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Abstract. For any bounded strictly convex domain (2 in R"” with smooth boundary,
we find the prescribed contact angle which is nearly perpendicular such that nonpara-
metric mean curvature flow with contact angle boundary condition converge to ones
which move by translation. Subsequently, the existence and uniqueness of smooth
solutions to the capillary problem without gravity on strictly convex domain are also
discussed.
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1 Introduction

In this paper, we are interested in the study of the evolution of graphs defined over
bounded strict convex domains QQCIR" by the nonparametric mean curvature flow, whose
speed in the direction of their normal is equal to their mean curvature and with a pre-
scribed contact angle to 0Q).

Various results have been obtained for mean curvature flow of hypersurfaces with
Dirichlet boundary conditions [26], zero-Neumann boundary condition [15], [18] and
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general Neumann boundary condition [25]. We study the evolution of graphs for u =
u(x,t) with the speed depending on the mean curvature of the surface {(x,u(x,t)):x€Q}
and with the prescribed contact angle boundary condition, that is,

uy=1/1+|Dul?>H(u) in Q% (0,00),

(7,v) =cosb on 90 x (0,00), (1.1)
M(X,O):Mo(x) on ﬁ,

where (Y CIR", n>2, is a compact domain with smooth boundary d(}, 6:9Q)2 — R is the
angle (contact angle) between the graph and the boundary, given by (v,v) =cos6, which is
equivalent to u, =—cosf+/1+|Du|?, where v is the unit inner normal of 0Q). Remark that
one may extend 0 to Q) with § € C®(Q)). And uo(x) is also a smooth function satisfying

the compatible condition
gy =—cosfy/1+|Dug|> on Q.

While H is the mean curvature operator

Du
H(u):=div| ——m——= |,
() <\/1+|Du]2>
and vy is the upward normal of the graph {(x,u(x,t)):x € Q}, which is given by

(=Du,1)

73:7mz

and we denote by Qr:=Qx[0,T) for convenience.

For the prescribed contact angle boundary condition, a more general type of problem
is to study the following equation, which has an extra term F(x,u,Du) (some called the
transport term) compared to (1.1), i.e.

ur=+/1+|Dul?H(u)—F(x,u,Du) in Qr. (1.2)

Guan [14] proved the global existence of solutions to (1.2) with prescribed contact angle
condition for general bounded domain (). Recently, Zhou generalized Guan’s results to
the domain () on Riemannian manifold in [30].

As for studying the asymptotic behavior of u(x,t) in (1.2), Guan [14] or Zhou [30]
only obtained the convergence results for F(x,u,Du) with specific form, say F:=¢(x,u)-
/14 |Du|? with ¢, > ¢y >0, which excluded F =0. In [15], Huisken studied the fixed
vertical contact angle case of (1.1), i.e. 6(x) =7, so u, =0 on 9Q). By using the Sobolev-
type inequalities and an iteration method, Huisken proved that the solution u(-,¢) of (1.1)
converges to a constant function as t — +o0. For the non-perpendicular case, Altschuler
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and Wu in [1] firstly considered the problem (1.1) with fixed contact angle boundary
condition in one dimension, and showed that u(x,t) converges to translating solitons.
Subsequently, they studied in [2] for two dimension case and proved that the solutions
of (1.1) converge to one which moves only by translation, under the condition that () C
R? is strictly convex and ||D6]|c0 < minynk, where « is the curvature of the curve 9Q).
The convergence results in [1] and [2] are only known now for one and two dimension
cases respectively. In particular, the uniform gradient estimate is still unknown for higher
space dimension. It is an open question whether the results in [1] and [2] also hold for
higher space dimension? In the first part of this paper, we give a partial positive answer
to this question, when the contact angle is close to 7 and the domain is strictly convex.
From above discussions, we rewrite (1.1) into the following equivalent form,

n
Ur= Z aijul-j in Q) X [O,T),
ij=1
(1.3)
uy,=—cosf(x)y/1+|Dul? on 00 x [0,T),
u(x,0) =up(x) on O,

u;u i
1+|Dul?
first main result is the following convergence theorem for (1.3).

where a;;:=6;; — and the other quantities are just the same as the ones in (1.1). Our

Theorem 1.1. Let QO CIR" (n > 2) be a strictly convex, bounded doriain and 0Q) € C3. There
exists gg >0 depending only on the convexity of Q) such that if 0 € C3(Q)) satisfies

|cosf| <ep<1, and 1D6]|c1 (@) < €0, (1.4)

then the flow u(x,t) in (1.3) exists for all time and converges to a translating solution to the
following mean curvature equation

n
Z al-juij:T in Q,
ij=1 (1.5)

uy,=—cost(x)y/1+|Dul>  on oQ.

That is, the solution of (1.3) converges to w(x)+Tt as t — oo, which means that

i [lu(-, ) = (w(-) +78) [ co ) =0,

[
where (T,w) is a suitable solution solving (1.5).

The crucial part of the proof is to derive an a priori estimate for the spatial gradient
of u(x,t), which is time-independent. This will be achieved by choosing an appropriate
auxiliary function and combining with the maximum principle. Our auxiliary function
and approach are motivated by methods used in [10, 24, 25, 27].
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Remark 1.1. When 6(x) = 5, Theorem 1.1 was firstly proved by Huisken in [15]. If one
denotes 6(x):= 7 +7(x), then condition (1.4) is equivalently reduced to: there exists g9 >0
satisfying

H7||c2(5) <ép.

It is worthwhile to notice that, when the contact angle 6(x) =6y is a fixed constant, the
evolution equation (1.3) is related to the so-called mean curvature flow of surface clusters,
also called space partitions (networks, in the plane), see [3], [8] and references therein for
more interesting physical background. As a direct corollary of Theorem 1.1, we have the
following result for the fixed contact angle.

Corollary 1.1. Let Q CRR”" (n >2) be a strictly convex, bounded domain and 9Q) € C3.
Assume that 6(x) =6 € (0,5] in (1.3), then there exists 9 > 0 depending only on the
convexity of () such that if

T T

0< 2 —gg<By< =,

< 5 g <bp =< 5

the unique smooth solution u(x,t) of (1.3) converges to w(x)+ At as t — co, which means
that

tim fJu(-,t) = (w(-) + A1) co ) =0,

t—+o00

where (A, w) is a suitable solution to (1.5) with 8(x) =6y and T:=A.

