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LIOUVILLE THEOREM FOR ELLIPTIC EQUATIONS INVOLVING
THE SUM OF THE FUNCTION AND ITS GRADIENT IN R"

XI-NAN MA, WANGZHE WU, AND QIQI ZHANG

ABSTRACT. We prove Liouville theorem for the equation Av+ NoP + M|Vv|? =0 in
R", with M, N > 0,q = % in the critical and subcritical case. The proof is based
on an integral identity and Young inequality.

1. INTRODUCTION

In this paper, we are concerned with a Liouville type theorem for the global solutions
in the critical and subcritical cases of the following equations in R™:

Av + NoP + M|Vo|? =0, (1)

where ¢ = z%’ p and g are exponents larger than 1 and M € R, N > 0. This kind of
equations are widely concerned and studied depending on the different value of M, N.

For the case M = 0, N = 1, the work concerning the symmetry of solutions of second
order elliptic equations on an unbounded domain was first done by Gidas, Ni and
Nirenberg [14], and then generalized to infinite cylinders by Berestycki and Nirenberg
[5]. In the elegant paper of Gidas, Ni and Nirenberg [14], one of the interesting results
is on the symmetry of the solutions of the equation. They proved that for p = Z—J_rg,
all the positive solutions with reasonable behavior at infinity, namely v = O(|z|*™")
which are radially symmetric about some point, and hence assume the form

[ An(n—-2) 1%
“= [A2+|x—x0|2] '
This uniqueness result, as was pointed out by R. Schoen, is in fact equivalent to the
geometric result due to Obata [20]. In the case that 1 < p < Z—J_rg, Gidas and Spruck
[15] showed that the only nonnegative solution is 0. The related equation

Av 4P =0,

usually called the Lane-Emden equation, it is well-known that radial ground states exist
if and only if the exponent p either is critical (i.e.=(n + 2)/(n — 2)) or is supercritical
(> (n+2)/(n—2)), this result going back to the pioneering work of R.H. Fowler in [12]
and [13]. A fairly straightforward modern proof of Fowler’s result can be given using
standard shooting methods together with generalized PohoZaev identities. Moreover,
for the deformation Lane-Emden equation equation

—Av = |[v[P~,

the first breakthrough in the study of it which plays an important role in modelling

meteorological or astrophysical phenomena [9, [10] came in the consideration of the case
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1<p< Z—J_rg, it is exactly due to Gidas-Spruck [15], using Harnack inequality as in
[22].
Due to Caffarelli, Gidas and Spruck [6], the treatment of the critical case p = 22

was made possible thanks to a completely new approach based upon a combination of
moving plane analysis and geometric measure theory. Later, Chen-Li [§] provided a
new proof for [6]. As for the supercritical case, not much is known and the existence
of radial ground states is a consequence of PohoZaev| s identity [21], using a shooting
method.

For the case M = 1, N = 0, it is evidently to be seen that equation (Il) becomes the
Hamilton-Jacobi equation

Av +|Vu|? =0,

which is proved by P.L. Lions [I8] that any C? solution in R"™ has to be a constant for
g > 1. In [7] and [23] most of the study deals with the case ¢ # %. In the critical
case, then not only the sign of M but also its value plays a fundamental role, with a
delicate interaction with the exponent p. Other work on this kind of equation can be
seen in [4]. Peculiarly, it can be also seen as another special case of the equation which

can be expressed as the product of v? and |Vul|%:
—Av =0P|Vol?, in R". (2)

Such equation was studied by Véron etc. in [I] and they obtained Liouville type
theorem with the conditions on p, ¢. They studied local and global properties of positive
solutions in the range p+ ¢ > 1, p > 0 and 0 < ¢ < 2. Their main results dealt with
the subcritical range and proved a priori estimates of positive solutions of (2)) in a
punctured domain and existence of ground states in R", based on two approaches for
obtaining their results: the direct Bernstein method and the integral Bernstein method
popularized by Lions [19] and Gidas and Spruck in [15] respectively. Both methods are
based upon differentiating the equation.

Actually, Véron and his research partners have already studied the same type equa-
tion as (1)) in [2] and [3] where it is concerned with local and global properties of positive
solutions with N = 1 in a domain 2 C R", in the range min{p,q} > 1, and M € R.
Particularly, they pointed out that there exists no nontrivial nonnegative solution with
n>1,pq>1,q# 22 and some extra conditions on u. In fact, we observe that the

P+l
equation (1) is invariant under the scaling transformation 7} with k£ > 0 if and only if

q is critical with respect to p, i.e., ¢ = 1%, and
T[o](z) = k7 To(ka). (3)

It follows that by rescaling, we can always assume N = 1 for our case. In the critical
case, first studies in the case M < 0 are due to Chipot and Weissler [7] for n = 1. The
case n > 2 was left open by Serrin and Zou [23] who performed a very detailed analysis
and the first partial results are due to Fila and Quittner [II] and Voirol [24] 25]. Much
less is known for M > 0. References [2] and [3] have done some work and also gave a

Liouville type theorem:
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Liouville theorem for elliptic equations

Theorem 1.1 (Theorem Cin [2]). Letn>1,p> 1,9 = . For any

1\ 1)2\ 741
e () (5 ’)p ’
p+1 4p
there exists no nontrivial nonnegative solution of (dl) in R™.

Theorem 1.2 (Theorem D in [2]). Letn >2, 1 <p < 2 ¢ = p+1 For any M > 0,

there exists no nontrivial nonnegative solution of (dl) in R™.

Theorem 1.3 (Theorem E in [2]). Letn >3,1<p < 2£2 ¢ = 2f1. Then there exists

€0 > 0 depending on n and p such that for any |M| < €y, there exists no nontrivial
nonnegative solution of () in R".

By observation, we found that the result in [2] has not covered all the cases that
1 <p< ”+2 for ¢ = p2—fl’M > 0 and they did not give the expression of ¢, for
M < 0. Motlvated by the results above, we aim to complete the corresponding results
of the range of p with 1 < p < "*2 ,M > 0, based on an integral identity and Young
inequality. Besides we give a dlfferent proof for the case M < 0 and give the expression
of the lower bound of M. Our main results in this framework are the following:

Theorem 1.4. Letn >3, 1 <p < ZJFS, q= +1, then all the positive solutions of ()
are v =0 for any M > 0.

In order to prove Theorem [L.4], we need to back up two other conclusions:

Theorem 1.5. When 1 < p < "+§, q= 2f1, n > 3, there exists My > 0 such that if

0< M < My, then v =0. Especially, if 3 < n <6, then M; = oo

Here, M; will be determined later in Section 4. For 3 < n < 6, by simple computa-
tion, we can prove that for any M, Theorem holds. But for n > 7, we need apply
Young inequality.
Theorem 1.6. For anyn > 3,1 <p < ZJ’S, q= p+1, there exists My > 0, such that if
M > M, then v = 0.

Besides, after computation, we have the following lemma:

Lemma 1.1. For any 1 <p <22 ¢ = p2-fl’ we have My < M.

Therefore, we can think M can be taken from any positive constant that make sure
the Liouville type theorem of equation ([II) holds.
When M < 0, define

( 2 g 2—q q

max T2 (4) "3 (L)T [2.5—p—T(p—1)} Lifn=3,1<p<2;

7>0 T+l 2—q
T2 -3 2 . o .
Ms(n, p) = r%%‘nzq 1(%) 2<2Tq) [5—p—T(p—2)] ,ifn=3,2<p<5b;

\

Then we get the following Liouville type theorem when M < 0:
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Theorem 1.7. Whenn > 3,1 <p< Z—fg,q = z%’ then for any —Ms < M < 0, there

exists no nontrivial nonnegative solution of () in R".

