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THE DIRICHLET PROBLEM OF HOMOGENEOUS COMPLEX k-HESSIAN
EQUATION IN A (k — 1)-PSEUDOCONVEX DOMAIN WITH ISOLATED
SINGULARITY

ZHENGHUAN GAO, XINAN MA, AND DEKAI ZHANG

ABsTRACT. In this paper, we consider the homogeneous complex k-Hessian equation in
Q \ {0}. We prove the existence and uniqueness of the C'*® solution by constructing
approximating solutions. The key point for us is to construct the subsolution for approxi-
mating problem and establish uniform gradient estimates and complex Hessian estimates
which is independent of the approximation.

1. INTRODUCTION

Let Q be a smooth bounded domain of C" and k be an integer such that 1 < k < n. We
consider the homogeneous complex k-Hessian equations

(ddw A" =0 inQ\ {0}

Let u be a real C? function in C* and A = (4;,--- , A,,) be the eigenvalues of the complex

Hessian ( 622;}_), the complex k-Hessian operator is defined by

Hlul:= > Ay,

1<ij<--ix<n

where 1 < k < n. Using the operators d = 9 + d and d° = V—=1(d — ), such that
dd® = 2V-100, one gets

(ddu)* A 0" = 4"k \(n — k) H[uldA,

where w = dd°|z]> is the fundamental Kihler form and dA is the volume form. When
k =1, Hilu] = }LAu. When k = n, H,[u] = detu; is the complex Monge-Ampere
operator.

1.1. Some known results and motivations. Let S;(D?u) be the k-Hessian of a real C?
function u in R”. When k > 1, the Hessian equations S;(D*u) = f and Hi[u] = f are
both nonlinear. When f > 0, the Hessian equation is nondegenerate. When f vanishes

somewhere, the Hessian equation is degenerate.
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1.1.1. Results on bounded domain. For the Hessian equation on R”, its Dirichlet problem
with positive f

S«(D*u) = f in Q,

U= on 092,
was studied by Ivochkina [21] for k = 1,2, 3,n on convex domain with further assump-
tions on f and by Caffarelli-Nirenberg-Spruck [10] for general f > 0and k = 1,2,--- ,n
by assuming Q is (k — 1)-convex. B. Guan [16] showed the geometric condition on Q
could be removed by assumption of existence of a strict subsolution. In [35], Trudinger-
Wang developed a Hessian measure theory for Hessian operator. One can see a survey
in Wang [38] for more related topics. For the complex k-Hessian equation in C", Li [30]
solved its Dirichlet problem via the subsolution approach.

For Monge-Ampere equation in a bounded domain of R”, when f = 0, Caffarelli-
Nirenberg-Spruck [11] proved the C'! regularity in a bounded convex domain. For gen-
eral f > 0, Guan-Trudinger-Wang [20] proved the C"! regularity result when f#1 € C"!.
Due to the counterexample by Wang [37], C"! regularity is optimal. For k-Hessian equa-
tion in R", the C"!' regularity is obtained by Krylov [24,25] and Ivochkina-Trudinger-
Wang [22].

For complex Monge-Ampere equation, Lempert [26,27] proved the Dirichlet problem
admits a smooth solution with a logarithm pole at the origin on a strictly convex punctured
domain Q\{0} when f = 0. As for strongly pseudoconvex domain, Guan [17] and Btocki
[5] proved the solution is C*'. In [19], Guan obtained the C'! regularity for the solution
on a ring domain. For general f > 0, the optimal C!! regularity was in Caffarelli-Kohn-
Nirenberg-Spruck [8],Krylov [24,25] for strongly pseudoconvex domain.

1.1.2. Results on unbounded domain. The viscosity solution to nondegenerate k-Hessian
equation on unbounded domain has been researched extensively. Caffarelli-Li [9] solved
the viscosity solution to the Monge-Ampere equation det D?u = 1 with prescribed asymp-
totic behavior at infinity. Bao-Li-Li [2] studied the k-Hessian equation case. For the re-
lated results on other type nondegenerate fully nonlinear equations, one can see [1,28,31].

In [29], Li-Wang consider the det D*u = 0 on a strip region Q := R” x [0,1]. By
assuming two boundary functions are both strictly convex C"!'(R""!) functions, they ob-
tained the solutions is C*'(Q). If the boundary functions are locally uniformly convex
C* 2 (R 1) function, then u is the unique C**2%(Q) function.

