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Abstract
We prove that the combination of the norm of gradient and the Gaussian curvature for the
convex level sets of harmonic function is superharmonic.

Mathematics Subject Classification 35B45 - 35B50

1 Introduction

The study of the convexity of level sets of solutions to elliptic partial differential equations has
a long history. For instance, about one hundred years ago people knew that the level curves
of the Green’s function of a convex domain in R? are convex (see the book by Ahlfors [1]).
In 1957, Gabriel [8] obtained the analogues in three dimensions. Later, these results were
extended to high dimensions and more general elliptic PDEs such as p-harmonic functions
and some semilinear elliptic equations by Lewis [15], Caffarelli and Spruck [5]. For more
related topics on convexity of level sets in qualitative nature, please see such as these papers
[2,3,9,13,27].

Note that convexity of solutions imply convexity of level sets. To obtain the convexity
of level sets, one may attempt to prove the convexity of the solution u itself, or at least the
convexity of g(u). Here g is a suitable monotone function of one variable. In this direction,
we refer the readers to [4,7,10-12,14,18,19,22], and the references therein.
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In the following, we will turn to the quantitative convexity estimates of the curvature
of level sets. In 1983, Talenti [25] got the following result for harmonic functions of two
variables. Let 2 C R? be a domain and u be a harmonic function with no critical points in
2. Then the function « /|Vu| is harmonic in 2. Here

2 2
. 2uiupuy — ujuy — usU1]
[Vul?

is the curvature of the level sets of u. Throughout the paper we use subscripts to represent
the derivatives with respect to any orthonormal frames. Similar results can also be seen in
[16,23]. By maximum principle, one can easily obtain the convexity estimates of level sets of
2-dimensional harmonic functions. Recently, Ma, Ou and Zhang [17] generalized the above
results to n-dimensional harmonic functions (n > 2) and obtain the convexity estimates of
their level sets. More precisely, they proved the following theorem.

Theorem 1.1 (Ma, Ou and Zhang [17]). Let Q2 be a domain in R"™ (n > 2) and u be a harmonic
function defined on 2. Assume that there are no critical points of u in Q2 and all the level sets
of u are strictly convex. Let K be the Gaussian curvature of the level sets of u. Set

Yo = [Vul" K.

Then the function Y satisfies the differential inequality

n
AYo+ Y batoa <0 inQ. (1.1)

a=1
Here by, by, . .., b, are smooth functions.

For more extensions on convexity estimate of level sets of harmonic functions and solutions
to other elliptic PDEs, please see [6,20,21,24,26,28-30].

The proof of inequality (1.1) in [17] is much more involved. In this paper, by considering
a certain power of the function v, we prove this new curvature function is superharmonic.
Now we state our main theorem.

Theorem 1.2 Let 2 be a domain in R" (n > 2) and u be a harmonic function defined on
Q. Assume that there are no critical points of u in Q and all the level sets of u are strictly
convex. Let K be the Gaussian curvature of the level sets of u. Set

v = (|Vu|”—31()ﬁ.

Then the function  is superharmonic in Q. Namely, the function  perfectly satisfies the
differential inequality
Ay <0 inQ.

Note that the function 1 in Theorem 1.2 was first introduced in the paper Ma and Zhang
[20], where by the method of support function they studied the concavity of the Gaussian
curvature of level sets of harmonic functions with respect to the height of the functions.

Remark 1.3 For n = 2, the assumption of strictly convex level sets can be dropped and we
recover Talenti’s result. For n = 3, under the conditions of Theorem 1.2, in fact we proved
that the function v/ K is superharmonic in 2.

As a consequence, we can give a brief proof for the convexity estimates of level sets of
harmonic functions.
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Corollary 1.4 (Ma, Ou and Zhang [17]). Let u satisfy

Au=0 in Q= Q\Q,
u =0 on 0,
u=1on0dR,

where Qo and 21 are bounded smooth strictly convex domains in R", n > 3, Q) C Qo. Let
K be the Gaussian curvature of the level sets. Then we have the following estimate

. n—3

. . minggq, |Vu

min K > min K ¢ .
Q IQ maxyg, |Vl

We will focus on the proof of Theorem 1.2 in Sect. 2. The main technique in the proof
consists of regrouping terms involving third order derivatives and maximizing them in each

group.