In fact, the existence of solutions to (1.5) is closely related to the capillary problem.
Precisely, the capillary problem is referred to study the following equations.

{H(u)zr+ku in Q,

1.6
(y,v) =cosf on 9Q), (16)

where k is usually referred to as the capillarity constant (see [8], Chapter 1). Results about
the positive gravity k>0 case are extensively studied and quite well-known. Uraltseva
[29], Simon-Spruck [28] and Gerhardt [10] had obtained the existence results of (1.6) for
any dimensions. More results related to positive gravity capillary problem also could be
seen in [12], the wonderful exposition book by Finn in [8] and references therein. We only
discuss and focus on k=0 (gravity free) in (1.6) in the rest part of this paper, i.e.

Du )=T1 in Q,

div(———==
1V( /1+]Du|2 (1.7)

uy,=—cosfy/1+|Dul? on 9Q).

If there exists a solution to (1.7) with constant angle 6 = 6, integrating by parts on ()

yields that

o J3ncos8de 90
Iol Iol

As pointed out by Concus and Finn in [6], Eq. (1.7) may not have any solution, even for

constant angle 0 =6, € [0, %] In [12], Giusti proved the following results.

cosby. (1.8)
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Theorem 1.2 ([12]). Let QO CIR" (n>2) be a Lipschitz bounded domain. If 6y € (0,%] and there
exists €9 >0 such that

09|

—Y |- [oNnQY
o191 -panty]

-cosfy < (1—¢p)[0QY'NQY, (1.9)

holds for all proper subdomains Q' C Q). Then there exists a solution u € BV (Q) solving (1.7) in
weak sense, with 8 =6y be a fixed constant.

Nevertheless, one should note that the criterion (1.9) in Theorem 1.2 is often quite
complicated and difficult to be verified, since it involves infinitely many subdomains ()’ C
Q). Subsequently, in 2 dimension, Giusti ( [13], Appendix) showed that (1.9) in Theorem

1.2 holds under the curvature condition 0 <k < % (this implies that Q) is strictly convex),

where x denotes the curvature of curve d(). Also we mention the papers [7] and [23],
where Finn and afterwards Lieberman provided another interesting viewpiont to replace
criterion (1.9) with the existence of a vector field criterion. Based on those consideration
and motivation, we provide below with another sufficient condition for any dimension
(n >2), which can ensure the existence of smooth solution to (1.7). Precisely, we obtain
the following result.

Theoreg 1.3. Let Q CIR" (n>2) be a strictly convex, bounded domain and 0Q) € C*. Assume
6 € C*(Q), then there exists a small constant g9 > 0 only depending on the convexity of Q) such
that if 6 satisfies

[cosB| <eo <1, and |DO|c1 ) <eo, (1.10)

then there exists a unique T € R and a function u € C®(Q) satisfying (1.7). In particular, the
solution is unique up to an additive constant.

Remark 1.2. The convexity condition of the domain is necessary in the sense that Finn-
Giusti [9] gave an example of nonexistence for the equation (1.7) when the domain is
non-convex. And if the domain is nonsmooth, there are already many works related to
the generalized solution using the variational methods, see e.g. [8] (particularly Chapters
6,7),[9], [12], and references therein.

The main difference and difficulty between the positive gravity (k>0 in (1.6)) and free
gravity (1.7) is that there is no C? estimate for the solutions to (1.7), since a solution plus
any constant is still a solution to (1.7). Thus one can not use the continuity method to get
the existence. In order to overcome this difficulty, we use an approximation argument
and obtain the uniform gradient estimate of the approximation equation, which is inde-
pendent of ||u||co. This approach has been used previously in several different settings,
see, e.g., [16, 17, 25, 27]. Those results also motivate our work here. Additionally, we
want to point out that this approach is different with many former methods about the
capillary problem, say e.g. [8, 12, 13], where they usually proved the existence of gen-
eralized solutions firstly, hereafter to show that the generalized solutions possess some
regularity. Here our methods are able to get the existence of smooth solution directly.
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This article is structured as follows. In Section 2, the uniform gradient estimate is es-
tablished for (1.3). In Section 3, the asymptotic behavior of solution to (1.3), i.e. Theorem
1.1 is demonstrated and followed as the same as the approach used in [2], once we get
the uniform gradient estimate. The last section is devoted to prove Theorem 1.3, after
obtaining the uniform gradient estimate for the solutions to approximation equations.

2 Uniform gradient estimate for mean curvature flow

In this section, in order to study the asymptotic behavior of the nonparametric mean cur-
vature flow with prescribed contact angle boundary condition, we establish the uniform
gradient estimate for the solution to (1.3) under the condition (1.4).

We have the following facts when ) is a strictly convex smooth domain. By the clas-
sical result (see for example Caffarelli- Nirenberg-Spruck [4] Section 2, and we can take
¢’(0) =1 in their definition of u in page 275), there exists a smooth defining function h
for O such that 1 <0 in Q and h =0 on 0Q), {h;j} >k;{J;;} for some constant k; >0 and
supn|Dh| <1, h, =—1and |Dh|=1 on 0Q). Because of the strict convexity of the domain,
we may assume that the curvature matrix of d() satisfies

{xij h1<ijen—1>x0{di h<ij<n
for some constant xy > 0. For convenience, we denote by

My :=sup|D?h|, My:=sup|D%H|,
o) o)

and define the big O notation O(s), which means that there exists a constant C >0, such
that |O(s)| < Cs for s large enough. In particular, we have the positive constant C only
depending on My, M> and 7 in the rest setting of this paper.

Using the maximum principle, the same as in [2], we have a priori bound on |u;|2.

Lemma 2.1 ([2], Lemma 2.2). If u(x,t) is a smooth solution to (1.3), then

sup]ut|2:sup]ut|2‘t:0
Qr Q

holds. So there exists a constant C=C(uo) >0 such that supg_|us| <C.

Next we obtain the uniform gradient estimate for (1.3), which turns the quasilinear
evolution equation (1.3) into a uniformly parabolic equation and the infinite time exis-
tence of smooth solutions follows by standard regularity theory.

