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Abstract

In this paper, we establish the global C? estimates of the Neumann problem of special Lagrangian equa-
tions with supercritical phase and the existence theorem by the method of continuity.
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1. Introduction

In this paper, we study the Neumann boundary problems of a fully nonlinear elliptic equation

arctan D’u(x) = O(x), x e CR”, (1.1
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where

arctan D%u =: arctan A1 + arctan A, + - - - 4 arctan A,,.

. . . 2
Here A = (A1, A2, - -+, Ap,) are the eigenvalues of the Hessian matrix D%y = {%}15,3]5”. For

O(x) € (=", %), the equation (1.1) is known as the special Lagrangian equation and © is
called the phase. In particular, ® = % is the critical phase, and if @ <0Ox) < %, the
equation (1.1) is called special Lagrangian equations with supercritical phase.

Before we recall the history for the Neumann boundary problem, we present a brief de-
scription for the Dirichlet problem of elliptic equations in R”. The Dirichlet problem for
the Laplace equation is well studied in [6,9]. For nonlinear elliptic equations, the pioneer-
ing works have been done by Evans in [8], Krylov in [14-16], Caffarelli-Nirenberg-Spruck
in [3,4] and Ivochkina in [11]. In their papers, they solved the Dirichlet problem for Monge-
Ampere equations and k-Hessian equations elegantly. Since then, many interesting fully non-
linear equations with different structure conditions have been researched, such as Hessian
quotient equations, which were solved by Trudinger in [25]. For more information, we refer
the citations of [3]. The special Lagrangian equation (1.1) was introduced by Harvey-Lawson
[10] in the study of calibrated geometries. Here ® is a constant called the phase angle. In
this case the graph x + (x, Du(x)) defines a calibrated, minimal submanifold of R2". Since
the work of Harvey-Lawson, special Lagrangian manifolds have gained wide interests, due in
large part to their fundamental role in the Strominger-Yau-Zaslow description of mirror sym-
metry [23]. For the special Lagrangian equations with supercritical phase, Yuan obtained the
interior C! estimate with Warren in [28] and the interior C? estimate with Wang in [27].
Recently Collins-Picard-Wu [7] obtained the existence theorem of the Dirichlet problem by
adopting the classical method with some important observation about the concavity of the oper-
ator.

Meanwhile, the Neumann and oblique derivative problem of partial differential equations
were widely studied. For a priori estimates and the existence theorem of Laplace equation with
Neumann boundary condition, we refer to the book [9]. Also, we recommend the recent book
written by Lieberman [17] for the Neumann and the oblique derivative problems of linear and
quasilinear elliptic equations. In 1986, Lions-Trudinger-Urbas solved the Neumann problem of
Monge-Ampere equations in the celebrated paper [19]. Recently, Ma-Qiu [20] solved the Neu-
mann problem of k-Hessian equations. And Chen-Zhang [5] generalized the important result
to the Neumann problem of Hessian quotient equations. In [12,13], Jiang-Trudinger studied the
general oblique boundary value problems for augmented Hessian equations with some regu-
lar condition and concavity condition. Inspired by Urbas’s work [26], Brendle and Warren [2]
proved the existence of convex solution to a special Lagrangian equation with second boundary
condition.

Because the second condition in [2] does not include the classical Neumann boundary condi-
tion, it is natural for us to study the corresponding Neumann problem of special Lagrangian
equations. In this paper, we establish global C!, C? estimates of the Neumann problem of
special Lagrangian equations with supercritical phase and obtain the existence theorem as fol-
lows.
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Theorem 1.1. Suppose @ C R" is a C* strictly convex domain and v is outer unit normal vector
of 9. Let € C3(32) and ©(x) € C2(Q) with “2Z < ©(x) < & in Q. Then there exists a
unique solution u € C>%(Q) to the Neumann problem of special Lagrangian equation

arctan D%u = ®x), in QCR", (12)
uy, =—u—+ @), on 9Q. '

Following the classical idea (see for example [1] or [21]), we can obtain the existence theorem
of the classical Neumann problem of special Lagrangian equation as below.

Theorem 1.2. Suppose Q CR" isa C* strictly convex domain and v is outer unit normal vector

of 92 Let ¢ € C3(3Q) and O(x) € C2(Q) with @ <0Okx) < % in Q. Then there exists a

unique constant 8 such that the Neumann problem of special Lagrangian equation

arctan D>u = O(x), in Q CR”, (1.3)
uy =B+ ), on 9%, '

has admissible solutions u € C3*(2), which are unique up to a constant.

