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U = (61_] — ﬁ)uu in Q x (O,OO)7
u, = ¢() on 99 x (0,00), (1.1)
u(z,0) = ug(x) on Q,

where () is a strictly convex bounded domain in R™ with smooth boundary for n > 2 and
Ou  Ou  Ou
Oz’ Oxgy? ? Oxy,

gradient of u; up(x) and ¢(x) are smooth functions satisfying

v is an inward unit normal vector to 992, Du = ( ) denotes the spatial

uo,, = @(x) on ON.

Then we consider the existence of constant mean curvature surface with prescribed Neu-
mann boundary value on a strictly convex bounded domain 2 in R™,

in Q,

V( Du > \
V1 +|Dul? (1.2)

uy, = @ (x) on 01},

where p(z) and v are the same as stated above.

In [2,9,10], Brakke and Huisken studied the parametric surfaces moving by their mean
curvature. Their work suggested that it is geometrically more natural to consider the
surfaces whose speed in direction of their unit normal is equal to the mean curvature,
since in this case the mean curvature flow is the negative gradient flow of the area
functional of the hypersurface, and some authors investigated the other nonparametric
evolutionary problem (see for example [6]) with Dirichlet boundary value.

In [11], Huisken studied the equation (1.1) with ¢(x) = 0 and proved that the so-
lutions asymptotically converge to constant functions. In his paper, he used integral
methods to prove a time-independent gradient bound by Sobolev inequality and itera-
tion method. When n = 2, Altschuler and Wu [1] considered the mean curvature flow
with the prescribed contact angle boundary value

U; Uj .
Uy = (5” - TZ)JUP)U” in Q x (0,00),
uy, = @(z)\/1+ |Dul? on 99 x (0, 00), (1.3)
u(z,0) = up(x) on .

They proved that if Q is strictly convex bounded planar domain and |Dy| < minggq k,
where k is the curvature of 92, the solution of mean curvature flow of (1.3) converges
to a surface which moves at a constant speed up to a translation. Up to now it is still
open to generalize the Altschuler and Wu’s [1] result to high-dimension case.
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For n > 2, Guan [8] studied the more generalized mean curvature type evolution
equation with the prescribed contact angle problem as below

ur = (055 — m)u” + ¢(z,u, Du)  in Q x (0, 00),
<y,v >=p(x) on 092 x (0, 00), (1.4)
u(z,0) = ug(x) on ,

where v denotes the downward unit normal to graph w(-,t). He considered the asymp-
totic behavior of the solutions as t — oo for two special cases: (i) ¢(z,u,Du) =
—kuy/1+ [Dul? for k > 0, (ii) ¢(x,u, Du) = n/u for u > 0. Guan proved that in
each case the solution asymptotically approaches the solution to the corresponding sta-
tionary equation. As a consequence of the second case, he obtained some existence results
for minimal surfaces in hyperbolic space H**! with a prescribed contact angle condition.
In the work of [8], ¢(z,u, Du) must satisfy the crucial monotonicity requirement with
respect to u.

The existence and the asymptotic behavior of the solution to equation (1.3) or (1.4)
are related to the mean curvature type equation with prescribed contact angle condi-
tion, which have been well studied in the last 40 years (for example see the book by
Finn [4]). Recently, Ma and Xu studied the mean curvature equation with the Neu-
mann boundary value in [16], and Xu obtained the corresponding existence theorem for
the mean curvature flow of graphs with the Neumann boundary value in [19]. Their
work inspires us to consider what the asymptotic behavior of the solution to equa-
tion (1.1) is.

In this paper, we show that up to a translation the solutions to equation (1.1) converge
to solutions which move at a constant speed of translation by adopting [1]’s method. And
we will also discuss the existence and uniqueness of the constant mean curvature equation
with Neumann boundary value on strictly convex bounded domain in Theorem 1.3.

At first we have the following convergence theorem.

Theorem 1.1. Let Q) be a strictly convex bounded domain in R™ with smooth boundary,
n > 2. For p(z) € C>(Q), the unique smooth solution u(z,t) to equation (1.1) converges
to M + w, it means that

Jim [Jue,0) — (M + w(@) oo ) = 0.
where (A, w) is a suitable solution to (1.5).

For completeness, we state the following existence theorem for (1.5).

Theorem 1.2. Let ) be a strictly convex bounded domain in R™ with C® boundary, n > 2.
For o(z) € C3(Q), there exists a unique A € R and w € C*%(Q) solving
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L Nu; = A in 2,

(63— T

uy, = p(z) on IQ,

where v is an inward unit normal vector to 0 and 0 < a < 1.
Moreover, the solution w is unique up to a constant. Here X is called the additive

eigenvalue.

Remark 1.1. By

div/( Dw ) A
iv = ,
VItIDuP’ ~ i+ |DuP

we integrate two sides in 2 and obtain

¢(z)
N R
T Tt [Dup) 1 Rde

Remark 1.2. When ¢(z) = 0, Theorem 1.1 implies that u(x,t) converges to a constant
as t — co. This is Huisken’s result in [11].

