THE OBATA TYPE INTEGRAL IDENTITY AND ITS APPLICATION

DAOWEN LIN; XI-NAN MA AND QIANZHONG OU

ABSTRACT. In this paper we review the technique on Obata type integral identity, which was
the first used by Obata in 1971, it concerned the constant scalar curvature of the conformal
transformation of the standard metric on sphere, then we review the Gidas-Spruck theorem
on the semilinear elliptic equation in R™ which was the first times to use the Obata integral
identity to semilinear elliptic equation, and the Escobar theorem on the unit ball with critical
exponent growth on boundary which was related to best Sobolev constant in upper half space.
Lin-Ou develop the similar idea to obtain a Liouville type theorem to the harmonic function
with subcritical exponent growth on boundary. At last we review the result by Ma-Ou to obtain
a Liouville type theorem for the classical semilinear subcritical elliptic equation on Heisenberg
group, the soul of the proof is an generalized Obata type integral identity in CR geometry found
by Jerison and Lee in 1988.

1. INTRODUCTION

The Obata identity, which first appeared in Obata [21] in 1971, it concerned the constant
scalar curvature of the conformal transformation g of the standard metric g on sphere, Obata
proved that the new metric is obtained from the standard metric by a conformal diffeomor-
phissm of the sphere. This technique was used in many place in geometry partial differential
equations, we shall review this technique and give some new applications.

Since the argument of Obata is quite subtle as it requires using the unknown metric g as
the background metric instead of the given standard metric g on sphere, we shall give the
proof via the given standard metric g on sphere. If we consider the metric g = unz gonS", a
conformal metric g has constant scalar curvature n(n — 1) iff

4 n
(1.1 - —Au—l—u:ufg, on S"™.
n(n —2)
In other words Obata [21] gave the following classification of the solutions for the equation
(1.1)
(1.2) u(x) = c[cosht + (sinht)z - al 5 :

where for some ¢ >0, ¢>0,and a € S".

MSC 2020: Primary 35J61; Secondary 32V20.
Key Words: Obata identity, semilinear elliptic equation; Heisenberg group.
The research of the second author was supported by NSFC 11721101, NSFC 11871255 and National Key Re-
search and Development Project SQ2020YFA070080. Research of the third author was supported by NSFC
11861016. All the authors was supported by NSFC 12141105.



2 DAOWEN LIN; XI-NAN MA AND QIANZHONG OU

There are now several different proofs for this theorem. Analytically, by the stereographic
projection, it is equivalent to the following equation

(1.3) — Aw = Ww* on R”
whose positive solutions were classified by Gidas-Ni-Nirenberg [13]] and Caffarelli-Gidas-
Spruck [6] using the moving plane method, and every positive solution of assumes
the form w(xz) = (422" [A2 + |z — 20[2] "=, for A > 0 and some z, € R".

Gidas-Spruck[[14] first used the idea of Obata [21] to study the the semilinear elliptic
equation in R”, and they got a Liouville type theorem to subcritical exponent for semilinear

elliptic equation in R”. Let u > 0 satisfy
(1.9 Au+u*=0in R",

thenu = 0if 1 < o < 2£2. Chen-Li [7] gave a new proof with the moving plane methods. For
the p-Laplace equation with subcritical and critical exponent, Serrin-Zou [23] and Ciraolo-
Figall-Roncoroni [10] obtained the similar results via the generalized Obata identity. We shall
gave a proof of Gidas-Spruck[14] via Obata identity and some idea from Serrin-Zou [23].

In order to get best constant of the Sobolev inequality in upper half space, Escobar [9] s-
tudied the harmonic function on the unit ball with normal derivative critical exponent growth
on boundary, still he used the Obata identity and Pohozaev identity to get the classification
of the solution. But Escobar’s proof requires using the unknown metric g as the background
metric instead of the given standard metric g on ball. We rewrite the proof via the given
standard metric g on ball. Lin-Ou develop the similar idea to obtain a Liouville type theorem
to the harmonic function with normal derivative subcritical exponent growth on boundary,
which was obtained in [?].

At last we review the recent result by Ma-Ou [20]to obtain a Liouville type theorem for the
classical semilinear subcritical elliptic equation on Heisenberg group. The soul of the proof is
a generalized Obata identity in CR geometry founded by Jerison and Lee [18] in 1988.

The paper is organized as follows. In section 2, we introduce the Obata’s theorem via the
given standard metric g on sphere. In section 3 we prove the Gidas-Spruck’s theorem use
the Obata identity with an idea in Serrin-Zou [23]. In section 4, we prove the theorem of
Escobar [9] via the given standard metric g on ball, then we mention our recent results on the
subcritical exponent case. In section 5, we state a minor generalization of the Jerison-Lee’s
identity in CR geometry. Using this generalized identity, we prove a crucial integral estimates
and the Liouville theorem in H".

2. OBATA THEOREM ON SPHERE

In 1971, Obata [21]] developed a new technique to get the following result, if g is the
constant scalar curvature metric on S™ conformal to the standard metric g, then g is obtained
from the standard metric by a conformal diffeomorphism of the sphere. In his paper the
argument of Obata is quite subtle as it requires using the unknown metric g as the background
metric instead of the given standard metric on sphere. In the following computation, we work
under the given standard metric on sphere g . It can be written as a critical exponent elliptic
equation on S”, so the theorem of Obata stated that all the positive solutions to this elliptic
equation on S™ could be classified up to parameter. There are now several different proofs
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for this theorem. Analytically, by the stereographic projection is equivalent to the following

equation
nn—2) n+2
%w nt2 on R"

whose positive solutions were classified by Gidas-Ni-Nirenberg [13]] and Caffarelli-Gidas-
Spruck [6] using the moving plane method.