Remark 1.3. For the classical Neumann problem of special Lagrangian equation (1.3), it is easy
to know that a solution plus any constant is still a solution. So we can not obtain a uniform bound
for the solutions of (1.3), and can not use the method of continuity to get the existence. Following
the arguments in [19,21], we consider the solution u#® of the equation
{ arctan D%uf = O(x), in Q, (1.4)

@?®), = —eu® + ¢(x), on 0%, )

for any small ¢ > 0. We need to establish a priori estimate of u® independent of ¢, and the strict
convexity of 2 plays an important role. By letting ¢ — 0 and a perturbation argument, we can
obtain a solution of (1.3).

The rest of the paper is organized as follows. In Section 2, we collect some properties of the
special Lagrangian equation and establish the C” estimate for the Neumann problem of special
Lagrangian equation. The C' and C? estimates are established in Section 3, Section4 respec-
tively. Finally, we prove Theorem 1.1 and Theorem 1.2 in Section 5.

2. Some properties and C* estimate

In this section, we give some properties of the special Lagrangian equation with supercritical
phase and establish the C estimate.

2.1. Some properties
Property 2.1. Let 2 C R" be a domain and ©(x) € CY(Q) with % <0BOk) < % in Q.

Suppose u € C2(Q) is a solution of special Lagrangian equation (1.1) and A = (A1, A2, -+ , An)
are the eigenvalues of the Hessian matrix D*u with
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AL = A2 = Ay, 2.1
then we have some properties:
A== A1 >0, 2.2)
|)‘n| = )\;171, (23)
n
> x>0, 2.4)
i=1
[ | < Co, (2.5)
max ©

where Co = max({tan (“5* — min ©), tan (-Z—)}.
Q

These properties are well-known and can be found in [27,29]. We write it here for conve-
nience.

Proof. Foranyi=1,2,---,n, we know arctanA; € (=%, 5). Then we can get
arctanA,,_| + arctan A, = ® — arctanA; — arctan Ay - -- — arctan A, _»
-2
2 @ — u > 0'
2
So Ap—1 + Ap > 0, which implies (2.2), (2.3) and (2.4) hold.
Moreover,
. (n—Dm
arctan A, = ® —arctanAj — arctanAp — - -+ —arctan,_; > min® — —
Q
max ®
arctan A1 + arctan A, + - - - 4+ arctan A, Q
arctan A,, < =< s
n n
SO we can get
max ®
(n—1Dxm . Q
[Anl < max{tan( —ngn@),tan( )}. O

Q n

Property 2.2. Suppose Q@ C R" is a domain and ©(x) € C(Q) with @ <0Ox) < % in Q.
Let u € C*(Q) be a solution of special Lagrangian equation (1.1). Then for any & € S"~!, we
have

n
> Flujjee > O — AO%,  inQ, (2.6)
ij=1
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. 2
where Fi = 33”53# and A = ﬁ
Uij tan(ngn@—T)

)

Proof. For any x € 2, we can assume D%y is diagonal with A; = u;;, since (2.6) is invariant
under rotating the coordinates. Then we have

Fii . 9 arctan D%u _ e ifi =,
dujj 0, ifi # j,
and
20 S .
ERTESYEN ifi=j=k=lI,
ikl 92 arctan D%u AidA e . . .
FoN = ———— == ifi=I,j=k,i#],
3Mij3ukl A+29) (1+2%)
0, otherwise .

From the special Lagrangian equation (1.1), we know

n
ij=1
and
n . n . n . .
Z F”u,‘jgg = Qg — Z F”’kluijguklg = Qg — ZF”’”M,%S — ZF”’”uizjs
ij=1 ijki=1 i=1 i)
n
> O — »_ Ful,. 2.7
i=1

From the concavity lemma (Lemma 2.2 in [7]), we know

N i 2 oo, ’
_ Fiiii 2 > _ Fiiy.. - _ o 2.
; Ujig = tan(n%n@— (n—22)n)(§ ullf) tan(n%n@— (n_zz)n) &
(2.8)

Hence (2.6) holds. O
2.2. C° estimate

The C° estimate is easy. For completeness, we produce a proof here following the idea of
Trudinger [24].

