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1. Introduction

Gradient estimate for the prescribed mean curvature equation has been extensively
studied. The interior gradient estimate, for the minimal surface equation was obtained in
the case of two variables by Finn [3]. Bombieri, De Giorgi and M. Miranda [1] obtained
the estimate for high dimensional case. For the general mean curvature equation, such
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estimate had also been obtained by Ladyzhenskaya and Ural’tseva [11], Trudinger [22]
and Simon [19]. All their methods were used by test function argument and a resulting
Sobolev inequality. In 1983, Korevaar [8] introduced the normal variation technique and
got the maximum principle proof for the interior gradient estimate on the minimal sur-
face equation. Trudinger [23] also studied the curvature equations and got the interior
gradient estimates for a class curvature equation. In 1998, Wang [25] gave a new proof for
the mean curvature equation via standard Bernstein technique. The Dirichlet problem
for the prescribed mean curvature equation has been studied by Jenkins—Serrin [6] and
Serrin [18]. A more detailed history could be found in Gilbarg and Trudinger [5].

For the mean curvature equation with prescribed contact angle boundary value prob-
lem, Ural’tseva [24] first got the boundary gradient estimates and the corresponding
existence theorem. At the same time, Simon-Spruck [20] and Gerhardt [4] also obtained
existence theorem on the positive gravity case. For the oi-Yamabe problem on compact
manifolds with boundary, Li-Zhu [12] got some existence theorem. For more general
quasilinear divergence structure equation with conormal derivative boundary value prob-
lem, Lieberman [13] gave the gradient estimate. They obtained these estimates also via
test function technique.

Spruck [21] used the maximum principle to obtain boundary gradient estimate in
two dimensions for the positive gravity capillary problems. Korevaar [9] generalized his
normal variation technique and got the gradient estimates for the positive gravity case in
high dimensional case. In [14,15], Lieberman developed the maximum principle approach
on the boundary gradient estimates to the quasilinear elliptic equation with oblique
derivative boundary value problem, and in [16] he got the maximum principle proof
for the gradient estimates on the general quasilinear elliptic equation with capillary
boundary value problems.

In a recent book ([17], page 360), Lieberman posed the following question, how to
get the gradient estimates for the mean curvature equation with Neumann boundary
value problem. In this paper we use the technique developed by Spruck [21], Lieberman
[16], Wang [25] and Jin—Li-Li [7] to get a positive answer. As a consequence, we obtain
an existence theorem for a class of mean curvature equations with Neumann boundary
value problem.

We first consider the boundary gradient estimates for the mean curvature equation
with Neumann boundary value problem. Now let’s state our main gradient estimates.

Theorem 1.1. Suppose u € C?(Q) (" C3(2) is a bounded solution for the following bound-
ary value problem
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where Q@ C R™ is a bounded domain, n > 2, 00 € C3, v is the inward unit normal to
of.

We assume f(x,z) € C1(Qx [—~My, My)) and ¢(z, z) € C3(Q x [~ My, My)), and there
exist positive constants My, L1, Ly such that

lu] < My in 9,
fox,2) >0 in Q x [—My, M),
[f(@,2)| + | fal2,2)| < L1 in Qx [~Mo, Mo,
W}(xaz)‘(ﬁ(ﬁx[fMo,Mo]) < Ly.

Then there exists a small positive constant g such that we have the following estimate

sup |Du| < max{M;, M2},

QM(J

where My is a positive constant depending only on n, ug, My, L1, which is from the inte-
rior gradient estimates; Mo is a positive constant depending only on n,Q, pg, Mo, L1, Lo,
and d(z) = dist(z,00),Q,, = {z € Q:d(z) < po}-

As we stated before, there is a standard interior gradient estimates for the mean
curvature equation.

Remark 1.2. (See [5].) If u € C3(Q) is a bounded solution for the equation (1.1) with
(1.3), and if f € CY(Q x [~My, My)) satisfies the conditions (1.4)-(1.5), then for any
subdomain ' CC Q, we have

sup |Du| < My,
Q/

where M; is a positive constant depending only on n, My, dist(Q',9Q), L.

From the standard bounded estimates for the prescribed mean curvature equation in
Concus-Finn [2] (see also Spruck [21]), we can get the following existence theorem for
the Neumann boundary value problem of mean curvature equation.

Theorem 1.3. Let ) C R™ be a bounded domain, n > 2, 0Q € C3, ~ is the inward unit
normal to 9. If ¢ € C3(Q), is a given function, then the following boundary value

problem
Du
dv(——— Y =u in Q 1.7
iv( 1—|—|Du|2) u in (1.7)
%:wx) on 99, (1.8)

exists a unique solution u € C%(L2).
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Remark 1.4. In [17], Lieberman also considered the following oblique boundary value
problem for prescribed mean curvature equation

D
div(\/ﬁ):ﬂx,u) in Q, (1.9)
vq_la—u+w(x,u):0 on Of), (1.10)

Oy

where €2 C R™ is a bounded domain, n > 2, 7 is the inward unit normal to 92 and ¢ > 0,
v =+/1+ |Dul?.

Lieberman ([17], page 360) got the gradient estimates for ¢ > 1 or ¢ = 0. When
q = 1, it corresponds to the Neumann boundary value problem which we treat it in
Theorem 1.1. Recently in [26], the second author used the maximum principle to obtain
a new proof of gradient estimates for the problem (1.9), (1.10) with ¢ > 1 or ¢ = 0.

The rest of the paper is organized as follows. In section 2, we first give the definitions
and some notations. We prove the main Theorem 1.1 in section 3 under the help of one
lemma. In section 4, we give the proof of Theorem 1.3.

2. Preliminaries

We denote by Q a bounded domain in R", n > 2, 9Q € C3, set
d(z) = dist(z, 09),
and
Q, ={zeQ:d(z) < p}.