Consider the metric § = v=2g = ¢2/g on S", where v > 0 and f are smooth functions, and
g is the canonical metric, let R and R denote the scalar curvature of g and g respectively, by
the standard formulas we get

Rij=Ri;—(n—=2)f;+n—=2)fif; — (Af + (n = 2)|Vf]*)g
R=e¢*R-2(n—1)Af—(n—1)(n—2)|V[]

2.1 —Au =

v = e2f7f = —IOgU,fi = _%7
A 2
af =20 Vb
v v
R=(n—1)n
Combining these, we have
_ 2(n—1)A 2
2.2) R=nn— 1)+ 207 DAY VO
v v
then
n|Vul*> n R
2. Ay=——— = :
(2.3) V=g TV ey o G V)
Recall that R;; = (n — 1)g;j, so
_ — ;A Vol?
(24 Ry=n—1g,+ =20 (20 T,

If we define the trace free Ricci tensor with respect to the new metric g, £;; = R;; — R
then

_ — v, A Vol?
(2.5) By =(n—1)gy + O (B0 ) VeD
v 2G5 4 2(n —1)Av |Vo|?
9020 — 1) 4 20D ) Ve
n—2 Av

=l = —=gil.
Now we define the trace free tensor E;; = v;; — % gi;, we get the following key computation,
(26) (Ul_nEij’Ui)j = Ul_nEij?}ij + Ul_n(Eij)jUi + (1 — n)v_"Eijvivj
=1+11+1I1,

where [ = v'"|E;|> > 0.
By the Ricci identity, we have

A'UZ' = (A'U)Z -+ Rijvja
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so we get
Av); G;
Il = Ul_n(?}ijj — ﬂgij)vi = ?}l_n(Gi -+ Rijvj — —)Ui
n
—1
= n—vl_”Givi + (n — Do Vol%
n
And we have
-n —nG 2
IIT = (1 — n)v v vv; — (1 —n)v E|VU’ :
Recall that G = %'V;"Q — 55U+ ﬁ, if R is constant, then we have
vvii  n|Vul? n R
2. Gz: S i — =V — =5 U;.
2.7) " 2 2 2" Q(n—l)vzv
It follows that
n—1, ., wvvv; n|Vo* n R|Vv[? _
2.8) IT+IIT= (e DL Ry - D2
(2.8) + v (n » 5 o 5 |V = 1)1}2) + (n—1)v" "Vl
n n—1 . n|Vu* n R
+ (1 — n)v Vi VU5 + (E v — 51) mﬂva
= 0.
So for E;; = v;; — £%g,;, by (2.6) and (2.8) we have
2.9 (0" Eyug); = v Byl
Integrate on S", it gives
(210) / ’Ulin|Eij|2d0' = / (UlinEijUi)de' = O,

which means E;; = 0.
By the standard discussion as in Obata[21]] (see also [26]), we get

(2.11) v(z) = c(cosht + (sinht)x - a),

where for some ¢ >0, ¢>0,anda e S".
. . 4 L
If we consider the metric § = u»—2¢ on S”, A conformal metric § has constant scalar
curvature n(n — 1) iff

_4 n
(2.12) —Autu= un%g, on S".
n(n —2)

From (2.11]), we can get the following theorem proved by Obata[21]]

Theorem 2.1. [21]] Let u(z) be a positive C* solution for the equation then

(2.13) u(x) = clcosht + (sinht)z - a] =,

where for some ¢ >0, t>0,anda € S™
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It is a remarkable theorem that these are all the positive solutions of (2.12). There are
now several proofs for this theorem. Analytically, by the stereographic projection (2.11)) is
equivalent to the following equation

(2.14) Nw =T on R

whose positive solutions were classified by Gidas-Ni-Nirenberg [13] and Caffarelli-Gidas-
Spruck [6] using the moving plane method, and every positive solution of (1.3 assumes
the form

w(z) = (4X*) 5 [N + |z — xof’]

for A > 0 and some z, € R". This Obata identity was also used to study the general semilinear
elliptic equation in compact Riemannian manifold in [2] and [8]].

3. LIOUVILLE THEOREM FOR SUBCRITICAL SEMI-LINEAR EQUATION IN R"

In 1981, Gidas-Spruck [14] used the idea from Obata[21] to study the semilinear elliptic
equation, and they proved the following famous theorem.

Theorem 3.1. [[14] Let u(z) be a nonnegative C* solution for the equation
(3.1) Au+u*=0 in R",
thenu=0if1 < a < 2.

This theorem was reproved by Chen-Li [7] with the moving plane methods. For the p-
Laplace equation with subcritical exponent Serrin-Zou [23]] proved a similar Liouville theo-
rem. For the critical exponent case with some energy finite condition, Ciraolo-Figall-Roncoroni
[10] obtained the similar classification results via the generalized Obata identity [23]. We
shall gave a proof of the theorem by Gidas-Spruck[[14] via Obata identity and some idea from
Serrin-Zou [23]].

Proof. By maximum principle, if v vanishes at some points, then v = 0. Assume u > 0, let
u=v"", =252 Then v satisfies that

Voul? 2
(3.2) Ap= VP2
2 v n—2
where
n n n -+ 2
(3.3) 72&(1—5)—1—5, when 1<ac< 5 then —-1<~y<l1l.
n_

We define E;; = v;; — %&j, and a € R will be determined later. So we get

(34) ('UaEZ'jUi)j = ’UaEijUij + Ua<Eij)j’Ui + CLUa_lEij’UZ"Uj = [ + I[ + II[,
where
(3.5) I =v"Ey]* >0,
and
a AU]' n— a
(36) II=v (Uijj — —51-]-)111- = v UiAUZ'.
n n
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From (3.2)) we get
n |Vu|? 2
nlvol 2

_ Ui -1

3.7) (Av); = n= s g it 21}“’ v,
and

-1 2(n—1
(3.8) 11 = —nTva_2\Vv]4 + (n — Dv* v, + Hvaﬂ_l\VvP.
Still from (3.2)),

Av a 2a
. I[[: a—1 i — —— 0,000 = a—1 UV — — a—2 4 =7 aty—1 2.