Theorem 2.1. Let Q CIR" (n>2) be a smooth strictly convex bounded domain. There is a small
constant gg > 0 depending only on the convexity of Q) such that if € C3(Q)) satisfying condition
(1.4), and if u(x,t) € C3>*(Qy) is a solution to (1.1), then there exists a constant C ~ n,Q),u0,0
such that
sup|Du| <C. (2.1)
Qr
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Proof. To get the uniform bound of |Du| in Qr, we only need to prove that: for 0<T' < T,
the bound of |Du| on Q7 is independent of T" and then one takes a limit argument.
Let

D(x,t):=logw(x,t)+ah(x),

where w(x,t):=v—Y " ;u;hjcosb and « is a positive constant to be determined later, v:=
1+ |Dul?.
Assume that ®(x,t) attains the maximum value at (xo,ty) € Q. We divide it into the

following three cases to complete the proof.

Case 1: x9 €00 x [0,T']. At xo, we choose the coordinate such that %ﬂ be the inner
normal direction of 9Q, which is exactly equal to v, and let {x;}/_]' be the geodesic coor-
dinate of xo € 0Q). Along the geodesic x, =t (0 <t <¢), one takes the parallel transport of

tangential direction a% to establish the geodesic coordinate in the neighborhood around

the point xq in Q. Denote V' as the induced connection on dQ by D. We denote D;j=D;D;.
Firstly, we notice from boundary condition in (1.3) that

w=v+1u,cosd=vsin’0 on oQ).
We denote V'u and u,, as the tangential and normal part of Du on the boundary by our
choice of coordinate above. We also denote V() := u,;. From the boundary condition
u, = —vcost, we deduce that

u? =v?cos?0 =cos?0(1+|V'ul?+u?2),

so it directly follows that
us =cot?(1+|V'ul?), (2.2)

and in particular, we have
w=ovsin*0=/1+|V'u|2+u2sin’0 = / 1+ |V'u|2sin,

vw=1+|V'ul%.

and

From Gauss-Weingarten equation and directly computation, we have

12 1)’171
= =

1 n—1 n—1
=5 Z (uiuni+ Z uibiju]) —cosfDy,,u,
i=1 j=1
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where b;; is the second fundamental form of dQ). Then at x( € (), it follows that

D, w

0> D, ®(x0) = "= +ahy
1 i n n
=— | Dyo—Dy( ) uphi)cos®— D, (cosb)- Y uhy | —a
wl k=1 k=1
1 i n n n
=— Dnv—ZanuhkCOSG—Zuanth089+ Zukhksin%n —
w| k=1 k=1 k=1
1 i n
== Dyv+Dyntcos®— Y uDyhcosd —sind6,u, | —a
L k=1
1 n—1 n—1 12
=— Uity + b--u-u-)—— uDyhcos6+cot0o,, —a. 2.3
vw§< itni ]; ijHhilttj wkgl k™~ nk n ( )

And for all 1<i<n—1, since {x;} is the tangential direction, we obtain

V! 1
0=Vi®(x) = i _ > [V§v+uniC039—unsin9V§9] ,
this implies that
Viv=—u,;cos0+1u,sinfV;6. (2.4)

On the other hand, by taking the tangential derivative to the boundary condition of (1.3)
and combining with (2.4), it yields that

Upi = V'i(—cosv) = —cosO Vv +sinfV :0v = cos?Ou,,; — cosfsinfu, V0 +sind V0o,
then it follows that
Uy = (cosfcotd+csch)Vifv, fori=1,---,n.

Hence, we get

1 n—1 n—1 1 n—1 1 n—1 ,
pr Z <uium-+ Z bijuiu]-> =0 Z_: bi]-uiuj%—% (C059c0t9+csc9) Z u;Vio, (2.5)
i=1 j=1 i,j=1 i=1
1 n 1 n—1
- Z D, hcosf=—— ( Z uiDm-h—l—unD,mh> cosf. (2.6)
W3 w\ia

Substituting Egs. (2.5) and (2.6) into (2.3), and note that we have condition (1.4) with
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g9 <1, thus we have

n—1
0>D,®(xp)=— Z bijuiuj+ C039C0t9+csc9 Zu 0;
1] 1 i=1
1 n—1
- < ) uiDnih—kunDnnh) cosf+cothh, —u
i=1
[V'ul [V'ul

2;—;|V’u12—(cot29+csc29) V'0|— |cotd| My

VIAVaE ARV ap

+cot?0k; +cotfb, —a

[Viuf® 57761 (My+[De|) | cotb] ~
1+]V’u!2 sin? !
|V'ul? €0

(3+M1)—
1+!V’u!2 1—¢3

where M :=sup|D?h|. Then it yields that
o)

e
[0 7 (M1 43) —a] [V < 70 (M +3) 7)
—%0 €0
By choosing «,e0 >0 such that
Ko Ko
<— —_— .
O<a< 3 and any 806(0,9(M1+3)], (2.8)

it follows from (2.7) that we have |V'u|? <2, so the estimate of |Du| follows by combining
this with equation (2.2).
Case 2: xo € ) and {y =0, then we have

D(x,t) <D(x9,0)=log(1/1+4|Dug|?> — (Dugy,Dh)cos®) +ah < C(ug,sup |h|,«).
0

Since |cosf| <gp <1, it yields from above that

supov < C(uo,sup|h]) (2.9)
Qr

Case 3: xp€Q and T' >ty >0, so at (xg,t0), we have
0=;(x0,t0) = % Fahy, 2.10)

and

n
0> Y a;j®jj(x0,t0) —Pi(x0,t0)
=1

= Wi w 2
=Y - Z aijhih;+a Z ajjhij=:1+T-+1IL (2.11)
ij=1 ij=1 ij=1
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We choose a proper coordinates at (x,tp) such that |Du|(xo,t0) =u1(x0,tp) and
{uij(x0,t0) }2<ij<n is diagonal. Then at (xo,to),

1 . .
au:?,aij:O fori#j and a;;=1 fori>2.