For convenience, we make a summary of ideas and article planning arrangement
in this part. We expand the range of p of the result in 2] to 1 < p < Z—f; for
Liouville type theorem of the equation (), that is we not only prove the subcritical
case but also the critical case which calls for much more complicated computations.
Besides, contrast Theorem [[.3] and Theorem [[.4] we even remove the sufficient small
condition for constants M in [2], leading us to find more suitable skills. The main
method taken in our work is based on an integral identity and Young inequality. This
paper is organized as follows: we use integration by parts to get the integral identity
in Section 2. According to the integral identity, some conditions are given to make
the nonnegative solution is zero in Section 3. On the basis of satisfying the above
conditions, we introduce Young inequality and prove that there is only zero solution in
Section 4. Finally, we're going to talk about the upper bound and lower bound of M
separately in Section 5 and Section 6, and point out that the lower bound is smaller
that the upper bound. Especially, for the upper bound M, we classify the cases where
2<n<6andn > 7. In conclusion, it follows that there is no requirement of positive
constant M to make Liouville type theorem holds.

2. INTEGRAL IDENTITY

Consider the equation:
Av + NoP + M|Vu|? = 0. (4)
Multiplying @) by v*|Vv|"Av,
v | Vo' (Av)? = —Nv*?| Vo Av—Mv®| V| T Aw.
I 1 (5)
We observed that the term (I) is important. In the following contents, we always choose
v =0 or v > 3. And at one fixed point z, suppose that v;(z¢) = |Vv|(zo) and define

G111 = vi1 — SAv,
Gij = Vi — Q(gijAU, Z‘l‘] > 2,

and
1 .
Eij = v — E(SijA'U, fori,j=1,...,n.

We remark that the definition of £;; is global but G;; is not.
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Liouville theorem for elliptic equations

2.1. The term v* | Vo|[TT2Av.

v Vo Ay = (0¥ V[ ) — (o — Do 2| Vo' — (v + 2)v* 7 Vo[ v,
= (Vo) — (a — D)o 2| Vo7

— (7 4+ 2)v* V| 2 (Gyy + SAv),

1 a—1
= a—lv “/+2A — a—lv Y+2 i — a—2v y+4
VIVUT A = e s (VO ) = e gV
+2 o
~ s ast IV e,

2.2. The term (D). In fact, we have

0| V| (Av)? = v*| V| v;0j5
= (v V| v;v;); — av® Vo ey, — va|Vv|;-’viivj

— 'Ua|VU|’y'U7;ijUj,

v Vo[Tugiv; = (V| Vo|Tv0;); — (0 [ Vo] v)) v
= (v*|Vo|Tv;v4) — avo‘_l|Vv|”vivjv,-j — v?|Vol]v;v;

— UO‘|VU|”UZ-2]-.
As a result, we obtain

© = v Vol (Av)?
= (v |V v505); — a0 Vo P2 Av — 0| Vo] Av - v
- (’Ua|VU|%UZ'jUj)Z‘ + OKUQ_IUZ"U]"UZ']“VUP + UQ‘V’U‘ZUU’U]‘
+ 0| Vo| "0},
= (v*|Vo|"Avv; — v® |V vg0;); + 0* Vo o) — av® Vo Av

+ a0 Vo vvjui — v Av - 0| Vo] + v v Vol
5
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1 [e% [e% (o3
=0 = <1 — 5) (v \VUPAUUZ-)i — (v*|Vu|"Ejjv5); + Z 0| Vo'
i+5>2
+ 0¥ Vol TG2, + 280 | Vo G Av + S*0® | V| (Av)? — av® |V T2 Av
+ av® Vo Ry — fyvo‘|Vv|”’_2vivjvijAv + WUQ\VUP_%J»UUU;W
1 (0% (0% (0%
= <1 — 5) (v |Vv|”Avvi>i — (v*|VV| " Ejv5); + Z v |Vv|”vi2j
i+§>2
+ 0| Vu['G3, + 250 V| "G Av + S*0| Vo[ (Av)? — av® V| 2 A
+ av® Vo[ 2 — | Vo o Av + 0| Vo | v
1 (0% (0% (0%
= (1 — 5) <v |Vv|”Avvi>i — (v*|VV|"Ejv5); + Z v |Vv|”vi2j
i+§>2

+ va|Vv|VGfl + 2S0*|V|"G11 Av + S*0%| Vo' (Av)? — av® Vo[ T2 A
2
T (G +-50) 0 (G -+ S80) 0+ TP (G + 530)

+ ZmﬂVvPGfi.

1>1

Thus we get that

:><1 — 5% 448 — 752>UQ|VU|V(AU)2
1
= (1 — 5) (UQ|VU|7AUUi>i — <UQ|VU|7Eijvj)i + H;2UQ|VU|7U%

+ (ozS — a) v* VT2 Av + av® Vo PG

+ (275 + 2S5 — 7)UO‘|VU|VG11AU + (1 + 7) V| Vo|'G3, + Z Y Vo 'GZ

i>1

(1 ) a|vv|7AUUZ>'— <UQ|VU|7Eijvj)i + Z 0| Vo'

i+j>2
+<a5 ) L engypry), - — 2T ey
1+~S+2S Yt 1448 +2S8
v+ 2 a—1 +2 a—1 +2
- Vol|7™G Vol|"™G
1+~S+25° Vol |+ o™Vl 1

+ (275 +2S5 — 7)1}“|V2}|7G11Av + (1 + 7) V| Vo|'GY, + ;’}/’Uﬂvvall.
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Liouville theorem for elliptic equations

:>(1 — S48 — 752>UQ|VU|7(AU)2

= (1 — %) (va|Vv|7Avvi>i — (va|Vv|7Eijvj>i + % (vo‘_1|Vv|”+21),-)i

« Yqy2. Oé(Oé - 1)<1 - S) a—2 v+4 a(f}/ + 3) a—1 ’y+2G
+i;2v Vol + 1 175+25 v Vo +—1+75+25v |Vl 11
+ (275 -7+ 25>UQ|VU|VG11AU + (1 + )| Vu|'G3, + Z Y| Vol GZ,.
i>1
(8)
Recall that G;; := v;; — Q0;;Av,i 4 j > 2, then
2
> v Vot = 3t Vel (Ga + QAv)
i>1 i>1
= Z v VoG + 2Q Z v V|"GyuAv + (n — 1)Q*v™| V| (Av)?.
i>1 i>1

If (n—1)Q+ S =1, then
Gu+Y Gi=0.
i>1
and
2
ZUﬂV’UP’Ui = ZUO‘|VU|V<G,-,- - QAU)
i>1 i>1
= Z v |V|'GE — 2Qu | Vo "G Av 4 (n — 1)Q*v*| V|7 (Av)?
i>1
It follows that
= [1 — 5% 4S8 — S — (n— 1)@2] 0| Vol (Av)?
aS —«

a—1 —+2
1+75+25(U Vo™ vi)

1\ /. o
_ (1 - 5) (v IVUPAUM)Z, — (V[T Eyv;); +

o Y2 OZ(CY — 1)(1 B S) a—2 v+4 CY(’}/ + 3) a—1 v+2
+i+zj;2v IVu['G; + 175195 v | Vo +—1+75+250 Vo7 ™Gy
+ (275 —y 425 — 2Q>UO‘|VU|7G11AU + (1 + )| Vo' G2, + Zvvo‘|Vv|7G?1.

i>1

(9)
Remark 2.1. The divergence term
A = (vY| V| v;Av);

1s important and will be explained later.
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2.3. The term A.
A = (v*|Vu|"v;Av);
= av® Vo[ 2 Av + 0| Vo | 200 Av 4+ 0% Vo 7 (Av)?
+ v Vo[ (Av);
Ay
= av® Vo 2 Av + 40| Vo "G Av + (1 4 v8)v® | Vou|" (Av)?