2 Proof of Theorem 1.2

In this section, we will prove Theorem 1.2. Let 2 C R” be a domain and u be a harmonic
function with no critical points in 2. Assume that all the level sets of u are strictly convex with
|tan|
o ) |Vulu,
[2,17], it is well known that the Gaussian curvature K of the level sets of u can be expressed
as

respect to the upward normal direction n = (ur,ua, ..., uy—1, uy), see for example

n 2
3 det D

(—D" K = e 3 IS .1)
P Jugp

In this paper, we make the convention that the Latin indices i, j, k run from 1 ton — 1, and
the Greek indices «, 8, y, §, i, v, &, n run form 1 to n.
Set
¥ = (IVul'K)"

where K is the Gaussian curvature of the level sets and a, b are real numbers which will be
determined later. For a suitable choice of a and b, we shall prove that i is superharmonic in
2, i.e. the function v satisfies

Ay <0 in Q. 2.2)
Later, we will see that the perfect candidates for a and b are
1
a=n-—3, b= .
n—1

In order to prove inequality (2.2) at an arbitrary point xo € €2, we shall choose the principal
coordinates such that

ui(xo)) =00 <i <n—1), wun(xo) =[Vul(xo) >0, (2.3)
uijxo) =0 =i, j<n—11i#j), wilx) <0 =i=n-1). (24

For the sake of simplicity, we introduce the following notations

o10) =Y A, o)=Y kikj, o1V =][]x 2.5)

i<j
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where A; = u;i(xo) (1 <i <n — 1). Before proving Theorem 1.2, we summarize the first
and second derivatives of the Hessian determinant of u in the following lemma.

Lemma2.1 Let Q@ C R" be a domain and u € C%(S2) be a function. For each xqy € Q2 fixed,
we choose the principal coordinates as above. Then at the point xo, there hold

% = —Gn—l(/\)%i (Zk i”ik - %”ﬁz _“"")’ Jorl=i=n—1

S g ) i, ot <ivi<n=1is

adglthln)zu _ adlg;gzu _ —Gn—l()h);%iuni’ forl <i<n-—1;

LD — g, 1 (),

and

PAADu — (W) phttnies for 1 <ki<n—1, k #is
%:Un—l(k)ﬁuniv Jorl<k,i<n—1, k#i;
%=_%_1(}L)i, forl <k<n-—1;
% = o1 (M3, forl<i<n-—1;
% =0, otherwise.

From now on, all the calculations will be done at the fixed point xo unless otherwise
specified. By taking first derivatives of i, we have

Yy = ab|Vul" K" " usus, +b|Vul| K*T'K,. (2.6)
8

Differentiating (2.6) once more, we have

Vyy =ablab — 2)|Vu b4k Zuuuw Z usisy + ab|Vu|*~2K? Zugy
w s §
+ab|Vu|“b_2Kqu5u5yy
8
+2ab? | V"2 KP TS Cusus, K,
)
+b(b — DIVu| K" 2K + b|Vu|" K"K, ;

hence
AV = ab(ab — 2)|Vu|**~*K" quﬂuW Z Usitsy + ab|Vu|**~2k? Z u(%y
Yu 1) y$
+ ab|Vu|**2 K" Z UsUsyy
y8
+2ab*|Vul* KPS Tususy Ky
Y4

+ b — D|Vul|P K2\ VK |? + b|Vu| K" AK.
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Equivalently,

[Vu|? _
by AY = a(ab — 2)|Vu]| ZZMMMW Zususy +a Zu(%y +aZu5u5W
142 8 yé ys

+2abK™" Y "usus, Ky + (b — D|\VuP K 2|VK > + |Vul’K ' AK.
yé

Note that « is harmonic. By (2.3)—(2.5), we have

|Vul?
by

AY = a(ab —2) Zuﬁy +aZu§y +2abu,,K71 Zunyl(y
14 y3 v

+ b - DulK 2 |\VKP? + 2K~ 'AK
=a’b Z u,zlk + a%bay ()»)2 —2ao07(A) + 2abunl(71 Z uny Ky
k 14
+ b - DulK 2 |\VKP> + 2K~ 'AK
AL 4+h+1+]1,

2.7)

where
L =a’h ) upy +a*bo1 () — 2a0 (), I =2abu, K=" "ty Ky,
k 14
I3 = (- Du’K VK|, L =u’K 'AK.