The study of the equation (1.5) is connected to the capillary surface without gravity,
which is the constant mean curvature equation with prescribed contact angle boundary
value condition

Du )=A in Q,

V 1+ [Duf? (1.6)
uy, = cosfpy/1+4 |Dul?  on 99,

where v is an inward unit normal vector to 0€). The existence of solution to the equa-

div(

tion (1.6) has been studied by many people, one can refer to the related papers [3], [7]
and the book [4]. Finn—-Giusti [5] gave an example of nonexistence for the equation (1.6)
when the domain is non-convex. If € is a convex bounded domain in R? with smooth
boundary, 6 is a constant and it satisfies the compatibility condition A|Q2| = — cos 6,|0€],
Giusti [7] got an existence theorem when the curvature of the boundary of €2, denoted
by k, satisfies an additional condition 0 < k < %.

But for the Neumann boundary value condition, we can get the existence and unique-
ness of the constant mean curvature equation with Neumann boundary value on strictly

convex bounded domain in R"”.

Theorem 1.3. Let Q) be a strictly convex bounded domain in R™ with smooth boundary,
n > 2. For any ¢ € C®(Q), there exists a unique X € R and a function u € C=(Q)
solving
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oY U Y inQ,
V1+ [Duf? (1.7)

uy, =p(x) ondQ,

where v is an inward unit normal vector to Of1.
Moreover, the solution u is unique up to a constant.

Remark 1.3. By integrating two sides of equation (1.7), we obtain
[, 1GNP
02 \/1+|Du|?

Remark 1.4. In [16], the first author and Xu proved that

D
“ )= in Q,

—_— €u
V1+|[Duf? (1.8)

u, = ¢(x) on 99,

div(

has a unique solution for € > 0. To get the existence, they need to get C° estimate firstly
and then obtain C! estimate. But for the solution to (1.7), we obviously have no C°
estimate.

Our method to prove Theorem 1.2 and Theorem 1.3 is to give the uniform C*! estimate
(independent of £) for the solution to quasilinear equation

H(zx, Du, D*u) = cu in Q,
(1.9)

u, = @(x)  on 9.

In order to obtain the uniform C?! estimate, we need the key condition that € is a strictly
convex bounded domain in R™ with smooth boundary. By the maximum principle, we
can give the CY uniform estimate for eu. From the Schauder theory, we get uniform
high order estimates. Let € — 0, Theorem 1.2 and Theorem 1.3 are proved. This similar
problem is called additive eigenvalue problem which appears in ergodic optimal control
or the homogenization of Hamilton—Jacobi equations, and it has been studied by so many
mathematicians, such as Lions [15], Ishii [12] etc. They applied the additive eigenvalue
problem to study the large time behavior of the Cauchy problem of Hamilton—Jacobi
equations. More introduction can be found in [12] and the references therein.

In this paper, in order to simplify the proof of the theorems, we write O(z) as an
expression that there exists a constant C' > 0 such that |O(2)| < C-=.

We also note the following facts when 2 is a strictly convex smooth domain. There
exists a smooth defining function A for € such that ~ < 0 in Q and A = 0 on 09,
{hij} > ko{d;;} for a constant ky > 0 and supg |Dh| < 1, h, = —1 and |Dh| = 1
on 0. Because of the strict convexity of the domain, we may assume that the curvature
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matrix of 0€) satisfies {x;;} > k1{d;j }1<i,j<n—1, where k; > 0 is the minimum principal
curvature of the boundary.

For the arrangement we proceed as below. In Section 2, we firstly give the uniform
estimates for |us| and |Dul for equation (1.1) in the strictly convex bounded domain and
then prove Theorem 1.1 and Theorem 1.2. In Section 3, we give the uniform C' estimate
for the solution to equation (1.8) and prove Theorem 1.3.

2. The asymptotic behavior of mean curvature flow

We study the asymptotic behavior of the following nonparametric mean curvature
flow with Neumann boundary value

S S L R VA
ue =y = T gt @
uy = p(x) on 90 x [0,T), (2.1)
u(z,0) = ug(x) on £,

where 2 is a bounded domain in R™ with 0Q € C*, Qr = Q2 x [0,T). p(z),uo(z) €
C>=(Q) and ug, = ¢(x) on AN.

The existence for short time and uniqueness of the solution to (2.1) follow from the
classic theory in [13] and the implicit function theorem. We assume that smooth solutions
exist on the time interval [0, 7). In the following, we will establish a time independent
estimate of |us|?, and a time independent a priori bound on the gradient of the solution
when 2 is a strictly convex bounded domain in R™. This will turn the quasilinear evo-
lution equation into a uniformly parabolic equation. The higher order regularity follows
from the standard theory and then the infinite time existence of the smooth solution
follows.

Firstly we use the maximum principle to establish an a priori bound on |uy|?,

Lemma 2.1. If u(w,t) is a smooth solution to (2.1), then supg,. lug|? = Supg, lue|?, so
there exists a constant C = C(ug) > 0 such that

sup Jue| < C.
Qr
The proof of this lemma is almost the same as in [1], we omit it.
Now we get a time independent a priori bound on the gradient of the solution to (2.1).
This is the crucial step in establishing the infinite time existence of solutions. In this step
we will make strong use of the strict convexity of the domain.

