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LIOUVILLE THEOREM FOR ELLIPTIC EQUATIONS INVOLVING

THE SUM OF THE FUNCTION AND ITS GRADIENT IN R
n

XI-NAN MA, WANGZHE WU, AND QIQI ZHANG

Abstract. We prove Liouville theorem for the equation ∆v+Nvp+M |∇v|q = 0 in
R

n, with M,N > 0, q = 2p

p+1
in the critical and subcritical case. The proof is based

on an integral identity and Young inequality.

1. Introduction

In this paper, we are concerned with a Liouville type theorem for the global solutions
in the critical and subcritical cases of the following equations in R

n:

∆v +Nvp +M |∇v|q = 0, (1)

where q = 2p
p+1

, p and q are exponents larger than 1 and M ∈ R, N > 0. This kind of

equations are widely concerned and studied depending on the different value of M,N .
For the case M = 0, N = 1, the work concerning the symmetry of solutions of second

order elliptic equations on an unbounded domain was first done by Gidas, Ni and
Nirenberg [14], and then generalized to infinite cylinders by Berestycki and Nirenberg
[5]. In the elegant paper of Gidas, Ni and Nirenberg [14], one of the interesting results
is on the symmetry of the solutions of the equation. They proved that for p = n+2

n−2
,

all the positive solutions with reasonable behavior at infinity, namely v = O(|x|2−n)
which are radially symmetric about some point, and hence assume the form

u =
[ λ
√

n(n− 2)

λ2 + |x− x0|2
]

n−2
2
.

This uniqueness result, as was pointed out by R. Schoen, is in fact equivalent to the
geometric result due to Obata [20]. In the case that 1 < p < n+2

n−2
, Gidas and Spruck

[15] showed that the only nonnegative solution is 0. The related equation

∆v + vp = 0,

usually called the Lane-Emden equation, it is well-known that radial ground states exist
if and only if the exponent p either is critical (i.e.=(n + 2)/(n− 2)) or is supercritical
(> (n+2)/(n−2)), this result going back to the pioneering work of R.H. Fowler in [12]
and [13]. A fairly straightforward modern proof of Fowler’s result can be given using
standard shooting methods together with generalized Pohožaev identities. Moreover,
for the deformation Lane-Emden equation equation

−∆v = |v|p−1v,

the first breakthrough in the study of it which plays an important role in modelling
meteorological or astrophysical phenomena [9, 10] came in the consideration of the case
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1 < p < n+2
n−2

, it is exactly due to Gidas-Spruck [15], using Harnack inequality as in
[22].

Due to Caffarelli, Gidas and Spruck [6], the treatment of the critical case p = n+2
n−2

was made possible thanks to a completely new approach based upon a combination of
moving plane analysis and geometric measure theory. Later, Chen-Li [8] provided a
new proof for [6]. As for the supercritical case, not much is known and the existence
of radial ground states is a consequence of Pohožaev¡¯s identity [21], using a shooting
method.

For the case M = 1, N = 0, it is evidently to be seen that equation (1) becomes the
Hamilton-Jacobi equation

∆v + |∇v|q = 0,

which is proved by P.L. Lions [18] that any C2 solution in R
n has to be a constant for

q > 1. In [7] and [23] most of the study deals with the case q 6= 2p
p+1

. In the critical

case, then not only the sign of M but also its value plays a fundamental role, with a
delicate interaction with the exponent p. Other work on this kind of equation can be
seen in [4]. Peculiarly, it can be also seen as another special case of the equation which
can be expressed as the product of vp and |∇v|q:

−∆v = vp|∇v|q, in R
n. (2)

Such equation was studied by Véron etc. in [1] and they obtained Liouville type
theorem with the conditions on p, q. They studied local and global properties of positive
solutions in the range p + q > 1, p ≥ 0 and 0 ≤ q < 2. Their main results dealt with
the subcritical range and proved a priori estimates of positive solutions of (2) in a
punctured domain and existence of ground states in R

n, based on two approaches for
obtaining their results: the direct Bernstein method and the integral Bernstein method
popularized by Lions [19] and Gidas and Spruck in [15] respectively. Both methods are
based upon differentiating the equation.

Actually, Véron and his research partners have already studied the same type equa-
tion as (1) in [2] and [3] where it is concerned with local and global properties of positive
solutions with N = 1 in a domain Ω ⊂ R

n, in the range min{p, q} > 1, and M ∈ R.
Particularly, they pointed out that there exists no nontrivial nonnegative solution with
n ≥ 1, p, q > 1, q 6= 2p

p+1
and some extra conditions on u. In fact, we observe that the

equation (1) is invariant under the scaling transformation Tk with k > 0 if and only if
q is critical with respect to p, i.e., q = 2p

p+1
, and

Tk[v](x) = k
2

p−1v(kx). (3)

It follows that by rescaling, we can always assume N = 1 for our case. In the critical
case, first studies in the case M < 0 are due to Chipot and Weissler [7] for n = 1. The
case n ≥ 2 was left open by Serrin and Zou [23] who performed a very detailed analysis
and the first partial results are due to Fila and Quittner [11] and Voirol [24, 25]. Much
less is known for M > 0. References [2] and [3] have done some work and also gave a
Liouville type theorem:
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Liouville theorem for elliptic equations

Theorem 1.1 (Theorem C in [2]). Let n ≥ 1, p > 1, q = 2p
p+1

. For any

M >

(

p− 1

p+ 1

)
p−1
p+1
(

n(p + 1)2

4p

)

p

p+1

,

there exists no nontrivial nonnegative solution of (1) in R
n.

Theorem 1.2 (Theorem D in [2]). Let n ≥ 2, 1 < p < n+3
n−1

, q = 2p
p+1

. For any M > 0,

there exists no nontrivial nonnegative solution of (1) in R
n.

Theorem 1.3 (Theorem E in [2]). Let n ≥ 3, 1 < p < n+2
n−2

, q = 2p
p+1

. Then there exists

ǫ0 > 0 depending on n and p such that for any |M | ≤ ǫ0, there exists no nontrivial

nonnegative solution of (1) in R
n.

By observation, we found that the result in [2] has not covered all the cases that
1 < p ≤ n+2

n−2
for q = 2p

p+1
,M > 0 and they did not give the expression of ǫ0 for

M < 0. Motivated by the results above, we aim to complete the corresponding results
of the range of p with 1 < p ≤ n+2

n−2
,M > 0, based on an integral identity and Young

inequality. Besides we give a different proof for the case M < 0 and give the expression
of the lower bound of M . Our main results in this framework are the following:

Theorem 1.4. Let n ≥ 3, 1 < p ≤ n+2
n−2

, q = 2p
p+1

, then all the positive solutions of (1)

are v ≡ 0 for any M > 0.

In order to prove Theorem 1.4, we need to back up two other conclusions:

Theorem 1.5. When 1 < p ≤ n+2
n−2

, q = 2p
p+1

, n ≥ 3, there exists M1 > 0 such that if

0 < M < M1, then v ≡ 0. Especially, if 3 ≤ n ≤ 6, then M1 = ∞.

Here, M1 will be determined later in Section 4. For 3 ≤ n ≤ 6, by simple computa-
tion, we can prove that for any M , Theorem 1.5 holds. But for n ≥ 7, we need apply
Young inequality.

Theorem 1.6. For any n ≥ 3, 1 < p ≤ n+2
n−2

, q = 2p
p+1

, there exists M2 > 0, such that if

M > M2, then v ≡ 0.

Besides, after computation, we have the following lemma:

Lemma 1.1. For any 1 < p ≤ n+2
n−2

, q = 2p
p+1

, we have M2 < M1.

Therefore, we can think M can be taken from any positive constant that make sure
the Liouville type theorem of equation (1) holds.

When M < 0, define

M3(n, p) :=











































max
T≥0

T
2−q

2

T+1

(

q

2

)− q

2

(

2
2−q

)
2−q

2
[

2.5− p− T (p− 1)
]

q

2

, if n = 3, 1 < p ≤ 2;

max
T≥0

T
2−q

2

T+ q+3
2q−2

−1

(

q

2

)− q

2

(

2
2−q

)
2−q

2

[

5− p− T (p− 2)

]
q

2

, if n = 3, 2 ≤ p < 5;

max
T≥0

T
2−q

2

2(n+q)2

(n−1)2q2
+T−1

(

q

2

)− q

2

(

2
2−q

)
2−q

2

[

n+2
n−2

− p− T
(

p− 2
n−2

)

]
q

2

, if n ≥ 4.

Then we get the following Liouville type theorem when M < 0:
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Theorem 1.7. When n ≥ 3, 1 < p < n+2
n−2

, q = 2p
p+1

, then for any −M3 < M < 0, there

exists no nontrivial nonnegative solution of (1) in R
n.

For convenience, we make a summary of ideas and article planning arrangement
in this part. We expand the range of p of the result in [2] to 1 < p ≤ n+2

n−2
for

Liouville type theorem of the equation (1), that is we not only prove the subcritical
case but also the critical case which calls for much more complicated computations.
Besides, contrast Theorem 1.3 and Theorem 1.4, we even remove the sufficient small
condition for constants M in [2], leading us to find more suitable skills. The main
method taken in our work is based on an integral identity and Young inequality. This
paper is organized as follows: we use integration by parts to get the integral identity
in Section 2. According to the integral identity, some conditions are given to make
the nonnegative solution is zero in Section 3. On the basis of satisfying the above
conditions, we introduce Young inequality and prove that there is only zero solution in
Section 4. Finally, we’re going to talk about the upper bound and lower bound of M
separately in Section 5 and Section 6, and point out that the lower bound is smaller
that the upper bound. Especially, for the upper bound M1, we classify the cases where
2 ≤ n ≤ 6 and n ≥ 7. In conclusion, it follows that there is no requirement of positive
constant M to make Liouville type theorem holds.

2. Integral identity

Consider the equation:

∆v +Nvp +M |∇v|q = 0. (4)

Multiplying (4) by vα|∇v|γ∆v,

vα|∇v|γ(∆v)2

1○
= −Nvα+p|∇v|γ∆v

I

−Mvα|∇v|γ+q∆v.
II

(5)

We observed that the term 1○ is important. In the following contents, we always choose
γ = 0 or γ ≥ 3. And at one fixed point x0, suppose that v1(x0) = |∇v|(x0) and define

G11 = v11 − S∆v,

Gij = vij −Qδij∆v, i+ j > 2,

and

Eij = vij −
1

n
δij∆v, for i, j = 1, ..., n.

We remark that the definition of Eij is global but Gij is not.
4



Liouville theorem for elliptic equations

2.1. The term vα−1|∇v|γ+2∆v.

vα−1|∇v|γ+2∆v = (vα−1|∇v|γ+2vi)i − (α− 1)vα−2|∇v|γ+4 − (γ + 2)vα−1|∇v|γvivjvij
= (vα−1|∇v|γ+2vi)i − (α− 1)vα−2|∇v|γ+4

− (γ + 2)vα−1|∇v|γ+2(G11 + S∆v),

⇒ vα−1|∇v|γ+2∆v =
1

1 + γS + 2S
(vα−1|∇v|γ+2vi)i −

α− 1

1 + γS + 2S
vα−2|∇v|γ+4

− γ + 2

1 + γS + 2S
vα−1|∇v|γ+2G11.

(6)

2.2. The term 1○. In fact, we have

vα|∇v|γ(∆v)2 = vα|∇v|γviivjj
= (vα|∇v|γviivj)j − αvα−1|∇v|γ+2vii − vα|∇v|γj viivj
− vα|∇v|γviijvj ,

vα|∇v|γviijvj = (vα|∇v|γvijvj)i − (vα|∇v|γvj)ivij
= (vα|∇v|γvijvj)i − αvα−1|∇v|γvivjvij − vα|∇v|γi vijvj
− vα|∇v|γv2ij .

As a result, we obtain

1○ = vα|∇v|γ(∆v)2

= (vα|∇v|γviivj)j − αvα−1|∇v|γ+2∆v − vα|∇v|γj∆v · vj
− (vα|∇v|γvijvj)i + αvα−1vivjvij|∇v|γ + vα|∇v|γi vijvj
+ vα|∇v|γv2ij
= (vα|∇v|γ∆vvi − vα|∇v|γvijvj)i + vα|∇v|γv2ij − αvα−1|∇v|γ+2∆v

+ αvα−1|∇v|γvivjvij − vα∆v · vj |∇v|γj + vαvjvij |∇v|γi .