Theorem 2.3. Let 2 C R" be a C! bounded domain and ¢ € C°(3). Suppose u € cr Q) n
CY(Q) is the solution of special Lagrangian equation (1.2) and ©(x) € CO(Q) wirth % <
O(x) < 5 in Q, then we have
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sup [u| < Mo, (2.9)
Q

where My depends on n, diam(2), ng?zx l¢| and max ©.
Q

Proof. From (2.4), we know u is subharmonic. So the maximum of u is attained at a boundary
point xg € 2. Then we can get

0 < uy(x0) = —u(xp) + ¢(xp). (2.10)

Hence
maxu = u(xg) < ¢(xp) < max|¢p|. (2.11)
Q Ele}

max ©
Without loss of generality, we assume O € €2, and denote B = % tan( Qn

have

) < +00. Then we
arctan D>u = © < max © = arctan D2(B|x|2). (2.12)
Q

By the comparison principle, we know u — B|x|? attains its minimum at a boundary point x| €
0€2. Then

0> (u — BIx|*)ylxmy, = uy(x1) — 2Bx; - v
=—u(x1) +¢(x1) —2Bx; - v
> —u(xy) — n{}?zx || — 2Bdiam(£2). (2.13)

Hence

minu > min(u — Blx|*) = u(x)) — Blx;|?
Q Q

> —max|g| 2Bdiam(Q) — Bdiam(Q)>. O (2.14)
Here, following the proof of Theorem 2.3, we can easily obtain
Theorem 2.4. Suppose Q@ C R" is a C' bounded domain and ¢ € C°(3R). Let ®O(x) € C%(Q)

with % <0Bk) < % in Q and ut € CZ(Q) N CY(Q) be the solution of special Lagrangian
equation (1.4) with ¢ € (0, 1), then we have

sup |eu®| < Mo, (2.15)
Q

where Mo depends on n, diam(S2), n;gx l¢| and max ©.
Q
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3. Global gradient estimate

In this section, we prove the global gradient estimate involving the interior gradient estimate
and the near boundary gradient estimate. To state our theorems, we denote d(x) = dist(x, 92)
and Q, = {x € Q|d(x) < u}, where u is a small positive universal constant. In Subsection 3.1,
we give the interior gradient estimate in 2 \ €2, and, in Subsection 3.2, we establish the near
boundary gradient estimate in €2,,, following the idea of Ma-Qiu [20].

3.1. Interior gradient estimate

The interior gradient estimate was established in [28]. Hence we can directly obtain the fol-
lowing interior gradient estimate in £2 \ €2,.

Theorem 3.1. Suppose 2 C R” is a bounded domain and ©(x) € C°(Q) with @ <0Ok) <
o in Q. Suppose u € C*(Q) is a solution of special Lagrangian equation (1.1), then we have

sup [Du| < M, (3.1
2\Q,

where M1 depends on n, |, and |u|co.
3.2. Near boundary gradient estimate

Theorem 3.2. Suppose gc R” is a C? boundecidomain, Qe C2(3) and O(x) € CO(Q) with
@ <O) <% inQ. Letu e C3() N C2(Q) be a solution of special Lagrangian equation
(1.2), then we have

sup | Du| < max{M,, M,}, (3.2)
o

where [ is a universal positive constant depending only on 2; M| depends on n, u, and |u|co;
and My depends on n, u, 2, u|co, max ®, min © and |¢|c2.
Q Q

Proof. The proof follows the idea of Ma-Qiu [20].

Since €2 is a C? domain, it is well known that there exists a small positive universal constant
O<pu< % such that d(x) € CQ(Q_M). As [22,17] (page 331 in [17]), we can extend v by v =
—Dd in ©, and note that visa C 1(SZ_,L) vector field. As mentioned in the book [17], we also
have the following formulas

|Dv|<C, in Q_w (3.3)
n n . _

Y oviDpy =0, Y wiDi/ =0, =1, in Q, (3.4)
i=1 i=1

where C is depending only on »n and 2. As in [17], we define
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cl=8;—vivi, in Q, (3.5)

and for a vector ¢ € R", we write ¢’ for the vector with i-th component }~j_, ¢'/¢/. Then we
have

n
|(Du)’|2:2c"fu,-u,- and |Du|? = |(Du)'|* + u?. (3.6)
i,j=1

We consider the auxiliary function

G(x) =log|Dw|* + h(u) + g(d), (3.7)

where

wx)=(1—-d)u+¢x)dx),

h(u) = —log(l + Mo — u),

g(d) =aod,
with a9 > 0 to be determined later. Also note that here ¢ € C2(Q) is an extension with universal
C? norm.

Itis easy to know G (x) is well-defined in Q_u Then we assume that G (x) attains its maximum
at a point xo € €2,. If we have |Du|(xo) < 10n[|¢|c1(q) + supg ul], and we can get directly

|Dw —dDg + (¢ — u)Dd|?
(1—d)?

suplog|Du 1? = suplog

w Qu

<2[suplog| Dw|* + (9|1 g, + sup u])]
Q Q

< 2flog | Dw[*(x0) + sup [ ()| + sup [ (d)] + (@1 ) + sup u])?]
Q Qy Q

< 2[log| Du|*(x0) + log(1 +2Mo) + & + 2(|¢| c1 ) + sup [u])’]
Q

< 2[log(1 +2Mo) + g + (101 + 2) (|| c1 g, + sup |u])?]. (3.8)
Q

so (3.2) holds.
Hence, we assume |Du|(xo) > 10n[|¢|c1(q) + supg [u|] in the following. Then we have

1
5|Du|2 < |Dw|* <2|Dul?, (3.9)

since w; = (1 — d)u; + ¢id + (¢ — u)d;. Now we divide into three cases to complete the proof
of Theorem 3.2.
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¢ CASE L xg € 022, N Q2.