Recently, Xiao [39] and Ma-Zhang [34] proved the C'*!' regularity of Dirichlet fot the
homogeneous k-Hessian equation out of Q C R”, by assuming Q is starshaped, (k —
1)-convex and and 1 < k < 5 or Qis (k — I)-convex and 1 < k < n respectively.
For homogeneous complex k-Hessian equation, Gao-Ma-Zhang [15] obtained the C"!
regularity.
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1.1.3. Motivations. Our paper is motivated by the research on the regularity of extremal
function or Green function. In [23], Klimek introduced the following extremal fucntion

ga(z,&) = supfy € PSH(Q) : v < 0, v(z) < loglz - £+ O(1)}.

ga(z, &) is also call the pluricomplex Green function on Q with a logarithminc pole at &. If
Q is hyperconvex, Demailly [13] showed that u(z) = gq(z, &) is continuous and is a unique
solution to the homogeneous complex Monge-Ampére equation,

(dduy’ =0 in Q\ {&},
(1.1) u=20 on 09QQ,
u(z) =loglz — &+ O(1) asz — &.

If Q is strictly convex domain in C" with smooth boundary, Lempert [26] proved (1.1)
admits a unique plurisubharmonic solution which is smooth. In the strongly pseudoncon-
vex case, B. Guan [17] proved go(z,&) € C 1’“(5 \ {£}) and later, Blocki improved it to
C 1’1(5 \ {£}) in [5] and generalized it to several poles in [6]. Due to the counterexamples
found by Bedford-Demailly [3], C!! regularity is optimal.

P. Guan [19] established C!! regularity of extremal function associated to intrinsic
norms of Chen-Levine-Nirenberg [12] and Beford-Taylor [4] by considering

(ddu)" =0 in Qp \ (U7, Q),
u=0 onodQ;,, i=1,---,n
u=1 on 0€.

Applying the techniques from [19], B. Guan proved the C*! regularity of pluricomplex
Green function for the union of a finite collection of strongly pseudonconvex domains in
c".

In [14], we considered the following homogeneous (real) k-Hessian equation in a punc-
tured domain

S«(D*u) =0 in Q\{0},
(1.2) u=cy on 90,
u(x) = h(x) asx— 0

where ¢, = 1 and Iy(x) = 0if k > 3, ¢, = —1 and Iy(x) = —x>t +0(1) if k < 3 =0
and i (x) = log|x| + O(1) if k = 7. Assume that Q is (k — 1)-convex, we proved the ex-
istence and uniqueness of C!! solution to (1.2). Moreover the solution can be controlled
pointwisely by fundamental solutions of homogenous k-Hessian equations up to the sec-
ond order. If Q is also starshaped with respect to the origin, we proved the positive lower
bound of the gradient of the solution and then we show a nearly monotonicity formula
along the level set of the approximating solution.



4 ZHENGHUAN GAO, XINAN MA, AND DEKAI ZHANG

1.2. Owur result. In this section, we consider the following problem for complex k-Hessian
equation

(ddcu)k AW F=0 in Q\ {0},
(1.3) u=-1 on 9Q,
uz) = -z * +0(1)  asz— 0.

Theorem 1.1. Assume 1 < k < n. Let Q be a smooth (k — 1)-pseudoconvex domain
containing the origin. Then there exists a unique k-subharmonic solution u of (1.3) in
C'(Q\ {0}). Moreover, u satisfies the estimate

(1.4) —C<u+l % <0,
(1.5) |Du| + |z]|Au| < Clzll_%.

Here k-subharmonic function and (k — 1)-pesudoconvex domain are introducEd in Sec-
tion 2. We suppose € contains the origin and we use the notation Q, = Q \ B,(0). We
use B, instead of B,(0) for short. To prove Theorem 1.1, we consider the approximating
problem

(1.6)

Hu®]l=¢ in Q,,
Uu=u on 0B,,

where u is a subsolution constructed in Section 3. The solution « to (1.3) with be obtained
by approximating solution u#*" to (1.6). The existence of u®" follows from subsolution
method in [30].