(7)

5
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⇒ 1○ =

(

1− 1

n

)

(

vα|∇v|γ∆vvi

)

i
− (vα|∇v|γEijvj)i +

∑

i+j>2

vα|∇v|γv2ij

+ vα|∇v|γG2
11 + 2Svα|∇v|γG11∆v + S2vα|∇v|γ(∆v)2 − αvα−1|∇v|γ+2∆v

+ αvα−1|∇v|γ+2v11 − γvα|∇v|γ−2vivjvij∆v + γvα|∇v|γ−2vjvijvlvil

=

(

1− 1

n

)

(

vα|∇v|γ∆vvi

)

i
− (vα|∇v|γEijvj)i +

∑

i+j>2

vα|∇v|γv2ij

+ vα|∇v|γG2
11 + 2Svα|∇v|γG11∆v + S2vα|∇v|γ(∆v)2 − αvα−1|∇v|γ+2∆v

+ αvα−1|∇v|γ+2v11 − γvα|∇v|γv11∆v + γvα|∇v|γv2i1

=

(

1− 1

n

)

(

vα|∇v|γ∆vvi

)

i
− (vα|∇v|γEijvj)i +

∑

i+j>2

vα|∇v|γv2ij

+ vα|∇v|γG2
11 + 2Svα|∇v|γG11∆v + S2vα|∇v|γ(∆v)2 − αvα−1|∇v|γ+2∆v

+ αvα−1|∇v|γ+2
(

G11 + S∆v
)

− γvα|∇v|γ
(

G11 + S∆v
)

∆v + γvα|∇v|γ
(

G11 + S∆v
)2

+
∑

i>1

γvα|∇v|γG2
1i.

Thus we get that

⇒
(

1− S2 + γS − γS2
)

vα|∇v|γ(∆v)2

=

(

1− 1

n

)

(

vα|∇v|γ∆vvi

)

i
−
(

vα|∇v|γEijvj

)

i
+
∑

i+j>2

vα|∇v|γv2ij

+
(

αS − α
)

vα−1|∇v|γ+2∆v + αvα−1|∇v|γ+2G11

+
(

2γS + 2S − γ
)

vα|∇v|γG11∆v +
(

1 + γ
)

vγ|∇v|γG2
11 +

∑

i>1

γvα|∇v|γG2
i1

=

(

1− 1

n

)

(

vα|∇v|γ∆vvi

)

i
−
(

vα|∇v|γEijvj

)

i
+
∑

i+j>2

vα|∇v|γv2ij

+
(

αS − α
)

·
[

1

1 + γS + 2S
(vα−1|∇v|γ+2vi)i −

α− 1

1 + γS + 2S
vα−2|∇v|γ+4

− γ + 2

1 + γS + 2S
vα−1|∇v|γ+2G11

]

+ αvα−1|∇v|γ+2G11

+
(

2γS + 2S − γ
)

vα|∇v|γG11∆v +
(

1 + γ
)

vγ|∇v|γG2
11 +

∑

i>1

γvα|∇v|γG2
i1.

6



Liouville theorem for elliptic equations

⇒
(

1− S2 + γS − γS2
)

vα|∇v|γ(∆v)2

=

(

1− 1

n

)

(

vα|∇v|γ∆vvi

)

i
−
(

vα|∇v|γEijvj

)

i
+

αS − α

1 + γS + 2S

(

vα−1|∇v|γ+2vi

)

i

+
∑

i+j>2

vα|∇v|γv2ij +
α(α− 1)(1− S)

1 + γS + 2S
vα−2|∇v|γ+4 +

α(γ + 3)

1 + γS + 2S
vα−1|∇v|γ+2G11

+
(

2γS − γ + 2S
)

vα|∇v|γG11∆v + (1 + γ)vγ|∇v|γG2
11 +

∑

i>1

γvα|∇v|γG2
i1.

(8)
Recall that Gij := vij −Qδij∆v, i+ j > 2, then

∑

i>1

vα|∇v|γv2ii =
∑

i>1

vα|∇v|γ
(

Gii +Q∆v
)2

=
∑

i>1

vα|∇v|γG2
ii + 2Q

∑

i>1

vα|∇v|γGii∆v + (n− 1)Q2vα|∇v|γ(∆v)2.

If (n− 1)Q + S = 1, then

G11 +
∑

i>1

Gii = 0.

and
∑

i>1

vα|∇v|γv2ii =
∑

i>1

vα|∇v|γ
(

Gii +Q∆v
)2

=
∑

i>1

vα|∇v|γG2
ii − 2Qvα|∇v|γG11∆v + (n− 1)Q2vα|∇v|γ(∆v)2

It follows that

⇒
[

1− S2 + γS − γS2 − (n− 1)Q2
]

vα|∇v|γ(∆v)2

=

(

1− 1

n

)

(

vα|∇v|γ∆vvi

)

i
− (vα|∇v|γEijvj)i +

αS − α

1 + γS + 2S
(vα−1|∇v|γ+2vi)i

+
∑

i+j>2

vα|∇v|γG2
ij +

α(α− 1)(1− S)

1 + γS + 2S
vα−2|∇v|γ+4 +

α(γ + 3)

1 + γS + 2S
vα−1|∇v|γ+2G11

+
(

2γS − γ + 2S − 2Q
)

vα|∇v|γG11∆v + (1 + γ)vα|∇v|γG2
11 +

∑

i>1

γvα|∇v|γG2
i1.

(9)

Remark 2.1. The divergence term

A := (vα|∇v|γvi∆v)i

is important and will be explained later.
7
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2.3. The term A.

A = (vα|∇v|γvi∆v)i

= αvα−1|∇v|γ+2∆v + γvα|∇v|γ−2vivjvij∆v + vα|∇v|γ(∆v)2

+ vα|∇v|γvi(∆v)i
A1

= αvα−1|∇v|γ+2∆v + γvα|∇v|γG11∆v + (1 + γS)vα|∇v|γ(∆v)2

+ vα|∇v|γvi(∆v)i
A1

.

Substitute (4) into A1,

A1 = vα|∇v|γvi
(

−Nvp −M |∇v|q
)

i

= −pNvα+p−1|∇v|γ+2 − qMvα|∇v|γ+q−2vivjvij.

Multiply (4) by vα−1|∇v|γ+2

−Nvα+p−1|∇v|γ+2 = vα−1|∇v|γ+2∆v +Mvα−1|∇v|γ+q+2. (10)

Therefore we have

A1 = −qMvα|∇v|γ+q−2vivjvij + pvα−1|∇v|γ+2∆v + pMvα−1|∇v|γ+q+2. (11)

On the other hand, we know

pMvα−1|∇v|γ+q+2 − qMvα|∇v|γ+q−2vivjvij

= pMvα−1|∇v|γ+q+2 − qM

γ + q
vα(|∇v|γ+q)ivi

=
(

p+
qα

γ + q

)

Mvα−1|∇v|γ+q+2 − q

γ + q
M(vα|∇v|γ+qvi)i

+
qM

γ + q
vα|∇v|γ+q

(

−Nvp −M |∇v|q
)

= − qM

γ + q
(vα|∇v|γ+qvi)i +

(

p+
qα

γ + q

)

Mvα−1|∇v|γ+q+2

− qMN

γ + q
vα+p|∇v|γ+q − qM2

γ + q
vα|∇v|γ+2q.

(12)

So we get that

A = (vα|∇v|γvi∆v)i

= αvα−1|∇v|γ+2∆v + γvα|∇v|γG11∆v + (1 + γS)vα|∇v|γ(∆v)2

+ vα|∇v|γvi(∆v)i
A1

= αvα−1|∇v|γ+2∆v + γvα|∇v|γG11∆v + (1 + γS)vα|∇v|γ(∆v)2

+ pvα−1|∇v|γ+2∆v − qM

γ + q
(vα|∇v|γ+qvi)i −

qM2

γ + q
vα|∇v|γ+2q

+
(

p +
qα

γ + q

)

Mvα−1|∇v|γ+q+2 − q

γ + q
MNvα+p|∇v|γ+q,

8



Liouville theorem for elliptic equations

Substitute (6) into it:

⇒− (1 + γS)vα|∇v|γ(∆v)2

= −A + γvα|∇v|γG11∆v

+ (α + p) ·
[

1

1 + γS + 2S
(vα−1|∇v|γ+2vi)i −

α− 1

1 + γS + 2S
vα−2|∇v|γ+4

− γ + 2

1 + γS + 2S
vα−1|∇v|γ+2G11

]

− qM

γ + q
(vα|∇v|γ+qvi)i −

qM2

γ + q
vα|∇v|γ+2q +

(

p+
qα

γ + q

)

Mvα−1|∇v|γ+q+2

− q

γ + q
MNvα+p|∇v|γ+q,

⇒− (1 + γS)vα|∇v|γ(∆v)2

= −A +
α + p

1 + γS + 2S
(vα−1|∇v|γ+2vi)i −

qM

γ + q
(vα|∇v|γ+qvi)i + γvα|∇v|γG11∆v

− (α + p)
γ + 2

1 + γS + 2S
vα−1|∇v|γ+2G11 − (α + p)

α− 1

1 + γS + 2S
vα−2|∇v|γ+4 − q

γ + q
M2vα|∇v|γ+2q

+
(

p+
qα

γ + q

)

Mvα−1|∇v|γ+q+2 − q

γ + q
MNvα+p|∇v|γ+q.

(13)
Using the fact that

E2
ij = v2ij −

1

n
(∆v)2

= G2
ij + 2(S −Q)G11∆v +

[

S2 + (n− 1)Q2 − 1

n

]

(∆v)2,

(14)

and the equation (13), we know that for any ε > 0, it follows that

− (1 + γS − ετ)vα|∇v|γ(∆v)2

= −A +
α + p

1 + γS + 2S
(vα−1|∇v|γ+2vi)i −

qM

γ + q
(vα|∇v|γ+qvi)i + γvα|∇v|γG11∆v

− (α + p)
γ + 2

1 + γS + 2S
vα−1|∇v|γ+2G11 − (α + p)

α− 1

1 + γS + 2S
vα−2|∇v|γ+4 − q

γ + q
M2vα|∇v|γ+2q

+
(

p+
qα

γ + q

)

Mvα−1|∇v|γ+q+2 − q

γ + q
MNvα+p|∇v|γ+q

+ εvα|∇v|γE2
ij − εvα|∇v|γG2

ij − 2ε(S −Q)vα|∇v|γG11∆v,
(15)

with τ := S2 + (n− 1)Q2 − 1
n
.

9
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2.4. The final equation. Recalling in Section 2.2, we have already got that

⇒
[

1− S2 + γS − γS2 − (n− 1)Q2
]

vα|∇v|γ(∆v)2

=

(

1− 1

n

)

(

vα|∇v|γ∆vvi

)

i
− (vα|∇v|γEijvj)i +

αS − α

1 + γS + 2S
(vα−1|∇v|γ+2vi)i

+
∑

i+j>2

vα|∇v|γG2
ij +

α(α− 1)(1− S)

1 + γS + 2S
vα−2|∇v|γ+4 +

α(γ + 3)

1 + γS + 2S
vα−1|∇v|γ+2G11

+
(

2γS − γ + 2S − 2Q
)

vα|∇v|γG11∆v + (1 + γ)vα|∇v|γG2
11 +

∑

i>1

γvα|∇v|γG2
i1.

(16)
Thus we obtain

0 = −A +
α + p

1 + γS + 2S
(vα−1|∇v|γ+2vi)i −

qM

γ + q
(vα|∇v|γ+qvi)i

+ γvα|∇v|γG11∆v − (α + p)
γ + 2

1 + γS + 2S
vα−1|∇v|γ+2G11

− (α+ p)
α− 1

1 + γS + 2S
vα−2|∇v|γ+4 − q

γ + q
M2vα|∇v|γ+2q

+
(

p+
qα

γ + q

)

Mvα−1|∇v|γ+q+2 − q

γ + q
MNvα+p|∇v|γ+q

+ εvα|∇v|γE2
ij − εvα|∇v|γG2

ij − 2ε(S −Q)vα|∇v|γG11∆v

+
1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2

{

(

1− 1

n

)

(

vα|∇v|γ∆vvi

)

i
− (vα|∇v|γEijvj)i

+
αS − α

1 + γS + 2S
(vα−1|∇v|γ+2vi)i

+
∑

i+j>2

vα|∇v|γG2
ij +

α(α− 1)(1− S)

1 + γS + 2S
vα−2|∇v|γ+4 +

α(γ + 3)

1 + γS + 2S
vα−1|∇v|γ+2G11

+
(

2γS − γ + 2S − 2Q
)

vα|∇v|γG11∆v + (1 + γ)vγ|∇v|γG2
11 +

∑

i>1

γvα|∇v|γG2
i1

}

,

10
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⇒0 = W + εvα|∇v|γE2
ij

+

[

γ +
1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2

(

2γS − γ + 2S − 2Q
)

− 2ε(S −Q)

]

vα|∇v|γG11∆v

+

[

1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2
− ε

]

vα|∇v|γ
n
∑

i,j=2

G2
ij

+

[

1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2
(1 + γ)− ε

]

vα|∇v|γG2
11

+

[

1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2
(2 + γ)− 2ε

]

∑

i>1

vα|∇v|γG2
1i

+

[

−
(

α + p
) α− 1

1 + γS + 2S
+

1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2
· α(α− 1)(1− S)

1 + γS + 2S

]

vα−2|∇v|γ+4

+

[

1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2
· α(γ + 3)

1 + γS + 2S
−
(

α + p
) γ + 2

1 + γS + 2S

]

vα−1|∇v|γ+2G11

− q

γ + q
M2vα|∇v|γ+2q +

(

p+
qα

γ + q

)

Mvα−1|∇v|γ+q+2 − q

γ + q
MNvα+p|∇v|γ+q,

(17)
where W consists of all the divergence terms. If ε > 0 is small enough, γ ≥ 0 and

1 + γS

1− S2 + γS − γS2 − (n− 1)Q2
> 0,

then we can rewrite (17) as

0 ≥ W + εvα|∇v|γE2
ij + a1v

α|∇v|γ
∑

i>1

G2
ii + a2v

α|∇v|γG2
11 + a3v

α−2|∇v|γ+4

+ b1v
α−1|∇v|γ+2G11 + b2v

α|∇v|γG11∆v + c2M
2vα|∇v|γ+2q

− b3Nvα+p−1|∇v|γ+2 − b4Mvα−1|∇v|γ+q+2 + b5MNvα+p|∇v|γ+q,

(18)

11
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with

a1 =
1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2
− ε,

a2 =
1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2
(1 + γ)− ε,

a3 = −
(

α+ p
) α− 1

1 + γS + 2S
+

1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2
· α(α− 1)(1− S)

1 + γS + 2S
,

b1 =
1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2
· α(γ + 3)

1 + γS + 2S
−
(

α + p
) γ + 2

1 + γS + 2S
,

b2 = γ +
1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2

(

2γS − γ + 2S − 2Q
)

− 2ε(S −Q),

c2 = − q

γ + q
,

b3 = 0,

b4 = −p− qα

γ + q
,

b5 = − q

γ + q
.