+ 0| V| v (Av);.
Ay

Substitute () into A,
A1:rwﬂVva<——AhW——NﬂVvW>i
= —pNv* P V|72 — gMv® | Vo T2 00,0,.

Multiply @) by ve~!|Vov[12

— NP V712 = 0 Vo 2 Av + Mo Vo2, (10)
Therefore we have

Ay = —gMv*|Vo[" 1 200,05 + pr® Vo T2 A + pMou® T Vo1, (11)
On the other hand, we know
pMuve | V|72 — g Mo | Vo 2000,

M
= pMv* Vo[ rTar? — q—va(|Vv|7+q),~vi
+4q

= (p + ﬂ)MU“‘”V@P”” — LM(210‘|Vv|”+qv,~)i
7 t4q 7 t4q
(12)

M
+ 1 UO‘|VU|V+‘1<—NU”—M|VU|‘1>
v +4q

M
- q—i— (0o ;)i + <]9 + %)Mva—l‘vv‘qun
T4 P

2
— qMNUa+p|VU|V+q_ gM UO‘|VU|7+2‘1.

Y +q Y +q

So we get that
A = (v*|Vu|"v;Av);
= av® V| 2 Av + 0 |V TG Av + (1 + 7S9)v* | Vol (Av)?
+ va|Vv|;’vi(Av)i

= av® Vo 2 Av + 40| Vo "G Av + (1 4+ 7S8)v* | Vo|" (Av)?

M M?
+ pr®* V| 2 Av — g q
v+

(V| Vo[ ), — V| V|12

+ (p+ L) Mot wopre - Ly Nuet v,
7 +4q Y +4
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Substitute (@) into it:

= — (1 +5)v*|Vo|"(Av)?
= —A+ ¥ Vu|"G1 Av

B I P91c 72,0, a——l a=2 y+4
+ (a+p) 1+75+25(v Vo ;) o555’ Vo
v+2 -1 +2
- v |Vu|"TC
[T55050 VeITn
M M?2
_ q—(UO‘|vU|Fy+qvi)i _ q—va|vv|7+2q + <p + ﬁ)MUQ—”vUPﬂ-q-}-Q
TTa Y+4q Y +q
S M Nv**P | Vo[ He
v +q
= — (1 +99)v*|Vv|(Av)?
= -A+ m(v |V'U| Uz’)z’ - o q(U |V'U| 'Ui)i + yv |V'U| G111 Av
+ 2 a— a—1 a— o
— (a +p)1+1wv Vo 26y — (a +p)mv 2|71+ — T a2 Vo]t
+ (]9 + ﬂ)MU‘)‘_HVUPWH 4 MNP Vo '+,
7 t+q v+q »
Using the fact that
2 2 1 2
R (14)
1
= G?j +2(S - Q)GnAv + [52 + (n —1)Q* — =|(Av)?,
n

and the equation (I3]), we know that for any € > 0, it follows that

— (1 + 78 — er)v*| Vo' (Av)?

M
— A —CEP et gy, — qT(wvai)i + 00| Vo[ "G Av
Y T4

14+~v5+2S
v+2 _1 2 a—1 —2 4 q 2 2
—(a+p)—————— v V"G — (a4 p) ———————— v | Vo |7 — ——— M*0*| V|72

n <p+ qo )Mva—1|vv|w+q+2 _ 4 M Nt |y|rHe
Y+4q 7 +q
+ €va|Vv|7Ei2j — 5va|Vv|7G?j —2e(S — Q)v*|Vv|"Gy1 A,

with 7:= S+ (n — 1)Q* — .
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2.4. The final equation. Recalling in Section 2.2 we have already got that

= [1 — 5% 4S8 — S~ (n— 1)@2] 0| Vol (Av)?

1 asS —«
— _ = a v I R O 00 P U et e 2ol | 7+2,, .
(1 n) (v |Vl Avv,)i (V| V| Eijv;); + 1+75+25(v Vol v;);
(a—1)(1—9) a(y+3)

’Ua_2|VU|’Y+4 + UOC_1|VU|’Y+2G11

+ Y v vePas + 2

52 1+~5+2S 14+~45+2S
+ (275 —y 425 — 2Q>UO‘|VU|7G11AU + (1 + )| Vo' G2, + Zvvo‘|Vv|7G?1.
i>1
(16)
Thus we obtain
a+p a—1 +2 qM «a +
0=-A+-——17">¢ )i — ;)4
+1+75+25(v Vo] ;) 7—|—q(v |Vo| ;)
+ | Vo|"G11Av — (« +p)7—+20a_1|Vv|7+2G11
14+~v5+2S
— (« +p)a—_1vo‘_2|Vv|V+4 — LMQUO‘|VU|V+2‘I
1+~+45+2S v +q
+ (p + )Mua—l\vqu” — LNyt Tyt
7 +q 7 +q

+ EUO‘|VU|VEZ-2J- - EUO‘|VU|7GZ2]- —2e(S — Q) |Vu|"G1 Av

14+~8 —er 1

1= 1) (o) @B,
+1—52+75—752—(n—1)Q2{< n) vVl Ave i (v [Vol Eyv;)
as —a a-1 v+2
* 1+v5+25(v IVel™ )
a Y2 OZ(CY B 1)(1 - S) a—2 y+4 Oé(')/ + 3) a—1 ¥+2

+ZU|V’U| Gi; + 1 179+29 v | Vo +—1+75+25v Vo] ™Gy

itj>2
28 — 25 — 20 |v*|Vu|"G11 Av 1 V| Vol G2 v Vo G?
+ (298 — v+ Qv V"G Av + (1 + )| Vu|'GYy + ) VoG o,
i>1
10
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=0=W+ Ev“|Vv|”Ei2j

1+~S —er (
295 =7+ 25 = 2Q) — 2¢(S — Q) | vV G A
+ V+1_S2+’YS_’YS2_<H_1)Q2 Y ry—i_ Q 8( Q)U‘ U‘ 11v
[ 1+7S—er .
— elv vl G2
* 1-824~45—~52—(n—-1)Q? F |V Z;:; "
[ 1+7S —er 9
1 —e|v*|Vou|'"G
* 1—S2+75—752—(n—1)Q2( ) —e|vVolG,
[ 1+~S —er 9
2 -2 | Vou|"GY;
+ 1—52+75—752—(n—1)Q2( +7) E];U | U| 17
[ a—1 1478 —er ala—1)(1-39)] .,
o . « \V4 y+4
+ (O‘+p>1+75+25+1—S2+75—752—(n—1)Q2 1+7S+25 |" Vel
[ 14+~S —er a(y+3) ( ) v+2 . )
: — ———— [ VTG
TSP 5 — D@ 1+45+25  \“ TP T 55ag |t VeI Cn
— L pppe|vopta (p + ﬂ)MUQ—I\WWI” — L ANyt vt
7 +q 7 +q 7 +q
(17)
where W consists of all the divergence terms. If € > 0 is small enough, v > 0 and
1
+vS >0,
1-8524+~85—~52—(n—1)Q?
then we can rewrite (7)) as
0> W +ev®|Vo['E}, + 10| Vo7 G5 + azv®| Vo] G + azv®*| Vo[
i>1
(18)

+ b1 Vo T2G 1 + v V| G Av + co M2 0® | V|24

— by NP~ V|72 — by Mo* Vo792 - by M Nv™ P | Vo 11,
11
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with
1+~S —er
ar = 2 2 2 5
1-524~45—-452—-(n-1)Q
1+~S —er
= 1 _
R <y ey g s oA S
B a—1 1+~S —er ala—=1)(1-29)
4= <a+®1+75+29+1—SLFﬁ—WSL%n—UQ2 14++5+25
b 1+vS —er a(y+3) _( N ) v+ 2
PT84 482 —(n-1)Q2 1+~5+2S 1+yS+2S°
1+~S—er
- __ 1
CT Ty
b3:: 07
e
by — —p — 1
4 p 7/+_q>
4q
by = ———
SRR