The rest of the paper is organized as follows. In Section 2, we first give the definition
and some notations. Then we recall some new gradient estimates and complex Hessian
estimates in [15] motivated by B. Guan [18], which will be used in the proof of (1.5).
In Section 3, we establish uniform gradient estimates and complex Hessian estimates.
Theorem 1.1 will be proved in the last section.

2. PRELIMINARIES

2.1. Elementary symmetric functions. Foranyk =1,--- ,nand 1 = (4;,--- ,4,) € R",
the k-th elementary symmetric function on A is defined by

Sk = D A Ay
1<ij<-<ix<n
Let S«(4]i) be the symmetric function with 4; = 0. Let A = (a;;)) € R™" be ann X n
matrix. Let S;(A) be the k-th elementary symmetric function on A, which is the sum

of k X k principal minors of A. We use the convention that So(A) = 1. It is clear that
S«(A) = S1(A(A)), where A(A) are the eigenvalues of A.
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The elementary symmetric functions have the following simple properties from [32].

(2.1) Si(D) = S(AD) + ;S -1 (AlD),

and

(2.2) Z Sk = (n = ©)S ().
i=1

Recall the I';-cone is defined by
[ :={1eR"|S5:(1)>0,1<i<k}

For A € I'; and 1 < [ < k, the well-known MacLaurin inequality (see [32]) says

(o sy,

1
One can find the concavity property of S, in [10].

1
Proposition 2.1. S is a concave function in I'y.

2.2. k-subharmonic solutions. In this section we give the definition of k-subharmonic
functions and definition of k-pseudoconvex domains. One can see the lecture notes by
Wang [38] for more properties of the k-Hessian operator, and see Btocki [7] for those of
the complex k-Hessian operator. We following the definition by Btocki [7] to give the
definition of k-subharmonic functions.

Definition 2.2. Let a be a real (1, 1)-formin U, a domain of C". We say that « is k-positive
in U if the following inequalities hold

AW >0,Vj=1,-- k.

Definition 2.3. Ler U be a domain in C".
(1). A functionu : U — R U {—oo} is called k-subharmonic if it is subharmonic and for
all k-positive real (1, 1)-form ay,--- ,a;_ in U,

ddunay A+ Aagg A" > 0.
The class of all k-subharmonic functions in U will be denoted by SH(U).
(2). A function u € C*(U) is called k-subharmonic (strictly k-subharmonic) if A( &u )€

070
= 2
Ty (ﬂ(aiaéj) eTy).

If u € SH(U)NC(U), (ddu)* A w"* is well defined in pluripotential theory by Btocki
[7]. We need the following comparison principle by Btocki [7] to prove the uniqueness of
the continuous solution of the problem (1.3).
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Lemma 2.4. Let U be a bounded domain in C*, u,v € SH,(U) N C(U) satisfy

(ddu)* A W' > (ddv)* A W'k in U,
u<sv on OU.

Thenu <vinU.

2.3. Gradient estimates and complex Hessian estimates. Motivated by [18], we proved
the following new gradient estimates and complex Hessian estimates in [15].

Theorem 2.5. Letu € C3(U) N CY(U) N SH(U) be a negative solution to Hy[u] = f in
U, where f € C'(U) is positive. Denote by

P = |DuP(—u) " .
Then

( 2(n—k)

2 L ,
ot k)) (=) #3|Dlog f] }

(2.3) max P < max { max P, max
T au T

Theorem 2.6. Let_u e CHU) N C*U) N SH(U) be a negative solution to Hy[u] = f in
U, where f € C*(U) is positive. Assume that P = |Du*(—~u)" 5%, (—u)"#%|Dlog f|* and
(—u)‘nka |D? log f| are bounded. Denote by

H = ugg(—u) **(M - P)™,

where M =2max P + 1, o < 822:%2. Then we have
U
2.4) max H < C + max H,
T U

where C is a positive constant depending only on n, k, P, (—u)‘ﬁ |Dlog f1* and (—u)‘ﬁ |D? log f].

We need the following lemma by P. Guan [19] to construct the subsolution of the com-
plex k-Hessian equation in a ring domain.

Lemma 2.7. Suppose that U is a bounded smooth domain in C". For h,g € C™(U),
m > 2, forall 6 > 0, there is an H € C"(U) such that

(1) H > max{h, g} and

_ | h@), if h(z)-g2) >4,
He) = { 2@, if 82— h(2) > 6

(2) There exists |t(z)| < 1 such that

{Hij(Z)} > {1 +2t(Z)gij + %hi;} , forall x € {|g — h| < 6}.
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We can prove that H is k-subharmonic if f and g are both k-subharmonic by the con-
cavity of § tin Proposition 2.1.
At the last of this subsection, we recall the definition of (k — 1)-pseudoconvex domain.