3. Conditions

Multiply (4) by Nvα+p|∇v|γ:

N2vα+2p|∇v|γ +MNvα+p|∇v|γ+q

= − N

1 + γS
(vα+p|∇v|γvi)i +

α + p

1 + γS
Nvα+p−1|∇v|γ+2

+
γ

1 + γS
Nvα+p|∇v|γG11.

(19)

Multiply (4) by Mvα|∇v|γ+q:

MNvα+p|∇v|γ+q +M2vα|∇v|γ+2q

=
−M

1 + γS + qS
(vα|∇v|γ+qvi)i +

( α

1 + γS + qS

)

Mvα−1|∇v|γ+q+2

+
γ + q

1 + γS + qS
Mvα|∇v|γ+qG11.

(20)

Multiply (4) by vα−1|∇v|γ+2:

−Mvα−1|∇v|γ+q+2 =
1

1 + γS + 2S
(vα−1|∇v|γ+2vi)i −

α− 1

1 + γS + 2S
vα−2|∇v|γ+4

− γ + 2

1 + γS + 2S
vα−1|∇v|γ+2G11 +Nvα+p−1|∇v|γ+2.

12
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Besides, using the fact that

(n− 1)
∑

i>1

G2
ii ≥

(

∑

i>1

Gii

)2

= G2
11,

by (18) we get that if a1 > 0, b2 = 0, then

0 ≥ W + εvα|∇v|γE2
ij +

(

a2 +
1

n− 1
a1

)

vα|∇v|γG2
11 + a3v

α−2|∇v|γ+4 + b1v
α−1|∇v|γ+2G11

+ c2M
2vα|∇v|γ+2q − b3Nvα+p−1|∇v|γ+2 − b4Mvα−1|∇v|γ+q+2 + b5MNvα+p|∇v|γ+q

= W + εvα|∇v|γE2
ij +

(

a2 +
1

n− 1
a1

)

vα|∇v|γG2
11 + a3v

α−2|∇v|γ+4 + b1v
α−1|∇v|γ+2G11

+ c2M
2vα|∇v|γ+2q − b3Nvα+p−1|∇v|γ+2 − b4Mvα−1|∇v|γ+q+2 + b5MNvα+p|∇v|γ+q

+ T

(

N2vα+2p|∇v|γ +MNvα+p|∇v|γ+q − α + p

1 + γS
Nvα+p−1|∇v|γ+2

− γ

1 + γS
Nvα+p|∇v|γG11

)

+ U

(

MNvα+p|∇v|γ+q +M2vα|∇v|γ+2q

− α

1 + γS + qS
Mvα−1|∇v|γ+q+2 − γ + q

1 + γS + qS
Mvα|∇v|γ+qG11

)

+ P

(

−Nvα+p−1|∇v|γ+2 +
α− 1

1 + γS + 2S
vα−2|∇v|γ+4

+
γ + 2

1 + γS + 2S
vα−1|∇v|γ+2G11 −Mvα−1|∇v|γ+q+2

)

,

0 ≥ W + εvα|∇v|γE2
ij +

(

a2 +
1

n− 1
a1

)

vα|∇v|γG2
11

+

(

a3 + P
α− 1

1 + γS + 2S

)

vα−2|∇v|γ+4 +
(

b1 + P
γ + 2

1 + γS + 2S

)

vα−1|∇v|γ+2G11

+ TN2vα+2p|∇v|γ +
(

c2 + U
)

M2vα|∇v|γ+2q −
[

b3 + P +
T (α+ p)

1 + γS

]

Nvα+p−1|∇v|γ+2

− Tγ

1 + γS
Nvα+p|∇v|γG11 − U

γ + q

1 + γS + qS
Mvα|∇v|γ+qG11

−
(

b4 + P + U
α

1 + γS + qS

)

Mvα−1|∇v|γ+q+2 +
(

b5 + T + U
)

MNvα+p|∇v|γ+q.

13
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Define B0 := a2 +
1

n−1
a1 and if B0 > 0 , then

0 ≥ W + εvα|∇v|γE2
ij

− 1

4B0

vα|∇v|γ
[

(

b1 + P
γ + 2

1 + γS + 2S

)

v−1|∇v|2 − Tγ

1 + γS
Nvp − U

γ + q

1 + γS + qS
M |∇v|q

]2

+

(

a3 + P
α− 1

1 + γS + 2S

)

vα−2|∇v|γ+4 + TN2vα+2p|∇v|γ +
(

c2 + U
)

M2vα|∇v|γ+2q

−
[

b3 + P +
T (α + p)

1 + γS

]

Nvα+p−1|∇v|γ+2 −
(

b4 + P + U
α

1 + γS + qS

)

Mvα−1|∇v|γ+q+2

+
(

b5 + T + U
)

MNvα+p|∇v|γ+q.

⇒ 0 ≥ W + εvα|∇v|γE2
ij +

[

a3 + P
α− 1

1 + γS + 2S
− 1

4B0

(

b1 + P
γ + 2

1 + γS + 2S

)2
]

vα−2|∇v|γ+4

+

[

T − 1

4B0

(

Tγ

1 + γS

)2
]

N2vα+2p|∇v|γ

+

[

c2 + U − 1

4B0

(

U
γ + q

1 + γS + qS

)2
]

M2vα|∇v|γ+2q

−
[

T (α+ p)

1 + γS
+ P − 1

2B0

Tγ

1 + γS

(

b1 + P
γ + 2

1 + γS + 2S

)

]

Nvα+p−1|∇v|γ+2

−
[

b4 + P + U
α

1 + γS + qS
− 1

2B0

(

b1 + P
γ + 2

1 + γS + 2S

)

U
γ + q

1 + γS + qS

]

Mvα−1|∇v|γ+q+2

+
(

b5 + T + U − 1

2B0

Tγ

1 + γS
· U γ + q

1 + γS + qS

)

MNvα+p|∇v|γ+q.

14
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Without loss of generality, we can let N = 1. In general, we hope that the following
conditions hold for ε > 0 small enough:































































































a3 + P
( α− 1

1 + γS + 2S

)

− 1

4B0

(

b1 + P
γ + 2

1 + γS + 2S

)2

> 0, (21)

T − 1

4B0

(

Tγ

1 + γS

)2

> 0, (22)

c2 + U − 1

4B0

(

U
γ + q

1 + γS + qS

)2

> 0, (23)

T (α+ p)

1 + γS
+ P − 1

2B0

Tγ

1 + γS

(

b1 + P
γ + 2

1 + γS + 2S

)

≤ 0, (24)

M

[

b4 + P + U
( α

1 + γS + qS

)

− 1

2B0

(

b1 + P
γ + 2

1 + γS + 2S

)

U
γ + q

1 + γS + qS

]

≤ 0, (25)

M

(

b5 + T + U − 1

2B0

Tγ

1 + γS
· U γ + q

1 + γS + qS

)

≥ 0. (26)

We point that when M > 0 the condition (63) can be deduced from (59) and (60) since
c2 = b5 and B0 > 0. If these conditions are satisfied, then for any ε > 0 small enough,
we have

εvα|∇v|γ|Eij|2 + εvα−2|∇v|γ+4 + εvα+2p|∇v|γ + εvα|∇v|γ+2q

≤ B1(v
α|∇v|γvjEij)i +B2(v

α+p|∇v|γvi)i +B3(v
α−1|∇v|γ+2vi)i

+B4(v
α|∇v|γ+qvi)i.

(27)

4. Young inequality and cut-off functions

In this part, we assume (27) holds and prove that |∇v| ≡ 0. Define η is a smooth
cut-off function, satisfying that

η ≡ 1 in BR,

η ≡ 0 in R
n\B2R.
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Multiply (27) by ηδ and integrate over Rn,

RHS = B1δ

∫

vα|∇v|γvjEijη
δ−1ηi +B2δ

∫

vα+p|∇v|γviηδ−1ηi

+B3δ

∫

vα−1|∇v|γ+2viη
δ−1ηi +B4δ

∫

vα|∇v|γ+qviη
δ−1ηi

≤ ε

2

∫

vα|∇v|γ|Eij|2ηδ + C

∫

vα|∇v|γ+2ηδ−2|∇η|2

+
ε

2

∫

vα+2p|∇v|γηδ + C

∫

vα|∇v|γ+2ηδ−2|∇η|2

+
ε

2

∫

vα−2|∇v|γ+4 + C

∫

vα|∇v|γ+2ηδ−2|∇η|2

+
ε

2

∫

vα|∇v|γ+2q + C

∫

vα|∇v|γ+2ηδ−2|∇η|2.

Therefore we get that

⇒
∫

vα+2p|∇v|γηδ +
∫

vα−2|∇v|γ+4ηδ

≤ C

∫

vα|∇v|γ+2ηδ−2|∇η|2.
(28)

Define p1, q1, σ1 ≥ 0, such that

1

p1
+

1

q1
+

1

σ1
= 1, and p1, q1, σ1 ≥ 0. (29)

So by Young inequality, we know
∫

vα|∇v|γ+2ηδ−2|∇η|2

=

∫

vα−A|∇v|γ+2−BvA|∇v|Bηδ−2|∇η|2

≤ ε0

∫

vα−2|∇v|γ+4ηδ + ε0

∫

vα+2p|∇v|γηδ

+ C

∫

ηδ−2σ1 |∇η|2σ1

⇒
∫

vα+2p|∇v|γηδ +
∫

vα−2|∇v|γ+4ηδ

≤ C

∫

ηδ−2σ1 |∇η|2σ1

≤ CRn−2σ1 → 0, as R tends to infinity.

The last two steps use the condition that

δ − 2σ1 > 0,

n− 2σ1 < 0.
(30)
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So we always take δ large enough. In conclusion, we need

α + 2p

A
=

γ

B
= p1,

α− 2

α− A
=

γ + 4

γ + 2− B
= q1,

1− 2

n
<

1

p1
+

1

q1
< 1.

(31)

Therefore, as long as the conditions (58) - (63) are satisfied, and there exists such
p1, q1, σ1, then u ≡ 0.

5. Proof of Theorem 1.5

In this section, we choose γ = 0, S = Q = 1
n
, then

Gij = Eij ,

τ = 0,

a1 =
n

n− 1
− ε,

a3 = − n

n + 2
p(α− 1),

b1 =
n

n− 1
α− 2np

n+ 2
,

b2 = 0,

c2 = −1,

b3 = 0,

b4 = −p− α,

b5 = −1,

B0 =
n

n− 1

(

n

n− 1
− ε

)

.

And the conditions (58) - (63) become







































































a3 + P · α− 1

1 + 2S
− 1

4B0

(

b1 +
2P

1 + 2S

)2

> 0, (32)

T > 0, (33)

c2 + U − 1

4B0

(

U
q

1 + qS

)2

> 0, (34)

T (α+ p) + P ≤ 0, (35)

M

[

b4 + P + U
( α

1 + qS

)

− 1

2B0

(

b1 + P
2

1 + 2S

)

U
q

1 + qS

]

≤ 0, (36)

M
(

b5 + T + U
)

≥ 0. (37)
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5.1. Proof of Theorem 1.5. In this subsection, we consider the case M > 0 and
choose T = ε

α+p
> 0 small enough. By direct computation, we deduce that if n ≥ 3,

ε > 0 small is enough and

α = −2(p− P )

n+ 2
,

0 < p− P <
n+ 2

n− 2
,

then (32) holds. Besides we know that if |P | is small enough, then

α + p =
np

n+ 2
+

2P

n+ 2
> 0.

At this time, we can solve the equations in (31):
{

α+2p
A

= p1,
α−2
α−A

= 2 = q1.

We obtain that

A =
α + 2

2
,

and
1

p1
+

1

q1
=

1

2
+

1

2
· α + 2

α+ 2p
.