Let us compute the terms I, I3 and l4, respectively. Taking derivatives on both sides of
formula (2.1), we obtain

_ _ 9 det D?u
(D" 'Ky == 4+ DIVul" "D usus, > Wuauﬂ
o,

) 753
_ 9% det D*u
+ [Vu| (n+1) Z o o UpvyUqlp (2.8)
B Ottgp Uy
_ d det D%u
2753 ap

Recalling the relations (2.3)—(2.4) and applying Lemma 2.1, we have
(=D"'K =u, " Vo1 (0,
(="K = — (0 + Duy" o1 Gt + 1, "~V (1) Z %uiik,
i
fork=1,2,...,n—1,

B B o 1
(=)' 'K, = (n — Duy 01 G)o1 (1) +u, @ “a,,_mzk—iuun
1

_ 1
—2u o1 ()Y Iuii.
. L
4
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It follows that

1
unK”Kk:—(n+1)u,,k+un2;u“k, fork=1,2,....,n—1,

. 1
1

_ 1 1
u, K 1](,, = — l)m()»)-l—unzk—iuiin —2; )T,u%’

1

Hence we obtain

1 1
I, = 2abu, Y - Miiktnk — 2abunoy (4) > o Uiin
ik i

2.9
—2(n + Dab Zk:u,%k —2(n — Dabo;(A)? + 4abay (1) Zk: iuik, =
and
2
Li=(b—1u, Y (Z ;_u,-,-k) =200+ Db — Duy, Y %u,»,-kunk
k i ik ™
++ D1 upy,
k
5 1 ’ 1
+ (- Du, (Z Aiufm) +2(n1 = Db = Duyo1 (V) Z vl A

+ (= Db — Doy ()?

1 1
—4(n— 1 - Dor() Y ;u%”- —4(b—Duy Y ﬁu;muij
i 1 .. 1249

ij
| 2
+4(b—1) (Z )Vuii) :
. 1
L

To compute the term 14, we differentiate (2.8) once more. Summing with respect to y and
using the harmonicity of u, we are led to

_ _ 8 det D?u
D" TAK = (n+ DAVl "I upugy, Y usus, Y o altp
yu 5 of Uap
ddet D%u
=+ DIVu "I ug N —uqup
V8 op dtap
92 det D2u
— 3
— 201+ D[ Va| T % usitsy ; Dapduy, T
9 det D?u
_ —(n+3)
4(n 4 1)|Vul %;ugusy aZﬂ: gy e

_ 3% det D?u
+ [Vu| "0 HD Z S A o Upvylgpylalp

vaBrvEn OUep Oty QU gy
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92 det D%u
+AVU DY ety g
OUep Uty
yafu
d det D%u
+ 2V TN g ugy. .11)
Ougp
vop
Keeping (2.3) in mind, combining (2.1) and (2.11), we have
2041 32 det D2
_ 2 2
L=0+Dn+3) Zy:u,,y —(+1) §u5y ~ " Zum, Z T
4(n+1) 3 det D?u 1, 33 det D%u
- Uny rt u oo Huvyligny
op—1(X) ; Z op—1(1) " Ve au"’lauﬂvaufﬂ ! (212)
4 82 det D%u 2 3 det D%u
+ u u Ugy + Ugy U
PRRTO an/;v Quanduyy HYEEY T 100 )% Ougp vty