Definition 2.8. A C? domain U is called (k — 1)-pseudoconvex if there is Cy > 0, such
that A(—=d;; + C U(dz),-;) € I'y on U, where d(z) = dist(z, dU) is the distance function from
zto dU.

3. SOLVING THE APPROXIMATING PROBLEM IN ) \ B,

In this section, we will solve the approximating problem by a-priori estimates and the
subsolution method. Before this, we make an assumption on Q.

Assumption 3.1. Assume Q contains the origin and B,, CC Q CC B(i_¢)r, for some
1
Tp € (O’ _)'

Denote by Q" = {z € Q : d(z) < u}. In this section, we use C and ¢ with subscript to
denote some positve constant which are independent of € and r.

The following lemma about (k — 1)-pesudoconvex domain in C" is a parallel version to
(k — 1)-convex domain in R"” with can be found in [10, Section 3]. It plays an important
roles in constructing the subsolution.

Lemma 3.2. Let Q be a smooth (k — 1)-pseudoconvex bounded domain. There exists u, €
0, ﬁ) small enough such that B,, CC {z € Q : d(z) > 2up}. Moreover p := —d + Cod’ is

smooth and strictly k-subharmonic and Hi[p] > € in Q% for some € > 0.

3.1. The approximating equation. We will approximate the solution to the homoge-
neous complex k-Hessian equation in Q\{0O} by solutions to a sequence of nongenerate
equation in €,. The existance of approximating solution can be obtained if we can con-
struct a smooth subsolution. In the following, we use the technique from P. Guan [19] to
construct a subsolution.

Denote w := —|z]> % + Rg_Q"n —1+a ';'2 , where ay = %((1 — 1) — 1)R(2)_27n. Then by
Q C B(i—¢yr,» We have
w < ((1 - 70)2_2_" )Ré_% -1 inQ.
By Proposition 2.1, we have
! j2?

1 1
HE[w] > HY [~z ¥] + H] [a, 1= (CHtapRy?  in Q.

0
Then by Lemma 2.7, we can construct a smooth and strictly k-subharmonic function u
from w and p.
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Lemma 3.3. There is a strictly k-subharmonic function u € C *(Q,) satisfying

(o) = | K@ =1 if d(z) < 4,
w(z) if d(@) > po,

u(z) > max{Kop(z) - 1, w(@)} if ﬁ < d(2) < o,
0

Hilu]l > € = min{CﬁaéRazk,ngo} in Q,

where Ky and M are uniform constants.
-

Proof. Since B,, C {z € Q : d(z) > 2uo}, by choosing K, = ,we find Vz €

Q20 \ QM there holds

o
Caug—po

_m -2 7>
w—(Kop—1) ==z % + R, * +ap— — Kop
R;
2-2 Zn

-
> - 1’0 + RO b - KO(_MO + CQM(Z))
-3
ZRO )

For any z € Q;&_o ={z € Q: d(z) < 1";—‘;}, there also holds
0

1 2 o -2 Ho Ho oy 1 -2 -2
Kop— 1) —w > E((l — 7o) ¥ = )Ry F + Ko - W +CQ(M)) B Z((1 — 1) -~ )R T,
provided that M, is a positive solution to

2n

Ho Ho 2 1 2- 2-
3.1 Ky(—— + Co(—)) > ——({(1 - - DR, *
3.1) ol Mo + Q(MO) ) = 4(( 7o) — DR,

In fact, we can choose 7y small enough such that (3.1) holds if M, > 1.
2n

T o
Take 6 := min{i((l —70)2‘27" - I)R(Z) k, R(Z) *}and we apply Lemma 2.7 with g = Kyp—1,
h = w and 6 on Q*°, we obtain a smooth and strictly k-subharmonic function u in Q.
H
Moreover u = Kopp — 1 in QM_%, and u = w in Q0 \ QM. At last, we set u = w in Q, \ Q.
By Lemma 2.7, we have

H[u] = min{H,[w], H;[Kop]} > min{C*atR;*, Ki€o}.