If p > 1 and p− P < n+2
n−2

, then α + 2p > α+ 2 ≥ 0. So we have

1

p1
+

1

q1
< 1,

and

p1, q1 ≥ 0.

Besides since α+ 2p > 0, then

1

p1
+

1

q1
> 1− 2

n
⇔ α + 2

2(α+ 2p)
>

1

2
− 2

n
,

⇔− p− P

n + 2
+ 1 >

[

−2(p− P )

n+ 2
+ 2p

](

1

2
− 2

n

)

,

⇔1 > p · n
2 − 2n− 4

n(n + 2)
− 4P

n(n + 2)
.

In fact, we have

p · n
2 − 2n− 4

n(n+ 2)
≤ n + 2

n− 2
· n

2 − 2n− 4

n(n + 2)

=
n2 − 2n− 4

n2 − 2n
< 1.

Thus when |P | is small enough, we have

1

p1
+

1

q1
> 1− 2

n
.
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Then we can prove Theorem 1.5 :

Proof of Theorem 1.5 . In this case, we choose γ = 0, S = 1
n
. If 1 < p ≤ n+2

n−2
, we can

choose α = −2(p−P )
n+2

and P = ε, such that (32) hold. Then we only need to consider
conditions (34), (35), (36) and (37).

Firstly we need to check the condition (35). If ε > 0 is much smaller than M and

εq

M
2
q

( 2

2− q

)− 2−q

q

< ε
1
2 ,

then using the following Young inequality:

vα+p−1|∇v|γ+2 ≤ q

2

(

M · 2

2− q

)− 2−q

q

vα+p|∇v|γ+q +Mvα−1|∇v|γ+q+2,

with (2
q
, 2
2−q

), we get that

[

T (α + p) + P
]

vα+p−1|∇v|γ+2 ≤ εq

M
2
q

( 2

2− q

)− 2−q

q

Mvα+p|∇v|γ+q + 2εMvα−1|∇v|γ+q+2

≤ ε
1
2Mvα+p|∇v|γ+q + 2εMvα−1|∇v|γ+q+2.

Next let us consider the condition (36):

LHS = − n

n + 2
p+ U

α

1 + qS
− 1

2B0

b1U
q

1 + qS

=
[

− 2p

n+ 2
+

(n− 1)2

2n2
q · 2n2p

(n− 1)(n+ 2)

] U

1 + qS
− n

n+ 2
p+O(ε)

=
[

− 2 + (n− 1)q
] p

n + 2
· U

1 + qS
− n

n+ 2
p+O(ε).

Note that there always exists U > 0 such that (34) holds for U > 0. For n ≥ 3, q > 1,
we know

−2 + (n− 1)q > 0.

For the easier case, we hope that the following hold














c2 + U − 1

4B0

(

U
q

1 + qS

)2

> 0, (38)

b4 + U
( α

1 + qS

)

− 1

2B0

b1U
q

1 + qS
+ 2ε ≤ 0. (39)

If so, then the condition (37) also holds and the conclusion holds for any M > 0. We
find that if 3 ≤ n < 5, we can choose U = 1+ q

n
; if n = 5, 6, we can choose U = 1+ 2q

n
.

But for n ≥ 7, the above conditions will not hold at the same time. As a result, we
need to consider the case for n ≥ 7















c2 + U − 1

4B0

(

U
q

1 + qS

)2

< 0, (40)

b4 + U
( α

1 + qS

)

− 1

2B0

b1U
q

1 + qS
+ 2ε ≤ 0. (41)
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Note that by Young inequality, we have

M2vα|∇v|γ+2q ≤ KMvα−1|∇v|γ+q+2 +

(

K · p+1
p

)−p

p+ 1
Mp+2vα+p|∇v|γ+q,

with (p+1
p
, p+ 1). We only need that























b4 + U
( α

1 + qS

)

− b1U

2B0

q

1 + qS
+ 2ε−K

[

c2 + U − 1

4B0

(

U
q

1 + qS

)2]

= 0, (42)

b5 + T + U − ε
1
2 +

(

K · p+1
p

)−p

p+ 1
Mp+1

[

c2 + U − 1

4B0

(

U
q

1 + qS

)2]

> 0. (43)

⇒ b5 + T + U − ε
1
2

− pp

(p+ 1)p+1
Mp+1

[

− c2 − U +
1

4B0

(

U
q

1 + qS

)2]p+1[

− b4 − U
( α

1 + qS

)

+
b1U

2B0

q

1 + qS
− 2ε

]−p

> 0.

(44)
We still choose U = 1 + q

n
, then

b5 + T + U =
q

n
+ ε > 0,

so the condition (37) holds and the condition (44) becomes:

⇒ q

n
>

pp

(p+ 1)p+1
Mp+1

[

(n− 1)2q2

4n2
− q

n

]p+1[

p− (n− 1)pq

n+ 2

]−p

,

⇒M <
( q

n

)
1

p+1 p+ 1

p
p

p+1

[

(n− 1)2q2

4n2
− q

n

]−1[

p− (n− 1)pq

n + 2

]
p

p+1

= (p+ 1)

[

(n− 1)2q

4n
− 1

]−1[

n

q
− n(n− 1)

n + 2

]
q

2

=: M1.

�
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5.2. Proof of Theorem 1.7. In this case, we choose M < 0 and the conditions
become:



























































a3 + P · α− 1

1 + 2S
− 1

4B0

(

b1 +
2P

1 + 2S

)2

> 0, (45)

T ≥ 0, (46)

c2 + U − 1

4B0

(

U
q

1 + qS

)2

≥ 0, (47)

T (α + p) + P ≤ 0, (48)

b4 + P + U
( α

1 + qS

)

− 1

2B0

(

b1 + P
2

1 + 2S

)

U
q

1 + qS
≥ 0, (49)

b5 + T + U ≤ 0. (50)

There are three cases:

• If n = 3, we choose

α = −0.4(p− P ).

• If n ≥ 4, we choose

p− P =
n+ 2

n− 2
− ε,

α = −2(p− P )

n + 2
= − 2

n− 2
+

2ε

n + 2
,

with ε > 0 is small enough.

By direct computation, we know all of the cases satisfy that

1− 2

n
<

1

p1
+

1

q1
< 1.

Now we can prove the Theorem 1.7:

Proof of Theorem 1.7. • If n ≥ 4, the condition (49) becomes that

b4 + P + U
( α

1 + qS

)

− 1

2B0

(

b1 + P
2

1 + 2S

)

U
q

1 + qS

= − n

n− 2
+

U

1 + qS

(n− 1)q − 2

n− 2
+O(ε).

We choose

U =
2B0(1 + qS)2

q2
=

2(n+ q)2

(n− 1)2q2
.

claim 1. When n ≥ 4, we have

2(n+ q)2

(n− 1)2q2
>

n+ q

(n− 1)q − 2
.
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Then conditions (47) and (49) hold at the same time. Using the Young
inequality

|M |vα+p|∇v|γ+q ≤ Kvα+2p|∇v|γ +
(

K · 2

2− q

)− 2−q

q q

2
|M | 2q vα+p−1|∇v|γ+2, (51)

with
(

2
2−q

, 2
q

)

, we only need that















K− 2
q

q

2

(

2

2− q

)− 2−q

q

|M | 2q = −
T (p− 2

n−2
+ 2ε

n+2
) + P

T
, (52)

T

K
+ 1− T − U > 0. (53)

We deduce that

M > − T
2−q

2

2(n+q)2

(n−1)2q2
+ T − 1

(q

2

)− q

2

(

2

2− q

)
2−q

2

[

n+ 2

n− 2
− p− T

(

p− 2

n− 2

)

]
q

2

.

where T ≥ 0 is arbitrary.
• If n = 3 and 1 < p ≤ 2, choose p− P = 2.5, then α = −1 and

a3 + P · α− 1

1 + 2S
− 1

4B0

(

b1 +
2P

1 + 2S

)2

= 0.75.

Choose U = 2, then for any 1 < q < 1.5, we know

4

[

a3 + P · α− 1

1 + 2S
− 1

4B0

(

b1 +
2P

1 + 2S

)2
]

·
[

c2 + U − 1

4B0

(

U
q

1 + qS

)2
]

−
[

b4 + P + U
( α

1 + qS

)

− 1

2B0

(

b1 + P
2

1 + 2S

)

U
q

1 + qS

]2

= 4 · 0.75 · −3q2 + 6q + 9

(q + 3)2
−
(

4.5q − 10.5

q + 3

)2

=
−29.25q2 + 112.5q − 83.25

(q + 3)2
>

−29.25 + 112.5− 83.25

(q + 3)2
= 0.

Then by (51) we only need that














K− 2
q

q

2

(

2

2− q

)− 2−q

q

|M | 2q = −T (α + p) + P

T
, (54)

T

K
> T + 1. (55)

We deduce that

M > − T
2−q

2

T + 1

(q

2

)− q

2

(

2

2− q

)
2−q

2

[

2.5− p− T (p− 1)

]
q

2

,

where T ≥ 0 is arbitrary.
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• If n = 3 and 2 < p < 5, choose p − P = 5 − ε, where ε > 0 is small enough.
Then α = −2 + 0.4ε and the condition (45) holds. Let

b4 + P + U
( α

1 + qS

)

− 1

2B0

(

b1 + P
2

1 + 2S

)

U
q

1 + qS
= 0,

then

U =
q + 3

2q − 2
+O(ε).

Since ε > 0 is small and 4
3
< q < 5

3
, we know that

c2 + U − 1

4B0

(

U
q

1 + qS

)2

=
−3q2 + 12q − 10

(2q − 2)2
> 0.

Then by (51) we only need that


















K− 2
q

q

2

(

2

2− q

)− 2−q

q

|M | 2q = −T (α + p) + P

T
, (56)

T

K
> T +

q + 3

2q − 2
− 1. (57)

We deduce that

M > − T
2−q

2

T + q+3
2q−2

− 1

(q

2

)− q

2

(

2

2− q

)
2−q

2

[

5− p− T (p− 2)

]
q

2

,

where T ≥ 0 is arbitrary.
�

Finally we give the proof of claim 1:

Proof of claim 1. When n ≥ 4, 1 < q < n+2
n
,

2(n+ q)2

(n− 1)2q2
>

n + q

(n− 1)q − 2
,

⇔ 2(n+ q)

(n− 1)2q2
>

1

(n− 1)q − 2
,

⇔2(n+ q)
[

(n− 1)q − 2
]

− (n− 1)2q2 > 0,

⇔f1(q) := −(n− 1)(n− 3)q2 + 2(n+ 1)(n− 2)q − 4n > 0.

We only need to check that

f1(1), f1

(

n+ 2

n

)

> 0.

In fact, we have

f1(1) = n2 − 2n− 7 ≥ 16− 8− 7 > 0.
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and

f1

(

n + 2

n

)

=
n4 − 2n3 + n2 − 4n− 12

n2
> 0.

�

6. Proof of Theorem 1.6

In this section we consider the case that n ≥ 7 and M is large enough. At this case,
we can not directly choose γ = 0 any more. Recall that in (31):

B = γ · α + γ + 2

(γ + 4)p+ 2α + γ
,

G(p) :=
1

p1
+

1

q1
=

(γ + 2)p+ 2α+ γ + 2

(γ + 4)p+ 2α + γ
.

We hope that
α+ γ + 2 > 0,

then if γ > 0 we have

(γ + 4)p+ 2α+ γ > γ + 4 + 2α+ γ > 0,

B > 0 ⇒ p1 > 0,

B <
γ

2
< γ + 2 ⇒ q1 > 0.

Besides we have G(p) is decreasing and

G(p) < G(1) = 1.

Thus if we choose
γ = n− 4,

α+ γ + 2 > 0,

then

1− 2

n
< G(p) < 1.

If γ 6= 0, solving the equation
b2 = 0,

we get that

b2 = γ +
1 + γS − ετ

1− S2 + γS − γS2 − (n− 1)Q2

(

2γS − γ + 2S − 2Q
)

− 2ε(S −Q),

⇒ 0 = γ − γS2 + γ2S − γ2S2 − γ

n− 1
(1− S)2 + (1 + γS − ετ)

(

2γS − γ +
2nS

n− 1
− 2

n− 1

)

− 2ε · nS − 1

n− 1

[

1− S2 + γS − γS2 − (1− S)2

n− 1

]

= 2ε · n

n− 1

(

γ +
n

n− 1

)

S3 + ...
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Since 2ε · n
n−1

(

γ + n
n−1

)

6= 0, the cubic equation with respect to S at least has one

solution S = S(n, γ, ε). Next, we need to estimate the solution when ε > 0 is small
enough. If ε = 0, then

0 = γ − γS2 + γ2S − γ2S2 − γ

n− 1
(1− S)2 + (1 + γS)

(

2γS − γ +
2nS

n− 1
− 2

n− 1

)

=
(

− γ − γ2 − γ

n− 1
+ 2γ2 +

2nγ

n− 1

)

S2

+
(

γ2 +
2γ

n− 1
− γ2 − 2γ

n− 1
+ 2γ +

2n

n− 1

)

S

+ γ − γ

n− 1
− γ − 2

n− 1

=
(

γ2 +
nγ

n− 1

)

S2 + 2
(

γ +
n

n− 1

)

S − γ + 2

n− 1
.