Then it is well known that there exists a positive constant g1 > 0 such that d(x) €
C3(%2,,,)- As in Simon-Spruck [20] or Lieberman ([17] page 331), we can take v = Dd in
Q,, and note that v is a C?(Q,,) vector field. As mentioned in [16] and the book [17],
we also have the following formulas

Dy +]D%y| < C(n,Q) in Q

M1

Z ’}/Djryl =0, Z leszY] =0, h/‘ =1 in QMI' (21)

1<i<n 1<i<n
As in [17], we define
M =6; -7 in Q

M1 (2'2)
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and for a vector ¢ € R"™, we write ¢’ for the vector with i-th component ), i<n ct Gj-

So

|D'ul* = Z cugu;. (2.3)
1<i,j<n
Let
a¥(Du) = v*8;; —wuj, v=(1+ |Du|2)%. (2.4)

Then the equations (1.1), (1.2) are equivalent to the following boundary value problem

Z aijuij = f(z,u)v® inQ, (2.5)

i,j=1

Uy =P(x,u) ond. (2.6)
3. Proof of Theorem 1.1

Now we begin to prove Theorem 1.1, as mentioned in introduction, using the technique
developed by Spruck [21], Lieberman [16] and Wang [25]. We shall choose an auxiliary
function which contains |Du|? and other lower order terms. Then we use the maximum
principle for this auxiliary function in ﬁﬂo, 0 < po < py. At last, we get our estimates.

Proof of Theorem 1.1.
Setting w = u — ¥(z,u)d, we choose the following auxiliary function

®(x) = log | Dw|?er TMotuexod = g e Q)
where g = |9]co@x (= mo, 1)) T Co+ 1, Co is a positive constant depending only on n, €.
In order to simplify the computation, we let

o(x) = log ®(z) = loglog | Dw|? + h(u) + g(d). (3.1)
In our case, we take
h(u) =1+ Mo +u, ¢g(d) = apd. (3.2)

We assume that ¢(z) attains its maximum at zo € ﬁum where 0 < po < py is a
sufficiently small number which we shall decide it later.

Now we divide three cases to complete the proof of Theorem 1.1.

Case I: If p(z) attains its maximum at xo € 99, then we shall use the Hopf Lemma
to get the bound of |Dul(x).

Case II: If p(x) attains its maximum at zo € 08, ()2, then we shall get the estimates
via the standard interior gradient bound [5].
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Case III: If ¢(z) attains its maximum at g € §,,, in this case for the sufficiently
small constant pg > 0, then we can use the maximum principle to get the bound of
|Dul(zo).

Now all computations work at the point xg.

Case 1. If p(z) attains its maximum at zg € 92, we shall get the bound of |Du|(zo).

We differentiate ¢ along the normal direction.

Op ZlgignﬂDwP)i’)’i

= B ! 3.3
oy | Dw|? log | Dw|? Tty (3:3)
Since
w; = u; — Yuuid — Py, d — Py, (3.4)
|Dw|* = [D'w|* + w2, (3.5)
we have
wy =y — Putyd— Y Ypy'd—9 =0 on 09, (3.6)
1<i<n
(|Dw|*); = (|]D'w|?); on 0. (3.7)
Applying (2.1), (2.3) and (3.7), it follows that
. (IDwl)yt = Y (ID'w)
1<i<n 1<i<n
=2 Z cklwkiwmi
1<i,k,l<n
=2 Z Fugiuyt —2 Z Ay Dy, (3.8)
1<i,k,I<n 1<k,l<n

where
Dkl/) = 1/ka + wuuk-

Differentiating (2.6) with respect to tangential direction, we have

Z M (uy)p = Z Dy, (3.9)

1<k<n 1<k<n

It follows that

Z HMugnt = — Z Fui (v + Z M D). (3.10)

1<i,k<n 1<i,k<n 1<k<n
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Inserting (3.10) into (3.8) and combining (2.6), (3.3), we have

0 ,
| Dw|? log \Dw|2a—¢(x0) = (¢'(0) 4 n'y)|Dw|* log | Dw|? — 2 Z Mg (7).
v 1<i k,i<n
(3.11)

From (3.4), we obtain

|Dw|2 |Du|2 on 0. (3.12)

Assume |Dul(z) \/100 + 2|z/1|co(Q>< Mo Mo))? otherwise we get the estimates. At

o, we have
1 2 2 2
§|Du| < |Dw|* < |Du|*, (3.13)
|Dw|* > 50. (3.14)
Inserting (3.13) and (3.14) into (3.11), we have
2 2 0p 2 2
|Dw|* log | Dw| 8_7(%) = (a0 — Y| co@x = o, 1)) — Co)|Dw|” log | Dw|

= |Dw|* log | Dw|?
> 0. (3.15)

On the other hand, from Hopf Lemma, we have

0
%( 0) < Oa
it is a contradiction to (3.15).
Then we have
|Dul (o) \/100 + 2000 ot (3.16)

Case 2. zg € 0Q,,, (€. This is due to interior gradient estimates. From Remark 1.2,
we have

sup |Du| < M, (3.17)
9y NQ

where M; is a positive constant depending only on n, My, uo, L1.

Case 3. xg €

In this case, x( is a critical point of ¢. We choose the normal coordinate at xq, by
rotating the coordinate system suitably, we may assume that u;(z¢) =0, 2 <i < n and
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u1(zo) = |Du| > 0. And we can further assume that the matrix (u;;(x¢)) (2 < 4,5 <n)
is diagonal. Let

<
2= 100L,
be such that
1 99 101
< —, th — <1- < —. 3.18
Yl < Jg5. then 100 < 1— s < o0 (3.18)
We can choose
1 .
Mo = 5 mll’l{Ml, M2, 1}
In order to simplify the calculations, we let
w=u—G, G=v¢(x,u)d.
Then we have
WE = (1 — Gu)uk — Gmk (319)
Since at x,
|Dw|? =wi+ Y w}, (3.20)
2<i<n
w; = =Gy, = —thp,d — by, i=2,...,n, (3.21)
wy = (1 -G uy — Gy = (1= G )ug — by, d — Pyt (3.22)
So from the above relation, at xy, we can assume
= | Dul(zo) \/3000 (L 12 o a0 (3.23)
then
9 11 9 11
Eul < |Dw|* < 1—0u%, Eu% <wl< Eu%, (3.24)
and by the choice of pg and (3.18), we have
99 101
— <1-G, < —. 3.25
100 — “ =100 (3.25)