We now consider the approximating equation

(3.2)
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Then u is a strictly subharmonic solution of above equation for any € < €. By Li [30]
(3.2) admits a strictly k-subharmonic solution u®" € C*(Q,). Let r, = min{2% Ry, (2“0) 2”

2-2n -3

. 2
VYr <r,sinceu = -londQandu = —r~% + R, * -1 +a01% on 0B,, we have
0

U |po, < —1.By maximum principle, we have u®” < —1 whenr <rj, e < €.
In the following, we want to derive a (&, r)-independent uniform C? estimate for u®"
We prove the following

Theorem 3.4. Suppose Q be a smooth (k — 1)-pseudoconvex bounded domain. Assume
that Q satisfies Assumption 3.1. For sufficient small r > 0 and € > 0, (3.2) admits a
k-subharmonic solution u®", where u is constructed above. Moreover, u®" satisfies the
following estimates,

n _2r1 2 ; o
(3.3) ¥ R(Z) -1+ aol% <ut < |7 + r(z) £,
0
(3‘4) |Du€,i’| S C|Z|1__
(35) |aéus,r| < C|Z|_T,

where C is a uniform positive constant which is independent of € and r.
In addition, if Q is starshaped with respect to the origin, there is a uniform positive
constant c independent of € and r such that

(3.6) DU = colel'
3.2. C" estimate. Since u is a subsolution to (3.2), we obtain that
(3.7) u® >u inQ,.

Let

2n

u=—z* 3 +r0 F 1.

By taking r < min{ry, r,}, where r, = Ro(ro - R F )2a(;%, we have
u®" <u onoQ,.
Note that H,[u®"] = € > 0 = Hi[u] in €,, it follows that
(3.8) u®" <u inQ,.
By (3.7) and (3.8), we obtain
P+ R —1+a0% B e Sy )
RS

This gives the C° estimate (3.3).

3.3. Gradient estimates. Base on the key estimate (2.3), we can prove the global gradi-
ent estimate in this subsection.
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3.3.1. Reducing global gradient estimates to boundary gradient estimates. Since
u>" <0, f = g, by Theorem 2.5, we have

max P = max P.
a, 0Q,

3.3.2. Boundary gradient estimates. To prove boundary gradient estimates, we will
construct barriers near 0Q2 and dB, respectively.
Since u®" = u = —1 on dQ and ©®" > u in Q,, we have

(3.9 |Du®'| = uy” <u, onodQ,

where v is the unit outer normal to 0Q. Let r; < min{r{, r,, 1} and h; be the harmonic

_: _
function iy in Q \ B,, with h; = =1 on 0Q and h, = —r§ 4 r(z) * —1ondB,,. Then we

have hy > u®" on 0Q,,. So h; > u®" in Q,,, and it follows that
(3.10) u" > hy, >0 ondQ,
That is there exist a positive constant C such that

(3.11) 0<C'<u?"<C ondQ.
Let &, be a harmonic function with 7, = u on dB, and h, = u = —%Izlz‘% on 0B,,. Let

T (z) = rE2(hy(rg) + 1) = 1t 2hy(rg) + 1.

_ . : : _
Then A, is a harmonic function in B, \ B; with h, = aorzTRa2 + rzT_z(Ri “ — 1) on 4B,

and i, = —2'"%on 0B,. Let

(3.12) i = rt 2t () + 1,
and
(3.13) = rtu(rz) + 1.

By maximum principle, we have

it <ii <hyin B, \ By.

Note that
=1 =h, = ayr* R 2+;’27_2(R ¥ —1)in 0B,
We obtain
D'i=D'iu=Dh,=0 ondBy,
and

0<c(nk)<it, <it, <h,<C ondB,
where v is the unit outer normal to dB;, C is independent of r and €. So we obtain

C'<|Dial<C ondB,.



THE HOMOGENEOUS COMPLEX K-HESSIAN EQUATION 11

By (3.3), we have

(3.14) IDu®"| < Cr'=% = Clz]"™% < C(=u®")* on 0B,
and
(3.15) \Du®"| = C'r"F  ondB,.