Choose

S =
−γ − n

n−1
+

√

(

γ + n
n−1

)2

+
(

γ2 + nγ

n−1

)

γ+2
n−1

γ2 + nγ

n−1

=
γ + 2

(n− 1)γ + n +

√

[

(n− 1)γ + n
]2

+
[

(n− 1)γ2 + nγ
]

(γ + 2)

.

If γ = n− 4, then

S =
n− 2

(n− 1)(n− 4) + n +

√

[

(n− 1)(n− 4) + n
]2

+
[

(n− 1)(n− 4) + n
]

(n− 2)(n− 4)

=
n− 2

(n− 2)2 +
√

(n− 2)4 + (n− 2)3(n− 4)

=
1

n− 2 +
√

(n− 2)(2n− 6)

=

√

(n− 2)(2n− 6)− n + 2

(n− 2)(n− 4)
.

So when ε > 0 is small enough, we have

S =

√

(n− 2)(2n− 6)− n + 2

(n− 2)(n− 4)
+ E(ε),
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where E(ε) tends to 0 when ε tends to 0. We hope the following conditions hold:






























































































a3 + P
( α− 1

1 + γS + 2S

)

− 1

4B0

(

b1 + P
γ + 2

1 + γS + 2S

)2

> 0, (58)

T − 1

4B0

(

Tγ

1 + γS

)2

> 0, (59)

c2 + U − 1

4B0

(

U
γ + q

1 + γS + qS

)2

> 0, (60)

T (α+ p)

1 + γS
+ P − 1

2B0

Tγ

1 + γS

(

b1 + P
γ + 2

1 + γS + 2S

)

< 0, (61)

M

[

b4 + P + U
( α

1 + γS + qS

)

− 1

2B0

(

b1 + P
γ + 2

1 + γS + 2S

)

U
γ + q

1 + γS + qS

]

< 0, (62)

M

(

b5 + T + U − 1

2B0

Tγ

1 + γS
· U γ + q

1 + γS + qS

)

> 0. (63)

Next, we are devoted to check conditions (58) and (60). In the following computation,
by the continuity of ε, we only need to check the conditions for ε = 0.

Lemma 6.1. If n ≥ 7, γ = n− 4, ε = 0, α = −γ − 4
n
, p− P = n+2

n−2
− 1

n2 , then

a3 + P
( α− 1

1 + γS + 2S

)

− 1

4B0

(

b1 + P
γ + 2

1 + γS + 2S

)2

> 0.

Proof of Lemma 6.1. Recall that

a1 =
1 + γS

1− S2 + γS − γS2 − (n− 1)Q2
,

a2 =
1 + γS

1− S2 + γS − γS2 − (n− 1)Q2
(1 + γ),

a3 = −
(

α + p
) α− 1

1 + γS + 2S
+

1 + γS

1− S2 + γS − γS2 − (n− 1)Q2
· α(α− 1)(1− S)

1 + γS + 2S
,

b1 =
1 + γS

1− S2 + γS − γS2 − (n− 1)Q2
· α(γ + 3)

1 + γS + 2S
−
(

α + p
) γ + 2

1 + γS + 2S
,

b2 = γ +
1 + γS

1− S2 + γS − γS2 − (n− 1)Q2

(

2γS − γ + 2S − 2Q
)

,

c2 = − q

γ + q
,

b3 = 0,

b4 = −p− qα

γ + q
,

b5 = − q

γ + q
,

B0 = a1

( n

n− 1
+ γ
)

.
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Besides using b2 ≡ 0 we have

a1 = − γ

2γS − γ + 2S − 2Q

= − γ

2γS − γ + 2S − 2
n−1

(1− S)

= − γ

2γS − γ + 2n
n−1

S − 2
n−1

= − (n− 4)(n− 1)

2S(n− 2)2 − (n− 2)(n− 3)

= − (n− 4)(n− 1)

2

√
(n−2)(2n−6)−n+2

n−4
(n− 2)− (n− 2)(n− 3)

=
2
√

(n− 2)(2n− 6) + n2 − 5n+ 8

(n− 1)(n− 2)
.

In order to prove inequality (58) , we can simplify the computation and it is equivalent
to prove that 4a1

(

n
n−1

+ γ
)

a3 − b21 > 0 with p = n+2
n−2

− 1
n2 .

4a1

(

n

n− 1
+ γ

)

a3 − b21

= 4a1

(

n

n− 1
+ γ

)

{

− p(α− 1)

1 + γS + 2S
+
[

a1(1− S)− 1
] α(α− 1)

1 + γS + 2S

}

−
{

− (γ + 2)p

1 + γS + 2S
+

α

1 + γS + 2S

[

(γ + 3)a1 − (γ + 2)
]

}2

= 4a1

(

n

n− 1
+ n− 4

)

{

− p(α− 1)

1 + (n− 2)S
+
[

a1(1− S)− 1
] α(α− 1)

1 + (n− 2)S

}

−
{

− (n− 2)p

1 + (n− 2)S
+

α

1 + (n− 2)S

[

(n− 1)a1 − n + 2
]

}2

.

As a result, we know

4a1

(

n

n− 1
+ γ

)

a3 − b21 > 0,

⇔ H :=4
[

1 + (n− 2)S
]

a1

(

n

n− 1
+ n− 4

)

{

− p(α− 1) +
[

a1(1− S)− 1
]

α(α− 1)

}

−
{

− (n− 2)p+ α
[

(n− 1)a1 − n+ 2
]

}2

> 0.

Using the facts that
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•

1 + (γ + 2)S =

√

(n− 2)(2n− 6)− 2

n− 4
.

•
(n− 1)a1 − n+ 2

=
2
√

(n− 2)(2n− 6) + n2 − 5n+ 8

n− 2
− n+ 2

=
2
√

(n− 2)(2n− 6)− n + 4

n− 2
.

•
a1(1− S)− 1

= a1 − 1− a1S

=
2
√

(n− 2)(2n− 6) + n2 − 5n+ 8

(n− 1)(n− 2)
− 1

− 2
√

(n− 2)(2n− 6) + n2 − 5n+ 8

(n− 1)(n− 2)
·
√

(n− 2)(2n− 6)− n + 2

(n− 2)(n− 4)

=
2
√

(n− 2)(2n− 6)− 2n+ 6

(n− 1)(n− 2)

− 2
√

(n− 2)(2n− 6) + n2 − 5n+ 8

(n− 1)(n− 2)
·
√

(n− 2)(2n− 6)− n + 2

(n− 2)(n− 4)
,

⇒a1(1− S)− 1

=
1

(n− 1)(n− 2)2(n− 4)

{

[

2
√

(n− 2)(2n− 6)− 2n+ 6
]

(n2 − 6n+ 8)

−
[

2
√

(n− 2)(2n− 6) + n2 − 5n + 8
]

·
[

√

(n− 2)(2n− 6)− n+ 2
]

}

=
1

(n− 1)(n− 2)2(n− 4)

{

(n2 − 5n+ 8)(n− 2)− 2(n− 2)(2n− 6)

− (2n− 6)(n2 − 6n+ 8) +
[

2n2 − 12n+ 16 + 2n− 4− n2 + 5n− 8
]

√

(n− 2)(2n− 6)

}

=
1

(n− 1)(n− 2)2(n− 4)

{

− (n− 1)(n− 2)(n− 4) + (n2 − 5n+ 4)
√

(n− 2)(2n− 6)

}

=
1

(n− 2)2

[

− (n− 2) +
√

(n− 2)(2n− 6)
]

.
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Therefore, we obtain:

H = 4

√

(n− 2)(2n− 6)− 2

n− 4
· 2
√

(n− 2)(2n− 6) + n2 − 5n+ 8

(n− 1)2
· (n− 2)

{

− p(α− 1)

+
1

(n− 2)2

[

− (n− 2) +
√

(n− 2)(2n− 6)
]

α(α− 1)

}

−
{

− (n− 2)p+ α
2
√

(n− 2)(2n− 6)− n+ 4

n− 2

}2

.

If α = −n + 4− 4
n
= − (n−2)2

n
, then we find that

H(p) = 4

√

(n− 2)(2n− 6)− 2

n− 4
· 2
√

(n− 2)(2n− 6) + n2 − 5n+ 8

(n− 1)2
· (n− 2)

{

− p

+
1

(n− 2)2

[

− (n− 2) +
√

(n− 2)(2n− 6)
]

(

−n+ 4− 4

n

)

}

(

−n + 3− 4

n

)

−
{

− (n− 2)p+

(

−n + 4− 4

n

)

2
√

(n− 2)(2n− 6)− n+ 4

n− 2

}2

.

claim 2. When n ≥ 7, we have

H

(

n+ 2

n− 2
− 1

n2

)

> 0.

�

Lemma 6.2. If n ≥ 7, 1 < p ≤ n+2
n−2

and U2 > U1 > 0 are two solutions of

c2 + U − 1

4B0

(

U
γ + q

1 + γS + qS

)2

= 0. (64)

Define

U0 :=
2B0(1 + γS + qS)2

(γ + q)2

[

1− 1√
2

(

1− 2

n

)]

,

then for any p− P = n+2
n−2

− 1
n2 , we have

U1 < U0 < U2, (65)

and

b4 + P +
U0α

1 + γS + qS
− 1

2B0

(

b1 + P
γ + 2

1 + γS + 2S

)

U0
γ + q

1 + γS + qS
< 0.

If Lemma 6.2 holds, then for 1 < p < n+2
n−2

− 1
n2 , we get that

P = p− n + 2

n− 2
+

1

n2
< 0.
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And for the choice of T , we let 0 < T << |P | small enough. Then as a result, the
conditions (58) ...(63) all hold. So we deduce that |∇v| ≡ 0. Therefore we only need
to consider the case that n+2

n−2
− 1

n2 ≤ p ≤ n+2
n−2

. At this time, P ≥ 0 and we can give the
lower bound of M . By Young inequality, we have

vα+p−1|∇v|γ+2 ≤ q

2

(

JM · 2

2− q

)− 2−q

q

vα+p|∇v|γ+q + JMvα−1|∇v|γ+q+2,

with (2
q
, 2
2−q

). We only need that

b4 + P + U0

( α

1 + γS + qS

)

− 1

2B0

(

b1 + P
γ + 2

1 + γS + 2S

)

U0
γ + q

1 + γS + qS
+ PJ < 0,

(66)
and

b5 + T + U0 − P · q
2

(

J · 2

2− q

)− 2−q

q

M− 2
q > 0. (67)

Proof of Lemma 6.2 . Firstly, we can rewrite (64) as:

− q

γ + q
+ U − 1

4a1

(

n
n−1

+ γ
)

(

U
γ + q

1 + γS + qS

)2

= 0.

Since we know that

∆ = 1− q(γ + q)

a1(
n

n−1
+ γ)(1 + γS + qS)2

> 1− q(γ + q)

a1(
n

n−1
+ γ)(1 + γS)2

≥ 1− (1 + 2
n
)(γ + 1 + 2

n
)

a1(
n

n−1
+ γ)(1 + γS)2

= 1− (1 + 2
n
)(n− 3 + 2

n
)(n− 2)2(n− 1)

( n
n−1

+ n− 4)(2n− 6)
[

2
√

(n− 2)(2n− 6) + n2 − 5n+ 8
] .

When n = 7, we have ∆ > 0.284 > 0.5 − 2
n
+ 2

n2 ; when n = 8, we have ∆ > 0.322 >
0.5− 2

n
+ 2

n2 .

claim 3. When n ≥ 9, then

∆ > 0.5− 2

n
+

2

n2
> 0.

Thus there always exists two solutions U2 > U1 > 0. Define

U0 :=
2B0(1 + γS + qS)2

(γ + q)2

[

1− 1√
2

(

1− 2

n

)]

=
2B0(1 + γS + qS)2

(γ + q)2

(

2−
√
2

2
+

√
2

n

)

,
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then U1 < U0 < U2. Define

I(U, p− P ) := b4 + P +
Uα

1 + γS + qS
− 1

2B0

(

b1 + P
γ + 2

1 + γS + 2S

)

U
γ + q

1 + γS + qS

= −(p− P )− qα

γ + q
+

Uα

1 + γS + qS

− 1

2B0

[

a1 ·
α(γ + 3)

1 + γS + 2S
−
(

α + p− P
) γ + 2

1 + γS + 2S

]

U
γ + q

1 + γS + qS

=

[

U(γ + 2)(γ + q)

2B0(1 + γS + 2S)(1 + γS + qS)
− 1

]

(p− P )− qα

γ + q
+

Uα

1 + γS + qS

− 1

2B0

[

a1 ·
α(γ + 3)

1 + γS + 2S
− α(γ + 2)

1 + γS + 2S

]

U
γ + q

1 + γS + qS
.