(3.9) av®™ (v - 0ij)viv; = av® v v, 5Y Vol n(n—2)v Vol

It follow sthat

—1
(UaEijUi)j = Ua|Eij|2 — %U‘LQ]VU\‘L + (n -1+ CL)UG_IUZ'UJ‘UZ']‘
2(n — 1)y 2a -1 2
— “ Vo~
+[n(n—2) n(n—2)]v Vol
Since
1 1 —1 1
0 HV|2y; = = (v Vo) — a—v“_2|VU|4 — — 0" Vou*Av
2 2 2 2
1 -1 1
_ é(va—1|vv|21}i)i _ aTv“_2|VU|4 _ %va_2|Vv|4 _ mva_1+7|Vv|2,
so we obtain
(3.10) . .
_ a—1+n n
(v Eyjui); = v Eyy|* +0° 2|VU|4[_T —(n=l+a)(g+ge—1)]

1 _ 2(n— 1)y 2a n—1+a
Z(n—1 a—1 20.), — —
+2(n +a) (v Vo U’)l+[n(n—2) Y P m—

]Ua+'yfl|vvy2

1
= v Eyl* + §(n — 1+ a)(v* Vo2 + Av* 2| Vol* + Bu* 1V ?,

where

A:—(n—l—i-a)(%—f—%),

and
B_Q(n—l)’y 2a n—1+a
n(n—-2) nn-2) n—2
Notice if & = 22 then for o =1 —n, we get A=0, B =0and (3.10) becomes (v*E;;v;); =
v®| E;;|* which is the same identity with (2.9).
Now we take a = 1 — n + d, then take 0 < d < “5* we have
n—2
2

1

B > 0 is equivalent to =17 — o _ n=lta 5 ¢ which is

n+ 2

> —1
" + 2n

d,
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from the definition of ~ in (3.3

n n n-+ 2
1—— - > —1 d.
al=35)+5 o
Soforl <a < ™2 if we take
. nn—2) n+2 n—2
3.11 d —
(3.11) 0 < d < min{ —— (n—2 a), 5 1

then we have A > 0, B > 0. In the following computation, we fix the choice of d such that
A>0, B>0.

Now, we take ((x) be the standard cut-off function, let n = ((%), then n = 1 on By(0),
n = 0, outside Byg(0), |Vl + V2| < <a).
For § > 0 to be determined later, we times 7° and integrate in R",

1
(3.12) — / v Ejvi(n®);de + =(n +a — 1) / v | Vo 2 () idae
Bop 2 Bagr
:/ 0| Ey*n’dr + A 02| Vo' da + B/ v Vo Pyl da.
Bar Baor Bar
Since
v = (V,0;); — av“’lvj|Vv]2 — vV
so we have
1 2 1
v Eiv; = (Vi) — (n - + a)v* M Vot — %v“ﬂw,
it follows that
(3.13) / v Eijvi(n°)jdx + / v | Vo 2 () sda
BQR BQR
1 1 1
S = 0| Vol*n°~2dx + —/ v VolPn? e + —/ v |V’ lde.
R Bar R Bog R Bor
By Young’s inequality;,
1 1
— 0| Vol ?n’ 2dr < e/ vVl dr + -1 v A,
R BQR BQR R B2R
1 1
— v YV P tdr < 6/ v Vo' n’dx + =~ vt 204y,
R Bar Bar R Bar
1 1
= 0" Vol tdr < e/ vV’ de + — V" 2,
R BQR BQR R BQR

Thus using the above inequalities with (3.12]) and (3.13), we arrive the following important
estimate

(3.14)

1 1
/ v“_QIVv\‘ln‘sda: + / Ua+'y—lyvv‘2775dx S ﬁ/ "Ua+2776_4dx + ﬁ Ua+’y+1776—2d$.
Bor Bor Bar Bagr

For equation (3.2) of v, we times v®™"7° on both side and integral on B,y, so we get

(3.15) / v“ﬂn‘sAvdx:/ (ﬁv_1|Vv|2+
Bop Bagr

5 — 221”) x vl da,
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since
/ v Avdz = —/ Uaﬂ(ﬁé)mdx — (a+ 7)/ U“+“’_1n5|Vv|2d:z:
Bar Bar Bor
we get
2 1
(316) 5 / Ua+2’77]6dl, 5 / v“+7_1|Vv|2n5da: + }_%/ v“+7|Vv|n5‘1dx.
n- Bar Bar Bog
From Cauchy inequality we have
1 1
(3.17) 7 [ IVl e S / VP d + o / VT2 g
Bar Bagr Bogr
combining (3.16) and (3.17), we obtain
1
(3.18) / vl de S / vV dr + —; 5 v“+7+1775_2d:13,
BQR B2R R
by (3.14), we get
(3.19) / v fde < o [t / v g,
Bar R Bar R Bogp
By Cauchy inequality
1 1
R2 Bar Baogr R4 Baor
therefore from (3.19) and (3.20) we get the following estimates
C
(321) / Ua-‘r?’Ynlsdx < = Ua+277§_4dl‘,
RA
Bagr Bog
which is
(3.22) / sy < © R g,
R4
B2R BQR
Werecallthata=1—-n+d, y=a(l —%)+ 2 < 1sincel < a < 2.
2
k.= — 11— d+2vy)>1:=———(3— d).
sl -n+d+2) 53— n+d)