By (2.3), (3.3), (3.9) and (3.14), we obtain
n 2 2
|Du®"| < C(—u®")" < C(Izlz_ZT — 3 LI ao%) <(Clz |1__ in Q,.
0

3.3.3. Positive lower bound of |[Du®"|. Since 0L is starshaped with respect to the origin,
we have ¢t - v > 0 on 0L, where v is the unit outer normal to 9Q, r = (f1,--- ,t,) =
1y s Y X1y o * 5 Xn), 2 = %(x,- + \/—_1y,~). By (3.11), |Du| > ¢ for some uniform ¢ on
0Q). Then we have

n 2n
Z(zluf’r + Zlu‘;’r) = Z tuy" =t -v|Du®"| > crralgiznt -v:i=c; > 0.

Let FiJ = (logH [u®"]), L = F;;. Consider the function

6 br
G := 2Re{zu}"} + Au®" — Blz[’,
where A, B are constants to be determined later. By calculation, we have

”({ sr}l<l j<n) k l({ }l<z ]<n)

F 1= ZF”_Z—;{({MZ = (n—k+ S

7 }l<l ]<n)

}1<, Jj<n)
Sh(CES () i) = MCDYEeT,
On dB,, we have Du®" = |Du®"|y = |Du‘9”|f. It follows by (3.15) that
t- Du®" = r|Du®'| > czrz_z_k" on 0B,.
By taking ry = min{4%Ro, (%2:’)‘5}, we have

1 5
u<—=r"% ondB,.

[\

It follows that if we take A < mm{— ¢}, B < e < min{ey, 6}, r < min{rs, r4, 15},

2R2 s

, then there holds

k
where €, : (2+A)"’ rs = (23)

G>c —A-BR;>0 onoQ,

G>(cz——)r T - Br? >0 ondB,.
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and
LG = 2+ Ak — BF = (2 + Ak — BK(C)tet <0 inQ,.
By maximum principle,

G >minG > 0.
90,

Thus we prove G > 0 in Q, and (3.6) is obtained.

3.4. Second order estimates. Base on the key estimate (2.4), we can prove the global
second order estimate in this subsection.

3.4.1. The global second order estimates can be reduced to the boundary second
order estimates. By Theorem 2.6, we have

max H = max H + C.
Q 90,

So
(3.16) u‘g’_’(—u)_ﬂ”Tk < C(max H + C) < C(max Iﬁéus’r(—us’r)_n"?cl +1).
& Q, 0Q,

2n 2n
On the other hand, let D, = > a,-a‘—i_, with > al.2 =1, from LuZ > 0, we obtain
i=1 ! i=1

u® < max [D*u®| inQ,.
aQ,

Since u is subharmonic, we have

~(2n — ) max |D*u™| < u, < max|D*u®’| in Q,.
0Q, 00,

_ 1.0 . 0
Take 7 = %(a_t,- + a_t,-)’ we get

u®/| < C max|D*u®"| inQ,.
" 0Q,

Hence
|D*u®"| < Cmax |D*u®| inQ,.
0Q,

3.4.2. Second order estimates on the boundary 0Q,. The second order estimate on
0Q) is almost the same as in [15]. So we only need to prove the second order estimate on
0B,.
Step 1. Pure tangential derivatives estimates

Near p € 0B,, we may assume p = (0,---,0,r). Near p = (0,---,0,1), 0B, can be

represented as a graph
2n—1 1

X, = p(t') = (1 - t,-z)z,
i=1

where ' = (1, -+ ,t)1).
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Let &t and @ be the functions defined in (3.12) and (3.13). Since # is equal to some
constant on dB;, we have

ﬁt,-t,-(ﬁ) = ﬁxn(ﬁ)5ij-
It follows
|t (P)I < C.
Hence
|u;8,»}3(19)| <Crt.
Furthermore, we have
(3.17) i;5(P) = iy, (D)0jj.
Step 2. Tangential-normal derivatives estimates
To estimate the tangential-normal second order derivatives on dB,, we just estimate

ity (p)fora=1,---,2n—1. Note that I’ i and it;; are both Hermitian matrix, and can be
diagonalized by a same unitrary matrix, F*u ; is also an Hermitian matrix. It follows that

Fij(Zrax - Z.vﬁf)i] = 0.

Now we estimate the mixed tangential-normal derivative i, (p) for p € 0B,. Since
i(t', p(t')) is constant on dB(0), we have

- - - lo
O:Mta-l-umptw :l/ttn——aum, a = 1,"' ,21’!—1.
P

That is on dB; N B%(ﬁ),

Xpily, — Xy, =0 i=1,---,n—1 and x,i, —yii, =0 i=1---,n.
It follows that

Yuily, — Xy, =0 i=1,---,n—1 and y,ity, —y;it, =0 i=1,---,n.