3. CONDITIONS
Multiply () by Nv**?|Vu|7:

N2p*T22| Vo7 + M Nv* 1P| Vo1
N a+p
= ——— _(v*TPIVu|0,).
T o5Vl + s

,y o+
Nv*™P|Vo|"Gyy.
+1+75 vVl

Multiply @) by Mv®|Vov|7+e:

Nva—l-p—l |VU|V+2 (19)

M Nvt?| V|7t + M2y | Vo 1+

—M «
EE— e AT ] By (—)M a—lv Y+q+2
1575 1 g5 0 IVolT i+ (To g7 gg ) M IV (20)
Multiply @) by v~ Vo[1F2:
MG o L ety iy, - G jamgy
1++5+2S 1++5+ 28
v+ 2

a—1 +2 a+p—1 +2
TS e VoG, 4 Nt W2
TTo51a5) Vel Gu+ Nomvl
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Besides, using the fact that

(n—1) ZGZ > (Z Gii) = Gh,

i>1 i>1

by ([I8) we get that if a; > 0,by = 0, then

1
0>W+ 6UQ\VUPEZ-2]- + (az + 1a1>va\VvPGfl + azv® 2| Vo 4 b Vo G

n —_—
+ caM*0*| Vo112 — b3 No* TP~ Vo112 — by Mo® Vo192 + bs M Nv* P | Vo1

1
= W4 o Vo B + (a4 o V0P G+ IV b VG
n p—
+ caM*0*| Vo112 — b3 No* TP~ Vo112 — by Mo® Vo792 + bs M Nv* P | Vo1

a—+p

Nyotr—17y+2
1+~S v Vol

+T <N2va+2p|Vv|V + M Nv*“tP|Vo| 7T —

fy a+
— NP\ V|"G
14+~S vV 11)

+U (MNU““’WUP*‘] + M*®| Vol 1T

(0%

B e U B ”—“’Mvﬂwwqc:u)

145 +4qS

a—1

a—2 +4
- - - VYol?
1+75+25U [Vl

+P ( — N>ty 7 +2 4
v+ 2

a—1 +2 a—1 +q+2
e Vo[ T2Gy, — My Vo1t
TTo51ag5) Vel Gu = My )

0> W +ev®|Vu| E;, + (ag + a1>va\VvPGfl

n—1

a—1 _ v+ 2 _
p—— - a—2 V y+4 (b P—) a—1 V “/+2G
+<a3+ 1+75+2S>U Vol (b Progmgg) o™ Vel G

T(a+ p)

+ TN**T2|Vo|? + (02 - U) M| Vo724 —
14+~S

bs + P + NP~ V|12

Ty

NG - U—2"0  ppevoltegy,

1495 +4qS

«

— by + P+ U——1—
<4+ + 1495 +4qS

) Moo=l | Wy|rFee? <b5 YT+ U) MNwo+? ||+,
13
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Define By := aq + ﬁal and if By > 0, then

0>W+ Ev“|Vv|”Ei2j

1
e vy
15 OU Vol

v+ 2
1+~5+2S

T
)Vl = — N v—2t9 v

by + P -
<1+ 14+~S 14+~95+4¢S

-1
+ (ag + P]ﬁyﬂ) va_2|VU|7+4 + TN2’UCH—2;D|VU|A/ + (CQ + U) M2UQ‘V’UP+2[]

T(a+ p)
145

bs+ P+ v H V| a2

Noe-i-p—l v+2 b P U o
v |Vl <4+ + 155749

+ (55 YT+ U) MNwe*?| o[+,

= 0> W +ev®|Vo| EZ +

a—1 1 Y42 N2
P - (b P—) « 2V v+4
BT 5125 aB\ M T T 5128 ]U Vol

I 1 T 2
T - — N2 a+2pv o
* 1B, <1+75) ] Ve

t et - — (v i )2

M2 av Y+2q
ABo\" 1+ ~7S+¢S vtV

T 1 T 2
Tlatp) p_ L T (1 pL)
1+~S 2By 1+ S 1+~S+28

— b+ P+U

+ (b +T+U -

er-l-p—l |v,U|’y+2

,Uoz—l |v,U|’y+q+2

o _ (b P v+ 2 ) v +q
14+~v5+¢S 2B ! 14+~4S+2S/ 14+~45+¢S
Tn gy ta
2By 1+ ~S 1+vli‘+qs

) MNP o[+,



Liouville theorem for elliptic equations

Without loss of generality, we can let N = 1. In general, we hope that the following
conditions hold for € > 0 small enough:

. a—1 1 vE2 N2
P( )— (b P—) >0,
Gt \T 5125 i\ T T 5428

1 v \?
T—— > 0

1 Y+q 2
U— (U ) >0,
2t 4By \ 1+~S5+qS

T(o + p) 1 Ty v +2
= P——i(b —><0,
1175 U T B I\ T 525 S

v o v+ 2 ) Y+ q

) - = (b + P
14+~95+4qS 2B, 14+~45+2S/ 14+~45+¢S

L Ty v ta
Ml bs+T+U — U > 0.
\ <5+ + 2By 1 +~S 1+75+q5>_

b4+P+U( <0,

We point that when M > 0 the condition (63]) can be deduced from (B9)) and (60) since
co = by and By > 0. If these conditions are satisfied, then for any ¢ > 0 small enough,
we have

ev®| V|| By 2 + ev® 2| Vo' 4 ev® 22| Vo] + ev®| Vo[ 112
< By (v*|Vv|"v;Eij)i + Ba(v* P |Vo ;); + Bs(v* Vo ;) (27)
+ By (v Vo).

4. YOUNG INEQUALITY AND CUT-OFF FUNCTIONS

In this part, we assume (27)) holds and prove that |[Vv| = 0. Define 7 is a smooth
cut-off function, satisfying that

n= 1 in BR,
n= 0 in Rn\BgR.
15
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Multiply 27) by 7° and integrate over R",

RHS = 315/UO‘|VU|VUJ'EU776_177¢ + Bz5/v°‘+p|Vv|Vvﬂ76_lm

+B35/Ua_l|vv|7+2vm5_l7h+B45/UQ\VUP+"UW5_17H

<2 [IRePIEs P+ C [ oVl

3
+§/Ua+2p|vv|-y776_‘_C/Ua|v,u|*y+2n6—2|vn|2

9
_'_§/Ua—2|vv|~/+4+C/Ua|vv|~/+2n5—2|vm2

9
+§/UQ|VU|V+2‘1+C/UQ|VU|V+2775_2|V77|2.

Therefore we get that

:>/,Ua+2;l7|vv|“/n5_'_/Ua—2‘v,u"y+4n5
sc{/vﬂvUWWn*%Vnﬁ

Define py, q1, 01 > 0, such that

1 1
—+ =+ == 17 andp17q1701 ZO
b1 q1 01

So by Young inequality, we know
[ oIvel 2
:/Ua—A|VU|'y+2—BUA‘vU‘Bn6—2‘vn|2
< 80/va_2|Vv|”’+47]5+50/v°‘+2p\Van5
+C [ ogp
:>/v°‘+2p|Vv|”’n5+/va_2|Vv|”’+4n5
<c [ wgp

< CR"2 — 0,as R tends to infinity.

The last two steps use the condition that
0 — 20’1 > O,

n — 20, < 0.
16
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Liouville theorem for elliptic equations

So we always take ¢ large enough. In conclusion, we need

a+2p_l_

A _B_p17
a—-2  ~v+4
a—A ~y+2-B

= q1, (31)

Therefore, as long as the conditions (58)) - (G3) are satisfied, and there exists such
P1,q1,01, then u = 0.