For n > 3, and we can take d is sufficient small positive constant such that ——2-(3—n+d) > 0,
then £ > [ > 0. From Young’s inequality

C 1 ol

ko 1, 6—4 §—9l_4

/B Uﬁdﬁﬁ—R4/3 u'n dx§e/B (n* )dm—I——R4q : (n°~* %) dx.
2R 2R 2R 2R

We take ¢ sufficiently large, then we get the crucial inequality

(3.23) / ukn‘sdx,SR"_‘lq,
Bagr
where
ko 1—-—n+d+2y P 1—n+4+d+2y
for p:=-= . q:i= = ,
l 3—n+d p—1 —24 2y
2(1 — d+ 2 21 +d+2a(1 — %
nodgen_ 2ontdt2) A ol=3) _,

y—1 I TPy
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By taking R — oo in (3.23]) we have u = 0.
For n = 3, 1 < a < 5 by the estimates (3.22))

C
(3.24) / uz(a_l_d)n5dx <= / u_an5_4da:.
BQR R B2R
We first recall a Harnack inequality (see Han-Lin [17] Theorem 3.2 in Chapter 4): If —Au > 0,
u > 0, then for all » € (0, 3), we have

(3.25) min u(z) > CR™7||ul|1r(B.)-
2R
For ¢ < 2, ¢ is sufficient large, then by Holder inequality and (3.24))
(3.26) / ul @ Vg < (/ u2(°‘_1_d)d$)g(/ uqu%quf%q
Br Bgr Bgr

2—q

<o [ udn)( / P
Bog Br

Ifr:.= 22%2 < 3, then by the Harnack inequality (3.25), in B,z we have

Bur
it follows that

(3.28) /UQ(“_I)deC(R“‘*?’><R3x2255“d)§(/ uf‘i%dx)—é;ﬁwdx;(/ wih dr)
Br Bsr Br

< CR¥ %,
3

To conclude what we need are 2dg < 6 — 3¢ and ¢ > 5 which intersect with ¢ < 2 are
nonempty when d is a sufficient positive constant. If we take such ¢, and let R — oo then
u=0.

Therefore u = 0, and we complete the proof of this theorem. O

In the above proof the key inequality is which comes from Obata identity, the in-
equality which comes from the equation by integral by parts, then we get the
crucial inequality (3.23). In section 5, we shall get the corresponding inequalities in semilin-
ear subcritical elliptic equation on Heisenberg group to get the Liouviile theorem.

The above proof was generalized to p-Laplace operator with subcritical exponent in Serrin-
Zou [23] and they got a similar Liouville theorem.

4. ESCOBAR’S SHAPR SOBOLEV CONSTANT IN UPPER HALF SPACE

From the Hardy-Littlewood-Sobolev inequality on S"~! with sharp constant, Beckner [3]
derived the following family of inequalities on B" :

Theorem 4.1. [3] Let v € C*(B"), then

g—1

@D ([ @) < q=1) [ [Vu@lder [ u@Pdote)

n—1

forl<g<ooifn=2and1 < q< - ifn >3, wherec, =2r2/I'(n/2) = |S"!| and do is
the standard form on S"*.
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The critical case ¢ = -*5 was also proved by Escobar [9] by a different method. In 1988,
Escobar[9] also got the best constant for the Sobolev inequality in upper half space, through
the conformal transformation he reduced to proof to the following uniqueness theorem.

Theorem 4.2. [9] Let u(x) be a positive smooth solution for the equation

4.2) Au=0 in B;(0) CR",
n—2 n—2
u:

2 2

Uy, + hunz on OB;(0)=S""1,

where v is the unit out normal and 0 < h < 1 is constant. If u > 0 is normalized such that
2(n—1)

Jon-1do = [y u =2 do, then h = 1.

We present the proof of the above theorem by Escobar[9] with standard metric in R".

n—2

Proof. Let u = v~ "2 , then v satisfies

2
4.3) Av = g’w‘ in B,(0) C R,
v

v, =v—h on dB;(0).

If we define Eij = Vi; — %(5@', then by 4.3) and (EZ])J = Vijj — COk 5@‘ = n—_lAUZ‘, we have

n

(44) (UlinEijUZ)j = (1 — TL)’UinEZ‘jUin + U17n<Eij)jUi + UlinEijUij
A -1
= (1 —n)v "v;v,0; — (1 — n)vk”—UWU\Q + n—vl’"Avivi + vl’"\EijP
n n
— Ul_n’Eij|2-
It follows that

4.5) /vl_”|Eij|2d$:/ (vl_”Eijvi)jdx:/ V' Evivido
Bl Bl

0B,

:/ vlnzgzﬁEcmvada—i—/ VI E,ondo
831 8Bl

=11+1,
if we denote v = ¢,,, where
A
(4.6) I —/ V" (U — —U)vnda
0B n
A A
- / VT (U — —U)dg - h/ 0 (U — _U)dg
dB, n 9B, n

=1+ Is.
Recall the following standard formulas (see (3.3) in [22] ), we have

(47) (vn)a = Una 1 Va

Som1Vaa = Do v + (n = L)vn,
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so we get

A A -1
(4.8) Upm, — 2 Av — EZ:UW _ar_n Av — Zggivw

n n n

n—1|Vol|?
_n | U' ~ Aopv— (n— 1),
From (4.7), we have
(4.9) 11 = / VY By do = / VY T W anUado
0B1 0B1