Then xg € Q \ €, and we can use the interior gradient estimate, that is from Theorem 3.1,

|Dul(xo) < sup |Du| < My,
Q\Q,

then we can prove (3.2) by a calculation similar with (3.8).
¢ CASE1II: xg € 092.
At xo, we have d =0, and

/

(|Dw]?);v!
= +h/uv —-g.

0=G= |Dw|?

We know from (3.6)
|Dw|? = |(Dw) > + w? = cPw,w, +w?,
and by the Neumann boundary condition, we can get
wy =1 —duy, +[u—¢l+¢,d=0.
Hence

(|IDw|?);vi = [cﬁquwq +2cPlwpiwg + 2w, Djw, V!

= cﬁququi +2cPup; —l— (pp —up)d; + (0; —ui)dp + (¢ — u)d,-j]qui
< Ci|Dw|* + 2cPupjwyv’' + Co | Dw| 4 | Dwl?],

(3.10)

@3.11)

(3.12)

where C| = qu |[DcPq| and Cp = ZZM |cP9|[2|Dg| + (l¢| + |u])||D?d| + 4]. Also by the

Neumann boundary condition, we can get
cqup(uivi) =cPIDy[—u+¢],
SO
Py piv' = —cpquivfp + P (—up +@p).
Hence
2¢Pu ;i qui = —2cpqu,-qufp + P (—up + ¢p)wy < C3[|Dw| + |Dw|?],
where C3 = 4qu |cP4|[|D?d| + |Dg| + 1]. From (3.11), (3.12) and (3.13), we get

C+Cy | —u+g
0<G, <Ci+Ca+Ci+ + — ap.
STy bl T T Me—u

‘We choose

(3.13)

(3.14)
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ap=C1 + Cy + C3 +max |u| + max || + 1, (3.15)
Q Q
then
|Dw| < Cy + Cs. (3.16)

So we can prove (3.2) by a calculation similar with (3.8), or x¢ cannot be at the boundary 92 by
a contradiction discussion.

¢ CASE III: x¢ € Q.

At xo, we have 0 < d < u. By rotating the coordinate e, - - - , e,, We can assume

wi(x0) = |Dw|(x0) >0, {u;j(x0)}2<i, j<n is diagonal. (3.17)

In the following, all the calculations are at xg. So from the definition of w, we know w; =
(1 —d)u; + [¢ —uld; + ¢id, and by (3.17) we get

wy — [¢ —uldy — ¢1d
= >
1—-d
—lo —uld; — ¢id
= 1—d

0, (3.18)

, i=>2. (3.19)

By the assumption |Du|(xo) > 10n[|¢|c1(q) + supg |u|], we know for i > 2

lol + |ul +1pi| 1
| < " <« _ D , 3.20
juil < S < | Dul(xo) (3.20)
hence
- 1 1
_ 2
U = |Du|2—Zuiz§|Du|sz1. (3.21)
i=2
Also we have at xg,
(IDw®;
=G h d
1 Dup +nuy + apdy
2w11 ,
=——+hui+apd. (3.22)
wi

From the definition of w, we know

wi =1 —duy + ¢ —uldi +¢11d
+ (1 —uild) + (@1 — u1ld;. (3.23)

So we have
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upy = 2 e —uldit + ¢n1d +2[¢1 —ui1ld

1—-d 1—-d
_ —lhur +aodilwr e —uldii + ond +2[g1 —uild)
2(1 —d) 1—-d
—n oW (ol + luDldiil + l@i1l + 2[p1] 2u,
S —/——ujwi +
2(1 —d) 2(1 —d) 1—-d (1—-d)
—n 1
< Wy £ — w7, (3.24)
4(1 —d) 16(1 +2Myp)
if wi > 8(1 +2Mo)lo + 8 + (| + [u))| D*d| + | D*¢| + 2| Dg|] =: Ca.
Moreover, from (2.5), we know
( b max ©
n—m
1 = —max{tan (———— — min ©), tan ( 2 )} (3.25)
Q
Hence we can get from (3.24) and (3.25)
wi(x9) <Cs.