5. PROOF OF THEOREM

In this section, we choose v =0,5 =@ = %, then

Gij = Eyj,
T =0,

n
a1—n_1—7
ay = ——pla—1),
b — n o 2np

n—1 n+2’
by =0,
co = —1,
by =0,
by =—p—a,
bs = —1,

n n
Bo_n—l(n—l_g)'

And the conditions (B8] - (63) become

( a—1 1 2P 2
P - — 2
I R Y 4BOG”+‘1+25> >0, (32)
T>0, (33)
1 q 2
. 4
e+ U 4BOOJ1+qS) >0, (34)
T(a+p)+ P <0, (35)
o 1 q
Mlb,+ P —— (h+P <
it +U(Lﬂﬁ) 2&K1+ 1+25yﬂ+45 =0, (36)
M(bs+T+U) >0, (37)
\

17
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5.1. Proof of Theorem In this subsection, we consider the case M > 0 and
choose T' = —= > 0 small enough. By direct computation, we deduce that if n > 3,

a+
¢ > 0 small is enough and
_ _2(p-P)
n+2 "’
2
O<p—-—P< nt ,
n—2
then (B2) holds. Besides we know that if | P| is small enough, then
np 2P
= > 0.
*+p n+2 * n+2

At this time, we can solve the equations in (31]):

a+2p
A = D1,
a—2 _
a—A 2= q1-

We obtain that

and

1 I 1 1 a+2
g 2 2 a+2p
pr>1andp—P<Z—J_r§,thena+2p>a+220.Sowehave
1 1

— 4+ — <1,
Y4 q1

and

p1,q1 = 0.
Besides since a4 2p > 0, then
1 1 2 o+ 2

1
—+=—>l-—— >
PoQ n o 2a+2p) " 2

- P 20p— P 1 2

e-P" 11> {—MJﬂp} (———),
n+ 2 n n

n2—2n—4_ 4P

n(n + 2) n(n+2)

Sl>p-

In fact, we have
n?—2n—4 n+2 n®—-2n-—4

P n(n + 2) “n-2 n(n + 2)
B n?—2n—4 1
n? —2n '
Thus when |P| is small enough, we have
Lol 2
P @ n

18



Liouville theorem for elliptic equations

Then we can prove Theorem :

Proof of Theorem[1.J . In this case, we choose v = 0,5 = 1 LIl <p < ”—+2 we can

choose o = 2(5—5 and P = ¢, such that (32)) hold. Then we only need to con81der

conditions (34)), (33), (B6) and (37).

Firstly we need to check the condition ([B3]). If € > 0 is much smaller than M and
2 -5
22 <
Ma\2—q
then using the following Young inequality:

2—gq
v o < 4 (a2 T g g g e
2 2—gq ’

with (%, 2%}), we get that

2 _2-gq
[T(a +p)+ P] P12 < €_q2 (—2 ) L MuetP| V[ 4 2e Mo | Vo2
q —q
< &2 Mu*tP| Vo' 4 2e Mot [V 1Het?,

Next let us consider the condition (36):

n « 1 q
LHS = — U - b U
nio’ V17 gS 2B, 1445
2p (n—1)2 2n2p U n
[ n+2+ on? ! (n—l)(n—l—Q)]l—l-qS n+2p+ (©)

D U n

— 24 m-1 : - O(e).

[ (=1 n+2 1+4¢S n+2pjL ()

Note that there always exists U > 0 such that (B4]) holds for U > 0. For n > 3,¢ > 1,
we know

-2+ (n—1)g > 0.
For the easier case, we hope that the following hold

1 q 2

02+U—4BO<U1+qS> >0, (38)
«a 1 q

b ——b 26 < 0.

4+U<1+q5) 2B, 1U1+qS+ esl (39)

If so, then the condition (B7) also holds and the conclusion holds for any M > 0. We
find that if 3 <n <5, we can choose U = 1+ 4;if n = 5,6, we can choose U = 1 + i—q.
But for n > 7, the above conditions will not hold at the same time. As a result, we
need to consider the case forn > 7

1 q 2
_ 4
e+ U 4BO(U1+qS> <0, (40)
« 1 q
by + U - U 2 < 0. 41
4t <1+qS) 2B, " tees (41)

19



XI-NAN MA, WANGZHE WU, AND QIQI ZHANG

Note that by Young inequality, we have

. ptl

(k-5
M>0% | Vo2 < K Mot VorHet? 4 p+Mp+2va+p|vv|w+q’

with (’%,p +1). We only need that

b4+U( a ) hU_ 4

1 q 2
- 2—K[ U— (U )]:o, 42
1+¢5) 2B, 114¢5 T etV B V1 gs (42)
(5]
b+T+U—e%+—pMp+1[c U (U q )2}>0 (43)
> p+1 2 4By \" 1+¢S '
= bs+T+U —e2
PP 1 q 21p+1 o} bhU ¢
s e () T ()
(p 4 1)pt1 2 +4BO 1+¢S * 1+¢S +2301—|—q5
(44)
We still choose U = 1+ %, then
b+ T+U =" +2>0,
so the condition (37) holds and the condition (44 becomes:
p+1 —p
a4 P |1 g p_(n—l)pq
n = (p+1)pHt 4n? n n+ 2 ’
o[-0 4] [ - 1pe]””
< (ayh et [P ) =
n prT 4dn n n+ 2
(n—1)%q ' n(n—1) :
= (p+1 1
(p+1) 4dn ] [q n+ 2
:ZMl.
U

20



Liouville theorem for elliptic equations

5.2. Proof of Theorem [1.7l In this case, we choose M < 0 and the conditions

become:

, a—1 1 2P 2
P. _ (b ) >0,
G o T ag, \M T TS

T >0,
1 q 2

— >
2+l 4BO<U1+qS> =0,
T(a+p)+ P <0,

« 1 q

by + P U( )— (b P )U >0,
TS T\ T T s YT s T
b+ T +U <0.

There are three cases:
e If n =3, we choose
a=—04(p— P).
e If n > 4, we choose
n+ 2
- n—2
2(p—P) 2 2e

n+2 n—2+n—|—2’

p_P g,

with € > 0 is small enough.
By direct computation, we know all of the cases satisfy that

2 1 1
l——<—4+—<1.
n y41 q1

Now we can prove the Theorem [Tt

Proof of Theorem 1.7, e If n > 4, the condition (@9) becomes that

b4+fk+U<1£25>_2;0@“+P

B n U (n—1)g—2
N n—2+1+q5 n—2 +0(e).

q
1+25>U1+q5

We choose
_ 2By(1+ qS)? ~ 2(n+ q)?
- q> C (n—1)%%

claim 1. When n > 4, we have

U

2(n + q)* n+q
(n—12¢ (n—1)¢g—2
21
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Then conditions (A7) and (49) hold at the same time. Using the Young
inequality

2—q

2 T g
| M0 Vo' < Kot |Vo| + (K- ﬂ) %|M|§v°‘+p_l|Vv|7+2, (51)
with (2%(1, %) , we only need that
2—q
_2q 2\ ¢ 2 Tp—2+5)+P

K q§<—2_q) M|z = — 2T = , (52)

T

ZH1=T-U>0. (53)

We deduce that

2—q 2—gq
T q\ % 2 2
M>— (_) _c
2(n+q)? +T—1 2 (2—61)

(n—1)¢*

N

n -+ 2 2
T p— =
n—2 ! (p n— 2) ]
where T > 0 is arbitrary.

e lfn=3and 1 <p <2, choose p— P =25, then a = —1 and
a—1 1 2P
.
14+2S 4B, 1+2S5
Choose U = 2, then for any 1 < ¢ < 1.5, we know

2

a—1 1 2P \2 1 q 2
dlaa+ P ios — 7 (¢ ) - mUs)
Gt T8 T B\ T TS et U= 15 \ViT s
2
« 1 2 q
~ |+ Pru( )= o (b P Ju
s T\ T T 28 YT s
_ 32 _ 2
_4.075. 3¢ +6¢+9 (4.5q 10.5)
(g + 3)? q+3
—29.25¢% +112.5g — 83.25  —29.25 +112.5 — 83.25
(¢ +3)? (q+3)2
Then by (EIl) we only need that
_2=g
(2 7 |M|§:_M’ (54)
2\2 ¢ T
T
—>T+1.
%> + (55)

We deduce that

[ SIS

2—q 2—q
T /q\—3 2 2
M>— 4 _c 25 —p—T(p—1
~ T+1(2> <2—q) [5 p-T )]’

where T' > 0 is arbitrary.