From the above choice, we shall prove Theorem 1.1 with three steps. As we mentioned
before, all the calculations will be done at the fixed point xg.
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Step 1: We first get the formula (3.53).
Taking the first derivatives of ¢,

(|Dw|2)i / /i
;= it IRATNEY XTP ?, 3.26
7 | Dw|? log | Dw|? thut gy (3:26)
From ¢;(xg) = 0, we have
(|Dw|?); = —|Dw|* log | Dw|?(h'u; + ¢'v"). (3.27)

Take the derivatives again for ¢;,

(IDwP)s . (IDwP)(Dwl);
=i (g 4o |D
%5 = DullogiDup ~ TP puiog [Dup)?
+ huij + huiug + g~ +g/(’yi)j. (3.28)

Using (3.27), it follows that

pig = =DV (1 4 og | Dw) s,
7 |Dwl|? log | Dw|? ! !
+[g" = (1+log | Dwl)g*]7'57 — (14 log [Dw )Wy (v'u; +77wi) +9' (1)
(3.29)
Then we get
0> Z az‘j%j = + I, (3.30)
1<i,j<n
where
1 ..
[ = - (| Dwl?). - 3.31
' | Dw[?log [Dw|? Z (1Dul)s (331
1<i,j<n
and

I = Z aij{h'uij + [0 = (1 +log | Dw[*)h’ *Ju;u; + [¢" — (1 4 log [Dw|*)g"*]7*+

1<i,j<n
- 21+ log | DUl gy s + 50, (3.32)
From the choice of the coordinate, we have
a'=1,a"=v =144} (2<i<n),a? =0 #j1<4,j<n).  (3.33)

Now we first treat I5.
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From the choice of the coordinate and the equations (2.5), (3.33), we have

L =K fv® — b ?uilog |Dw|® + (B — h'?)ui + [¢" — (14 log |Dw|*)g"?] Z a'(y")?

1<i<n

—2(1 +log | Dw|*)h' ¢’y uy + ¢’ Z a”(7");

1<i<n

— h’fvs _ (h/2 +e 1912)1& log|Dw|2 + [h” K2 —|—Cn(g// _912) +g/ Z (’Yl)z]U%
2<i<n

2h'g'y uy log [Dw|? — 2 g'y'us + 9" — g + 4 > (V) (3.34)

1<i<n

Hence from (3.2), we have

= fv® — (14 c"ad)ui log |Dw|* + [ao Z (v)i —1—c"ag]ui
2<i<n

— 2007 uy log |Dw|? — 2007 uy — af + ap Z ")
1<i<n
> fud — (1 + cMad)u? log | Dw|? — Cyui, (3.35)
here C1 is a positive constant depending only on n, 2, My, o, Lo.

Next, we calculate I; and get the formula (3.52).
Taking the first derivatives of | Dw|?, we have

(1Dw?)i =2 Y wpw. (3.36)
1<k<n

Taking the derivatives of |[Dw|? once more, we have

(|Dwl|?); =2 Z Wi Whij + 2 Z Wi Whj - (3.37)
1<k<n 1<k<n

By (3.31) and (3.37), we can rewrite I; as

L= Dulgpap 2 2 wawig+2 30 aunun]

1<i,j,k<n 1<id,j,k<n
1

= ———|I Iia]. 3.38
| Dw|? log | Dw|? [fa + 1o (3:38)

In the following, we shall deal with I;; and Io respectively.
For the term I;1: as we have let

w=u—G, G=1¢(x,u)d, (3.39)
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then we have

WE = (1 — Gu)uk — Grk,
Wi = (1 — Gy)uki — Guatrpthy — Gy, — Gug, i — Gaps; s (3.40)
Whij = (1 — Gu)ukij — Guu(ukiuj + ug;u; + uijuk)
- Guxi,ukj - Guxjuki - Guackuij
- Guuuukuiuj - Guux,;ujuk - Guuxj UUg — Guuackuiuj

- Guxixj Ur — Guxkac]uz - Guacixkuj - Ga:,-xjwk- (341)

So from the choice of the coordinate and the equations (2.5), (3.33), we have
ij ij ij ij
E wra wijp = E [(1 — Gu)wra uij — Guuwrura” i — 2Guwra™” ugu;
1<i,jk<n 1<i,j,k<n
— WGz, a7 Ui — 2wKa"Y Gy, Uty — GuunWrUEA™ U
— 2wuka" Guue, U5 — Wi Guuz, 7 uiv; — wrura” Gug,z;

is ii
- 2wka JGua:ixkuj — Wga '7Ga:iac_7:ck:|

=(1-Gy) Z wkaijuijk —2(Guyt1 + Gugz,) Z Wr U1

1<i,j,k<n 1<k<n
— 2? G i — G 3 -G 3
v uzT; Wi Uk; uufv U1wy wuu W W1
2<i<n 1<k<n
2 G 3 G 2G 1
— UV ULW, urir; f’U WEGyx,, — wux, U1 W1
2<i<n 1<k<n
1 G 2 G G
— U3 WG yux, — U W zizix, — Guriz, W1W1
1<k<n 1<k<n  2<i<n
- 2u1 E Guzlzkwk - E GTlllkak' (342)
1<k<n 1<k<n

By the equation (2.5), we have

un = fo? —o? Z Uig, (3.43)
2<i<n
and

u?
Au = fo+ U—;uu. (3.44)
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Differentiating (2.5), we have

Z aijuijk = — Z a;{ulkuij + Ungf + 3f112’Uk. (3.45)

1<ij<n 1<i,jl<n

From (2.4), we have

ag, = 2wdij — dyuj — jiu;. (3.46)
By the definition of v, we have
VUL = ULUL- (3.47)
Since
Dy f = fuur + fa, (3.48)

from (3.46), (3.43) and (3.47), we have

> auip = —2wuipAu+2ur Y wpitig + 02 Dif + 3fvurua,

1<4,j<n 1<i<n

2U1
3
= 7 tuik +2u > wittin +v° Dif + fouuag
2<i<n

2U1
3 3
= 2 Utk + 2wy E w1k + fuvug + f2, 07 + fouruig.