We always assume that uq(xo,tp) is large enough in the below computation, such that
Uy, v=1/ 1+u%, and w =v—u1h;cosf (since we assume |cosf| <ep < 1) are comparable at
(x0,t0), that is, if we let 3 >1 (otherwise |u1] is bounded by 1), then

w1 <0<+ 2uy, (1—go)us <w< (\/§+€o)u1, (I—gg)v<w<(14e¢g)v.

All the computation below will be done at the point (x,f). We have

n ]’12 n 1
Hz—azz aijhihjz—a2<;;+ﬁh%> > —a? [;H}, (2.12)
i,j=1 i=2
and
n hll 1 1
=« Z aijhi]-:oc ?‘i‘zhii lekl ﬁ"}_(n_l) . (2'13)
ij=1 i=2

n
We denote by J:= }_ a;;w;;—w;. From (2.10), we have
ij=1

n .
Y < ul;”l —ujihjcost —u hy;cost+uhy Sin99i> = —ahjw.
=)

If we denote by

S ::%—hlcosf), forl=1,---,n,

then we have the bound as 2>5; > % if we assume u% >1and gy < %. Hence, then we
obtain

n
ZSluli:hlicosﬁul—hlsinGGiul—thiw. (2.14)
1=1

It follows that fori=2,---,n,

y -——iu-- hliCOSQu _hlsinGGiu _tx_h,-w
1i S, ii S, 1 S, 1 S
:—iuii+O(’C059’+’D9|)M1+O(Dé)w, (2.15)

51
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and

w5 hq1cosf hqsin66, ahy
U= ,;251 Uik + S, u1 S, ui S—lw
n

Z—ukk+O |cosO|+|DO|)u1 +O(a)w. (2.16)

To handle the term I, we take the first derivative with respect to x; to the equation in (1.3),

n
Ukt = < Z aij”i]) Z Ajj Ui+ Z AjjUijk.

i,j=1 i,j=1 ij=1

By direct computation, we have

n n ulult n
Wy =0 — ZuthCOSG :Z T—u;ﬁz;cos@ :ZSlult
t I=1

I=1 I=1
n n n
= ZSk |: Z jj Ui+ Z ai]-uijk} . (2.17)
k=1 Lij=1 ij=1
and
n
?/UZ']' :Uz'j — Z (ukhkCOSG)ij
k=1
oUkiUk O Ukl O UgUgiUgU
:Z i k]—f-z L Z K T Zullhljcosﬁ Zul]hllcosﬁ u1hyjjcoso
a v & s 7 =1 =1
n n n
—Zulijhlcosﬁ—Z(ukhk)i(COSG)j—Z(ukhk) (cosb); Zukhk cosf);;. (2.18)
I=1 k=1 k=1
By (2.17) and (2.18), thus it follows that
y
n
J=wl= Y ajwij—w;
ij=1
-  Upilk) o Ukl
= oy ( Ly M
ij=1  \k=1 ki=1
n UpU,
+ Z |:1]( : —Mki]'hkCOSG) Sk“l}k”l] Sk“qul]k]
i,jk=1
n
— ajjug <hki]- cost —2hy;sinf0; — hy.cos60;0; — hy sin99ij>
ijk=1

n
-2 Z aijukz- (hijOSQ - hksinGGj)
i,j,k=1

=J1+]o+J3+]s (2.19)
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We can derive that

n
— Z ajjUg <hkij cosf— 2hki sin99j — hk COSQGI‘Q]‘ — hk sin99ij>
i,j,k=1

n n
=—hin cosGu—; — ZhliiCOSGul +2h11sin66, u_; +2Zh1isin99iu1
A v i=2

n n
+m cosGG%% + Zhl cosGGlzul +hysinf611 % + Zhl sinf00;;14
i=2 i=2

—C(|cos|+|D8|+|D?8])u;. (2.20)

Using (2.15) and (2.16), we get

n
Js=—=2 Y ajjuyi(hyjcosf—hysin66;)

i jk=1
n ulk n n
= —2k; (g1 cos — hysinf; ) - —21{21; (hgicosf — hysin6;) g

n
:—2(h11C039 h1sin66, U——ZZ(PIHCOSG hk81n991)—2k
k=2

n
—22 (hlicosﬁ - sinGGi) Uq; —22 (’/ll‘l‘COSQ — hisinGGi) Uj;
i=2 i=2

1
=—2(h11cosf —hy sin6; ) [Z: Ui +0O(|cosb|+|DO|)u; +0O(«) ]?

2
2
1
_22 (g cosf —hysinf6,) {——ukk—kO (|cosB|+|D0|)u; +0(a) }%
k=2

_22 (hyicos6— hlsmGG){ 3, 2Lt +0(| cosB| + | DO) ) up +O(a)w }

i=

—22 (hl‘l‘COSQ — hisinGGi) Uj;

i—2
n
—C(|C059|+|D9])<Z|uﬁ|+u1>. (2.21)
i—
It follows that
n
Jat+Js2> —C(]cos(9|+|D9H—]D29|)u1—C(]c059]+]D9|)2|uﬁ|. (2.22)

i=2
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A direct computation gives

. Uklliij
]
Jo= Z |:al'j ( - — leijhkCOSQ) — Skaz-]-,kuij — Skaijuz-]-k

ij,k=1
n n
1k1/l] uu]ulkul
= 3 Sagay=- 3 Sy -2t 42 ] MUK
z'jk*l ijk=1

Zululz <251M11> —uiun Zslull
A U1U1g 1
=2—3 251M11+22u11§<25wi1>
2
u;un [51u11+25ﬂ/¢11} +— {51 Y ufi+ ZS Uuuh}

=2 i=2

2115, 2”1 11 151
= - 2 ZS lz+ Zsuzzulz-

i=2

By expanding the sum in J;, it is easy to obtain that

]1 M11—|— 32 1z+ Zuzz
So we have

1 2M181 2 2M181
]1+]2:{$+7}”%1+{ }Z uy;

14 2uqu
2 1411 ui

—|—5 E Zuii—F p—” lE 2Slu11+? E ZSiuﬁuli.
i= = i=

From2>S5; > % and for 2 <i<n,|S;| <|cosf|, we can use the Cauchy inequality

n

2u4S1 5 +(n 1) |C039|2u12
Uti,

21/{11/{11 n
— ) Sy | <

vt = pt 1 28104
217 & 11S] & u1|cosf|?
2 M 2
2 Y Siujj1| < 2 LMt —g 3 ”ii'
i=2 i=2 1 i=2

Substituting (2.26) and (2.27) into (2.25), if we assume |cosf| < 1, we obtain

1 n
Jitl > %l;”i

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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Substituting (2.19), (2.22) and (2.28), we get
n
Zu”— (|cosf|+|D80]) Z|ull| (|cos8|+|D8|+|D?6|)u;
> Zuu (|cos8|+|D8|+|D?8|)w.
Hence, finally we derive that

I==>—C(|cosh|+|DO|+|D?8)).