Lemma 2.2. Let Q be a smooth strictly convexr bounded domain in R™ and n > 2.
Suppose that u(x,t) € C3>2(Qr) is a solution to (2.1). Then there exists a constant
Co = Co(n, Q,ug, p(z)) > 0 such that

sup |Du| < Cyp.
T



258 X.-N. Ma et al. / Journal of Functional Analysis 274 (2018) 252-277

Along the similar approach in [1], [15] and [17], we get the time independent a priori
bound on the gradient of the solution to equation (2.1).

Proof. To reach the conclusion of the lemma, we only need to prove that for 0 <7’ < T
we can bound |Du| on Qr+ independent of 77 and then take a limit argument.
Let

®(z) = log|Dw|? + f(h),
where
w=u+p(@)h, f=ah,

and « is a positive constant which will be determined later. For convenience we denote
by G = —p(z)h.

We firstly show the maximum of ®(x) on Q x [0,7'] can not be achieved at the
boundary 99Q x [0,7"].

Let n denote the unit inner normal vector and 1 < ¢ < n — 1 denote the tangential
derivative. D denotes the derivative in R™, 7 denotes the derivative on the boundary. We
also denote V/;(uy) := up; for 1 <i < n— 1. By the boundary condition, w, = 0 on 9,
which means that Dw|gq is a tangent vector along 9. If ®(x) attains its maximum at
(20,t0) € 00 x [0,T"], then at (xg,tp), we have

| Dwl7,

0>®, =
IDwP

o Z 27,Ukanw
| Dwl?

_ Z QW Wk + 2ZZ L WkWikik (2.2)
| Dwl?

WEWiKik
-9 _
Z TDul?
22]61 — Q.
By taking 0 < a < 2kq, the maximum of ® can only be achieved in Q x [0,7"].
Now, only the following two cases are left to be discussed.
Case 1: ¢ attains its maximum (xg,0) € Q x {0}, then there exists a constant C' =

C'(ug) > 0 such that

max |v] < C. (2.3)

T
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Case 2: ®(x) attains its maximum at (zg,to) € 2 x (0,7”]. We have

| D)
d to) = 2.4
t(an 0) |DU)|2, ( )
| Dw|?
®;(wo,t0) = Duwl " ah; =0 (2.5)
and
By oty D0 [DwBIDuE
ij\Zo,t0) = - + ah;j;
J | Dw)|? | Dw|* J 20)
= |Dw|2 +Oéhij -« hihj.
Let a;; = 0;; — %, then it follows at (o, o),
0 Z Z al—ij)l-j — (I)t
1<i,j<n
= Z az‘jﬁ — :Dw:; + « Z aijhij — a2 Z a}ijhihj (27)
1<i,j<n 1<i,j<n 1<i,j<n
£ I + IQ,
where
2
L= ), a~|Dw‘ij _ |Dulf
= i
\igen  [Dwl* |Dwl?
and

IQ = Z (aaijhij — azaijhihj).

1<i,j<n

At (zg,10), we choose coordinates such that |Du| = u; and (u;j)2<; j<n is diagonal.
Then

a1 = a;; =0 for ¢ # j and a;; = 1for i > 2,

02’

where we denote by v = /1 + |Dul?.

We always assume w; is big enough such that wj, wy, |Dw| and v are equivalent
with each other at (zg,tp). Otherwise, the Theorem is proved. It is also noticeable that
|w;|] < C for i = 2,--- ,n. In our proof, C is denoted to be a positive constant which
may be changed in different places but has nothing to do with 7".

ko

I, > af(n—1)ko + 0—2] - oﬁ(Z—E + ihf). (2.8)
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n
We denote by J = > aj; |Dw|§j — |Dw|? and compute this term carefully. By differ-
ij=1
entiating the equation (2.1),

n n
§ Qi 2wkwk1j +2wk7wk] -2 § WEWtk

i,5,k=1 k=1
n n n
2
=2 E wk[ E Qi W45k — wtk} +2 E Qi Wi,
k=1 ij=1 ik=1
n
2
=2 E w| E aij(Ukij — Grij) — k) + 2 E Wi,
i,7=1 i,k=1
n n n
2
=—2 E aijkakij -2 E wk(aij)kuij +2 E Qi Wi,
i k=1 ij.k=1 ik=1
A
=J1 + Jo + J3.

It is obvious that

Ji > —Cw. (2.9)
Next we deal with Js.
~ Uil
U;uj
Jo = E —2wi(0ij — —5 )kWij
i.g,k=1
n
—4 Z W uzkuju” _4 Z uzujuwululk
i,j,k=1 i,k l=1
n
Z Uzkuluzl 742 U11U1U1k
i,k=1

4’LU1U1’LL11 4 Z wlululz 4 Z wzululzuu 4 Z wzulzullul

=Jo1 + Joag + Jog + Jos.
By using (2.5), for 2 < i <n, we have

—ahi|Dw|2 — 2w;u; + 2 2222 WGk

_Gi:
! 2’[1]1

(2.10)

and

2wy (un — Gn)

i 2w; (u1; — Ghy)
| Dw|?