2<i<n
(3.49)
Inserting (3.49) into (3.42), we rewrite I;; as
U
Ill = 4(]_ — Gu);;ull Z WEUE1 + 4(1 — Gu)ul Z U4 Z WEUL;
1<k<n 2<i<n  1<k<n
+ [2(1 = Gu) furv — 4Gy uy — 4Gy, ] Z Wity — 4v? Z Gz, Z Wi Ui
1<k<n 2<i<n 1<k<n
+2(1 = Go) fuvPurwy — 2Gu fruswy +2(1 — Z for Wk
1<k<n
— 2fv3 Z Gz, Wy — 2Guuuui’w1 — 22U wy Z Guziz; — 4Guum1u%w1
1<k<n 2<i<n
- 2U% Z kauuwk - 2U2 Z Wi Z Gazzwlwk - 2Gua:1w1u1wl
1<k<n 1<k<n  2<i<n
—duy Y Guayr, Wk —2 Y Gayoya, Wi (3.50)

1<k<n 1<k<n
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For the term I15: applying (3.33) and (3.40), we have

i, .2
112 =2 Z a”wki

1<i,k<n

=2 Z w,%l—i—QvQ Z Z w,%i

1<k<n 1<k<n 2<i<n

=2w? +2(v* +1) Z wi; + 20° Z wi;

2<i<n 2<i,k<n

= 2[(1 - Gu)ull - (Guuu% + 2Guw1u1 + Gwlacl)]Q
+200°+1) > [(1 = Guuri — (Guz,us + Gayz,))?

2<i<n
+20° > (1= Gu)ugi — Gaya,
2<i,k<n
=2(1-Gy)?uf; +2(1 - Gu)* (W +1) Y uf; +2(1—Gu)*® Y u

2<i<n 2<i<n

—4(1 - Gu)(Guuu% + 2Guz,ur + Gayay Jur1
— 4(1 — Gu)(U2 + 1) Z (Guzlul + Gwlwi)uli

2<i<n
—4(1 =GV Y Gaprtis + 2(Guuts] + 2Guz, iy + Goyay )
2<i<n
+20° 4+ 1) Y (Gueur + Goa,) > +20° > G2,
2<i<n 2<i,k<n

Combining (3.50), (3.51), it follows that

1
LH=—————-12(1-G, 21 — G,)* (W2 + 1 2
! |Dw210ng|2[( Jut 2 At )2;,1“11
+21— 222“11+41_ 02 Z WrUk1

2<i<n 1<k<n

FA1 = Guur > ur Y wiug

2<i<n 1<k<n

+ [2(1 = Gu) furv — 4G uur — 4Gy, | Z W UEL

1<k<n
— 42 E Gz, E W Uki

2<i<n 1<k<n
— 4(1 — Gu)(GuuU% + 2Gmlu1 + lexl)uu
—4(1 =G +1) > (Guz,ur + Gayz, Juni

2<i<n

(3.51)
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—4(1 - Gu)v2 Z Gapwttis +2(1 — Gu)fuv3u1w1 —2G o fruwy

2<i<n

+2(Guut] + 2Gua,ur + Goy,)? 4207 +1) Y (Guayta + Giya,)’

2<i<n

+2(1 - Gu)v3 Z S wi — 2fv3 Z Gz WE — 2Guuuu§’w1

1<k<n 1<k<n

2
— 20%uqwn E Guiz; — 4Guux1u1w1 — 2u1 E WGy,

2<i<n 1<k<n

— 20? Z W Z Gmimimk—QGmlzlulwl—l—QvQ Z szl

1<k<n  2<i<n 2<i k<n

—4U1 Z Guxlwkwk}_2 Z Gwlilkak:|~ (352)

1<k<n 1<k<n

Inserting (3.52) and (3.34) into (3.30), we can obtain the following formula

0> Z Clij%‘j = Q1+ Q2+ Q3, (3.53)

1<i,j<n

where ()1 contains all the quadratic terms of u;;; Q2 is the term which contains all linear
terms of u;;; and the remaining terms are denoted by @)3. Then we have

1
=——— —2(1 -G 2(1 — u22 1 2
0 = oo [P0 - Gt +20 - G 1) Y
2<i<n
U1
+4(1 - Gy )—u11 Z wiugr +4(1 — Gy)ug Z U4 Z Wi Uk;
1<k<n 2<i<n 1<k<n
+2(1 =Gy Y uQ] (3.54)

The linear terms of u;; are

1

SR S—TE]
% = g e

Gu)fulv - 4C;uuul - 4Guw1] Z WEUk1

1<k<n

— 40?3 Gua, Y witki — A1 = Gu)(Guutl] + 2Gug, ur + Goya, Junn

2<i<n 1<k<n

_ 4(1 — Gu)(UZ + 1) Z (Gua; up + Gzlw )uh — 4 1-— Z G, wtu“},

2<i<n 2<i<n

(3.55)
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and the remaining terms are

1
Q3 = IQ + W |:2(1 — Gu)qu3U1w1 — ZGuuf'UBU1w1

+ 2(Guuth} + 2Guz, 1 + Goy2y)? +2(0° +1) Y (Gug,ur + Gaya,)’

2<i<n

+2(1 - Gu)v3 Z forwi — 2fv3 Z Gz, WE — 2Guuuu?w1

1<k<n 1<k<n

2
— 2v U wy E Gumixi_4Guum1u1w1 2u1 E W, Gz,

2<i<n 1<k<n

Z W, Z Gaiziz — 2Guzy e, u1w1 + 20° Z kaxl

1<k<n 2<i<n 2<i,k<n

—duy Y Guamwr—2 Y Gmmkwk] (3.56)

1<k<n 1<k<n

From the estimate on I3 in (3.35), we have

3 11 2
WU wiwi — (14 ag)uilog|Dwl* — Couf,  (3.57)

Qs > fv° —
in the computation of QJ3, we use the relation f, > 0, where C5 is a positive constant
which depends only on n, Q, My, uo, L1, Lo.