So we can prove (3.2) by a calculation similar with (3.8). O

As discussed in Remark 1.3, we need to consider the equation (1.4) to prove Theorem 1.2. It
is crucial to establish a global gradient estimate of u® independent of ¢ and we need the strict
convexity of 2. Following the idea of [21], we can easily obtain

Theorem 3.3. Suppose Q2 CR" is a C_3 strictly convex domain and ¢ € C3(0Q). Let O(x) €
CcY(Q) with @ <Bk) < % in Q and ut € C3(Q) N C*(Q) be the solution of special
Lagrangian equation (1.4) with ¢ > 0 sufficiently small, then we have

sup | Du’| < My, (3.26)
Q
and
£ 1 & 7.
sup |u® — — [ u°| < Mq, (3.27)
o 19] J

where My depends on n, 2, max ®, min ®, |01 and |¢|cs.
Q Q

Proof. It is easy to check that (3.27) follows (3.26). So we only need to prove (3.26).

As discussed in the proof of Theorem 3.2, the distance function d(x) € C3(§2_M) since Qis a
C3 domain here. Now we extend d such that d € C3(€2) with a universal C> norm. Because 2 is
a C? strictly convex domain, we have the defining function p € C3($2) such that
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p=00n0dR, p<0inQ;
|[Dp| =1 on 0€2;
D?p > koly;

where kg > 0 depends only on 2 and I, is the n x n identity matrix.
For sufficiently small ¢ > 0 (to be determined later), we consider the auxiliary function

G(x) =log|Dw|* + ap, (3.28)

where w(x) = (1 — ed)u + @(x)d(x) and « > 0 is a small number to be determined later. Also
note that here ¢ € C3() is a extension with universal C3 norm. We assume that G (x) attains
its maximum at a point xo € Q. We claim |Dw(xo) |2 is bounded or xo must be on the boundary
3. If | Dw(xo)|? is bounded, we can easily obtain (3.26). Otherwise, if | Dw(xo)|? is large and
xo € 2, we will get a contradiction in the following.

At x, by rotating the coordinate eq, - - - , e,, we can assume {D2u$ (xp)} is diagonal and all
the calculations are at xo. So we have at xg,

0=G; _(DwPy +ap;, (3.29)
|Dw|?

and

(IDwP)ii  [(IDw|*);1?

= Ui |Dw|2 [|Dw|2]2 + apij
(IDw[?)i;
= |DT|2” —a?p? +apii. (3.30)
Also we have
Fii __BarctanDzbﬁ _ ﬁ, ifi =j,
ous; 0, ifiz).
So we have
L FTDWR i o i 2L N i
N T et AR MATT LT
i=1 =
where

n n n n
Y OF DW= ) FU2Y w42 wiewki]
i=1 i=1 k=1 k=1

n
>2 Y w FU (1 — eduy; — eQejuf; + dyuf; + 2dgu + dijuf) + (9d)iii]
ik=1
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3 oo
> —2|Dw|[(1 — ed)| DO +8(7n|Dd| +3|D*d||Du| Y F')
i=1

+1D )| Y F¥ ]

i=1

n
> —C(|Dw| +&|Dw|?) > F'. (3.32)
i=1

So from (3.31) and (3.32), we have

n
p Dw| + ¢|Dw
02 3K Gy = - I T 'ZF” @’ |Dp| ZF”+akoZF”>o

(3.33)

ko
3 maxg |Dp|?°
Let n denote the unit outer normal derlvate and 1 <i <n — 1 denote the tangential direction
on the boundary. D denotes the derivative in R” and 7 denotes the derivative on the boundary.
We also denote v7; (u,) :=u,; for 1 <i <n — 1. By the boundary condition, w, = 0 on 92 and
wy; =0fori=1,---,n—1.
By the Gauss-Weingarten formula, we have

ifa= &< “ko and |Dw(xg)| > 3C . This is a contradiction. So xg € 0€2.

Diyu = uyp — hkjuj-
We have

(IDw[*),

| Dw|?

X_: 2wy Dy w +ap
Cpw? T

n—

0<Gy(x0) = + ap,

2Wi Wk — 22 1wkw1 ik
|Dw|?