22



Liouville theorem for elliptic equations

e lfn=3and 2 < p <5, choose p— P =5 — ¢, where ¢ > 0 is small enough.
Then o« = —2 + 0.4¢ and the condition (45) holds. Let

@ 1 2 q
P - P -
bat +U(1—|—q5> QBO(bl+ 1+25>U1+q5 0
then
_q+3
U_Qq—2+0(€)'

Since € > 0 is small and % <qg< % , we know that

1 qg \?2 —3¢>+12¢—10
U- (U ) = >0,
etV B, V114 (2q—2)?
Then by (EIl) we only need that
2—gq
g 2 \ T, 2 T(a+p)+P
K q— _— M q —m ————~ 7
(=) T DL (56)
T q+3
—>T — 1.
%> +2q_2 (57)
We deduce that
2—q 4
7" q\ 3 2 z ?
YRS e 74 T PR A
T+ 251 \2 (2_q) [ p=T(p )]

where T' > 0 is arbitrary.

Finally we give the proof of claim [}

Proof of claim[l. Whenn >4, 1< g < "TJr?’

2(n+ q)? L nta
(n—=12¢  (n—1)¢—2
2(n+q) - 1
(n—12¢  (n—1)¢—2

<2(n +q) [(n —1)g— 2] —(n—1)*¢* >0,
Sfi(g) = —n—-1)(n—3)¢*+2(n+1)(n—2)g—4n > 0.
We only need to check that

A, fr (” ;: 2) 0.

In fact, we have

fill)=n*-2n—-7>16—-8—-7>0.
23
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and

n -+ 2 n* —2n3 +n? —4n —12
S = 2 > 0.

n

6. PROOF OF THEOREM

In this section we consider the case that n > 7 and M is large enough. At this case,
we can not directly choose v = 0 any more. Recall that in (31)):

B~ a+y+2
K (v+4)p+20+~’
1 1 (vy+2p+20+7y+2

Glp)i=—+—=
(») @ (Y +4p+ 20+

We hope that
a+v+2>0,

then if v > 0 we have
(v+4)p+2a+y>y+4+2a+7v >0,
B>0=p >0,

B<%<7+2:>q1>0.

Besides we have G(p) is decreasing and

G(p) < G(1) =1.

Thus if we choose
T=n-— 4a

a+v+2>0,

then
2
If v # 0, solving the equation

we get that
1+vS —er

- 295 — 4 +28 —2Q) — 22(S —
b=t g g oD (25~ 25— 2Q) — 2:(5 - Q),

Q2 20 2c2 0y _ _ 2nS _ 2
S0 =7 =782+ 725 = 1287 = — (1= 52+ (1495 — &) (298 7+ n—1>
1 1—8)2

n—1

n—1
<7+ n >53+...
n—1

= 2¢

.n—l
24



Liouville theorem for elliptic equations

Since 2¢ - L(v + %) # 0, the cubic equation with respect to S at least has one

n—1 n—1
solution S = S(n,,e). Next, we need to estimate the solution when £ > 0 is small
enough. If ¢ =0, then

2nS 2
0=y =78 +928 = 1287 = —L-(1— 82+ (1+78) (295 — 7 + = — =)
n—1 n—1 n-1
2
z(—v—WZ—L%—ZvZ%—ﬂ)SQ
n—1 n—1
2 2
+<72+—7—72——7+27+ )S
1 n—1 n—1
. 2
R |
2
:(2+ 7)5%2( + ) _ 2t
n — n—1 n—1
Choose

If v =n —4, then

g n—22
(n—1>(n—4)+n+\/[(n—1><n—4)+n] + [<n—1>(n—4>+n (n—2)(n — 4)
n— 2
(n—=2)2+/(n—2)*+ (n - 2)3(n — 4)

1
n—2++/(n—2)(2n —6)
V(n—2)(2n —6) —n+2

(n—2)(n—4) '

So when ¢ > 0 is small enough, we have

V(n—2)2n—6) —n+2
(n—2)(n—4)
25

S =

+ E(e),
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where E(e) tends to 0 when ¢ tends to 0. We hope the following conditions hold:

Next, we are devoted to check conditions (58) and (60). In the following computation,

by the continuity of €, we only need to check the conditions for € = 0.

,a“+P<1+i;i25>_4;0@“+PTI%§§3§>2>0

1 Ty \’
T_4—Bo(1+775) -0
C”+U_4ax 1+1§i¢ﬁz>@
e P amrs (P as) <O
MZ“+P+I(1+yg+q5>_2A(Q+P1+1;imﬁ 1+1;iq5 <0,
\M<%+T+U_2aﬂizs'1+121¢J:ﬂl

Lemma 6.1. ]fn27,7:n—4,520,a:—7—%,p—P:Z—f§—#, then
a—1 1 NE2 N2
P - p— 1= .
a3+ (14-75-+2S) 430<b1+ 1:+75+-z§) >0
Proof of Lemmal6.1. Recall that
S 1+~S
P12 445 — 482 — (n—1)Q?’
14~8
p— 1
2 1—S2+75—752—(n—1)Q2( +7),
B a—1 1+~S ala—1)(1-25)
4= (O‘+p>1+75+25+1—S2+75—752—(n—1)Q2 14+75+25
1478 al(y+3 + 2
by — : e . (v +3) __(a_%p>__;1____ﬂ
1-824+~45—7452—-(n—-1)Q% 1+~5+2S 14+~45+2S
1478
_ 297G — v 425 —2
b 7+1—9+ﬁ5—%ﬁ—m—DQAWS 725 Q)
(1
T+q
b3:0,
by = —p— 22
v t+q
q
by = ————
5 7+q7
n
Bo—a1< _1—|—’y>

26
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Besides using b, = 0 we have

- v
M= T8 412520
B gl
T 295 -y +25 - 2 (1-9)
_ il
275 74— S——
(n—4)(n—1)

25(n —2)2 — (n—2)(n — 3)
3 (n—4)(n—1)
VB B2 () 9) — (n — 2)(n — 3)

2¢/(n 2)(2 6) +n—>5n+8
(n—1)(n—2)

In order to prove inequality (B8) , we can simplify the computation and it is equivalent
toprovethat4a1( +7)a3—b >OW1thp—”—+2—L

4CL1 (Ll—i"}/) a3—b2
_ on __pla=1) oy _q]_ala=1)
_4a1< 1+7){ 1+75+2S+[a1(1 %) 1]1+75+2S

—{— b+2p < [(7+3)a1—(7+2)}}2

14+~45+25 1+~45428

(n—2)p a i
_{_1+(n—2)5+1+(n—2)5[("_1>‘“_”+2}} '

As a result, we know

@h(—ﬁ—+y)%—w§>a
n—1

@H::4[1+(n—2)5}a1 (%Jrn—zl) { —pla—1)+ [a1(1—5)—1}a(a—1)}

—{—Owﬂm+aﬁn—nm—n+ﬂ}2>0

Using the facts that
27
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V(n—2)(2n —6) — 2