= / V'Y 10 (Un)a — Va]do = 0.
0B,
By divergence theorem and (4.3)) we have

(4.10) / vl_”vndaz/ div(v'""Vv)dzx
0B B

= / [(1 —n)v " Vo]* + v " Av)dz
B

_2-n Vo> v "dz,
2 B
and
(4.11) / v " App,vdo = (n — 1)/ v "|Vsv|ido.
631 aBl

Now by (4.8), (4.10)-(4.11)) we get
(4.12)

1 Av
_EIQ = /aB1 V" (U — 7)0{0

n—1

= / v " Volrdo —/ v " Agp,vdo — (n — 1)/ v ", do
2 0B1 0B1 0By

-1
. / v " Volldo — (n — 1)/ v "|Vyv|Pdo — (n — 1)(E +1-— n)/ v " Volrdx
2 0B1 0B, 2

By

-1
-0 5 [/ v " | Voldo — 2/ v | Vsvlido + (n — 2)/ v | Volda],
8B1 631

By

where Vv is the tangential gradient of v on 0B;.
Now we derive a Pohozaev identity from which we obtain /; = 0. First we use the equation

(4.3) to get
(4.13)

gv’”’1|VU]2via:i = v "vr;Av
= (v "vmv) — (v M) v

= (v ") + noT "o Vo2 — o Vo2 — v muy
1 n n
= (v "mv); — E(v_"$l|Vv|2)l + 51;_"_1xivi|Vv|2 + (§ — 1)v ™"Vl

Integrate on B; in the above formula (4.13]), we obtain the following Pohozaev identity
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(4.14) (n—2)/ v |Vl dr = —2/ v_”vid0+/ v " Volrdo
B 0B 0B,

:2/ v”|ng\2—/ v " | Vol*do.
0B, 0B1

Then from (4.12) and (4.14) we obtain I, = 0.
From /1 =0, [I,=0and (4.5) we get

A
(4.15) / v By de = / V" U — —v]da = 1.
B oB

From (4.8])) we have

_ 2
26 = 2/ vg_"[n LIVl _ Agp,v — (n — 1Dv,]do
9B 2 v
= / [(n — D' Vo> + (n — Do "™0? — 2(n — 2)v' | Vyv]* — 2(n — 1)v* v, ]do
0B,
= / (3 —n)v' " Vsv|> + (n — Do (v — h)? — 2(n — 1)v* (v — h)]do
0B,

- / (8= )" |Vsvf = (n = 1)v*™"]do + (n — 1)h2/ v "do.
8B1 8B1

Then we have

416) 2 [ |Bylde= [ (3= (Vs — (0= 10" do (0 - 08 [ o'
Bl 8B1

0B,
2/ U_2|Eij|2d0_:2h2/ 0_2—2/ do.
s2 s? s2

If v is normalized such that
/ v 2do = 41 = / do,
2 s2

2/ v ?|Eyj|*do = 87 (h? — 1) > 0,
S2

For n = 3, then

then

sowe have h = 1since 0 < h < 1.

For n > 4, we normalize u such that

1—n 2(n—1)
v "do = do = u -2 do.
Sn—l Sn—l Sn—l

We first state a Sobolev inequality on S"~! (for example see Aubin [1]]):
“4.17)

[ 1o+ PR [ e BRI o o)
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Now we take ¢ = v”7" and use (4.17), it follows that

n— 4
Right hand side of (1.16) = (n — D)h? | ¢ 55 do — — [ VéPdo—(n—1) | %o
sn—1 n — sn—1 sn—1
4 —1)(n—
= (n—1A}S" Y — —[/ IVo|*do + (n=Dn=3) P*do]
n—3 sn—1 4 sn—1
_ 4 (n—1)(n—=3) ap 1,223 cn_1, 2
< o 2|gn—1| __ n—1| = n—1|—=
< (n— DpRs| - = g gt o
= (n—1)(h* = 1)[S"7"].
Then 0 < h < 1 implies h = 1. O

The above (Escobar [9]) theorem gave the classification of all positive solutions of equation
(4.2) using the integral method and hence proved inequality (4.1) for ¢ = ;5. The inequality
for 1 < ¢ < -5 would also follow in the same way from the following
Conjecture 1. [15] If u € C>=(B") is a positive solution of the following equation

Au=0 on B",
(4.18) 1
u, + u=u? on S"°,

then u is constant provided 1 < q < -2 and 0 < A < L.
n—2 q—1

In Guo-Hang -Wang [[16], they proved it in two dimension case via moving plane methods.
In higher dimension case, Guo-Wang [15]] proved the following theorem.

Theorem 4.3. [15] For n > 3, if u € C>°(B") is positive and satisfies the equation (1.2), then u

is constant, provided 1 < ¢ < "5 and 0 < A < "7‘2

Using the similar Obata identity technique, Bidaut-Véron [2] got following Sobolev in-
equalities,

Lemma 4.4. [2] [, [|[Vul* + su*]do > 5([g.- |u|p+1d0)p%|5”*1|5% where 1 < p < ™ and
(p—1)s<n-1

From these Sobolev inequalities, Obata identity and Pohozaev identity, we study the above
conjecture in a short note [?] . The main result is the following partial results in dimensions
n>9.

Theorem 4.5. [?] Ifu € C>(B") is a positive solution of (1.2) whenn > 9and 1 < ¢ < 1432,
then thereisa \y € (0, q%l) depending on n and q implicitly, such that u is constant if A € (0, \g).

More precisely, Ao = O(==), as ¢ — 1*.