£ 141 + Lo + 13 + Tyg + s + Lyg + L7

In the following, we will deal with the above seven terms consecutively. First of all, it is

clear that

Iyt 4+l = (n+ 1)(n + 3) (Z ul, + o1 (A)Z) —2(n+1) (Z U, 4+ o1(0)? — UZ(A)>
k

k

=+ 1Y up+ (n+ D201 + 20+ Doa(h).
k

Then by Lemma 2.1, we get

1
L == 200+ Dutn Y —wiittnk + 201 + Dutnoy (MZ “tiin,
ik ! i

1
Ly =— 40+ DotV — 4+ Dor() Y Tk”zk
k

For the term 145, we simply have

) 2 L o
Iys =u;, ZZAA UjjkUjjk + Uy Z uzzn”]/n_zun }»,')»kuiik

k i#j J 1#] i#k
2 Z u2 Z
— un A ljk )\ )L l]n
. - NN
i#],j#k k#i i#]j

Again by Lemma 2.1, direct calculation gives

Ly = — 4u, Z Z ki UjiyUnkUky + 4uy, Z Z Ahi UjkyUniUky
i

v k#Fi 14 k;ét

— 4u, Z Z unk}/ Uky + 4u,, Z Z ull)/un}/

1 1 1
= 8uy, %: Euiikunk — 4uy, g muiinuik +duy, gl: H UiknUniUnk

(2.13)

(2.14)

(2.15)

(2.16)
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1
— 4uy, } uijn — 4upoy(A) E ;uiin- (2.17)
. . 1
i i

Here we have used the relation
Unnk = — » ik, fork=1,2,....n—1.
i

For the last term /47, with Lemma 2.1 in hand, after some trivial simplification we finally
obtain

2 3 det D%u 2 3 det D%u 3 det D%u
Iy7 = +2) —————Ajuy; ———Upjlpj
47 on_1 (%) (Xl: du Z upi + Z 31,{[1' UpiUnj

ij

P ddet D%u ddet D%u > (2.18)
Uy, + 2upn Z F Uin + Unn
i

ddet D%u

Ounn

dutnn
=0.
Inserting (2.13)—(2.18) into (2.12), we have

1
2 2 2
L= i ZZ Ry ik T Z dny imttign 2 Z Aihk LTI M ik

ki i#] i) kA

1 1
—u; ey Wiy =20+ Dun Y Mu”kunk+2<n+1>unm<x)2 Uiin
i#j ik

1 1 ) 1
+ Bup Z Euiik”nk — dup Z H”ii"unk +4duy Z H“ilm”ni”nk —duy Z Ujin
ki k#i ! k#i ! i

—4unal(x)2 i+ (14 1) Z W2+ (4 D —3)o1()% + 201+ Dor(h)

— 4+ Doy ()Y Euﬁk
k
(2.19)

Let us put (2.9), (2.10) and (2.19) into (2.7). Then we regroup the terms in (2.7) as
follows: IIj, the terms involving u;ix (1 < i,k < n — 1); I, the terms involving u;;,
(1 <i<n-1y II;, the terms involving u;j, (1 < i,j < n —1,i # j) and u;j;
A <i,j,k<n—1,i #j,j#k, k#i);lly, all the rest of the terms. More precisely, we
have

2
=) (b—l)-< —kukkk> Z(b—l—fk)(un%uiik)

k ik
1 1 4% 1
4263 " un—wiitc ) - (un—ujji | 42D | @—=n—= Db+ " |upr - (un—wuiir ) ¢ -
—~ N\ A Aj - Mk Ai
i<j i
1 1 1
Ilzz(b—l); un):uii" +2b§ un u,m . ”"Tj”“”

4

1 1 1 ) 1,
I3 =— E (”nuijn) +4 (”n ”tJn) : ( ”ni“nj) — Uy Uiiges
i#] hikj i#j Rk i) ket 1
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and the remaining terms are

Wy=(a—n—1%Y ul+ [(a 12— 4] o1(0% = 2(a —n — Doa(h)
k

2
1 1
+4[(@a—n+ l)bfz]al(k)zguﬁk+4(b, 1 (Z )%ugk) )
k k

It follows that
|Vul|?
by

To maximize the terms II; and II,, we need the following elementary lemma.