= —ahy —
BXE o

(2.11)

=2
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By (2.10), for 2 < i < mn,

1 Ui
U = O(].) - §Oéh7;’l) - Wit .

wy

zn: Qwi(uu — Gﬂ) Xn: Qwi (—ahi|Dw|2 — 2w¢uii +2 ZZ:2 kaik)
| 2'UJ1

|ah | - 2w 2wiwy Gri
Z |Dw]?w; 22:: wi|Dwl?
By (2.11) and (2.13), we have

n

(20+ O()ury = —ahyv® + O() + ) 0(%)%.

=2
So,
_ 1 h Y 0 L O(1
U11——§Oé 1’U+Z; (ﬁ)uii-i- ( )

We deal with Jo1, Joo, Josz, Joq respectively.
It’s obvious that

Jo1 + Jag > 0.
For the term Jos,
Wit Ugs 1 Wity
=4 1 —ah;v —
=43 MR ON) - Gahw - STH)
= [0(=5)u3; + O(|ahs|yuii]
i=2
And
B wW; UL 1 W; g 1
Joa =4 S (0(1) = jahv — o )(——ahlv + ZO Jui; + O(1))

=2

a?|h;h 1 " ah ah
—o(® Pty L oLy + 3" fol 2l 4 ooty u+ZO

261

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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By (2.16)—(2.18), it follows that

>3 10(g) + 0l + 3 [0 A2l + o2y 1 o) -
=2 i= 2.19
+0(%) +0(Ui2).

It is obvious that

:EZ urr — Gig) 2+QZZ ug; — Gig)

2
k =2 k=1

iz Zu1k+zuzz_

(2.20)

From (2.9), (2.19) and (2.20), we write all the terms containing u;; in J as below and
2
by the fact that az? + bx > —Z—a for a > 0 we have

n

1 ahq| ah;
S0tk +o ”+Z (2l 1 ol 1 oanyu,
= § (2.21)
> =Y O(lahil)
i=2
Combining (2.9) and (2.19)—(2.21), we obtain
J>=> O(lah;*) - Cv - C. (2.22)
i=2
So we have
J S, O(lahi?) + Cv+ C
— > — 1= . 2.23
L |Dw|? = |Dw|? (223)

Finally, by (2.7), (2.8) and (2.23), at the maximum point (z,%y), we obtain in this
case

0 Z Z aij@j — (I)t
1<i,j<n

—Z?: O(|Oéh1‘2> —Cv-C ko h2 -
2 |Dw|? Ta [(nfl)kojL ] O‘Q(U_;+th‘2) (2.24)

Y

C ko 2l o
>—;+a[(n—1)kg+ fa(v—QJrZhi).
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Taking 0 < o < min{(n — 1)ko, 2k;1}, we can obtain
’U(l‘oﬂfo) < C, (225)

where C' is independent of T".
Combining the two cases above, we get the uniform estimate for |Du| which is inde-
pendent of 77 and then Lemma 2.2 is proved. O

We would like to point out now that the method above can also be used to obtain the
uniform (w.r.t. € > 0) gradient estimates for the elliptic version of the problem.

Lemma 2.3. Let Q be a strictly convex bounded domain in R™ and 0 € C3, n > 2.
Suppose that e > 0 and ¢ is a function defined on Q. Assume that there exists a positive
constant L > 0 such that

[plesm) < L (2.26)

Let u € C2(Q) N C3(Q) be a solution to the following equation

UqUj

(05 —

———)u;; = cu in Q,
1+ V]2 (2.27)

u, = @(x)  on 09,
then there exists a constant Cy = Co(n,Q, L) > 0 such that

sup |Du| < Cy,
Q

here Cy is independent of €.
For completeness, we sketch the proof.

Proof. Let ®(z) = log |Dw|? + ah, where w = u+ ¢(z)h, and a will be determined later.
We denote by G = —p(z)h.

If we choose 0 < a < 2kq, almost the same procedure as in (2.2) then shows that the
maximum of ® can only be achieved in the interior of €.

Then we assume ®(x) attains its maximum at zo € €, then we have at this point
that

_ |Dwf?
~ [Dwl?

and
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|Dw[?; | Dw[?| Dwl7

OZq%ﬁ%)=|DwF“ Du|" + ahij
(2.29)
|Dw‘12g 2
= |Dw|2 +ahij — hth
It follows that
|Dw|12j 9 A
02 Z aijq)ij: Z aijw“ra Z aijhij—a Z aijhihjzll —l—IQ,
1<4,5<n 1<i,j<n 1<i,5<n 1<i,j<n
(2.30)
where
|Dwl?
Il = Qa;j J
kgg;n " |Dw?
and

I2 = Z aaijhij — OtQ(Iijhihj.