+ap,
k=1

n—1

O wkwihik
_zlk:l
DwZ P

< —2c+ua|Dp|, (3.34)

where h;; is the second fundamental form of d€2 with {A;;} > cl,—1 > 0. If a <
get a contradiction. Hence | Dw(xo)| is bounded and (3.26) holds. O

c
— 7, WE
maxg | Dpl”
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4. Global second derivatives estimate

We come now to the a priori estimates of global second derivatives and we obtain the follow-
ing theorem

Theorem 4.1. Suppose 2 C R" is a g‘ strictly convex domain and ¢ € C3(39). Let O(x) €
C2(Q) with “PT < @(x) < T in Q and u € C*(Q) N C3(Q) be a solution of special La-
grangian equation (1.2), then we have

sup | D*u| < M, (4.1)
Q

where M, depends on n, 2, max ®, min G, |u|c1, |O|c2 and |¢| 3.
Q Q

Following the idea of Lions-Trudinger-Urbas [19] and Ma-Qiu [20], we divide the proof of
Theorem 4.1 into two steps. We firstly reduce global second derivatives to double normal second
derivatives on boundary and then we prove the estimate of double normal second derivatives on
boundary.

4.1. Reduce global second derivatives to double normal second derivatives on boundary

Lemma 4.2. Suppose Q@ CR" isa C* convex domain and ¢ € C3(39). Let O(x) € C*(Q) with
@ <0Ok) < % inQandu € CHQ)NC3(Q) be a solution of special Lagrangian equation
(1.2), then we have

sup [ D%u| < Co(1 + sup |uyy]), (4.2)
Q Q

where Cg depends on n, 2, max ©, min©, |u|c-1, |O|c2 and |@|c3.
Q Q

Proof. Since Q is a C* domain, it is well known that there exists a small positive universal
constant 0 < u < % such that d(x) € C4(Q#) and v = —Dd on 9$2. We define d € C*(2) such

thatd = d in Q_u and denote
v= —Dc7, in Q.

In fact, v is a C3(Q) extension of the outer unit normal vector field on 9.
We assume 0 € 2 and consider the function

v(x, &) =uge — V' (x, &) + K|x|%, (4.3)

where v'(x, &) =2(& -v)E"- (Do — Du—uDvl) =a'u;+b,§' = — (£ -v)v,a' = -2(5 -v)(&'-
Dv)y —2(& - V) (N, b=2(¢ -v)(&' - D), and K > 0 is to be determined later. Also note that
here ¢ € C 3(Q) is an extension with universal C3 norm. Denote

.+ darctan D%u
F/= ——
oujj
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For any x € 2, we can assume D%y is diagonal with A; = u;; and A1 > Ay > --- > A,. Then we

have
Fil . d arctan D?u _ ﬁ, ifi=j,
oujj 0, if i # j.
Hence we can get from Property 2.1
1
= 5 > ¢co > 0;
14+ Az
y Ai 11
Fll -, ;
Uji 1+ k? ( ) 2)
where cg = ! max ©
14 max({tan (("721)” —min ), tan ( Qn )32
Q

For any fixed & € S"~!, we have from Property 2.2

n n n n
Z Fijvij = Z Fijuijsg — Z Fij[aluijl ~|—2D,-aluj1 + Dijalul + bij] ~|—2KZF”
i=1

ij=1 ij=1 ij=1
2 n
2 —d'©; - |Did|

> O —

n n
=Y FUIDya'w + bl + K Y F"
i=1 i=1

>0,

if we choose
|DO|* + |a'||DO| + |Da'|] + |D*a'|| Du| + | D*b| +1.

1
K =—[|D*®|+
Co[ tan (min ® — 2=27)
Q
1 v(x, &) attains its maximum at some

So max v(x, £) attains its maximum on 9€2. Hence max
Q QxSn—

point xg € €2 and some direction &y € sn-1.

Case a: & is tangential to 0€2 at xg.
We directly have & - v =0, v'(xg, &) = 0, and Ugyg, (x0) > 0. In the following, all the calcu-

lations are at the point xo and & = &.
From the boundary condition, we have

ulivl = [cij + vivj]vlulj
= cij[Dj(vlul) — Djvlul] + vivjvlulj
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:—ci-juj—i—c[ij(p—cijulevl+vivjvlu1j. 4.4)

So it follows that

wiipv' =[P 4+ vPv? Jujiq0!
l l !
= cPU[Dy(uiiv') — usi Dgv' 1+ vPvluyiqv
=cP"Dy(=c’uj+c"Djp —c’uD; vl iy vlulj)
—cPu; Dy vl 4Pyl vlul,-q, 4.5)

then we obtain

n
4 1
Ugogov = Z §060 wiipv
ipl=1

n
= Z éééé’[cquq(—cijuj +c'Djgp— cijulevl + vivjvlulj)
ip=1
— Puy DV’ - vPvivlug,]
n
=Y Eh&l[Dg(—cuj+ U Djo — cTu Dy + v vlugy) — uy Dy’
i=1
= —&)&) [cujq — Dgcuj] + &) Dy (c Djp)
— 8050 Dy Djvhur — &3 & uig Djv' + &g Dgv' wy — §65¢ uig Div'