5. LIUOUVILLE THEOREM FOR SUBCRITICAL SEMI-LINEAR EQUATION IN H"

In this section, we study the following equation

(5.1 — Agnu = 2n%u? in H",

where u is a smooth, nonnegative real function defined in H", while Agru = > " [toa +

a=1

Uze| is the Heisenberg Laplacian of v which will be defined latter. Let Q = 2n + 2 be the
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homogeneous dimension of H". Denote ¢* = %, we shall give the sketch to prove the
following Liouville type theorem.

Theorem 5.1. [20] Let 1 < q < ¢*, then the equation has no positive solution, namely,
any nonnegative entire solution of must be the trivial one.

As in section 3, the soul of the proofs of Theorem is an integral estimate. In fact we
shall prove the following estimates. Let 1 < ¢ < ¢*, B4.(§) C 2 be any ball centered at £,
with radio 4r. Then any positive solution u of (5.1) satisfies:

(5.2) / utre < CrQ”“Zi‘i*,
B (%)

with some positive constant C' depending only on n and ¢. For 1 < ¢ < ¢*, we have ) — 2 x

33%‘{* < 0. So if u is a positive solution of (5.1)), taking » — +oo in (5.2) we get

(5.3) / W)

This contradiction signifies directly the conclusion of Theorem This integral estimate is
similar to the integral estimate (3.23)) in R".

The equation (5.1) studied intensively by many authors in decades is connected to the CR
Yamabe problem on H". The number 5—?2 is the CR Sobolev embedding exponent [11]]. For

the equation (5.1) with ¢ = ¢* = %, by the remarkable work Jerison-Lee [18], there is a
nontrivial solution as follows

5.4 w(z, ) =Clt+vV=1z-Z+z-p+ A"

for some C' > 0, A € C, Im(\)> |u|?/4, and . € C™, which is the only extremals of the CR
Sobolev inequality on H".

In fact, for equation (5.1) with ¢ = %, Jerison-Lee [18] obtained the uniqueness of the

solution on the case of finite volume, i.e., u € L%(Hn). Garofalo-Vassilev [12] also got a
uniqueness result under the assumption of cylindrically symmetry on groups of Heisenberg
type. For the subcritical case 1 < ¢ < %, Birindelli-Dolcetta-Cutri [4] proved that the only
nonnegative entire solution of is the trivial one. There are some partial results for the
subcritical case & < q < ¢*, for example the solutions are cylindrical symmetry or decay at
infinity in [5], and as n > 1, & <qg<q — m in [27].

In CR conformal geometry, Jerison-Lee [18]] had found a magic identity which involved
the derivative of torsion in the divergence term, and they got an Obata type theorem in CR
geometry: if # is a contact form associated with the standard CR structure on the sphere
which has constant pseudohermitian scalar curvature, then ¢ is obtained from a constant
multiple of the standard form 6 by a CR automorphism of the sphere. In the same paper,
Jerison-Lee [18] also got the related identity to obtain the extremal function of the Sobolev

inequality in Heisenberg group.
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In the paper [20], based on a new observation, it gave a generalization of the Jerison-Lee’s
identity on Heisenberg group (see (4.2) for example in [[18]) with a transparent proof, so
that we can deduce a Liouville theorem for the subcritical case of the equation (5.1)).

5.1. A Generalization of Jerison-Lee’s identity. We discuss a minor generalization of the
remarkable Jerison-Lee’s identity ( (4.2) in [[18]) on Heissenberg group H" to our equation
(5.1). We adopt notations as in [18].

We shall first give a brief introduction to the Heissenberg group H" and some notations.
We consider H" as the set C" x R with coordinates (z, ¢t) and group law o:

(z,t) o (w,s) = (z+w, t—l—s—{—QIsz‘@“) for £ = (2,t), ( = (w,s) € C" x R,

where and in the sequel, we shall use the Einstein sum with the convention: the Greek indices
1 <a,B,70 <n If&=(z1t) = (21,22, ..., 2n,t) € C" x R is an element of H", then we set
I€[* = |(2,t)|* = |2|* + t?, associated with this norm is a distance function d(&,¢) = |[¢7!¢].
We will use the notation B(¢,r) for the metric ball centered in § = (z,¢) with the radius
r > 0. The Heisenberg group is a dilation group and the associated homogeneous dimension
Q = 2n + 2 such that the volume |B(¢,r)| ~ r9.

The CR structure of H" is given by the bundle H spanned by the left-invariant vector fields
Zo = 0/02% +/—12°0/0t and Z = 0/0z* — \/—12°0/0t, a = 1,--- ,n. The standard (left-
invariant) contact form on H" is © = dt + v/—1(2%dz® — z*dz*). With respect to the standard
holomorphic frame {Z,} and dual admissible coframe {dz“}, the Levi forms h,z = 26,3.
Accordingly, for a smooth function f on H", denote its derivatives by f, = Z.f, f,5 =
Z5(Zaf) s fo = %, foa = Za(%—{), etc. We would also indicate the derivatives of functions or
vector fields with indices preceded by a comma, to avoid confusion. Then as in [[18] we have
the following commutative formulae:

fopg = foa =0, [fo5 = f5a =2V —10,5 fo,  Jfoa — fao =0,
fa,BO_faOﬁ:O: faﬁi_faWBIQV_léﬁﬁfOzOv

Now we are at the point to give the generalized identity for positive solution of the equation
(5.1). Let u > 0 be the solution of . Take e/ = u» and q = q* + £, then the subcritical
exponent 1 < g < ¢* is corresponding to —2 < p < 0. It follows that f satisfies the following
equation

(5.5) Refoq = —n|0f|> — neP7
where [0f[2 = f. fx.
Define the tensors
Dag =fap = 2fafs; Do = Dagsfz,
(5.6) Eog =Jap — %f'wéaﬁ’ E.=E.3/s,
Go =V ~1foa = V=1fofo +e®P! fo +0f fa.
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As in [18]], the above Jerison-Lee’s tensors play key roles in our proof, one can see [18]
the reason to introduce them. Let g = |0f|? + P/ — \/—1f,, then we can rewrite equation

(5.5) as

(57) foe& = —ng.