Step 2: In this step we shall treat the terms Q1, Q2, using the first order derivative
condition

(Pi(‘ro) =0,
and let
A = |Dwl|?log | Dw|*. (3.58)

By (3.27) and (3.36), we have

W s 9V 2
> wgwy; = — | Dw|* log | Dw[*u; — == Dw|* log | Du|
1<k<n

/A0

h/
= 5 Au; 927 A,

i=1,2,...,n. (3.59)

Putting (3.40) into (3.59), by the choice of coordinate, we get

h/ gl,yz
> witki = — 5 Ati + Guu > wiukti — 5 A+ > wpup G,
1<k<n 1<k<n 1<k<n
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1<k<n 1<k<n

h/ I A8
:——Auz—i—Guuwlulu, g; A+ wiui Gy,

+ Z Wi Gyg, Wi + Z wrGepz,, ©=1,2,...,n.

1<k<n 1<k<n
(3.60)
By (3.60), we have
h 5 9’71
Z WrUg1 = —EAM + Guyujwy — A+ Guzywiug
1<k<n
+ Y wiGuzur + Y wiGaya,, (3.61)
1<k<n 1<k<n
and
1-G _ g =
(1-Gy) Z Wk =~ A+ Gup,wiug + Z WGz, 1=2,...,M.
1<k<n 1<k<n
(3.62)
Through (3.62) and the choice of the coordinate at xg, we have
Uy = ——Wilj; — —————— + . ’LL1+ ’UJkG i
‘ wy 21— Gy wr  1—Gy 1<Zk:<n TrE
i=2,3,...,n. (3.63)
Using (3.61) and (3.63), it follows that
w? h Auq Guu o g7t A
R i A ETIN E A (on i
Gz, Uy 4 A
GU.(E 71 A~ N 7 t—
*1—Gu“1+<1—au>w1 2 e gy 2
1<k<n 2<i<n
1
- Z Guazlwz 1 — G )w Z kawkwl
2<z<n 1<k<n
( Z wzkaa:kzL
1 1<k,i<n
w? h Auyq D
— ey — ———————  ————, 3.64
2% o1 Gy) w1 G (3:64)

2<i<n
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where we have let

/A1
s g7 A ul
D= Guuul - 2 w ux U1 + U)_ E kauzk § wz’}’ )
1 L i<k<n 2<i<n
1
E Gz, Wi —|— — E W Gapmy — 2 E Wi wgGeoz,-  (3.65)
Loci<n L i<k<n 1 1<k,i<n

It follows that

|D| < Cyuf, (3.66)

where Cj is a positive constant which depends only on n, Q, My, po, L1, Lo.
By (3.43) and (3.64), we have

2 /
2 wy 3 h‘ ﬂ_ D
> @+ W = S s T TGy

2<i<n

(3.67)

Now we use the formulas (3.61)(3.64) to treat each term in Q1, Q2. At first, we treat
the first four terms of @1 in (3.54), and get (3.68)—(3.71).
By (3.64), we have

w? h Auyq D 2
2(1 - =2(1-G,)? gy — 27
=Gty =20 =G 3 o= ga gy Wr T T g
2<i<n
2 2D
=201 -G Y Y 201 - G i 2Dy S
a<i<n W1 2<i<n
/12 A2 A
WEAL g Ahp yop?
2 w? w

1
2 A 2D

—2(1 - G Z %u“)hm—c: )(h’ﬂ -2 Y vl
1

2<i<n

L1 40(2). (3.68)

By (3.63), we have
201 - G, (V* +1) Y uf,

'

g A G
- - umul Wi a:kxl
w1

1<k<n

2
=2(1- G +1) Y %uQ +2(1- G

2<i<n 1 2<i<n
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v2 41

—4(1 — . N s
( Gu) w% Z (Guxlulwl + Z kaazkxl)wzuu
2<i<n 1<k<n
At P41, J v+ 1 i
wi wl 2<i<n 1<k<n
2% +1
(72) Z (Gumiulwl + Z kamkmi)Z
wi 2<i<n 1<k<n
w2
=2(1 - G,)*(W* +1) Z—; —Ga) i wii
<i<n Wy 2<i<n
241
_ 4(1 — Gu)—2 (Gmiulwl + Z kazkI,i)wiuii
1 2<i<n 1<k<n
11
1
4 ¢ 9’2” 424 a0082). (3.69)
2 w?
By (3.64) and (3.61), we have
Uy
4(1 —Gu)—2U11 Z WrUE1
v 1<k<n
4uq w? I Auy D ' g/’Yl
_ Dy — —— 20 A+ Guuulw
2 [2;’"“’% 21— Gy) wy 1—Gu” 2 L
+Gum1w1u1 + Z kaua:kul + Z kamka
1<k<n 1<k<n
A’LL 3 A 2 2
/ 1 /.1
[ 2h +4Guu le - uxry 2 wy +4 Z kaqu Qw%

1<k<n

h?Z A%y 2h  Au?
+4 Z kamkzl 2 Z w?ug; + 3 L 21D
1<k<n viwi 2<i<n 1-Guviwy  1-Gu v

2
A — Guuuiwr — Gug, wiug

- Z kauxkul_ Z kazsz

1<k<n 1<k<n
Au? ud Auq u? u?
= [—20 =L + 4G — 297! 4Gz 4 Gue
[ v2w? + v2wy 97 v2w? + 102w1 + Z WrSruzs 2w2
1<k<n
W2 A2y ,
+4 Z kazkcrl o 2 Z whug; + -G, o, + AO(u3). (3.70)

1<k<n 2<i<n
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By (3.63) and (3.62), we have

— Gy)ur Z w1 Z WE Uk

2<i<n 1<k<n

/At
=du Y| 9” IY 44 Gt + Y iG] [~ —witrss — 20— A

w 2(1 —Gy) w
2<i<n 1<k<n 1 ( u) W1
Guz,
+ 1_ é u + § kalklrL
u L i<k<n
Au 4u
’ 1 2 U1
=29 E wiy ug; — 4ud E Wi Gy, Ui — E W E Gy Witk
2<i<n 2<i<n 1<k<n 2<i<n