Ay =11 + p + 113 + 4. (2.20)

Lemma 2.2 Letn > 2 be an integer, and 11, Ay, ..., hy—1 be negative numbers. Leta = n—3,

b= n%], and cy, ¢a, ..., cy—1 be constants. Define two quadratic polynomials

n—1
2
fl(xl,xz,...,xn_l)=(b—1)x12+2<b—1— )Ll)xiz—{—Zb Z XiXj
i=2 1 I<i<j<n—1
n—1
4r;
+2c12[(a—n—1)b+ Ml:|x,',

i=1

and
gx1, X2, ..., Xp—1)
n—1
=0G-DY x}+2b Y xx
i=1 I<i<j<n-—1

n—1 n—1 1 n—1 n—1 1
2 2
+2b [<_a+n_ 1);xk_2;kkck}2x,- _4;@ _Zc,.)x,-.
= = 1= 1=

Then we have

2 1 n—1
filxr, x2, .0, x0—1) §8<1 - n+z?»k) ct,

4 1, 1 5\72
g(xlax27-~-,xnfl)§m Z [(M—MQ)—(M—M%)]-

1<i<j<n-—1

Proof Tt is easy to see that the (n — 1) x (n — 1) matrix

b—1 b e b
b b—1-32 b
............................. o
b b -b—1 o L
is negative definite. So the polynomial fi(xy, x3, ..., x,—1) has a unique maximum point.

At this maximum point, there hold

n—1
26— 1x1 +2b Y x;i+2ci[(a—n—1)b+4]=0,
=2
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2k vy
2<b—1—71>xk+2b Y xit2a |:(a—n—1)b+Tl]:0,

1<i#k<n—1
foreach k = 2,3, ..., n — 1. Equivalently, we have
X1 = 66‘1, X2 = 261, ey Xp—1 = 201;
hence
Silxer, x2, oo, x0-1) < f1(6cq, 2¢q, ..., 2¢1)
n—1
=8 (1 Zxk> 2.
For the polynomial g(x1, x2, ..., x,—1), we directly have
1
gx1, X2, ... Xp)) = — P Z (i — x;)?
I<i<j<n—1
4 1, 1,
R (SO
I<i<j<n—1
4 1, 15\
<o 2 (G- (-59)]
1<i<j<n-—1
We finished the proof of the lemma. O

Let us return to the proof of Theorem 1.2. From now on, we fixa =n —3 and b = L

-1
Firstly, we will analyze the term II;. Without loss of generality, we consider the case k = 1.

Fori=1,2,...,n—1,setx; = unkl.uul,cl = u,1. By Lemma 2.2, we have
21 1 2
b-1- ( Mum) +Z< o 4) : (unriuiH)
i#l
+2b) ! +2Z (a— —1)b+4—
Mn ulll )L TUjji a—n Un
i<j

1
. un)T,‘ui“
<81 2 +1 ) ) u?
-4+ —0 usy.
- n—1 X ! nl
In a similar way, we can obtain
<8y 1—i+ia(x) u? (2.21)
I= P n—1 A ! nk ’

Secondly, for the term II,, we set x; = un}\%uim and¢; = uy; foreachi =1,2,...,n—1.
Then Lemma 2.2 implies

4 1, 1 ,\T
112<j2 hi = g ) =\ R = g ) | (222)
. i J

i<j
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Thirdly, it is obvious that

1 1
I3 <— Z Up ———=Uijjn +4Z Un ul]}’l \ Y 7/——Unilnj
AN AN Vi (2.23)
ik nz n]’
i#]

and

16 ) 1 2

II4:ank:u"k+4 — 1))+ 802 ()
2 (2.24)
81+1212+41 1212
-8 — —u _— = —u
n—1 k)uk nk n—1 k)»k nk

Summarizing (2.20)—(2.24), we achieve

[Vu|? 2 1 5
Ay <8 l-——+—a1(x
by AV < ij o W (O L

4 1, 1 ,\7
e Gl el Gl ve

1 1
+4Zﬁumun] + —Zu k+4<—1 - 1) o1(0)? + 802(A)
. 124N

1 1 1 1
—8(——+1 4 —— -1 —u?
()i () (2o

k

We complete the proof of Theorem 1.2. O
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