B[huj — Olhuhjj(X, €j>] — ochngAejA(X, €j>

= —ahi1gxae;j*(X, e;). (5.10)
For F = logdet,
ijrs L g2
—F hijlhrsl — h_llF hlli > 0. (5.11)

Combining (5.9)-(5.11), we get the following crucial inequality:

[a(X, N) — 1]Hhy, + k% [1 + gyayser“er® — gys N®]

+ hi1[2gxanser e’ — gxaN* — na — agxae;*(X, ;)] + gxaxser e < 0. (5.12)
By the assumption 0 < C; < p(x) < C3 < 00,Vx € S”, we have
0<C3=<(X,N)<C4y< 0.

(5.12) yields hi;(X,) < C, if « large enough. [ |
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