Cll /2 A2u - o
+ 1—gG wll N Z [29’71AU1—4Guxiw1U?—4u1 Z WGy, | [7— 4w

2<i<n 1<k<n 1 -Gy
1 2¢"  Auy i
TG 2 Wlnel — s 2 Gt ) wiGan]y
w) Pl Sh<n w WL oocign 1<k<n
A
:2 /ﬁ wﬁ uu 4“% Z wiGua:iuii_ Z Wi Z kawlwzuu
W, zs 2<i<n 1<k<n 2<i<n
A2 A2,
+—9 L4 AO(ud). (3.71)
1—Gu w1

Now we treat the first four terms of Qs in (3.55), and get (3.72)-(3.75).
From (3.61), we get

[2(1 - Gu)fulll] - 4Guuu1 - 4Gux1:| Z WrUk1
1<k<n
1 % ,
= -G [2(1 — Gu)fulv - 4Guu7.t1 - 4Guxl] [_EAul —+ Guuulwl

/A1
*%A+Gux1wlul+ Z WGz, u1 + Z kamkah]

1<k<n 1<k<n
= —H fAvU2 4 2G y foudw, — fg'yt Avuy
+2fuu1[Gwlw1u1 + Z kauajkul + Z kaIsz
1<k<n 1<k<n

4 hl gl,yl
“1Ta (Guwur + Guz,) [—5Au1 + Guuuiw — 5

A

+Gum1w1u1+ Z kauzku1+ Z kazkrl]

1<k<n 1<k<n

= 1 fAvu? 4 2G y frudw, + AO(u?). (3.72)



Xinan Ma, Jinju Xu / Advances in Mathematics 290 (2016) 1010-1039

From (3.62), we have

—4? Z Gz, Z WUk

2<i<n 1<k<n
402
= *1 Y Z Guml 79 ’7 A+ Gum7wlu1 + Z kamkm ]
2<7,<n 1<k<n
2g'
1—G ZGuz7 1—G ZGU£UU1w1
2<i<n 2<i<n
Z G’U,CEI Z kazinvg
1 G 2<i<n 1<k<n
= AO(u?).

From (3.64), we have
74(1 — Gu)(Guuu% + 2Gmlu1 + Gflfl )'ull

4(Guuu1 + 2G g u1 + Gmxl

2
PR
2

< 1

2
—4(1 = Go)(Guut? + 2G .z, us + Gaya,) Z ’2
<i<n 1

!
A
W Auy — D)

UGy + 2Cua w1 + Gy (5 -

2
—4(1 = Gu)(Gunti? + 2G yay s + Gy, Z S
<i<n 1

From (3.63), we have

—4(1 = G0 +1) Y (Gua,ur + Gy, uai

2<i<n
1-G g A
= 2 il PP
=4(v°+1) Z (Guz,u1 +Gmm)[ o WUy + = 2w
2<i<n
_Gua:-ul - i Z kaw :r]
T wl kL
1<k<n
2
1
W1 52
+4(U2 + 1) (Gux Uy +Ga:1x,) _’Yi ux7u1
- 2 w
2<i<n
v +1
=4(1 -G, Gz, Gz )Witlis + AO(u?).
(1 G 37 (G + Gy s + AO(R)

2<i<n

(

h,, Au1
Rt Y )
2 w1 + ]

+ AO(u?).

Z kaxk:c

1<k<n

1029

3.73)

(3.74)

(3.75)



1030 Xinan Ma, Jinju Xu / Advances in Mathematics 290 (2016) 1010-1039

We treat the term ()1 using the relations (3.68)—(3.71) and use the formulas (3.72)—(3.75)
to treat the term (5. By the formula on Q3 in (3.56), we can get the following new formula
of (3.53),

0 > Z aijgoij = Jl + JQ, (376)

1<ij<n

where J; only contains the terms with u;; (¢ > 2), the other terms belong to Jo. We can
write

1
—[J11 + Ji2], (3.77)

J1 ::A[

here Jy; contains the quadratic terms of w;; (i > 2), and Jjo is the term including linear
terms of ug; (i > 2). It follows that

wi ;
J11 = 2(1 — Gu)Q{( Z ?u”) ”U + 1 Z 7’&121 +’U2 Z u2
2<i<n 1 2<i<n 1 2<i<n
w2w? 2
{ Z u“+2 Z = JUH“JJ"’Z U“‘”"'l) ]Qz}
2<1<n 2<i<j<n 1 2<i<n 1
2 2, 2
we 9 w; w;
W) Z 1+ w_zz)uii+2 Z Tﬁu“ujj}
2<i<n 1 2<i<j<n 1
w2w?
— Gu)2{ Z dieiuzzi +2 Z =~ 7 4J ui,-ujj}, (378)
2<i<n 2<i<j<n Wy
where
2
di=v>+—L, i=23,...,n, (3.79)
1
w?
ei=1+—=5, i=2,3,...,n. (3.80)
wy
And
Au 2D v2 41 ;
J12 = —2(1 -G )(h/—l - 2) Z wfu“ + 2(1 — Gu)g/A—2 Z WY Ugg
wi wi 2<i<n wi 2<i<n
2<i<n 1<k§n
Au? u3 | Aug u? u?
— [20' 55 — 4G - +2 VS —4GWW 4 " wiGuz, 5 2

1 1 1<k<n
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4 Z TN ——— le Z wu”+2’ Z wiy ug

1<k<n 2<i<n 2<i<n
4u
2 1
- 4U1 E szumuu - —w E Wi E szmwzuu
2<i<n Li<k<n  2<i<n
2 Z
— 4(1 — Gu)v Gmlzluu

2<i<n

2
— 4(1 — Gu)(GuuU% + 2Guw1u1 + Gw1$1 Z 12
<i<n wi

Z Kiui, (3.81)

2<i<n
where
Au1 2D 1)2 +1 .
K= —2(1—G,) (W= - 21— Gu)g A —w’
( ) " %) 7+ 2( )g v
v2 41
—4(1 = Gy) —5 (Guz,urw1 + Z WGy, JWi
w1 1<k<n
Au? us Au u? u?
! 1 1 /1 1 1 1
205 ? 4G g 200 g 4G g > wiGus, u?