Moreover, we observe that

E.5=f.5+ 90,5 Eo=fofs+ 9fa
(5.8) ;
Da:faﬂfﬁ_maf‘ fom Ga: V_1f0a+gfoz-
We can get
Ja = af i + e(2+p)f a _1f Je!
(5.9 015+ ( )o = V—1fo

:Da + Ea - Ga + 29foz + pfae(Qer)f-

Through similar computation, it follows that

(5.10) gz =Dz + E5 + Ga+pfa€(2+p)f,
and
(5.11) Go =Dy + Eo + G + pfac®™V.

In view of the above observations, now we give the crucial identity as follows

Proposition 5.2.

ReZE{ez(nfl)f |:(g +3vV=1fy) Ea
+ (g -V _1f0)Da — 3V —1f0Ga - gfa’af‘ﬂ}
(5.12) + 2 DI(|Go|? + |Ga + Daol? +|Ga — Eul® + |Dapfy + Ear f5]%)
+ eI Re (D, + E,) fa(pe® — glé’fIQ)
—p(2n — 1)[of PP — §<7n —6)|0f|" eI

o gn‘af’662(n—l)f o 3np|f0’2e(2n+p)f.

Remark 5.3. Note that for p = 0, is exactly the key identity founded by Jerison and
Lee (see (4.2) in [18]). For —2 < p < 0, the subcritical case, we will show by elementary
computations that the right hand side of is also nonnegative. The term —Z2f,[0f|* in
the left of is important for our proof in n = 1 case.
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5.2. Proof of Theorem [5.1] Let f satisfy the equation (5.7) and hence the identity (5.12).
Then by ¢ = ¢* + £, the subcritical exponent 1 < ¢ < ¢* is corresponding to —2 < p < 0.

In order to complete the proof of (5.2) and hence Theorem |5.1, we only need to prove the
following inequality

(5.13) / (At [ o oy 2n2-2x 2
By (%0) -

Note that (5.12) can be rewritten as

M = ReZa{ [(Da + E)(|0f> 4 e2P)F)

(5.14) ,
— V=1fs(2Da — 2E, + 3G.) — Zfa|8f’4] 62(n—1)f}7
we take 0 < o =  + £ < 1, then

M=(|B 5l + 1Dapl)e D7 4 (1Gal? +1Dosfy + By f5l? )20

+ 50<|Ga + Do|? + |Gy — Ea\2)e2("*1)f

2(%—1)f)1 T=sa(G..+ D B Er)f _ 219
€ SO( ot a)+2mfa(€ | fl)
(5.15) ne p

VNI = G + 5 e e = 5jos )

n(2n + p) 6,2(n—1)f _ 8np 4_(2n+p)f
Piian— 1011 Glm—6-5 = Jjorte
4n? —2n+p n n
—pw|af|2€2( TR 3np) fo[emHP,

and clearly all the coefficients in the above are positive for —2 < p < 0 hence M > 0.
Since By, C 2, we can take a real smooth cut off function n such that

n=1 mn B,
0<n<1 in By,
(5.16) =>4 W2
=0 in H™\ By,

onl < ¢ in HY,
where we use “<” , “2” to replace “<” and “=" respectively, to drop out some positive con-
stants independent of r and f.
Take a real s > 0 big enough. Multiply both sides of (5.14) by »* and integrate on H" we
have
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[os

617 = [y ReZe{[(Da+ E)(0FP + )

— V=1fo(2D0 = 20 + 3G,) — L falof] '] 1.
Integrating by parts and using (5.16)) we get

[,
B2'r

(5.18) =— s/ ns_lRe%{ [(Da + Eo)(|Of + 2P
Boy

— V=1/y(2D4s — 2E4 +3Ga) — Zfa|af|4}e2(n—1)f}'

Using the Young’s inequality we obtain

1
/ nsM 5_2/ nsz(’af‘él + 62(2+p)f + ‘f0’2)62(n71)f
By r Bay

1
+ _/ 7]5_1|3f|562(”_1)f
r B2r

To go forward, we need the following Lemma [5.4, which will be proved at the end of this
section.

(5.19)

Lemma 5.4.

/ 775—2|]('0|262(n—1)f §€T2/ nSM +/ 775_2|8f|4€2(n_1)f
B2'r' BZ'I' B2T'

(5.20) 1
+/ ﬁ52‘8f|26(2n+p)f+—2/ nsf4|af|262(n—1)f.
Ba r Ba,

Now plugging (5.20) into (5.19) with small ¢ we get

/ nsM < i/ 7757262(n+1+77)f
BQT TQ B2r

(5.21) _/ 2| fA¢2n1 _/ =219 f et

1
+_4 s4|af|2 2(n— 1f+ / 5— 1|af|5 2(n—1)f
r BQT

BQT

For the last term in above, using Young’s inequality one gets

! = n— s n— 1 5— n—
(5.22) —/ n 1\8f|562( nf 56/ n |af|662( 1)f+_6/ n 6,2(n—1)f
r BQT‘ BQT r BQT