< —ugy, — 2£qui, Div' + C7 + C7|Dul + Coluy . (4.6)

We assume &y = ey, it is easy to get the bound for u; (x¢) for i > 1 from the maximum of v(x, &)

in the &y direction. In fact, we can assume &(¢) = (L.£.0..0) ‘Then we have

0= dv(xo,é(t))|

dt =0
dEl(r) , dv' (xo, £(1))
= 2u3j (x0) =7 —li=0&” (0) = ——=—li=0
=2u13(x0) — 2v* (D1 — uy — u; D', (4.7)
SO
lu12(x0)| = V(D1 — uy —u; Dv')| < Cs + Cs| Dul. (4.8)

Similarly, we have for all i > 1,

lu1; (xo)| < Cg + Cg|Dul. 4.9)
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So by {D; vl} > 0, we have

Uiy < —Ugozy — D1V ugyg, + Co(l + [y )
< —ugygy + Co(1 + |upyl). (4.10)

On the other hand, we have from the Hopf lemma and (4.4),

0 < vy (x0, §0)
= Ugogov — a'up, — Dya'u; — by + 2K (x - v)
< —ugygy + Co(l + [uv]) + Cho. 4.11)

Then we get
tye (¥0) < (Co + Cro)(1 + uyu). (4.12)
Because u is subharmonic function and (4.12), we obtain
max |ugs(x)| <(m—1) max uge(x
XS"—1| gz ()] =( )szxs"—l ge(X)
<(n- 1)[QmSaX V& E) + Cil = (n = Dlv(xo, §0) + Cul
XS

< (n — D[ugyg, (x0) +2C11]
= Cio(1 + [uvy)). (4.13)
Case b: & is non-tangential.
We can directly have & - v # 0. We can find a tangential vector t such that §y = ot + Bv,
witha =&)-7>0,=& -v#0,a?>+ B>=1and r - v=0. Then we have

Ugyg, (X0) = @t (X0) + Bty (0) + 20But 7 (X0)
= &%t (x0) + Uy (x0) + 2(&0 - V)[E0 — (B0 - v)VI[D@ — Du — u; Dv'],(4.14)

hence
v(x0, §0) = &’ v(x0, 7) + BZv(x0, V) < @?v(x0, §0) + BV (x0, V). (4.15)
From the definition of v(xg, &), we know
v(xo, §0) < v(xo, v), (4.16)
and
Ugyg, (x0) < v(xo, §0) + Cr1 =v(x0, v) + Ci1 = [upy| +2Cyy. (4.17)

Similarly with (4.13), we can prove (4.2). O
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Remark 4.3. It is noticeable that in the entire proof of Lemma 4.2, we only use the convexity
of the domain in (4.10). Actually, if we consider more general type Neumann boundary problem
like u, = ¢(x, u), the above proof still works if ¢, — kmin < O on the boundary, where k;, 1S
the smallest principal curvature of the boundary.

4.2. Estimate of double normal second derivatives on boundary

From Property 2.1, we know the smallest eigenvalue is bounded below. Hence we can directly
obtain the lower estimate of double normal second derivatives on boundary as follows

Lemma 4.4. Suppose 2 C R" is a domain and ©(x) € CO(Q) with @ <0Bx) < % in Q.
Let u € C*(Q) be the solution of special Lagrangian equation (1.2), then we have

max ©
. (n—1Drm . Q
minu,, > — max{tan (7 — min @), tan( )}. (4.18)
Q2 Q n

In the following, we establish the upper estimate of double normal second derivatives on
boundary.

Lemma 4.5. Suppose 2 C R" is a C3 strictly convex domain and ¢ € C*(9Q). Let O(x) €

C%(Q) with @ <0BOKx) < % in Q and u € C3(Q) N C*(Q) be a solution of special La-

grangian equation (1.2), then we have
maxu,, < Ci3, 4.19)
aQ

where C13 depends on n, Q, max ®, min®, |u|c1, |O|c2 and |@| 2.
Q Q

Proof. Because Q2 isa C3 strictly convex domain, we have the defining function p € C 3(Q) for
it such that

p=00n02, p<0inQ;
|[Dp| =1 on 0€2;
D?p > koly;
where ko > 0 depending only on €2, and I, is the n x n identity matrix. Also, v = (vl, v, v

is a C%(2) extension of the outer unit normal vector field on d$2 as in Lemma 4.2.
By the classical barrier technique (see [19] or [20]), we consider the test function

Px)=u,+ulx)—¢kx)—Kp, 4.20)

where K = max{%fﬂz)(www +|Dv|+ 1), %(IDuHDsz + |D%g|)} and Cy is defined in
(2.5). Also note that here ¢ € C*(S) is an extension with universal C? norm. Denote
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Fii d arctan Du
N auij

For any x € 2, we can assume D2y is diagonal with A; = u;; and A; > A» > --- > A,,. Then we
have

~darctan D*u ifi =j,

1
Fii = =1+

dujj 0, ifi #j.