I
w

Combining this with (2.11)—(2.13) together, we obtain
’ , (1 1
0>T+II+11> —C(|cost|+|DO|+|D?0) —a” | = +1 ) +aki{ - +(n—1) ).
v v

By taking a: —mm{ 5+,2,1} :=ap and gg —mm{9 3),”£°—Ck11,%} in (1.4), we obtain
v(x0,t0) <C,

where C is independent of T’.
Combining three cases above together, we get the uniform estimate for | Du| which is
independent of T" and then Theorem 2.1 is proved. O

3 Elliptic interlude and asymptotic behavior

As the approach in the two dimension case in the paper [2], our gradient estimate also
can be used to solve the elliptic version of the problem. The elliptic version of equation
(1.3)is

n uiuj .
X (o=t o

uy =—cosfy/ 1+ |Dul? on (),

where T € R is a uniquely determined constant. In fact, by using the integration by parts,
one can see that

(3.1)

0d
T= Janrc0s Ul . (3.2)
f0(1—|—|Du]2)_idx

We can obtain the following existence result for (3.1) in high space dimension case un-
der the condition (1.4). For 2 dimension, this result was proved by Altschuler-Wu (see
Theorem 2.6 in [2]) under more generally condition on (2 and 6.
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Theorem 3.1. Let QCR" (n>3) _be a smooth strictly convex bounded domain. There is a small
constant gy >0 such that if 0 € C3(Q) satisfying condition (1.4), then there exists a unique T and
a smooth solution u for (3.1). In particular, the solution u is unique up to an additive constant.

Proof. Firstly one wants to consider the following problem,

a7 L N 0
ijz_:l( Z]_1+]Du|2)ul]_8u in ,

Uy =—cosfy/1+|Du|? on 0.

Using the barrier argument in [2] (see the proof of Theorem 2.6), one obtains supg|eu| <
Co, where Cj is independent of e. Under the condition (1.4), we want to show the solution
to (3.3) has the uniform gradient estimate, which is independent of ¢, i.e. |Du| <C. This
can be proved by the same procedure as the proof of Theorem 2.1 by now replacing u; in
(1.3) with eu.

We choose the same ®(x) :=logw(x)+ah(x) and the boundary case is treated by the
Case 1 in Section 2. Now we assume the ®(x) attains its maximum at xp € Q.

So at xg, we have 0=®;(xo) = % +ah; and

n n n n
0> Z aijCDij(xO) = Z —a? Z Ell‘jhihj—i—a Z Ell‘]‘hl‘]‘ =:I+114111. (3.4)
ij=1 ij=1 ij=1 ij=1

(3.3)

al-jwl-j

We choose a proper coordinates at xq such that |Du|(xo) = u1(xo) and {u;j(x0) }2<ij<n is
diagonal. Then at xo,

1 1
II+IIIZ—0¢2<§+1> +aky <§+(n—1)>. (3.5)
We denote by J: —Z —14ijw;j and as in (2.19), it follows that

J=wl:=]J,+ ]2 +]3+]4, (3.6)

where J;,]3,]4 are defined as in (2.19). Using Eq. (3.3) we have

! Mkuk
Z aZ] cl —ukl]hkCOSG Z Skazjul]k
i,j,k=1 i,j,k=1

n n
— Y Swairuii+ Y Si(eu)=Jr+eus1S1>J,. (3.7)
ij=1 k=1

.

By the same procedure as the proof of Theorem 2.1 we can get the the uniform gradient
estimates which is independent of e.

From the C? and C! estimates, we get the existence of the solution to (3.3) by standard
theory in [11] for each ¢ > 0.
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The uniform estimate of |Du| also implies that |D(eu)| — 0 as e — 0. Thus one can
conclude that eu — 7 as e — 0 for some 7€ R (One can see the detail proof on the existence
part for the similar limited equation in Theorem 1.3 ).

To show the uniqueness, as in [2] (see the proof of Theorem 2.6 there) one assumes
thatif (u1,71) and (up, 2) are two solutions to (3.1). Without loss of generality, we assume
71 <1y, denote u :=uj —uy. By direct computation, we obtain that u is the super-solution
of the following elliptic operator

n n
Lu:= Z ﬁijuij—kZblul,
=1 =1

where
n 1
ﬁij::aij(Dul), bl:: Z/O al‘j,pl(tDul—i—(l—t)Duz)dt-(Mz)i]‘.
ij=1

From the maximum principle, u attains the maximum value on the boundary, say at
xp € 0Q). Thus combining with Hopf lemma, we have V'u(xo) =0 and Dyu(xo) <0, that
is, |V'u1| =|V'uz| = q and D,uq < Dyuy, where we denote V' and D, as the tangential
and normal part of D on boundary respectively. On the other hand, from the boundary
condition in (3.1), it follows that

Dyuy _ Dyu;
VIFE+ Dy ? /1+¢*+|Dyug]?

but this is a contradiction with the fact that function —— is strictly increasing with

\1+g24x
respect to x €R and D, u1(xg) < Dyuz(xp). So u must be a constant, and 11 = 1. Therefore,
we have completed the proof. O

Remark 3.1. For any £>0, even for any bounded smooth domain, the existence of solution
to (3.3) could be got from the standard method on the capillary problem with positive
gravity, see for example Theorem 9.12 in Lieberman [22] or [19].