1<ij<n

At xg, we choose a coordinate such that [Du| = u; and (u;;)2<i j<n is diagonal.
For the term I, we have

n

]ﬂ 2
IQZOL[(TL*].)]CO‘F —;+Zh2

n
Denote by J = > ai;j|Dw|;. By differentiating the equation (2.27), we derive
ij=1

n
J = E a;j (2wpwrij + 2wiiwry)
ij k=1

n n
=2 > aiwi(uri; — Grij) +2 Y awwp,

i.5,k=1 bk=1
n n
=—2 E a;jwiGrij — 2 E wi(@ij) kij + 2 g aiwi; +2 g wy (euy)
i,7,k=1 i,7,k=1 i,k=1 k=1

éJl + Joy+ J3+ Ja4.
Without loss of generality, we assume that u; is big enough, then

J4 = 2€(u1 — G1)u1 Z 0. (2.31)
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The other terms Ji, Js, J3 can be treated by the same computation as (2.9)—(2.25).
Taking 0 < o < min{(n — 1)k, 2k1 }, we can obtain

v(zg) < C, (2.32)
where C is independent of €. So the proof is completed. O

Using the above Lemma 2.3, we will firstly give the proof of Theorem 1.2 for the mean
curvature type equation.

Proof of Theorem 1.2. For each fixed £ > 0, we firstly prove the existence of the solution
to equation (2.27). Basing on the C'! estimate in Lemma 2.3, the only task remained is
to derive a priori C? estimate for the solution to (2.27) which is denoted to be u.(x).
Using the technique in [1], let g be a smooth function on € satisfying D,g <
—supg |e(x)]. Let ¢ be a point where g — u, achieves its minimum. If { € 99, then
Drg(¢) = Dru-(¢) and D,g(¢) > D,u-(¢) = ¢(¢), where T denotes the tangent vec-
tor to ON. It’s contradicted to g’s definition. So ¢ € €, then Dg(¢) = Du.(¢) and

D?g(¢) > D*u.(C). Therefore, there exists a constant ¢ = ¢(g) such that

c> aij(Dg)gij (C) > Qi (Dus)(us)ij (C) = 5Us(<)~

Therefore, combining with g(z) — us(z) > g({) — us(¢) for x € Q, it implies that

cus(z) < eg(x) —eg(¢) +c

By the similar method, we can derive the lower bound for eu.(z). So supg |eu.| < C and
it then follows the existence result according to the standard theory of elliptic partial
differential equations.

Secondly, we consider the limit behavior as € — 0.

Let w, = u. — ﬁ Jo uedz. We know w, satisfies

(we)i(we); 1 ;
(65 — W)(%)ij = cwe + 1 uedr  in €,
o

(2.33)
(we)y = () on 09,

where v is an inward unit normal vector to Of).
As

sup | Dw.| = sup [Du.| < C,
Q Q

and the fact that w, has at least one zero point, we have |w.| < C. Also ﬁ Jo(eus)da
< C. By Schauder theory, we know |we|c2.o(q) < C for some a € (0,1). Taking ¢ — 0,
we have we — w and ew, + sﬁ Jo uedz — X, where (X, w) solves the equation (1.5).
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Next we come to prove the uniqueness. Assume there exist two pairs (A1, u1) and
(A2, u2) solving (1.5). Without loss of generality, we may assume that A; < Ag.
Let w = w1 — usg, it is obvious that w satisfies

aijwi; +biw; = A — A2 <0 in Q,
(2.34)

w, =0 on 01,

where @;; = a;;(Duy) and b; = (u2)m fol akt,p; (MDu1 + (1 — n)Dug)dn.
By Hopf’s lemma, w must be a constant. Consequently, we have Ay = Ay. O

Now we study the asymptotic behavior of the solution to equation (1.1) on the strictly
convex bounded domain in R”. Remark that we have already obtained uniform estimates

on 2% |Dul as long as a smooth solution exists in Lemma 2.1 and Lemma 2.2. Applying

ot
the standard theory of quasilinear parabolic differential equations, we get the longtime
existence of the solution to (1.1).

Let
w(z,t) = w+ A, (2.35)

where (A, w) is the solution to equation (1.5). It’s easy to check that w solves the parabolic

problem
U;Uj .
U = ((5” — TDJUP)U” in Q x (0, OO),
u, = () on 99Q x (0, 00), (2.36)
u(z,0) = w(x) on €.

As in [1] we have

Corollary 2.4. For a solution u = u(x,t) to equation (1.1), there exists a positive con-
stant C, independent of t, such that

lu(z,t) — At| < C.
Proof. Let z(x,t) = u(z,t) — w(x,t) and it satisfies the following equation

Zt = 6ijzij + bz in Q x (0, OO),
2z, =0 on 09 x (0, 00), (2.37)

z(x,0) = ug(x) —w(x) on Q,

where a;; = a;;(Du) and b; = (W) fol akt,p; (MDu + (1 — n)Dw)dn.
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By the maximum principle, z achieves its maximum and minimum on Q x {0}.
Therefore,

sup |u— At| <sup|w|+suplug —w|. O
Qx(0,00) Q Q

Using the technique in [1], the uniform estimates in Lemma 2.1, Lemma 2.2 and
Schauder estimates, we get the following result.