Similarly, one has



OBATA IDENTITY 19

1 S n— s n— 1 S— n—
(5.23) —2/ n 2|af’462( nf ’Se/ n ‘af’662( 1)f+_6/ n 662( l)f7
r Ba, Bo, r Ba,
1 1
(5.24) - / n° 20 f| 2P <e / | f|ler Dl 4 — / pAentn)f,
r BZT B2ra r BQT
and
1 - n— s n— 1 s5— n—
(5.25) — n* 4o f P27 56/ 1°|0f|PeX 1)f+_6/ T
r Ba, Bo, r Ba

Inserting these into (5.21)) and taking ¢ small yields

/ 778/\/1 <i / 775—262(n+1+19)f
Bay ~ r2 By

1 1
+ ,r]s—4e(2n+p)f + = / ns—662(n—1)f'
r Bay r Bay

(5.26)

We note that (5.26)) is similar to the formula (3.14)
In order to complete this proof, we state another lemma, it is similar to formula (3.18)), it

will also be proved at the end of this section.

Lemma 5.5.
(527) / 7786(2n+4+3p)f < / ns|af|262(n+1+p)f + l/ 778_26(2”+2+2p)f.
B2r B2r /r.2 B2r
Now since all the coefficients in (5.15) are positive for —2 < p < 0, it follows that
(5.28) [ lospeor < cinp) [ pan
327- BQT‘
Combining (5.28) with (5.27) and (5.26)), we have
/ nse(2n+4+3p)f
BQT
1
§ / nslaf|2e2(n+l+p)f + — / 77s—26(2n—i-2—|-2p)f
BQT r B2r
5 / nsM + %/ ns—2e(2n+2+2p)f
(5.29) Bay By
<i s=2 2(n+1+p)f
S n’ e
r BQT
1 s—4 _(2n+p)f 1 s—6 _2(n—1)f
+ ) n*te TP 4 e n* e
2r 2r

—9 2n+44-3p —9 2n+4+43p
SE / 7]56(2n+4+3p)f g X=5 7]8 XS 7
BQT‘ BQT‘

where in the last step, the Young’s inequality has been used three times with different expo-
nent pairs. Note that 0 < n < 1in By, () C Q and n = 1 in B,({). Therefore, by choosing
s > 0 big enough and ¢ small, we finally obtain
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(5.30) / e(2n+4+3p) f < T2n+2—2x%‘
By(§0)

This is (5.13), and hence Theorem [5.1]is proved.

To complete this section, now we give the proofs of Lemma and Lemma

Proof of Lemma 5.4 :
Since f satisfies equation (5.7)), a straight calculation shows

(531) eikfReZ (V fOfoz kf) ReGafoz n‘fOP + ‘af|4 + ’af‘2€(2+p)f.
Multiply both sides of (5.31]) by *~2¢/ with k = 2(n — 1) and integrate we have
/ 82R62</ ffenl)f>
327

(5.32)
= / 12— ReGafa —nlfol* + |0f] + |02 ) 001,
Bay

Integrating by parts, using (5.16) and arranging the terms yields
TL/ ns_2|f0|262(n_1)f _ / 775_2(|3f|4 + |af|26(2+p)f)62(n—1)f
BQT- BQr
- [ ReGafuett
Ba
+(s—2) / nS‘SRena<\/—1fofae2(”‘”f )
B2r
S / 77572(|af|4 + |af’2€(2+p)f)62(n71)f
Ba
+ [ wGallose
BQ'V‘

1 s— n—
i1 / 73| fol B f |20 D1
r B27‘

For the above last two terms, Young’s inequality implies

(5.33)

— n— 1 5— n—
| v iGallosien [ s gl
By, T JBs,

(5.34) < 57*2/ nslGaPeﬂ”*l)f + 6/ nsf2’f0‘2€2(n71)f
Bay

Ba,
C
+ _2/ 778_4|8f|2€2(n_1)f-
€r Bo,

Submitting this into (5.33)) with small e we get
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/ 77.972‘]¢'0’2€2(nfl)f S 67”2/ USM _'_/ 77572|af’4€2(nfl)f
Bar Ba,- Bar

— n 1 s— n—
+/ n® 2|3f|26(2 +p)f+_2/ n 4|8f|262( nf
Bay r Bay

This is just (5.20). O
The proof of Lemma [5.5|is similar to that of Lemma 5.4

(5.35)

Proof of Lemma [5.5]:
Multiply both sides of the equation (5.7) by —#,°¢2»*1+?)/ and integrate we have

TL/ 7]3962(n+1+p)f — / nSfaa€2(n+1+p)f
BQT BQT

(5.36) ZQ(TL +1+ p) / nslaf|2€2(n+1+p)f

BZT
+s/ L £ ngeXn RS
Bay

Take the conjugate in (5.36)), we have

n/ nngQ(n-&-l-&-p)f - / 7,]sf@oéeQ(n-i—l-i—p)f
BQT B2'r

(5.37) =2nt 14y [ lope s

B2'r
+ S/ ns—lf&na62(n+l+p)f.
BQT
Add (5.36) and (5.37)), it follows that

n/ ns[’af‘Z + €(2+p)f]€2(n+1+p)f :2(n +1 +p)/ ns‘af’QQQ(n+l+p)f
Bo, B

2r

(5.38)
+ S/ ns—lRef&,r]aGQ(n—l-l—i-p)f‘
B2'r

Using (5.16) and arranging the terms yields

1
/ 7756(2n+4+3p)f 5/ ns’af‘2€2(n+1+p)f + _/ nsfl‘af’€2(n+l+p)f
BQT B2r r

(5.39) s
5/ n°|0 f|2eXmHHPS 4 —2/ n* 221
Ba, " JBa,
where in the last step, the Cauchy-Schwarz inequality has been used, and this is as
desired. O
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