If p− P = n+2
n−2

− 1
n2 ,

I

(

U0,
n+ 2

n− 2
− 1

n2

)

=

[(

2−
√
2

2
+

√
2

n

)

(γ + 2)(1 + γS + qS)

(γ + q)(1 + γS + 2S)
− 1

]

(

n+ 2

n− 2
− 1

n2

)

− qα

γ + q

+

(

2−
√
2

2
+

√
2

n

)

2B0(1 + γS + qS)α

(γ + q)2

−
[

a1 ·
α(γ + 3)

1 + γS + 2S
− α(γ + 2)

1 + γS + 2S

]1 + γS + qS

γ + q

(

2−
√
2

2
+

√
2

n

)

=









(

2−
√
2

2
+

√
2

n

)

(γ + 2)(1 + γS + qS)

(γ + q)(1 + γS + 2S)
1○

− 1









(

n + 2

n− 2
− 1

n2

)

+
α

γ + q

[

− q +

(

2−
√
2

2
+

√
2

n

)

2B0(1 + γS + qS)

γ + q
2○

− 2
√

(n− 2)(2n− 6)− n+ 4

n− 2
· 1 + γS + qS

1 + γS + 2S

(

2−
√
2

2
+

√
2

n

)

3○

]

.

Then we need to estimate 1○, 2○ and 3○. Using the fact that if x = 1
n−2

≤ 1
5
,

1− 1

2
x− 1

6
x2 <

√
1− x < 1− 1

2
x− 1

8
x2,

⇒
√
2
[

n− 5

2
− 1

6(n− 2)

]

<
√

(n− 2)(2n− 6) =
√
2(n− 2)

√

1− 1

n− 2
<

√
2
[

n− 5

2
− 1

8(n− 2)

]

,

we get the following estimates:
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• 1○: Firstly, we know that

(γ + 2)(1 + γS + qS)

(γ + q)(1 + γS + 2S)
− 1 =

2− q

(γ + q)(1 + γS + 2S)

=
2− q

n− 4 + q
· n− 4
√

(n− 2)(2n− 6)− 2

<
2− q

n− 4 + q
· n− 4
√
2(n− 2)

[

1− 1
2(n−2)

− 1
6(n−2)2

]

− 2

=
2− q

n− 4 + q
· n− 4
√
2
[

n− 5
2
− 1

6(n−2)
−
√
2
] ,

and
(

−1

2
+

1

n

)(

n+ 2

n− 2
− 1

n2

)

= −1

2
− 1

n
+

n− 2

2n3
< −1

2
− 1

n
+

1

2n2
.

Besides, we have the following estimates:

claim 4. When n ≥ 7, we have
(

2−
√
2

2
+

√
2

n

)

· n− 4
√
2
(

n− 5
2
− 1

6(n−2)
−

√
2
)

(

n+ 2

n− 2
− 1

n2

)

<

√
2− 1

2
+

3

n
.

Then we get that








(

2−
√
2

2
+

√
2

n

)

(γ + 2)(1 + γS + qS)

(γ + q)(1 + γS + 2S)
1○

− 1









(

n + 2

n− 2
− 1

n2

)

<







(

2−
√
2

2
+

√
2

n

)



1 +
2− q

n− 4 + q
· n− 4
√
2
(

n− 5
2
− 1

6(n−2)
−
√
2
)



− 1







(

n+ 2

n− 2
− 1

n2

)

=

(

2−
√
2

2
+

√
2

n

)

2− q

n− 4 + q
· n− 4
√
2
(

n− 5
2
− 1

6(n−2)
−
√
2
)

(

n + 2

n− 2
− 1

n2

)

+

(

−
√
2

2
+

√
2

n

)

(

n+ 2

n− 2
− 1

n2

)

< −
√
2

2
−

√
2

n
+

√
2

2n2
+

2− q

n− 4 + q

(√
2− 1

2
+

3

n

)

.
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• 2○:

2B0(1 + γS + qS)

γ + q

= 2

(

γ +
n

n− 1

)

a1

(

1

γ + q
+ S

)

= 2

(

n− 3 +
1

n− 1

)

2
√

(n− 2)(2n− 6) + n2 − 5n + 8

(n− 1)(n− 2)

[

1

n− 4 + q
+

√

(n− 2)(2n− 6)− n + 2

(n− 2)(n− 4)

]

> 2

(

n− 3 +
1

n− 1

) 2
√
2
[

n− 5
2
− 1

6(n−2)

]

+ n2 − 5n+ 8

(n− 1)(n− 2)





1

n− 4 + q
+

√
2
[

n− 5
2
− 1

6(n−2)

]

− n + 2

(n− 2)(n− 4)





≥ 2

(

n− 3 +
1

n− 1

) 2
√
2
(

n− 38
15

)

+ n2 − 5n+ 8

(n− 1)(n− 2)





1

n− 4 + q
+

√
2
(

n− 38
15

)

− n + 2

(n− 2)(n− 4)



 .

Using the fact that when n = 7,

1

n
+

1

n(n− 1)
=

0.5

n− 4
,

and when n ≥ 8

1

n
≥ 0.5

n− 4
,

we get that

1

n− 4 + q
≥ 1

n− 3 + 2
n

=
1

n− 2
· 1

1− 1
n

=
1

n− 2
·
[

1 +
1

n
+

1

n(n− 1)

]

≥ 1

n− 2
·
(

1 +
0.5

n− 4

)

=
1

n− 2
+

0.5

(n− 2)(n− 4)
,
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we get that:

2B0(1 + γS + qS)

γ + q

> 2

(

n− 3 +
1

n− 1

) 2
√
2
(

n− 38
15

)

+ n2 − 5n+ 8

(n− 1)(n− 2)





1

n− 2
+

0.5

(n− 2)(n− 4)
+

√
2
(

n− 38
15

)

− n + 2

(n− 2)(n− 4)





≥ 2

(

n− 3 +
1

n− 1

) 2
√
2
(

n− 38
15

)

+ n2 − 5n+ 8

(n− 1)(n− 2)2(n− 4)

[

n− 3.5 +
√
2
(

n− 38

15

)

− n+ 2

]

= 2

(

n− 3 +
1

n− 1

) 2
√
2
(

n− 38
15

)

+ n2 − 5n+ 8

(n− 1)(n− 2)2(n− 4)

[√
2
(

n− 53

21

)

− 1.5

]

.

claim 5. When n ≥ 7, we have

2

(

n− 3 +
1

n− 1

) 2
√
2
(

n− 38
15

)

+ n2 − 5n+ 8

(n− 1)(n− 2)2(n− 4)

[√
2
(

n− 38

15

)

− 1.5

]

> 2
√
2 +

0.4
√
2

n
.

Thus we obtain that

2B0(1 + γS + qS)

γ + q
> 2

√
2 +

0.4
√
2

n
.

• 3○:

1 + γS + qS

1 + γS + 2S
− 1 = − (2− q)S

1 + γS + 2S

= − 2− q

n− 2
·
√

(n− 2)(2n− 6)− n+ 2
√

(n− 2)(2n− 6)− 2

< − 2− q

n− 2
·
√
2
[

n− 5
2
− 1

6(n−2)

]

− n+ 2

√
2
[

n− 5
2
− 1

8(n−2)

]

− 2

< − 2− q

n− 2
·

2−
√
2

2
n− 5

2
− 1

6(n−2)
+
√
2

n− 5
2
−

√
2

.
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2
√

(n− 2)(2n− 6)− n + 4

n− 2
· 1 + γS + qS

1 + γS + 2S

(

2−
√
2

2
+

√
2

n

)

<
2
√

(n− 2)(2n− 6)− n + 4

n− 2
·
(

1− 2− q

n− 2
·

2−
√
2

2
n− 5

2
− 1

6(n−2)
+
√
2

n− 5
2
−
√
2

)(

2−
√
2

2
+

√
2

n

)

=
2
√

(n− 2)(2n− 6)− n + 4

n− 2
·
(

2−
√
2

2
+

√
2

n

)

− 2− q

n− 2
·

2−
√
2

2
n− 5

2
− 1

6(n−2)
+
√
2

n− 5
2
−

√
2

· 2
√

(n− 2)(2n− 6)− n+ 4

n− 2

(

2−
√
2

2
+

√
2

n

)

.

claim 6. When n ≥ 7, we have

2
√

(n− 2)(2n− 6)− n+ 4

n− 2
·
(

2−
√
2

2
+

√
2

n

)

< (2
√
2− 1) · 2−

√
2

2
+

2.76

n
+

1.7

n2
.

claim 7. When n ≥ 7, we have

1

n− 2
·

2−
√
2

2
n− 5

2
− 1

6(n−2)
+
√
2

n− 5
2
−

√
2

· 2
√

(n− 2)(2n− 6)− n+ 4

n− 2

(

2−
√
2

2
+

√
2

n

)

>
8
√
2− 11

2

(

1

n
+

7

n2

)

.

Hence we get that

2
√

(n− 2)(2n− 6)− n+ 4

n− 2
· 1 + γS + qS

1 + γS + 2S

(

2−
√
2

2
+

√
2

n

)

< (2
√
2− 1) · 2−

√
2

2
+

2.76

n
+

1.7

n2

− (2− q)
8
√
2− 11

2

(

1

n
+

7

n2

)

.

By direct computation, we get that

lim
n→∞

I

(

U0,
n+ 2

n− 2
− 1

n2

)

= 0.
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So we should pay more attention to the terms O( 1
n
).

⇒I

(

U0,
n+ 2

n− 2
− 1

n2

)

≤ −
√
2

2
−

√
2

n
+

√
2

2n2
+

2− q

n− 4 + q

(√
2− 1

2
+

3

n

)

+
−n + 4− 4

n

n− 4 + q

{

− q +

(

2−
√
2

2
+

√
2

n

)

·
(

2
√
2 +

0.4
√
2

n

)

− (2
√
2− 1) · 2−

√
2

2
− 2.76

n
− 1.7

n2
+ (2− q)

8
√
2− 11

2

(

1

n
+

7

n2

)

}

≤ −
√
2

2
−

√
2

n
+

√
2

2n2
+

2− q

n− 3

(√
2− 1

2
+

3

n

)

− n− 4 + 4
n

n− 4 + q

{

− q +

(

2−
√
2

2
+

√
2

n

)

·
(

2
√
2 +

0.4
√
2

n

)

+ 3− 2.5
√
2− 2.76

n
− 1.7

n2
+ (2− q)

8
√
2− 11

2

(

1

n
+

7

n2

)

}

,

Thus for n ≥ 7, we have:

⇒I

(

U0,
n+ 2

n− 2
− 1

n2

)

< −
√
2

2
−

√
2

n
+

√
2

2n2
+

2− q

n− 3

(√
2− 1

2
+

3

n

)

− n− 4 + 4
n

n− 4 + q

[

1− q − 0.5
√
2 +

0.84 + 0.4
√
2

n
− 0.9

n2
+ (2− q)

8
√
2− 11

2

(

1

n
+

7

n2

)

]

.

(68)

• When n ≥ 9, we have

1− q − 0.5
√
2 +

0.84 + 0.4
√
2

n
− 0.9

n2
+ (2− q)

8
√
2− 11

2

(

1

n
+

7

n2

)

< −0.5
√
2 +

0.84 + 0.4
√
2

n
− 0.9

n2
+

8
√
2− 11

2

(

1

n
+

7

n2

)

= −0.5
√
2 +

4.4
√
2− 4.66

n
+

28
√
2− 39.4

n2

≤ −0.5
√
2 +

4.4
√
2− 4.66

7
+

28
√
2− 39.4

49
< 0.
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• When n ≥ 9

1

n− 3
=

1

n

(

1 +
3

n
+

9

n2
· 1

1− 3
n

)

≤ 1

n

(

1 +
3

n
+

1

n
· 9
6

)

=
1

n
+

4.5

n2
.

claim 8. When n ≥ 9, we have

n− 4 + 4
n

n− 4 + q
< 1− q

n
+

1.5q2 − 8q + 12

n2
.