Lemma 2.5. Let uy and us be any two solutions to equation (1.1) with initial data ug 1
and ug 2 respectively. Let u = u; —ug, then u converges to a constant function ast — oo.
In particular, the limit of any solution to equation (1.1) is w up to a constant.

Proof. As the proof of Corollary 2.4, u satisfies
Zr = 5¢jzij + bz in Q x (O, OO),
2z, =0 on 082 x (0, 00), (2.38)
2(x,0) = ug1(x) —uo2(x) on Q,
where @;; = a;;(Du1) and b; = (u2)m fol akt,p; (MDuy + (1 — n)Dug)dn.
Let osc(u)(t) = maxqu(z,t) — ming u(z,t). By the strong maximum principle and

the Hopf lemma, osc(u)(t) is a strictly decreasing function unless u is a constant.
We claim that

lim osc(u)(t) = 0.

t—o0

Otherwise, if tli)m osc(u)(t) = 0 for some d > 0, we will reach a contradiction. In fact,

given a sequence t, — +o0o, we define

Ui () =ur (-, t+t,) — Aty
and

Uz () = ua(-, t + tn) — Aty

By Corollary 2.4, for i = 1,2, we know |u;,, — At| < C, remark that the uniform (inde-

Uin

pendent of n) estimates on 9 51" | Dui n| have already been obtained in Lemma 2.1 and

Lemma 2.2. According to Schauder theory ([14]), w1 (-, ¢) and ugz (-, t) are locally (in
time) C* uniformly bounded with respect to n for any k.

So, there exists a subsequence (still denoted by ¢,) such that u; ,,(-,t) and ug (-, %)
converge locally uniformly in any C* to ui(-,t) and u}(-,t) respectively. That is

UT(',If) = nh—{go ul,"(Wt)v u;('vt) = nh_{go u27”('7t)'
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Let u* = u] — u3, then we deduce that

osc(u*)(t) = osc(uf — u3)

= lim osc(ui(x,t+t,) — My — ua(x, t + t,) + Aty

n—oo

(2.39)
= lim osc(uy(z,t +t,) — uz(x,t +t,))

n—oo
= lim osc(u)(t +t,) =9,
n—oo
where the second equality holds because of the uniform convergence of uy ,(-,t) and
U2.n (-, t) .
But u* satisfies the uniform parabolic equation

2t = 61‘]‘2’1']‘ + b;z; in Q x (—OO7 OO),
(2.40)

2, =0 on 90 x (—o00,00),

where a;; = a;;(Duy) and b; = (u5)m fol akt,p; (MDui + (1 — n)Dub)dn.
By the strong maximum principle and Hopf’s lemma, we know u* is a constant. This
makes contradiction to osc(u*)(t) = ¢ and the claim now is proved.
According to the claim, we have lim maxqu = lim ming u = ¢y for some constant cg.
t—o00 t—o0

It then follows that 75lim |u — co| = 0 and we finish the proof of the Lemma. O
— 00

Now we use the Lemma 2.1, Lemma 2.2 and Lemma 2.5 to complete the proof of
Theorem 1.1.

Proof of Theorem 1.1. From the Lemma 2.1 and Lemma 2.2 and the Schauder estimate,
we have uniform estimates in any C*-norm for the derivatives of u, and locally (in time)
uniform bounds for the C%-norm. So we get longtime existence with uniform bounds
on all higher derivatives of u. From Corollary 2.4 and Lemma 2.5, the limit of any
solution to equation (1.1) is W = w + At up to a constant, where (A, w) is the solution
to equation (1.5) by Theorem 1.2. O

3. The additive eigenvalue problem for mean curvature equation

In this section, we will firstly give the uniform C! estimate for equation (3.2) and
then prove Theorem 1.3 by following the method of [18]. Note that the existence of the
solution to equation (3.2) has been derived by [16] for fixed € > 0.

Lemma 3.1. Let ) be a strictly convex bounded domain in R™ and 0Q € C3, n > 2. v is
an inward unit normal vector to OS). Suppose that € > 0 and ¢ € C3(Q). Assume that
there exists a positive constant L such that
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|¢|C3(ﬁ) < L. (3.1)

Let u be the solution to the following mean curvature type equation with Neumann bound-

ary value

D
- )=¢ in Q,

Vit (3.2)

u, = p(x) on 99,

div(

then there exists a constant C' = C(n, Q, L) such that

sup |Du| < C.
Q

Proof. Denoting by a;; = (1 + |Du|?)d;; — wu;, f = eu and v = /1 + [Dul?, the
equation (3.2) now can be expressed to be

n
§ 3
QU5 = fU .

ij=1
Let
® = log |Dw|? + ah,

where w = u + ¢(z)h and « is a positive constant (will be chosen small) determined
later. For convenience, we denote G = —p(x)h in this section. During the proof of this
theorem, A is denoted to be |Dw|? for simplicity.

We assume g € () is the maximum point of ®.

We firstly declare that x¢ can not be located on 952 once 0 < o < 2k;. This is almost
the same as the procedure in (2.2) and we skip it.