Remark 3.2. If one considers the following problem,

U Uil ) '
L (3~ o Jur=eu+10uP o

uy =—cosfy/1+4|Dul? on 0Q),

then for 0 < B < 1, using the same calculation we can get the uniform gradient estimates

(3.8)

of u for any £ >0. When B =, we need make a more careful computation in Section 4 so
as to get the corresponding existence theorem.
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For a solution w =w(x) to (3.1), it is obvious that @ = w(x)+ At solves the following
parabolic problem,

Uilj .
Mt:(éij—m)uij in Q) x (0,00),
uy,=—cosfy/1+|Dul? on dQ) x (0,00),
u(x,0)=w(x) onQ),

Corollary 3.1. For a solution u=u(x,t) to (1.1), there exists a time-indenpendent positive
constant C, such that
|u(x,t)—At| <C.

Proof. Let z(x,t)=u(x,t)—w(x,t), then it satisfies the following equation
z¢ =jjzij+bizi,

where a;;=a;;(Du) and b; = () fol ag,p, (1Du+(1—1)Dw)dy. If z achieves its maximum
and minimum on Q x {0}, then

sup |u—w—At|= sup |z|< sup |z|=sup|ug—w]|.
0% (0,00) Q% (0,00) Qx{0} Q

Therefore,
sup |u—At| <sup|w|+sup|ug—w].
0% (0,00) Q Q

If z attains its maximum or minimum on dQ) x (0,00), then as in the uniqueness part
proof of Theorem 3.1, Hopf’s lemma tells us 1y —w must be a constant. Therefore u—w
also must be a constant on () x (0,00) for the uniqueness of the solution to (1.1), so we
have

sup |u—At|< sup |u—At—w|+sup|w|=sup|ug—w|+sup|w|. O
Qx(0,00) Qx(0,00) (@) (@) O

Using the technique in [2], the uniform estimates in Lemma 2.1, Theorem 2.1 and

Schauder estimates, we get the following result.

Lemma 3.1. Let uy and uy be any two solutions to equation (1.1), with initial data uyy and oy
respectively. Let u=u1—uy, then u converges to a constant function as t — co. In particular, the
limit of any solution to Eq. (1.1) is @ up to a constant.

Proof. We now see that u satisfies a linear parabolic equation
Zp= ﬁi]'Zij—FbiZi in QO x(0,00),
Dvul o Dyuz
\/1+|Du1]2 \/1—|—’D1/l2|2

on 902 x (0,00),
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where a;; = a;;(Duy) and b; = (u2)n fol ag,p, (1Du1+(1—1)Duy)dy. The strong maximum
principle implies that osc(u)(t) = maxgu(x,t) —mingu(x,t) > 0 is a strictly decreasing
function unless u is a constant.
We claim that
lim osc(u)(t) =0.

t—o00

Otherwise, if lim;_,o05c(1)(t) =6 for some 6 >0, we will reach a contradiction. In fact,
given a sequence t, — 400, we define

ul,n('/t) :Ml(',t—i—tn)—)\tn

and
M2/n(',t) :Mz(-,t+tn) —Aty,.

By Corollary 3, for i— 1,2, we know |u; , —At| < C, remark that the uniform(independent

of n) estimates on 2 a

According to Schauder theory [21], 11, (+,t) and up ,(-,t) are locally (1n time) Ck umformly
bounded with respect to n for any k.

So, there exists a subsequence (still denoted by t,) such that uj,(-,t) and uy,(-,f)
converge locally uniformly in any C¥ to uj(-,t) and uj(-,t) respectively. That is

Wi (0 = Timun(8), w30 = lim ()

Let u* =uj —uj3, then we deduce that
osc(u*)(t) =osc(uj —
X, t4ty) — Aty —un(x,t+t,) +Aty)
X, t+t,)— u2(x t+t,))
t+t,) = 3.9)

u3)
:nlgr;oosc(ul(
:nh_l;r.}oosc(ul(
:nlgr;oosc(u)(

where the second equality holds because of the uniform convergence of u ,(-,t) and
M2,n(~ ,t) .
But u* satisfies the uniformly parabolic equation
ZtZﬁijZij+biZi in Q) x (—00,00),
Dyuiy  Dyus
\/1+|Du;|2 V1+[Dus[?

on 002 X (—o0,00),

~ . | " *
where a;; = a;;(Duy) and b= (u3})i [, ax,p,(1Dui+(1—1)Duj)dy.

By the strong maximum principle and Hopf’s lemma, we know u* is a constant. This
makes a contradiction to osc(u*)(f) =4 and the claim now is proved.
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According to the claim, we have

lim maxu = limminu=cy for some constant cy.

t—oo () t—o0 0O
It then follows that tlim |u—co| =0 and we finish the proof of this lemma. O
—00

Proof of Theorem 1.1. From Lemma 2.1 and Theorem 2.1 and Schauder estimate, we obtain
uniform estimates in any C¥—norm for the derivatives of u, and locally (in time) uniform
bounds for the Cp norm. So we get longtime existence with uniform bounds on all higher
derivatives of u. From Corollary 3 and Lemma 3.1, the limit of any solution to Eq. (1.1) is
W =w+At up to a constant, where (A,w) is the solution to Eq. (3.1) by Theorem 3.1. [

4 Constant mean curvature equation with prescribed contact
angle boundary value condition

In this section, we consider the capillary problem with prescribed contact angle boundary
condition. We first obtain the following uniform gradient estimate of u for equations (4.1).
Note that, for any fixed & >0, the existence of solutions to (4.1) is well-known, see [8] for
example. Now we can prove the following lemma.