Noting that when n ≥ 9 and 1 < q ≤ 1 + 2
n
≤ 11

9
, we have that

⇒I

(

U0,
n+ 2

n− 2
− 1

n2

)

≤ −
√
2

2
−

√
2

n
+

√
2

2n2
+ (2− q)

(

1

n
+

4.5

n2

)

(√
2− 1

2
+

3

n

)

−
(

1− q

n
+

1.5q2 − 8q + 12

n2

)

[

1− q − 0.5
√
2 +

0.84 + 0.4
√
2

n
− 0.9

n2

+ (2− q)
8
√
2− 11

2

(

1

n
+

7

n2

)

]

=

[

−
√
2 +

√
2− 1

2
(2− q) + n(q − 1)− 0.84− 0.4

√
2− (2− q)

8
√
2− 11

2
− 0.5

√
2q

]

1

n

+

[√
2

2
+ 3(2− q) +

9
√
2− 9

4
(2− q) + 0.9− (2− q)

56
√
2− 77

2
+ nq(1− q)

+ q(0.84 + 0.4
√
2) + q(2− q)

8
√
2− 11

2
+ 0.5

√
2(1.5q2 − 8q + 12)

]

1

n2

+

[

13.5(2− q)− 0.9q + q(2− q)
56
√
2− 77

2

]

1

n3

− 1.5q2 − 8q + 12

n2

[

1− q +
0.84 + 0.4

√
2

n
− 0.9

n2
+ (2− q)

8
√
2− 11

2

(

1

n
+

7

n2

)

]
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⇒I

(

U0,
n+ 2

n− 2
− 1

n2

)

<

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

1.61 + 2.84(2− q) + nq(1− q) + 1.41q + q(2− q)
8
√
2− 11

2
+ 0.5

√
2(1.5− 8 + 12)

]

1

n2

+

[

13.5(2− q)− 0.9q + q(2− q)
56
√
2− 77

2

]

1

n3

− 1.5q2 − 8q + 12

n2

[

− 2

n
+

0.84 + 0.4
√
2

n
− 0.9

n2
+

(

1− 2

n

)

8
√
2− 11

2

(

1

n
+

7

n2

)

]

⇒I

(

U0,
n + 2

n− 2
− 1

n2

)

<

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

5.5 + 2.84(2− q) + nq(1− q) + 1.41q + q(2− q)
8
√
2− 11

2

]

1

n2

+

[

13.5(2− q)− 0.9q + q(2− q)
56
√
2− 77

2

]

1

n3

− 1.5q2 − 8q + 12

n2

(

− 0.44

n
− 0.12

n2
− 2.2

n3

)

<

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

5.5 + 2.84(2− q) + nq(1− q) + 1.41q + q(2− q)
8
√
2− 11

2

]

1

n2

+

[

13.5(2− q)− 0.9 +
56
√
2− 77

2

]

1

n3
+

5.5

n2

(

0.44

n
+

0.12

9n
+

2.2

81n

)
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⇒I

(

U0,
n+ 2

n− 2
− 1

n2

)

<

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

5.5 + 2.84(2− q) + nq(1− q) + 1.41q + q(2− q)
8
√
2− 11

2

]

1

n2

+
13.5(2− q) + 2.85

n3

<

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

5.5 + 2.84(2− q) + nq(1− q) + 1.41q +
8
√
2− 11

2

]

1

n2

+
13.5(2− q) + 2.85

9n2
.

⇒I

(

U0,
n+ 2

n− 2
− 1

n2

)

<

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

6 + 4.34(2− q) + nq(1− q) + 1.41q

]

1

n2
.

(69)

claim 9. When n = 7, 8, the inequality (69) still holds.
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Since n ≥ 7 and 1 < q ≤ 1 + 2
n
, we know

I

(

U0,
n+ 2

n− 2
− 1

n2

)

<

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

6 + 4.34(2− q) + 1.41q

]

1

n2

<

(

n− 0.758− 2.93

n

)

q

n
+

−n− 2.698

n
+

14.68

n2

≤
(

n− 0.758− 2.93

n

)

n + 2

n2
+

−n− 2.698

n
+

14.68

n2

=
−0.758n2 − 2.93n+ 2n2 − 1.516n− 5.86− 2.698n2 + 14.68n

n3

=
−1.456n2 + 10.234n− 5.86

n3
< 0.

�

Lemma 6.3. If 1 < p ≤ n+2
n−2

, q = 2p
p+1

, then there exists 0 ≤ M2 < M1, where M1

comes from Theorem 1.5, such that for any M > M2, the conditions (66) and (67) are
satisfied.

Proof. By Lemma 6.2, we know when 1 < p < n+2
n−2

− 1
n2 , we can choose P < 0, such

that

p− P =
n + 2

n− 2
− 1

n2
,

and the conditions (66) and (67) are satisfied. At this time, we can choose M2 = 0 <
M1.

claim 10. When n+2
n−2

− 1
n2 ≤ p ≤ n+2

n−2
and n ≥ 7, we have

1 +
1.9

n
< q < 1 +

2

n
.
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Thus by (69) we get that

⇒I

(

U0,
n+ 2

n− 2
− 1

n2

)

<

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

6 + 4.34(2− q) + nq(1− q) + 1.41q

]

1

n2

<

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

6 + 4.32(2− q)− 1.9

(

1 +
1.9

n

)

+ 1.41q

]

1

n2
.

⇒I

(

U0,
n + 2

n− 2
− 1

n2

)

<

(

n− 0.758− 2.93

n

)

q

n
+

−n− 2.698

n
+

12.78

n2
,

Combine (66), we can see

PJ = −I

(

U0,
n+ 2

n− 2
− 1

n2

)

> −
(

n− 0.758− 2.93

n

)

q

n
+

n+ 2.698

n
− 12.78

n2
.

(70)

By (67), we get

P · q
2

(

J · 2

2− q

)− 2−q

q

M− 2
q < − q

γ + q
+ U0,

⇔P · q
2

(

J · 2

2− q

)− 2−q

q

(

− q

γ + q
+ U0

)−1

< M
2
q ,

⇔P
q

2 ·
(q

2

)
q

2
(

J · 2

2− q

)− 2−q

2

(

− q

γ + q
+ U0

)− q

2

< M.

We only need to show that

P
q

2 ·
(q

2

)
q

2
(

J · 2

2− q

)− 2−q

2

(

− q

n− 4 + q
+ U0

)− q

2

< (p+ 1)

[

(n− 1)2q

4n
− 1

]−1[

n

q
− n(n− 1)

n+ 2

]
q

2

= M1.
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RHS = (p+ 1)

[

(n− 1)2q

4n
− 1

]−1[

n

q
− n(n− 1)

n+ 2

]
q

2

> (p+ 1)

[

(n− 1)2q

4n
− 1

]−1[

n2

n+ 2
− n(n− 1)

n + 2

]
q

2

>

(

n+ 2

n− 2
− 1

n2
+ 1

)

[

(n− 1)2(n + 2)

4n2
− 1

]−1(

n

n + 2

)
n+2
2n

>

(

n+ 1

n− 2
+ 1

)

[

(n− 1)2(n+ 2)

4n2
− 1

]−1(

7

9

)
n+2
2n

> 2

(

7

9

)
9
14
[

(n− 1)2(n + 2)

4n2
− 1

]−1

> 1.7

[

(n− 1)2(n+ 2)

4n2
− 1

]−1

.

claim 11. When n ≥ 7, we have

U0 > (4− 2
√
2)

(

1

n
+

7

n2

)

.

Besides we know that the function y = x− 1
x is decreasing when x > 1. So we get

that

(

2

2− q

)− 2−q

2

<

(

2

2− 1

)− 2−1
2

=

√
2

2
.
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Hence we obtain that:

LHS = P
q

2 ·
(q

2

)
q

2
(

J · 2

2− q

)− 2−q

2

(

− q

n− 4 + q
+ U0

)− q

2

= P ·
(q

2

)
q

2
(

PJ · 2

2− q

)− 2−q

2

(

− q

n− 4 + q
+ U0

)− q

2

<
1

n2

[

−
(

n− 0.758− 2.93

n

)

q

n
+

n+ 2.698

n
− 12.78

n2

]− 2−q

2

·
(

2

2− q

)− 2−q

2

·
(

− 1 + 2
n

n− 3 + 2
n

+
4− 2

√
2

n
+

28− 14
√
2

n2

)− q

2

<
1

n2

[

−
(

n− 0.758− 2.93

n

)

n + 2

n2
+

n + 2.698

n
− 12.78

n2

]− 2−q

2

·
√
2

2

(

−1 + 2
n

n− 3
+

4− 2
√
2

n
+

28− 14
√
2

n2

)− q

2

<
1

nq

(

1.456n− 8.334

)− 2−q

2

·
√
2

2

(

−1 + 2
n

n − 3
+

4− 2
√
2

n
+

28− 14
√
2

n2

)− q

2

< n−1− 1.9
n

(

1.456n− 8.334

)−n−2
2n

·
√
2

2

(

−1 + 2
n

n − 3
+

4− 2
√
2

n
+

28− 14
√
2

n2

)− q

2

When n = 7, we have

RHS > 2.6,

and

LHS < n−1− 1.9
n

(

1.456n− 8.334

)−n−2
2n

·
√
2

2

(

−1 + 2
n

n− 3
+

4− 2
√
2

n
+

28− 14
√
2

n2

)−n+2
2n

< 0.8.
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When n ≥ 8, we have

− 1 + 2
n

n− 3
+

1

n
+

28− 14
√
2

n2

> −1 + 2
n

n − 3
+

1

n
+

8.2

n2

=
−n2 − 2n+ n2 − 3n+ 8.2n− 24.6

n2(n− 3)

=
3.2n− 24.6

n2(n− 3)
> 0.

Thus we deduce that

LHS < n−1− 1.9
n

(

1.456n− 8.334

)−n−2
2n

·
√
2

2
·
(

3− 2
√
2

n

)− q

2

< n−1− 1.9
n

(

1.456n− 8.334

)−n−2
2n

·
√
2

2
·
(

3− 2
√
2

n

)−n+2
2n

= n−1

(

1.456n− 8.334

)− 1
2

·
√
2

2
·
(

3− 2
√
2

n

)− 1
2 [

1.456n− 8.334

(3− 2
√
2)n

]
1
n

n
0.1
n .

Since the function y = n
1
n is decreasing when n ≥ e, we get that

LHS < n−1

(

1.456n− 8.334

)− 1
2

·
√
2

2
·
(

3− 2
√
2

n

)− 1
2 [

1.456

3− 2
√
2

]
1
8

8
0.1
8

< n−1

(

1.456n− 8.334

)− 1
2
(

3− 2
√
2

n

)− 1
2

< n−1

(

0.24− 1.43

n

)− 1
2

.
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Therefore, if n ≥ 8, we need to show that

n−1

(

0.24− 1.43

n

)− 1
2

< 1.7

[

(n− 1)2(n+ 2)

4n2
− 1

]−1

,

⇔
[

(n− 1)2(n+ 2)

4n2
− 1

]

< 1.7n

(

0.24− 1.43

n

)
1
2

,

⇐
[

(n− 1)2(n+ 2)

4n2
− 1

]

< 1.7n

(

0.24− 1.43

8

)
1
2

,

⇐(n− 1)2(n + 2)

4n2
− 1 < 0.4n,

⇐0.6n3 + 4n2 + 3n− 2 > 0.

�

A. Proof of claims in Section 6

Proof of claim 2. Denote

D1 =

√

(n− 2)(2n− 6)− 2

n− 4

D2 =
2
√

(n− 2)(2n− 6) + n2 − 5n + 8

(n− 1)2

then

H = 4(n− 2)D1D2

(

−n + 3− 4

n

)

×
{

1

n2
− n+ 2

n− 2
+

n− 2−
√

(n− 2)(2n− 6)

n

}

−
{

−(n + 2) +
n− 2

n2
− n− 2

n

(

2
√

(n− 2)(2n− 6)− n + 4
)

}2

= 4(n− 2)D1D2

(

n− 3 +
4

n

) 4n2 − n + 2 + n(n− 2)
(

2 +
√

(n− 2)(2n− 6)
)

n2(n− 2)

−
{

1

n2

[

8n2 − 9n+ 2 + 2n(n− 2)
√

(n− 2)(2n− 6)
]

}2

.
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⇒

n4H =4n2D1D2

(

n− 3 +
4

n

)

[

6n2 − 5n+ 2 + n(n− 2)
√

(n− 2)(2n− 6)
]

−
{

8n2 − 9n+ 2 + 2n(n− 2)
√

(n− 2)(2n− 6)
}2

D1 ×D2 =

(

√

(n− 2)(2n− 6)− 2
)(

2
√

(n− 2)(2n− 6) + n2 − 5n+ 8
)

(n− 1)2(n− 4)

=
2(n2 − 5n+ 4) + (n− 1)(n− 4)

√

(n− 2)(2n− 6)

(n− 1)2(n− 4)

=
2 +

√

(n− 2)(2n− 6)

n− 1
.

Let ∆′ = (n− 2)(2n− 6)

⇒ n4H =4n22 +
√
∆′

n− 1

n2 − 3n+ 4

n

[

6n2 − 5n+ 2 + n(n− 2)
√
∆′
]

−
[

8n2 − 9n+ 2 + 2n(n− 2)
√
∆′
]2

,

so

(n− 1)n4H =4n(n2 − 3n+ 4)(2 +
√
∆′)

[

6n2 − 5n+ 2 + n(n− 2)
√
∆′
]

− (n− 1)
[

8n2 − 9n+ 2 + 2n(n− 2)
√
∆′
]2

=8n(n2 − 3n+ 4)(6n2 − 5n+ 2)

+ 4n2(n− 2)2(n2 − 3n + 4)(2n− 6)− 4n2(n− 2)3(2n− 6)(n− 1)

− (8n2 − 9n+ 2)2(n− 1) +
√
∆′ · 8n(8n2 − 9n+ 2)

=8n(n2 − 3n+ 4)(6n2 − 5n+ 2) + 8n2(n− 2)2(2n− 6)

− (8n2 − 9n+ 2)2(n− 1) +
√
∆′ · 8n(8n2 − 9n+ 2)

=− 88n4 + 327n3 − 251n2 + 24n+ 4 +
√
∆′ · 8n(8n2 − 9n+ 2).