The remained case we set out to consider is zg € ). By rotating the coordinate
around zo, we have uy = [Du|, u; =0(i =2,--- ,n) and {u;; }2<; j<n is diagonal. Thus
at xg, we have

a1 =1, Clii:1—|-’u% fori=2,--- ,n.

Remark that in the following all the calculations will be done at this fixed point.
Without loss of generality, we may assume that |Dul| is large enough, otherwise we have
already reached the conclusion of this lemma.

At xg, we have

(IDw]?),
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and

" " aq(|Dw
0 2 Z G/U(I)” :Zld ! ;1(‘ ‘ 2 Z a”h h + « Z 0/1] ij
ij=1 i=1 ij=1 (3.4)

ST+ 1T+ 111

From (3.3), we deduce that for i =1,2,--- n,

Zwlulz Zwlwlz+zlelz ——h + O(v). (3.5)
=1

Also it is remarkable that as v is large enough, uy, v, w; and |Dw| are equivalent with
each other.
It follows that for ¢ > 1,

aA

wiuy; + wing = O(v) — 7]11‘7
(3.6)
aA w;
i =0(1) = 5—hi — —w,
“ ( ) 2’11)1 wlu
and for ¢ =1,
- aA
wiu + Zwlull =O0(v) — 7h1~ (3.7)
1=2
Combining (3.6) with (3.7), we then have
aA "L w aA w
o =0 = S5 =3 (0 = 55— P )
1 = W1 1 0
aA "Ly 2 (38)
=0(1) — —nh — .
0= G+ 32 ()
n
From the equation w1 + (1 +u12) Y uy = fv? and (3.8), we derive
=2
2 2 n 2
Uy ur“aAhy UuLw;
Au:fv+v—2u11:f’l}—‘rO(l)—W-‘rZ(le) wyl, (3.9)

and

1+ (%)Q] w. (3.10)
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In the following, we come to settle (3.4).
It’s easy to get

IT = —a? <h12 + (14 ui?) Zh{") : (3.11)
=2
and

III= 3" aaihij > ako (n+ (n—1)uf) . (3.12)

1<i,j<n
We settle the term I in the rest.
Direct calculation shows that

n

n n n
2 § :
Z aij(|Dw\ )ij =2 Z QiU W — 2 aijGileJ[ + 2 Z A5 Ui U5

ij=1 ii=1 ii=1 ii=1
n o (3.13)
—4 E aijuilsz +2 E al-jGilGjl
ii=1 ii=1

=I + I + I3+ I + Is.

In the following, we compute these terms one by one.
For the term I, by differentiating the equation and the condition f’ = ¢ > 0, we have

L :2211;[ (fv3)l - Z @5, 1%
=1

ij=1

:22 (f/wlulu3 =+ SfUZukuklwl> —4Au Z upUpw; + 4 Z Ui U5 U5 W]

=1 k=1 k=1 i,7,1=1

> (6fv — 4Au)uy Z uwy + 4duq Z U1 U5 Wy (3.14)
=1 jl=1
=I11 + Iia.

From [1], as in the proof of the Theorem 1.2 in section 2, we conclude that |f| =
leu] < C(n, ), thus for the term I;;, jointing with (3.5), (3.9) and (3.10), we derive

uilaAhy " (uqwy 2 aA
111 =U1 6fU —4 f’U + O(l) — T’wl + Z oy uyg —7h1 + O(’U)

=2

200 Au 2 " uqwy 2 aA
=Uu1 2fU + 0(1) + v2w hl - 4; ( Ve > wuyy <2h1 + O(’l}))

1
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a?A?%u,3 "
———h” 4 Oy
1=2

= — fougaAhy + O(v?) — o
1

=2

and for the term I3, also by (3.5), (3.6) and (3.8), we obtain
112 —4U1 ZUU ( h + O( )>
aA " fw aA

=2

w] aA
+ 4uy Z ( - Ehl - w—ull> (_Thl + O(”))

n

24207 & 2A%h?
=0(v?) + e LI Z he Ly Z O1(v*)uy.
1=

w1 w1 1=2

Thus by (3.15) and (3.16), we have

2 427 2 n 2421, 2
uraA%hy ura®A%h;
L > 00

1> 0(v°) + v%wy "'; 2

For the term I, we get

Iy = —4u1Gq1 — 4(]. + 1)2) Z u G — 492 Zu”G”
=2 =2

(2’&11 +2G11 +7Zuu +8 1+’U ZG11>
v’ ¢ 2 2 2
— 5 Z u” + 8v Z Gll .
=2 =2

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



X.-N. Ma et al. / Journal of Functional Analysis 274 (2018) 252-277 273

Therefore we have by (3.6)

5 n n
3
ZIZ 25(1 +v?) ZuuQ +5 ZU112 + O(v?)
i=2 1=2 1=2
- aA w -
=Z(1 402 1) - 22, - 2 U 2 3
03 (000~ = )+ TS w4 0w
3(1 +0v?) = a?A?
_ 3 -
- (U)+ ) lg; wl hl +lZ;( +O )Ull +ZO ull.
(3.20)
Combining (3.17) and (3.20), we then have
> 24202 R A?h? 3(1 4 0?) . a?A?
I > 3 U 1 1 J 2
Z ¢ 2009 + v2w, +Z w8 2 (i g
Jj=2 =2
3v
— - Ah
+;<2 +0(1 )Uu Jrz uroAhy) uy
242 2 427 2 2 242 (3:21)
A?hy? S wa?A%hy 3(1+v)"aA
> 3 u & 1 Ul B2
>0(v°) + o Z 3 ; 0,2 !
i — uralhy }
P 6112 +0(1) ’

where in the last formula, for each term 2 < | < n, we once again use the fact that
2
at? + bt > —Z—a for a > 0.