Lemma 4.1. Let QCR" (n>2) be a strictly convex, bounded domain and 9} € C3. There is a
small constant gy such that if 0 € C3(Q) satisfying condition (1.4), and if u is the solution to the
following mean curvature type equation with prescribed contact angle boundary condition,

div(%) =cu inQ),
V/1+[Du| (4.1)
uy,=—cosfy/1+|Dul? on 00},

then there exists a constant C ~n,() such that

sup|Du| <C. (4.2)
o)

Remark 4.1. The idea and approach for proving Lemma 4.1 are similar with those showed
in Theorem 3.1. However, as we remark in Remark 3.2 that there are new difficulties
arising here. Moreover, it follows from the remark below Theorem 1 in the work [5] of
Concus and Finn that |u| < % +Cy. Denoting by f =eu, we have

sup|f|=sup|eu| < Cy, (4.3)
o) o)

where Cy is independent of €. One can also derive the same result following the barrier
argument in [2] (Just note that there is one more factor 1 in (4.1) compared to the

\/14|Du|?

proof of Theorem 2.6 in [2], which does not affect the barrier argument).
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Proof. Let
®(x) =logw(x)+ah(x),

where w(x) =v—Y " ;u;hjcosf and « is a positive constant to be determined later, v =
v/1+|Du[?. Denoting here by a;;:=0?6;j—u;u;j, Eq. (4.1) now can be expressed to be

n
Z aijul-j :f”(')a.

ij=1
Assume that ®(x) attains the maximum value at xo € Q. We divide it into the following
two cases to complete the proof.

Case 1: If xg € d(), this is the same as in Case 1 in Theorem 2.1, since we retain the
same boundary condition. By choosing the same «,¢p as in (2.8), we obtain the same
conclusion.

Case 2: If xg € (), we have

0=2; ——+ochz, (4.4)

n n A::70;
0> .Zlaifq’ff: Zl chud: B thx ajjhihi+ thwljhz]— I+ 1I-+1I1. (4.5)
L= L= L] L]

We choose a proper coordinates at (xo,tp) such that |Du|(xg) =u1(x0) >0 and
{uij(x0) }o<ij<n is diagonal. Then at xo, a11 =1 and a;; =02, fori=2,--- n.

We always assume that 17 (xg) is large enough in the below computation, such that u4,
v, and w (since we assume |cosf| <gp < 1) are equivalent to each other at xg. Otherwise,
we have completed the proof. All the computation below are at the point xo.

We start to deal with the terms in (4.5).

[+11= sza” ii— sz aijhih; > aky [140% (n—1)] —a?[1+0%]. (4.6)
ij=1 i,j=1

We denote by J:= Z a,]wzj From (4.4), we have
i,j=1

n .
Z <—ul:ll —uyihjcos@ —uihj;cosf+uhy Sin99i> = —ahw.
1=1

If we denote by

Sl::%—hlcos(% forl=1,---,n,

then we obtain

n
ZSluli =hy;cos0uy —hysinf0;uq — ah;w. 4.7)
1=1
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We also have
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U= ull Zslull/ for i:2/'“/n/ (4:.8)

ullz_z

k=2

Sk n SiZ n Si n 1
Uit g Zslull Z_zuii_z_z Y Sy )+ =Y Sun.  (49)
S1 =51 ST\io S115

i=2

From the equation we have,

_ +Zuu (4.10)

On the other hand, since

we have

n
=Y (V6 —ujuj)u;=0v*Au—uius,
ij=1

2 1 2
3fv—2Au=fov— 2—u11 (U —;>u11+2u” (4.11)

Substituting (4.9) and (4.10) into (4.11), we obtain

3fv—2Au

£33
5\0?

(4.12)
2 n < 1 22

2 1 2
5? 11+Zuzz Z ﬁ——> 5? Zsl”lz 21)8—1;511411'

i=2

As in Section 2, by (2.18) and J:= Z aljwl] we have

Z]—

n Ui Ui UrUi uﬂ/ll n UpUpii
— .. ] _ ! ] U_ .
]—‘ E a1]< - E + E ajj - uyjjhy.coso

i,jk=1

n
Z al-juk (l’lki]' cosf _2hki sinGGj - hkCOSGQin - hksinGGij)

-2 Z aijuki(hk]- cosf —hksinGGj)

=1+]2

ijk=1
+I3+]a, (4.13)
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where Ji, J3 and J4 are almost the same as in the proof of Theorem 2.1. We have

n UpiUgi Ul UU 1 2 & &
. < iy f>:$u§l+ggu§i+vgu§, (4.14)
i= i=

3
i,jk= =1 v

1

n

Z Elljblk hkl‘jCOSG—thiSingg]'—hkCOSGGiGj—hkSinggij)
i,jk=1

> —C(Jcosf|+|D6|+|D?8)v°, (4.15)

Ju=-2 Z a;jug;(hyjcos® —hysinfo;)
ijk=1

= (|C089!+!DGI)[0(02)+O(U)]é!uiiHO(vZul)(lcosf?l+|D9!)

>——Zu”— (|cosB|+|D8|)v? (4.16)

A direct computation gives
UkUij “
ajj (—— —uyijhgcos®) = Y a;Sjuy;

i,];l v ijl=1
n
Z Sl a1]u1] Z Sl”l]l“l] ZSI fU 1= Z Slaqluq

I=1 ijl=1 ijl=1

Z lflv +3 Z Slfvukukl—z Z SlukuklAIH— Z ZSlullu]uz]
I=1 k=1 k=1 ijl=1

n
=u1(3fv—2Au) ZSlull +2uq1uq ZSlull +22u11~u1 ( ZSluﬂ) + ZSzflv3
I=1 =1 i=2 =1 I=1

=01 +Jn+]23+]2u. 4.17)

Note that f; =eu;, and S; = 2 —hy cosé, suppose that [cosf| < %, we have

n
Joa=Y_S1fiv’ =S1eu10° > 0. (4.18)
1=1
It follows from (4.12) that
n
Jo1=uy Zslull(3fv_2Au) (4.19)
I=
n 1 S2 n
—u1<zslull> |:Z< > > 2”11+Zu11:|
v S >
o1 2ui\ S 1 2u3\ 1 [
—Uux <mZ_:15lim> [g(ﬁ_ 02 > Sz (Zsl”lz> <?—7> S_l (;SlMﬂ)].
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Using (4.9), we have

n
Jo=2) _Spuyuiui (4.20)
=1

n n SZ n n
=2<251M11> U <ZS—;W:‘> —2< ) Smu1m> U [Z_z <Zsl”lz> <Zszu11>} :
=1 i—2°1 m=1 ST =1
Using (4.8), we have
n n n 2
]zazzzbluul(ZSluiz) __22”1 Mu(Z:Sluzz) +2Z <Zsl”il> : (4.21)
i=2 =1 =1