Since we know when n ≥ 7,

√
∆′ >

√
2

[

n− 2.5− 1

6(n− 2)

]

>
√
2

(

n− 2.5− 1

30

)

=
√
2

(

n− 38

15

)

,
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then we get that

(n− 1)n4H > −88n4 + 327n3 − 251n2 + 24n+ 4 + 8
√
2n

(

n− 38

15

)

· (8n2 − 9n+ 2)

> 2.5n4 − 4.2n3 + 29n2 − 34n+ 4 > 0.

�

Proof of claim 3 . In fact, we know

(

1 +
2

n

)(

n− 3 +
2

n

)

(n− 2)2(n− 1)

=

(

n− 1− 4

n
+

4

n2

)

(n− 2)2(n− 1)

<

(

n− 1− 3

n

)

(n− 2)2(n− 1)

=
(

n2 − 3n
)

(n− 2)(n− 1),

and

2
√

(n− 2)(2n− 6) + n2 − 5n+ 8

> 2
√
2(n− 3) + n2 − 5n+ 8

= n2 − 2.3n+ (2
√
2− 2.7)n+ 8− 6

√
2

> n2 − 2.3n.

Then we get that

∆ > 1− (1 + 2
n
)(n− 3 + 2

n
)(n− 2)2(n− 1)

( n
n−1

+ n− 4)(2n− 6)
[

2
√

(n− 2)(2n− 6) + n2 − 5n+ 8
]

> 1− (n2 − 3n) (n− 2)(n− 1)

(n− 3 + 1
n−1

)(2n− 6)(n2 − 2.3n)

= 1− (n− 2)(n− 1)

2(n− 3 + 1
n−1

)(n− 2.3)

= 1− (n− 2)(n− 1)

2(n2 − 5.3n+ 7.9− 1.3
n−1

)

> 1− (n− 2)(n− 1)

2(n2 − 5.3n+ 7.6)
.
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Then

∆ > 0.5− 2

n
+

2

n2
,

⇔1− (n− 2)(n− 1)

2(n2 − 5.3n+ 7.6)
> 0.5− 2

n
+

2

n2
,

⇔ (n− 2)(n− 1)

(n2 − 5.3n+ 7.6)
<

n2 + 4n− 4

n2
,

⇔ h1(n) :=− 1.7n3 + 19.6n2 − 51.6n+ 30.4 < 0

Since n ≥ 9, we know

h′(n) = −5.1n2 + 39.2n− 51.6 ≤ h′(9) < 0.

So we deduce that

h(n) < h(9) < 0.

�

Proof of claim 4 .

LHS =

(√
2− 1

2
+

1

n

)

· n− 4

n− 5
2
− 1

6(n−2)
−
√
2

(

1 +
4

n− 2
− 1

n2

)

=

(√
2− 1

2
+

1

n
+

2
√
2− 2

n− 2
+

4

n(n− 2)
−

√
2− 1

2n2
− 1

n3

)

· n− 4

n− 5
2
− 1

6(n−2)
−

√
2

<

(√
2− 1

2
+

1

n
+

2
√
2− 2

n− 2
+

4

n(n− 2)
−

√
2− 1

2n2
− 1

n3

)

· n− 4

n− 5
2
− 1

30
−
√
2

<

√
2− 1

2
+

1

n
+

2
√
2− 2

n
+

2
√
2− 2

n− 2
− 2

√
2− 2

n
+

4

n(n− 2)
−

√
2− 1

2n2
− 1

n3

Thus we get that

LHS <

√
2− 1

2
+

2
√
2− 1

n
+

4
√
2

n(n− 2)

≤
√
2− 1

2
+

2
√
2− 1

n
+

4
√
2

5n

<

√
2− 1

2
+

3

n
.

�
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Proof of claim 5 .

LHS = 2
√
2

(

n− 3 +
1

n− 1

) 2
√
2
(

n− 38
15

)

+ n2 − 5n+ 8

(n− 1)(n− 2)2(n− 4)

(

n− 38

15
− 1.5√

2

)

> 2
√
2

(

n− 3 +
1

n− 1

)

n2 − 2.2n+ 0.83

(n− 1)(n− 2)2(n− 4)
(n− 3.6)

> 2
√
2

(

n− 3 +
1

n

)

n2 − 2.2n+ 0.83

(n− 1)(n− 2)2(n− 4)
(n− 3.6)

> 2
√
2
(

n3 − 5.2n2 + 8.43n− 4.69
) n− 3.6

(n− 1)(n− 2)2(n− 4)

= 2
√
2 · n

3 − 5.2n2 + 8.43n− 4.69

n3 − 8n2 + 20n− 16
· n− 3.6

n− 1
.

So we only need to show that

n3 − 5.2n2 + 8.43n− 4.69

n3 − 8n2 + 20n− 16
· n− 3.6

n− 1
>

n+ 0.2

n
,

⇔n(n− 3.6)(n3 − 5.2n2 + 8.43n− 4.69)− (n− 1)(n + 0.2)(n3 − 8n2 + 20n− 16) > 0.

Actually, we know

LHS = n5 − 8.8n4 + 27.15n3 − 35.038n2 + 16.884n− (n5 − 8.8n4 + 26.2n3 − 30.4n2 + 8.8n+ 3.2)

= 0.95n3 − 4.638n2 + 8.084n− 3.2

> 0.95 · 73 − 4.638 · 72 + 8.084 · 7− 3.2 > 0.

�

Proof of claim 6 . When n = 7, we have

LHS < 0.96 < RHS.

When n = 8, we have

LHS < 0.9 < RHS.
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When n ≥ 9, we have

LHS <
2
√
2
[

n− 5
2
− 1

8(n−2)

]

− n+ 4

n− 2
·
(

2−
√
2

2
+

√
2

n

)

<
2
√
2
[

n− 5
2
− 1

8n

]

− n+ 4

n− 2
·
(

2−
√
2

2
+

√
2

n

)

=

[

(2
√
2− 1)n+ 4− 5

√
2−

√
2

4n

]

· 1
n

(

1 +
2

n
+

4

n2
· n

n− 2

)

·
(

2−
√
2

2
+

√
2

n

)

≤
(

2
√
2− 1 +

4− 5
√
2

n
−

√
2

4n2

)

·
(

1 +
2

n
+

4

n2
· 9
7

)

·
(

2−
√
2

2
+

√
2

n

)

LHS =

[

2
√
2− 1 +

2−
√
2

n
+

72
√
2− 36

7n2
+

8− 10
√
2

n2
−

√
2

4n2
+

144− 180
√
2

7n3
−

√
2

2n3

− 9
√
2

7n4

]

·
(

2−
√
2

2
+

√
2

n

)

<

(

2
√
2− 1 +

2−
√
2

n
+

2.91

n2
− 16.5

n3

)

·
(

2−
√
2

2
+

√
2

n

)

= (2
√
2− 1)

2−
√
2

2
+

4−
√
2

n
+

3− 2
√
2

n
+

2
√
2− 2

n2
+

2.91(2−
√
2)

2n2
+

2.91
√
2

n3

− 16.5(2−
√
2)

2n3
− 16.5

√
2

n4

= (2
√
2− 1)

2−
√
2

2
+

7− 3
√
2

n
+

0.91 + 0.545
√
2

n2
+

11.16
√
2− 16.5

n3
− 16.5

√
2

n4

< (2
√
2− 1)

2−
√
2

2
+

7− 3
√
2

n
+

0.91 + 0.545
√
2

n2

< (2
√
2− 1)

2−
√
2

2
+

2.76

n
+

1.7

n2
.

�

Proof of claim 7 . When n = 7,

LHS > 0.05 > RHS.

When n = 8,

LHS > 0.04 > RHS.
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When n ≥ 9

LHS >
1

n− 2
·

2−
√
2

2
n− 53

21
+
√
2

n− 5
2
−

√
2

·
2
√
2
[

n− 5
2
− 1

6(n−2)

]

− n+ 4

n− 2

(

2−
√
2

2
+

√
2

n

)

≥ 1

n− 2
·

2−
√
2

2
n− 53

21
+
√
2

n− 5
2
−
√
2

·
2
√
2
[

n− 5
2
− 1

42

]

− n+ 4

n− 2

(

2−
√
2

2
+

√
2

n

)

>
2−

√
2

2
(2
√
2− 1) · 2−

√
2

2
· (n− 3.8)(n− 1.72)

(n− 2)2(n− 3.9)
· n + 4.8

n

=
8
√
2− 11

2
· (n− 3.8)(n− 1.72)

(n− 2)2(n− 3.9)
· n+ 4.8

n

So we only need to check that

(n− 3.8)(n− 1.72)(n+ 4.8)

(n− 2)2(n− 3.9)
>

n+ 7

n
,

⇔n(n− 3.8)(n− 1.72)(n+ 4.8)− (n+ 7)(n− 2)2(n− 3.9) > 0,

⇐n(n− 1.72)(n+ 4.8)− (n + 7)(n− 2)2 = 0.08n2 + 15.744n− 28 > 0.

�

Proof of claim 8 .

n− 4 + 4
n

n− 4 + q
=

(

1− 4

n
+

4

n2

) ∞
∑

k=0

(

4− q

n

)k

<

(

1− 4

n
+

4

n2

)

(

1 +
4− q

n
+

(4− q)2

n2
· 1

1− 4−q

n

)

≤
(

1− 4

n
+

4

n2

)(

1 +
4− q

n
+

(4− q)2

n2
· 1

1− 4−1
9

)

=

(

1− 4

n
+

4

n2

)(

1 +
4− q

n
+

1.5(4− q)2

n2

)

= 1− q

n
+

1.5(4− q)2 − 16 + 4q + 4

n2
+

4− q

n3

[

−6(4− q) + 4 +
6(4− q)

n

]

< 1− q

n
+

1.5q2 − 8q + 12

n2

�

51



XI-NAN MA, WANGZHE WU, AND QIQI ZHANG

Proof of claim 9. Recall that we have already known (68) :

⇒I

(

U0,
n+ 2

n− 2
− 1

n2

)

≤ −
√
2

2
−

√
2

n
+

√
2

2n2
+

2− q

n− 3

(√
2− 1

2
+

3

n

)

− n− 4 + 4
n

n− 4 + q

[

1− q − 0.5
√
2 +

0.84 + 0.4
√
2

n
− 0.9

n2
+ (2− q)

8
√
2− 11

2

(

1

n
+

7

n2

)

]

.

When n = 7 and 1 < q ≤ 9
7
,

I

(

U0,
n + 2

n− 2
− 1

n2

)

< −0.89 + 0.16(2− q)− 25

7(q + 3)

[

− q + 0.47 + 0.044(2− q)

]

< −0.89 + 0.16(2− q)− 25

28

[

− q + 0.47 + 0.044(2− q)

]

< 0.773q − 1.068.

and

[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

6 + 4.34(2− q) + nq(1− q) + 1.41q

]

1

n2

> −1

7
q2 + 0.974q − 1.086 > 0.773q − 1.068.

When n = 8 and 1 < q ≤ 5
4
,

I

(

U0,
n+ 2

n− 2
− 1

n2

)

< −0.87 + 0.12(2− q)− 4.5

4 + q

[

− q + 0.45 + 0.036(2− q)

]

< −0.87 + 0.12(2− q)− 4.5

5

[

− q + 0.45 + 0.036(2− q)

]

< 0.8124q − 1.0998,
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and
[

− 2.8 + 0.051(2− q) + n(q − 1)− 0.5
√
2q

]

1

n

+

[

6 + 4.34(2− q) + nq(1− q) + 1.41q

]

1

n2

> −1

8
q2 + 0.98q − 1.108 > 0.8124q − 1.0998.

�

Proof of claim 10. If q > 1 + 1.9
n
, then

p =
q

2− q
>

n + 1.9

n− 1.9
.

So we only need to check that

n + 2

n− 2
− 1

(n− 2)2
>

n+ 1.9

n− 1.9
,

⇔ n2 − 5

(n− 2)2
− n + 1.9

n− 1.9
> 0,

⇔(n2 − 5)(n− 1.9)− (n+ 1.9)(n− 2)2 > 0,

⇔0.2n2 − 1.4n+ 1.9 > 0.

The last inequality follows from n ≥ 7.
�

Proof of claim 11 . By claim 5 we know

U0 =
2B0(1 + γS + qS)2

(γ + q)2

(

2−
√
2

2
+

√
2

n

)

=
2B0(1 + γS + qS)

γ + q

(

1

γ + q
+ S

)

(

2−
√
2

2
+

√
2

n

)

>

(

2
√
2 +

0.4
√
2

n

) √
2(n− 38

15
)− 1.5

(n− 2)(n− 4)

(

2−
√
2

2
+

√
2

n

)

>
2−

√
2

2

(

4 +
0.8

n

)

n− 3.6

(n− 2)(n− 4)

(

1 +
4.8

n

)

= (4− 2
√
2)

(

1 +
0.2

n

)

n− 3.6

(n− 2)(n− 4)

(

1 +
4.8

n

)

.
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We only need to show that

(n+ 0.2)(n− 3.6)(n+ 4.8)

n2(n− 2)(n− 4)
>

n + 7

n2
,

⇔(n+ 0.2)(n− 3.6)(n+ 4.8)− (n+ 7)(n− 2)(n− 4) > 0.

LHS = 0.4n2 + 16.96n− 59.456 > 0.

�
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