So we have
5
L Shaas(Dep), A" (322)
A A

Since v has been assumed to be large enough, we have

24p.2 1 247 .2 2y n_ 2
uia®Ahy uio” Ah; 3(1 4 v?) a”A 9 2
A S MRS S

and

n 2
—ulaAhl] n—1 45 5 4
> — h 1). .24
ZZ 602A+AO() =g o) (3.24)
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By (3.21) and (3.22)—(3.24), it follows that
1>0(v +av22h2 —1 20°h3. (3.25)
Then by (3.4), (3.11), (3.12) and (3.25), we obtain

n n
-1
0> Z a;j®;; >0(v) + a?v? Zhi2 — nTaQUth + aky [n +(n— 1)u12]
i=2

<h1 I z": ) (3.26)

=2

>0(v) + a(n — kov* — nTla v2h?.

Taking 0 < a < min{2ko, 2k }, we know |Du| must be bounded at this point. And by
an easy argument we then reach

max |Du| < C
zEQ

for a universal constant C' depending upon the quantities described in the lemma. O

Remark 3.1. Comparing to the proof of Theorem 1.2, the main difference here is that
when we deal with the third order derivatives, there exists a bad term which appears
in 111.

Proof of Theorem 1.3. Firstly, we show that for any given ¢ > 0 and v € R, there exists
a unique solution to

di Du +e in )
W —/—m—]=v U in {2,
(*e,0) V 1+ [Duf? (3.27)

u, = ¢ (x) on 0.

Actually, for fixed ¢, if v = 0, as in the proof of the Theorem 1.2 via the technique by [1],
we conclude the C? estimate of the solution to (x. ). Joining with Lemma 3.1, it follows
the existence of the solution. The uniqueness is due to the Hopf’s lemma. Let

v
Ue,w(2) = teo(2) = -,

then wu. ,(z) solves the equation (*.,). Uniqueness is apparent.

Obviously, ue () is strictly decreasing with respect to v. In the following we deduce
that for any € > 0, there exists a unique constant v, which is uniformly bounded such
that |uc,, |c1 (g is uniformly bounded.



X.-N. Ma et al. / Journal of Functional Analysis 274 (2018) 252-277 275

Let ugp(x) € C*(Q) be a fixed function with % = ¢ (z).
If we choose

M =1+ max |ug| + max
9 )

. Duyg
div | —/——
\/ 1 + |DU0|2

we then derive that

D
0 <M — div <$> + eug

\/1+|D’LL0|2

Du, Dut
=|div| —/—=—— | — cu — |div [ ————x | —eu 3.28
[ <\/1+Du5,0|2> ] [ <¢1+|Dué|2> ] .-

S Da [mas(@)Dp(ueo —uf)] — eluco —ug)
a,Bf=1

where

1
mag(x) = / (Z;lﬁ (sDuco + (1= s)Duf)ds
0

and

A°(p) = =22

VI+IPP
Therefore, by the boundary condition

Iuep —ul)

ov =0

and strong maximal principle, we can get that ul is a supersolution of (x. ). Similarly,
u; = ug — % is a subsolution of (. ). It then yields that u. p < ug < ue,—n-

By strictly decreasing property of u.,, for any € € (0,1), there exists a unique
ve € (=M, M) such that uc,, (0) = up(0). By Lemma 3.1, we conclude |Du, ,_| can
be uniformly bounded independent of ¢, thus it also yields the uniform C° bound for
the above fact that wu.,, (0) = u(0). In a word, we have obtained the uniform bound
of [uc .1 and Schauder theory then ensures the uniform higher order derivative
estimates.

Now let ¢ — 0, extracting subsequence if necessary, we may deduce that there exists
a constant A and a smooth function u* (x) such that

o0
Ve + €Uy, —> A, U, — U,

and it is obvious that (A, u®) satisfies (1.7).
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In the following, we come to prove the uniqueness. If another (u,u*) also solves (1.7),
then almost the same discussion as in (3.28) yields that

> Dalgap(@)Da(u™ —ut)] =A—p  inQ,

a,B=1
CSIE)
O™ —u) on 99
ov

where {gog(x)} is positive definite and

1
0A
Jap(x /8— (sDuso + (1 — s)Duy,) ds.
0

Integrating by parts gives that A = p and then Hopf’s lemma shows that «* — u* must
be a constant. Thus we complete the proof of the theorem. O
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