To estimate iy, (p) fori=1,--- ,n—1, set
g' = 2Re(zjily, — Zulks) = Xifly, — Xpily, + Yiily, — Vyly,.
Note that
Filgi; =F(ifty = Zyity) + F7 Gty — 24iti)i7 = 0.
OnoB;(0)NB 1 (p), consider the barrier function
O=A(l-x,)*g"

Since g; is bounded on dB,(0) N B 1 (p), 1 — x,, is bounded from below on 0B 1 (p) N B1(0),
we can choose a postive A such that ® > 0 on d(0B(0) N B 1 (p)). It follows

g, (D) < C.
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However, at p, we have
1 ~ ~
8x, = TUx T Uxx,-
Thus
B (P)<C i=1,- 1.
To estimate iy, (p) fori =1,--- ,n, set
2 ~ — o~ ~ ~ ~ ~
& =2Im(z;ily, — Z,li;) = Yilly, — Xpily, + Ynily, — Xilly, .
Proceeding similarly, we obtain
|ﬁy,~xn(ﬁ)| < C, i = 1, Y (X

Step 3. Double normal derivative estimate
By pure tangential derivative estimate on dB;, we have

8,5, (P)] < C.

To estimate i, (P), it is suffices to estimate it,;(p). By rotating {z;,--- , 2,1}, we may
assume {it;5(P)}1<i j<n—1 1s diagonal. Then

n—1
e = Hylil] = ity g1 ({fi7h1<i jen1) — Z ligul*S k-2 (i3 h<i j<n-1)-
B=1

By (3.17), we obtain

Si-1(iizhi<ijen-1) =S k-1 (5h1<ijen-1 + %(ﬁ — )y, 1)
28 j-1({#;5}<i jen-1)
>CN(CH'E minH, T[] = e
)
So
n(p) < C.

Combining these three cases together, and noting that i is sunharmonic, we obtain
|00il) < C  on dB,.

Hence
|00u®"| < Cr ¥ on 0B,.
By (3.16) and C° estimate, we have

- 2n .
[00u®™"| < Clz]™* inQ,.
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4. Proor oF THEOREM 1.1

4.1. Uniqueness. The uniqueness follows from comparison theorem 2.4.

Let u,v be two solutions to (1.3) in Q \ {0}. For any zo € Q\ {0}, we first show
u(zo) < v(zo). In fact, for any r € (0, 1), since u — tv = —(1 — t)lzlz‘zT" + C, there exists r
sufficiently small such that zp € Q \ B, and u < tvon dB,. Note that u = —1 < —t = tv
on 0Q. By comparison theorem 2.4, we get u < tvin Q \ B,. Therefore u(zy) < tv(zp). Let
t — 1, we obtain u(zg) < v(z9). Hence u < v in Q \ {0}. Similarly, we obtain u > v in
Q\ {0}. Therefore u = v in Q \ {0}.

4.2. Existence. The existence follows from the uniform C?-estimates for u®".
For K = Q\ B,,, for the solution to (3.2), by the estimate (3.3), we have
|I/t8’rlcl(K) + |Au‘9’r| < C(K)
By Evans-Krylov theory, we obtain forany 0 < a < 1,
|u8’r|C2.(Y(K) S C(K, 8).
By compactness, we can find a sequence r; — 0 such that

— u® in C*(K).

ETi

u

where u® satisfies
Hu’l=¢ in K,
u=-1 on 092,
and

-C- Izlz_% <uf(z) < —Izlz_%,
(4.1) IDu(z)| < Clz|" %,
100u®(z)| < Clz| F.

Moreover,
|20y < C(K, €).
By the classical Schauder theory, #® is smooth.

By above estimates (4.1) for u®, for any sequence &; — 0, there is a subsequence of
{u®’} converging to a function u in C"® norm on any compact subset of Q \ {0}. Thus
u € C(Q\ {0}) and satisfies the estimates (1.4) and (1.5). By the convergence theorem
of the complex k-Hessian operator proved by Trudinger-Zhang [36] (see also Lu [33]), u
is a solution to (1.3).
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