Substituting (4.18)—(4.21) into (4.17), we obtain

Jo>uy <IZHZSZM11> [;ﬂ;<% 2:;) Zi 1l+
(g5
+2<ZSlu11> u1<i >

I=1

=
)
)

]

H ) (55 ) g (L)
<Zn_:sm”1m> {;S—é(zszuli)—ST(l;Szun)]

=2~1 I=1

i’.3| Sl M:

l_

3ui (& 2 3y 1 S (&
:v—; <251M11> ( 2 Ui ( 51”11) - 0—21 ( Smulm> ZS—; <Zsluli>
1=1 1= m=1 i=2%1 \[=1
S 2
+1 <251u11> <Zu11 = <Zslull> +22 <Zslull>
1
=K1 +Ky+ K3+ Ky + K5+ K. (4.22)
Using the fact ax?+bx>— % for any a >0, we obtain

Ki +Ky+Ks5+Ks
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Noting that S; = O(cos®b) for i >2, uj,v are comparable provided u; > 1, and by (4.7) we
see that.

- 3u1<251 u>Z§2<ZSIW>2 C(|cos6|+|D6]) +|al)o.

Now we deal with term K4, by (4.7), we have

n n
|Kg| =111 <251M11> (ZW:‘) |
=1 i=2
<|(h11 cos®—hysinf6,) ]ulz|uu|—|—|ah1u1w2uu]

n
<c(ycosey+yD9|)v3+C(ycosey+yDe|)vzu§+ZlZu§+(n—1)a2u1w2.
=2 i=2

Thus we have

Jo>—

402 IZ%SZ i Ty ZS i i;“ii_“ (n—Dwmw
—C(|cosB|+|D8|)v® —C(|cosb|+|D8| + |a|)w. (4.23)

Substituting (4.14), (4.23), (4.15) and (4.16) into (4.13), we have

]>_”%l+ 2”11+vzu11_ Zull

3(n—DurhS; 5w hSt 5wk o 2
————) SUi— =) s Ui——= ) uip—a-(n—1)ugw
402 gs% i 2 ;Sl il 3 g ii ( ) 1

—C(|cosb|+|DO|+|D?8|)v> —C(|cos|+|DO| + |a|)v

—C(|cosB|+|D8|+|D?8|)0® —a?(n—1)uiw?, (4.24)
where we take |cosf| < 155 such that %2— 1
Note that § 5 <w <3 2 , we have
I::% > —2C(|cosf| +|D0|+|D?6|)v* —2na’v?. (4.25)

Substituting (4.25) and (4.6) into (4.5), we obtain

0> T+I14+1II1> aky [14 0% (n—1)] — a®[1+0?] —2C(| cosB| + | DO| +| D?8| ) v* — 2na’v?.
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By taking o :min{kgl, 2,1} =g and gg:=min{ 577> = 5 M1+3)’ fg(kjll , 1(1)0} in (1.4), we obtain

v(x) <C.

Finally, combining all above two cases together, thus we have v(x) < C, where C is
independent of € and ||u|| co. O

With the preparations above, now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. To solve Eq. (1.7), we will estimate the solutions to the following
family of equations ().

iv & =eu—L in (),
1+ |Dul? (%e.)

uy =—cosfy/1+4|Dul? on 0Q),

for any given e€ (0,1) and LeR.

Firstly, from [19] or [20], we know that there exists a unique solution u, to problem
(%¢,0) for L=0 and any ¢ >0. Hence for general L € R, one denotes 1 (x) :=tgo(x)+ %,
thus it solves (%) and also be the unique solution of problem (%, ).

Secondly, we show that, for any e € (0,1), there exists a unique constant L, satisfying
||t L. Hcl ) < C, where C is independent of ¢. In fact, one can achieve this by just con-

structing the supersolution and subsolution of (*.g). Let ¢ be the smooth fixed function

satisfying
Py =—co0s04/1+|Dy|? on 9Q and Y C=(Q).
Denotes M := sup|¢]+sup|div($)|+1, we consider the functions ¥ (x):=
Q o)

V1+[Dy?

x)+ M 1t follows that, for any £ € (0,1), we have
[ c y

) mdiv( D0 ) g L)
L(ueo—1): d1v<\/m> dw(W

>eUgp—eP—M= 5(748,0 _¢+)/

n ,
where the elliptic operator Lu:= ) -~ (4(x)0xu) with
ij=1"

1 . .
) :/0 3, A (tDutgo(x) + (1—#) Dyp(x) ) dt, Al(p);:pi for1<i<n.

V1+[pl?

Therefore, the maximum principle implies that 1 o—1, attains the nonnegative max-
imum value at the boundary, say xo € 0Q) and u,0(x0) — ¢+ (xg) > 0. Since
Dvlp _ Dvue,O
VIFIDYP  /I+[Duco’
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by using the similar argument in Altschuler-Wu (see Thegrem 2.6 in [2]) or the proof of
Theorem 3.1, it yields a contradiction. Hence 1,0 < in (). Similarly, from

o )mdiv( D0 ) g i)
L(uteo w>-—dW<¢m> dlv(w

<eugp—ePp+M= 5(748,0 —¢—)/

using the maximum principle and the boundary condition again, it follows that u. 0>
in (). Consequently, we have

Ue—p(x) =ugo(x)— % <P(x) <ugp(x)+ % =u.m(x) in Q.

Since u, 1 is strictly increasing with respect to L € R for any fixed ¢ € (0,1), it follows that,
there exists a unique constant L, € [—M, M] such that u, 1 (xo) = ¢(xo) for some xy € Q.
Combining this with Lemma 4.1, it yields that we also have the uniform C° estimate
for ue,,, then we obtain [, [|c1 () < C, where C is independent of e. Following the
standard estimates [11] (Theorem 13.2), it implies that |[ue, || o) < C for any k€N,

where o = a(n,ﬁ). Hence, by the Arzela-Ascoli theorem and (4.3), there exists ¢; =0, a
subsequence UeyLes L¢,, and a smooth function u« such that

Eillg, L, — L, —71, and Ug L., — Uoo-

And one can easily see that (1., T) solves (1.7).
As in the proof of Theorem 3.1 (or see [2], Theorem 2.6 there) we can get the unique-
ness. Thus we have completed the proof. O
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