Hence we can get

n n n
Z Fpj= ZF”{ Z [wgiiv’ + 201 )i + wr il + wi — @i} — K Z F' pi;
ij=1 i=1 1 i=1

n

n n n
= Z@lvl + ZZFHMii(Vi)i + ZF”MI(Vl)ii + Z Filu; — ZF“%'I'
/ i=1 i=1 i=1 i=1
n
~K) Flpi
i=1
n

n n
< [DO|v] + |Dv| + [Dul| D>v] 3" Fii + % +1D%p| Y Fli — Kk Y F
i=1 i=1 i=1

< Dol +|pvj+ 2 - KoL
B 2 2 1+C?
+|Du||D2v|2n:F”+|D2 |Xn:F” KkOiF”
i=l1 ’ i=l1 2 i=l1
<0. 4.21)

Also, it is easy to know P =0 on 92. Hence P attains its minimum on any boundary point.
Then we can get for any x € 9€2,

0= Py(x) =[upy — »_ujdjy +u, — 9,1 — Kpy
J
> uyy — |Dul|D*d| - | Dul - |Dg| - K, (4.22)
hence (4.19) holds. O

Remark 4.6. If we consider the Neumann boundary like u, = ¢(x, u), the double normal second
derivative’s estimate still holds by constructing P (x) =u, — ¢(x,u) — Kp.

Following the above proofs, we also can obtain the estimates of second order derivatives of
u® in (1.4), and the strict convexity of 2 is important in reducing global second derivatives to
double normal second derivatives on boundary. So we have
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Theorem 4.7. Suppose 2 C R" is a£4 strictly convex domain and ¢ € C3(0Q). Let O(x) €
C%(Q) with @ <0BKX) < % in Q and u € C*(Q) N C3(Q) be the solution of special La-
grangian equation (1.4) with & > 0 sufficiently small, then we have

sup | D*uf| < My, (4.23)
5}

where My depends on n, Q, max ®, min O, |O|-2 and |¢| 3.
Q Q

5. Existence of the boundary problems
In this section we complete the proofs of the Theorem 1.1 and Theorem 1.2.
5.1. Proof of Theorem 1.1

For the Neumann problem of special Lagrangian equation (1.2), we have established the C?,
C! and C? estimates in Section 2, Section 3, Section 4, respectively. By the global C? priori
estimate, the special Lagrangian equation (1.2) is uniformly elliptic in . From the concavity
Lemma (Lemma 2.2 in [7]), we know —e 4 arctan Du 5 concave with respect to D?u, where A is
defined in Property 2.2. Following the discussions in [18], we can get the global Holder estimate

of second derivatives,

|ulc2,a(§) SC, (51)

where C and o depend on n, 2, max®, min®, |02 and |¢|c3. From (5.1), one also obtains
Q Q

C3%(Q) estimates by differentiating the equation (1.2) and applies the Schauder theory for linear
uniformly elliptic equations.

Applying the method of continuity (see [17]), the existence of the classical solution holds. By
the standard regularity theory of uniformly elliptic partial differential equations, we can obtain
the higher regularity.

5.2. Proof of Theorem 1.2

The proof is following the idea of [19_] and [1]. By a similar proof of Theorem 1.1, we know
there exists a unique solution u® € C>%(Q) to (1.4) for any small & > 0. Let v® = u® — ﬁ fQ ué,
and it is easy to know v® satisfies

arctan D?v® = ®(), in £, 5o
(v8), = —ev® — \lﬁlfﬂ su® + @(x), on 9LQ. (5.2)

By the global gradient estimate (3.206), it is easy to know esup |Du®| — 0. Hence there is a
Q
constant 8 and a function v € C2(§), such that —eu® — B, —ev® — 0, —‘lﬁl fQ eu® — B and

v® — v uniformly in C%(Q) as ¢ — 0. It is easy to verify that v is a solution of
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arctan D%y = O(x), in £, (5.3)
vy =B+ k), on 9JQ. '
If there is another function v; € C2(R2) and another constant 8; such that
: arctan D*v; = O(x), in Q, 5.4)
(v =B1 + o), on 0Q. '

Applying the maximum principle and Hopf Lemma, we can know 8 = 1 and v — v; is a con-
stant. By the standard regularity theory of uniformly elliptic partial differential equations, we can
obtain the higher regularity.
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