1<k<n

Uy 9 , Aug ) 9 4uq
4 g kaxkxlﬁ]wi +2¢' —wiy' — 4w Gup, — — E W, Gyppz, Wi
v2w w w1

1<k<n 1 1 1<k<n
—4(1 = G2 Gz, — 4(1 — G )(Guuti? + 2G yp ur + 4Gm1m1)%z
1
- Gu)”tl(amul + Gana s (3.82)
It follows that
|Ki| <C4A, i=2,...,n. (3.83)

We write other terms as J3, then

2fG., W2 Au?
= Q3 — W foul + / Loudwy + —— 5
2 wi

'Z o Aud ol clg'? Auy

A+ — 40

Jrl—G v2w; 79 wif 1—G, wy (ud)-

(3.84)

So by the choice of pp and the formula on Q3 in (3.57), (3.58) and (3.2), we get the
following estimate on Js,



1032 Xinan Ma, Jinju Xu / Advances in Mathematics 290 (2016) 1010-1039

h12 Au hl2 AU3
11 2 2 1 .
Jo 2 ~(1+cHaguilog|[Dwl + =-S5 4 g

11 u Cll /2 Au
+ _g 12 1A g 1
2 1 17G w1

C5u1

1
> Z(l + cMad)u? log | Dw|? — Ceu?, (3.85)

where Cy, C5, Cg are positive constants which only depend on n, Q, pg, My, L1, Lo.

Step 3: In this step, we concentrate on J;. We first treat the terms Jy; and Jio
and obtain the formula (3.98), then we complete the proof of Theorem 1.1 through
Lemma 3.1.

By (3.67), we have

h, Au1 D
u22—__ Z duu f/U +2(1—Gu)w—1_1_Gu] (386)
3<z<n

We first treat the term Ji1: using (3.86) to simplify (3.78), we get

Ji1 =2(1 —Gy) {d262u22—|— Z dezu“—&—2 uzz Z u”

3<i<n 3<J<n
w??
+ 2 Z T%Juiiujj}
3<i<j<n
€9 h/ Au1
:2(1—Gu)2{—[— S dpug ot 4 Am Y diend
da 3<i<n 2(1 = Gu) wn 3<i<n
211)% h/ Au1 D 'LUQ
ST dug ot 4 Aw 1Y Y,
2 Z Chadd 2 777
dowy 552 2(1-G,) wy 1-G, 552, wy
w2w2
+ 2 Z 4j ’LL“’U,jJ}
3<i<j<n Wi
2(1 - Gy)? 2 w%w? 2
= T Z [egdi + e;d;dy — 2 wil dz]u”
3<i<n
2,2 2,,2 2,2
wW; Wy Wy w;w;
+2 Z [eadid; — Wi dj — w4jdi+ w43}uii“jj
3<i<j<n 1 1 1
h/ Au1
[ 2(1 — Gu) w1 1-— Gu 3§zZ§n
w3 h Au D
o W2 e oAam 2 200
%[fv +2(1_Gu) o 1_Gu]3<lz<nwzu“
h Au D 2
3, Am
+ e[ fv +2(1—Gu) o 1—Gu] } (3.87)
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We can rewrite it as the following

Ji1 =: 2 { Z bmu i+ 2 Z biju“ujj

3<i<n 3<i<j<n
h/ Au1
2(1-Gy) wn 1-G, 357%n
w3 n Au D
w3 1 2
—lfrrt v - — Wi
il[f 2(1—Gu) w1 1—Gu] 392n
1% Au D -2
3 1
_ - , 3.88
+62[f”+2(1—0u) W 1—Gu]} (3.88)
where
2,2
bii = ead? + esdidy — 22271 d;
wy
=: 2u‘11 + Ahuf + Ay, 12>3
2,2 2,2 2, 2
wWHW; WHwW7 w; wy
bij = egdidj — ’Ufll dj - wil] di + ’wéll]
= u} + Gijud + Gy, i# 74,4, >3, (3.89)
and
2
Ary = 4+ (w3 +w)—,
1
2 2 2 2 20,2 2
2 2y U1 20, 2 oy Ui | 2wy +4w]  2wi(wi +wy)
A2i:2+(3w2+5w¢);% +wi(w2+wi)u711+ w? + w )
2
Gi; =2+ w2 u1
wi’
2 2 2 2 2,2 2,2, 2
A 5 5 o ui Wy twitw; o 2wiw;  wiwiw;
Gij =1+ (2w; +wi+wj)w—%+ w? L+ wéll] - b L. (3.90)
Now we simplify the terms in Ji2: by (3.86), we can rewrite (3.81) as
Ji2 = Kaugz + Z Kiui;
3<i<n
n Au D
Zduzz+fv +ﬁ—1—1 G]'FZKiuii
da 3<i<n 2( u) wi T Yu agicn
Kgdi K2 3 h/ Au1 D
= Ki— =25y, + =2 L . 3.91
Y (K= =t G+ g et - o] (3.91)

3<i<n
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Using (3.87) and (3.91) to treat (3.77), we have

2(1 — G,)? N
Ji = (Tb)[ Z biiug; + 2 Z bijuiiugj + Z Kl + R, (3.92)
3<i<n 3<i<j<n 3<i<n
where

h/ AU,1 D

Ki=-2 3, _ d;
ez[fv +2(1_Gu) o 1—Gu]
2’[0% 3 ' A’LL1 D 9
wi 21— G wr . + Kidy — Kad;. .
’ wi o+ 2(1 - Gyu) w 1_Gu]wz + fidy — Ko (3.93)

We also have let

_ 2e0(1 - Gy)?

R Ads

h Au D .2
3, Awm
[fo TGy W —a,
14 ﬂ_ D ]
21— Gy) wi  1-G,~

22143
+Ad2[fv +

For K; and R, using the formulas on D, K; in (3.66), (3.83); the formula of A in (3.58);
d;,e; in (3.79)-(3.80), and h(u), g(d) in (3.2), we have the following estimates

|Ki| < Crui, i=3,....m (3.94)
IR| < C ui (3.95)
= Blogup :

Now we use Lemma 3.1, if there is a sufficiently large positive constant Cg such that

| Dul(z0) > Cy, (3.96)
then we have
Clou?
J > —
L= Ads
> —Cnui, (3.97)

where we use the formulas dy in (3.79) and A in (3.58).
Using the estimates on J; in (3.97) and J3 in (3.85), from (3.76) we obtain

0> Z a’ i

1<i,j<n
1
> Z(l + cMtad)u? log | Dw|? — Craul

v

1
Zu% log | Dw|? — Cyau3. (3.98)
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There exists a positive constant C73 such that
|Du|(w0) S 013. (399)

So from Case 1, Case 2, and (3.99), we have

|Dul(wo) < Cray w0 € Qo [ JOQ

Here the above C7,...,C14 are positive constants which depend only on n,Q, pg, Mo,
Ly, Lo.
Since p(x) < p(xg), for x € Q,,,, there exists My such that

|Dul(x) < Ma, in Q| Jo0, (3.100)

where M, depends only on n,Q, ug, My, L1, Lo.
So at last we get the following estimate

sup |Du| < max{Mi, Mz},
ﬁuo

where the positive constant M; depends only on n, g, My, L1; and M5 depends only on
n, Q7 Ho, MOa L17 L2~
So we complete the proof of Theorem 1.1. O

Now we prove the main Lemma 3.1 which was used to estimate J; defined in (3.97).

Lemma 3.1. We define (b;;) as in (3.89); d;,e; defined as in (3.79)—(3.80); A1, A2,
Gij, G’ij defined as in (3.90). We study the following quadratic form

Q(a?g, T4y... ,l‘n) = Z b“xf + 2 Z bijxixj + Z f(ﬂl‘i, (3101)

3<i<n 3<i<j<n 3<i<n

where K; defined in (3.93) and we have the estimate (3.94) for K;. Then there exists a
sufficiently large positive constant Ci5 which depends only on n, ), po, Mo, L1, Lo, such
that if

| Dul(zo) = u1(zo) = C5, (3.102)
then the following hold.
(1): The matriz (bi;) is positive definite since the matriz (bj;) = (1 + d;;) is positive
definite.
(IT): We have
Q(.’IJ37.’IJ4,...7.’E”) Z _CIGU?, <3103)

where positive constant Cig also depends only on n,Q, po, My, L1, Lo.
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Proof. Let
B = (bjj) = B1 + B2, By = U%(bgj)>B2 = (O(u})dy;).-
We first prove (I):
or(B) = or(B1 + Bs)
= o1(By) + on(B1, By, ..., B1, Bs)
+ -4 0k(By,Ba,...,Bs,Bs) + o1 (B2)
= ui*oy,(bj;) + O(uy"?), (3.104)

so if u; is sufficiently large, then o (B) > 0 < oy (bllj) > 0.

Now we prove (II): Since By = U%(bgj)ggi’jgn is positive definite, from the argument

in (I), we get
B™'=(Bi+By) ' =B '(I+ By 'By) T = ugt(bl) (14 0(1)).  (3.105)

Then we have

1 1 n—2 -1 -1
N 1 2 1 1 -1 n-—-2 -1
piy-1 = = 1
(b}) ol B (3.106)
1 1 2 -1 -1 n—2

Now we solve the following linear algebra equation

99 _

0, k=3,4,...,n. 3.107
al'k ’ ) 5y 1 ( )

We assume (Z3,Z4, . ..,Zy) is the extreme point of the quadratic form Q(zs3, x4, ..., 2y).
From the definition of b;;, K; in (3.89), (3.93) and the estimate for K; in (3.94), using
the formulas (3.105) and (3.106), it follows that

T3 1
T4 1

=0W)B™ | | =0w)| . |. (3.108)
T 1 1

It follows that we have the following minimum of the quadratic @,
Q(T3,Z4,. .., Tn) > —Cirul. (3.109)

In this computation, the bounds in the coefficient on O(u3), O(u1) depend only on
n, Q, My, po, L1, Lo. Thus we complete this proof. O
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4. The proof of Theorem 1.3

In this section we first prove Theorem 1.3.

In the proof of the existence theorem for the Neumann boundary value problem,
we need the apriori estimates. For the C? estimates we use the methods introduced by
Concus—Finn [2] and Spruck [21]. As in Simon—Spruck [20], we use the continuity method
to complete the proof of Theorem 1.3.

Proof of Theorem 1.3. We consider the following family of problems on the mean cur-
vature equations with Neumann boundary value:

Du
div(——t Y=y i O, 41
iv( l—HDuP) u in (4.1)
ou
P TY(xz) on 09, (4.2)

where 7 € [0,1].

For 7 = 0, then u = 0 is the unique solution. And we need to find the solution for
7 = 1. By the standard existence theorem [24,10], as in Simon—Spruck [20], if we can get
the a priori estimates for the C2(Q) solution of the equations (4.1) and (4.2)

sup [u] < K7, (4.3)
Q

sup |Du| < Ko, (4.4)
Q

where K1, K, are independent of 7. Then we can get the existence theorem. From the
interior gradient estimates and our boundary gradient estimates, we only need get the
C" estimates for the solution u in (4.1) and (4.2).

In the paper by Spruck [21], he used the comparison theorem developed by Concus—
Finn [2] to get the C? estimates for the mean curvature equation with prescribed contact
angle boundary value problem. In our case, his proof is still true, so we complete the
proof of Theorem 1.3. O

We give a remark to compare our result with the one in the book by Lieberman [17].
Remark 4.1. For the mean curvature equation with the following boundary condition

b(z,z,p) = v uy +(z,2) =0 on IN. (4.5)

In Lieberman book ([17] page 360), he can get the gradient estimates when ¢ > 1 or

g = 0, see also Lieberman [17] page 356, (9.64g), (9.64h).
So for g = 0, this is the prescribed contact angle boundary value problem.
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For ¢ = 1, it is corresponding to Neumann boundary value problem, we have gotten
the gradient estimates in Theorem 1.1. If we use the notation from the book [17], then

b(w,z,p) = Uy + w(fE,Z) and bpa; = "yz

So we have

by-v=1, 0b(z,z,p) =u, = -1,

where we define the operator § as 6 f(z,2,p) = p - fp(x, 2, p).
In order to get the gradient estimates, in Lieberman [17] book, he need the following
condition which appears in page 356, the formula (9.64h) i.e.

6b < o(b, - 7).
In the Neumann boundary value, it doesn’t satisfy this condition. 0O
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