1+ (y+2)S= o

(n—1)a; —n+2
:2\/(n—2)(2n—6)+n2—5n+8

9 —n—+2
2¢/(n—2)(2n — 6) —n +4
B n—2 ’
&1(1—5)—1
=a; —1—a15
_2/(n=2)2n—6)+n* —5n+8
- (n—1)(n—2)
_ 2y/(n—2)(2n —6) +n —5n—|—8_\/(n—2)(2n—6)—n+2
(n—1)(n—2) (n—2)(n—4)
~2y/(n—=2)(2n—6) —2n+6
- (n—1)(n—-2)
_2/(n=2)2n—6)+n’ —5n+8 /(n—2)(2n—6) —n+2
(n—1)(n—2) (n—2)(n—4)
:>a1(1—S)—1

_ L 4){[2\/(71—2)(271—6)—2n+6}(n2—6n+8)

(n—1)(n—2)%(n—

. [2\/(n—2)(2n—6)+n2—5n—|—8] : [\/(n—z)(2n—6)—n+2]}

1

T D27 —9) {(” — 50+ 8)(n = 2) = 2(n — 2)(2n —6)

—(2n — 6)(n® — 6n + 8) + [2n2—12n+16+2n—4—n2—|—5n—8}\/(n—2)(2n—6)}

! 2 —5n n— n—
:(n_1>(n_2>2(n_4>{—(n—l)(n—2)(n—4)+(n 5n+4)/(n —2)(2 6)}

1
= o —(n—2)++/(n—2)(2n—6)|.
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Therefore, we obtain:

H:4\/(n—27)L(in4— 6) -2 2\/(n—2)(2?n—_6i;n —5n+8 (n—Q){ Cpa—1)

+ﬁ[_(n—2)+¢(n—2)(2n—6)}a(a—1)}

_{—(n—2)p+a2\/(n_2)(2n_6)_n+4}2.

n—2

. (n—2)2

H(p):4\/(n—2)(2n—6)—2_2\/(n—2)(2n—6)+n2—5n+8_(n_2){_p

Ifoz:—n+4—%: , then we find that

n—4 (n—1)2
1

+ =g |~ (=2 + Vi =2 0) (—n+4—%) } (—n+3—%)
[t (e T

n n—2

claim 2. When n > 7, we have

n+ 2 1
H - — ] >0.
(n—2 n2)

O
Lemma 6.2. Ifn>71<p< Z—J_rg and Uy > Uy > 0 are two solutions of
1 7+q 2
U (U ) —0. 64
2tV B\ T 95+ 45 (64)
Define
2By(14+~S + ¢5)? 1 2
UO = D) 1—— 1—— s
(v +q) V2 n
then for any p — P = Z—J_rg — %, we have
U, < U(] < UQ, (65)
and
U 1 v+ 2 v +q
by + P - (b )U <0.
4t +1+75+q5 2B, 1+ 14+~45+2S 01+75+q5

If Lemma holds, then for 1 < p < 22 — #, we get that

n—2
2 1
P:p—n+2—|——2<0.
n — n
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And for the choice of T, we let 0 < T" << |P| small enough. Then as a result, the
conditions (B8)) ...(63) all hold. So we deduce that |Vv| = 0. Therefore we only need

to consider the case that 22 — L < p < Z—J_’g At this time, P > 0 and we can give the

n—2 n2 —
lower bound of M. By Young inequality, we have
_2—g
2}oz+p—1|vv|w+2 < %(JM . QL) 1 Uoc+p|vv|v+q + JMUO‘_1|VU|V+‘1+2,
-9

with (%, 22Tq) We only need that

b+ P+ Up(——a—) 1<b1+P v 2 )u 114 py<o,

1++vS+q¢S/ 2B, 1++v5+2S) °1+~+S+¢S
(66)
and
q 2 5t e
bs+T+U0—P-—(J-—) M™i>0. (67)
2 2—q
Proof of LemmalG.2 . Firstly, we can rewrite (64]) as:
1 2
U e ) o
T+4q 4a1<%+7> +75+q

Since we know that

1 q(v+q)
o a (725 +7)(1+95+¢5)°
_ q(y +q)
SR e
(1+2)(v+1+2)
2T A 5P
—1- (14+2)(n =3+ 2)(n—2)*(n - 1)

(ﬁ+n—4)(2n—6)[2\/(n—2)(2n—6)+n2—5n+8]'
When n = 7, we have A > 0.284 > 0.5 — % + %; when n = 8, we have A > 0.322 >
05—24 2.
claim 3. When n > 9, then
2 2
A>05-—-+—>0
n o n

Thus there always exists two solutions Uy > U; > 0. Define

 2By(14~5 +¢S)? L2
o= B [1- 5 (1-3)

_2BO(1—|—75+qS)2 2—\/§+£

- (te? 2 n )’
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Liouville theorem for elliptic equations

then U; < Uy < U,. Define

o Ua 1 v+ 2 v +q
[U.p P)'_b4+P+1+vS+qS QBO< + 1+75+2S>U1+75+q5
qo Ua
— _P _
v ) 7+q+1+75+q5
1 a(y+3) v+ 2 v +q
_ : _ _p
230[6“ 1+~S+28 ( )1+75+2S}U1+75+q5
_ Uy +2)(v+49) qo Ua
- —1|(p—P) - +
2Bo(1+~S +25)(1+~S +¢S) vy+q¢ 14+795+¢S
1 [a_ a(y+3) aly+2) ] v+q
2Byl ' 1445425 1+4~5+2S171+~5+¢S"

If p— P = n+2 _ 1

(2—\/§+\/§> (v+2)(1+7S+4qS)
2

I(U n+2_i)_ (n+2_i)_ qo
“n—2 n2) " (v+q) (1 +~yS+25) n—2 n? v+q

N < —2\/§ N \/§> 2By(1 +~S + ¢S)a

n (v + q)?

_[1 a(y+3) aly+2) :|1—|—’)/S—|—q5<2_\/§+@>

I ASt2S 14751251 444 2

2 -2 f( +2)(1+ 7S +¢S) 1(n+2_i)
2 n ) (yv+ )(1ELDWS+2S) n—2 n?

«

7+4

s (2—\/§+Q> 2By(14+~S + ¢S)

2 n Y +q

2/ —2)2n—6)-n+4 1+95+4qS (2—¢§+@>].

n—2 1+~S+2S 2 n
©)
Then we need to estimate (I), ) and 3). Using the fact that if z = -1 < 1,
1 1 1 1
1—§x—6x2<\/1—x<1—§$—§$2,

=2 n—g—m} </(n—-2) 2n—6):\/§(n—2)1/1—ni2<\/§[n—g—8(n1_2)]7

we get the following estimates:
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(

1
(2 Vi f) >y uei
(5

e (I): Firstly, we know that

(Y +2)A+75+4¢5) . _ 2—¢q
(v +q)(1 +~5 +29) (v +q)(1 +~5 +29)
. 2—q _ n—4
n—4+q /(n—2)(2n—6) -2
2—q n—4
<n—4+q 1
\/_(”_2)[1_ (n 2) 6(n—2)2}_2
2—q n—4

and

Besides, we have the following estimates:

claim 4. When n > 7, we have

22 V2 n—4 n+2 1 V2 -1
( 2 +n>'\/§<ngm\/§)<n—2_n2>< 2
Then we get that
2-v2 f)( 2)(1+75+aS) (n_—l—?_i)
2 n ) (v+q(1+~vS+29) n—2 n?
@

2-V2 V2 2—¢ n—4
(09 oty ]

V2 V2 2 <¢§—1 §>

n n> n—4+4gq
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e (2:

2By(1 4S8 +¢S5)
Y +q

—2(y+ Lo
R A v+q

2¢/(n—2)(2n —6) +n?> —5n +8

1 V(I —2)2n—6) —n+2

=2 "‘3+n—1) (n—1)(n—2) n—dtq " m-2m-1)

(n—1)(n—2) n—dtq (n—2)(n—4)

(
( . )2\[[ R e Rt V2[n -3 - ks
(

(n—mm—m n—dtq (n—2m-a)

1 1 0.5

and when n > 8

we get that

> .
n—4—|—q_n—3—|—% n—2 1—%
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we get that:

2By(1 4S8 +¢S5)

7 tq
2v/2 n—i’—g +n?—5n+8 [ . ﬂn—i’—g —n+2
>2<”_3+ni1) <(n—2)(n—2) ni2+(n—20)(5n—4)+ (&-2)(1-4)
2v2(n—2) +n? —5n+8
22<n—3+ni1) (5—1W2—%%n—® ﬁ—35+v60r€§>—n+4
2v/2 n—l—g +n®>—5n+8
:2<”_3+ni1) (n<—1)(n)—2)2(n—4) ﬂ(“‘%)‘”’}

claim 5. When n > 7, we have

1
9 _
(n 3+n—1)
0.4v/2

n

2\/§(n— %) +n?—5n+38
(n—1)(n—2)%(n—4)

> 2V2 +

Thus we obtain that

2B :
o(1+ 7S +¢S) >2\/§+04\/§.
7ta n
e (3):
1+954+4¢S . (2—q)S
1+~vS+2S = 1+~S+2S
2-q (n-2)2n—-6)—n+2
n—2  \/(n—2)2n—6)—2
<_2—q \/§|:n_g_6(nl2)}_n+2
—2
" \/i[n_g_s(nlm] 2
V3, 5 _1 4 /5
<_2—q 2 VT2 7T Bm—2)

n—2 n—g—\/i
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Liouville theorem for elliptic equations

n—2 14+~vS+2S n

2y/(n=2)2n—6)—n+4 1+95+¢S (2—\/§+ 2)
2 n

_ _ 5
n—2 n—2 n—%— 2 2

/=226 —n+4 (1_ 2-q Q‘fn—g—ﬁ(nl_zﬁ\/?) (2—\/§+Q>

n—2 2

2y/(n=2)2n—6) —n+4 <2—\/§+@>

n—2 n—g—\/ﬁ n—2 2

_2—q‘Q‘fn—%—m*ﬁ,2\/(n—2)(2n—6)—”+4(2_\/§+@>
n

claim 6. When n > 7, we have

2/(n-2)2n—6)—n+4 (2—\/§+£> <<2\/§_1)_2—\/§+2.76+1;7

n—2 2 2 n n?’

claim 7. When n > 7, we have

1 %”_g_mjL\/ﬁ‘2\/(n—2)(2n—6)—n+4<2—\/§+@>

n—2 n—g—\/ﬁ n—2 2 n
8v/2—-11/1 7
> (245 ).

2 n  n?

Hence we get that

2y/(n—2)(2n—6) —n+4 1+~vS+¢qS 2—\/§+£
n—2 14+~vS+2S 2 n

22 276 1.7
<(2\/§—1)~ \/_-i- —|——2
2 n n
8/2—-11/1 7
—2—g)——— [+ —).

By direct computation, we get that

limI<U0,n—+2— 1):0.

n—oo n — n2
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So we should pay more attention to the terms O(+).

2 1
jlchnt ——J

2 n?

i{<fg> (2322
n—4-+q 2 n

—@¢§—U-2_V§—276—£z+@—qf¢2_”<l+_z)}

2 n n? n  n?
2 2 — 2—1 3
L VB VB VB 2-q(vio1 s
2 n 2?2 n-—3 2 n
n—4+12 2 -2 2 0.4
_7"{—q+< \/7+£> (2\/5 \/_>
n—4+q 2 n
276 1.7 8v2—-11 /1 7
VAL S S A
n n 2 n o n
Thus for n > 7, we have:
n+ 2 1
I _
= <U0, 5 n2)
2 2 22— 2—1 3
V2 V2 V2 2-q(V2-1 03
2 n 2n?2  n-—3 2 n
n—4+12 0.84 +0.4v/2 0.9 8v2—-11/1 7
— 1—qg— 24 — 2—qg)— | —+—=1]|.
n—4+q 1= 05V2+ n n2+( ) 2 <n+n2)]
(68)
e When n > 9, we have
0.84+0.4v2 0.9 8v2—11 /1 7
| asvE DEONE 09, /i1 1)
n n? 2 n o n

084+04v2 09 8/2-11/1 7
a3 SOV 09 8/ (1 )

n n? 2

:D4wv§+44¢_—4&{%%vr—394

n n?
4.4 —4.66 28v/2—394
< —0.5V2 + J} + ¢;9 < 0.
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Liouville theorem for elliptic equations

e Whenn >9

1 _1 1_'_3_'_9 1 <1 1_'_3_'_1 9 _1_'_4.5
n—3 n n  n2 1—% —n n n 6/ n  n2

Noting that when n > 9 and 1 <¢ <1+ % < %, we have that

2 1
:>I<U0,n+ =
n—2 n
V2 V2 V2 1 45\ (vV2—-1 3
—‘7‘7*?“*”(‘*?) )
1.5¢% — 8¢ + 12 0.84+0.4v2 0.9
_<1_g+ (i )[1—q—0.5\/§+—\/_——2
n n n n
8v2—11 /1 7
2 L T 4
+(2-a)— <n+n2)]
2-1 8v2 — 11 1
:[—\/§+\f2 (2—q)+n(q—1)—0.84-0.4[—(2—@\[T—o.m/?q]E
2 9v2 — 9 56v/2 — 77
+ §+3(2—q)—|— \/:1 (2—q)—|—0.9—(2—q)%+nq(1—q)
8v2 — 11
+ ¢(0.84 + 0.4v/2) + ¢(2 — q)‘fT +0.5v2(1.5¢> — 8¢ + 12) —
56v2 - 77| 1
13.5(2 — ¢q) — 0. 2 —q) ==
+ 1352 = q) = 0.9¢ +4(2 — g)—— ]ng
1.5¢% — 8¢ + 12 0.84+0.4v2 0.9 8V2—11 (1 7
_ q q+ 1—q++—\/7——+(2—q)\/_7 4+ —
n? n n? 2 n  n?
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=1 (UQ,
n

< [ —28+0.051(2—¢q) +n(g—1) — 0.5\/§q] %

+

+

 L5¢% — 8¢+ 12

1.61+2.84(2 —q) + ng(1 — q) + 1.41¢ + q(2 — q)

13.5(2 —¢q) — 099+ q(2 — q)

8v/2 — 11
2

562 — 77
2

1
n3

n? n n n? n 2 n

n+ 2 1
I rre =
(Uo’n—2 n2)

1
< | —28+0.051(2—q)+n(g—1)— 0.5\/§q] -
[ 8v2—11] 1
+ |55 +2.84(2—¢q) +ng(l —q)+ 141g+ q(2 — q)%] =
[ 5672 — 77 1
13.5(2 — ¢) — 0. 9_ )Y | =
+{13:5(2 = ¢) = 0.9¢ +¢(2 — q)—— ]ng
152 —8¢+12( 044 012 22
n? n n? ns
1
< [— 2.84+0.051(2 — q) + n(g—1) — 0.5\/§q] ~
[ 8v2—11] 1
+ [5.5+2.84(2 —¢q) + ng(1 — q) + 1.41g+ q(2 — q)%] =

56v/2 — 77

+ 1352 - q) =09+ =

1 n 5.5 (0.44 n 0.12 N 2.2
nd  n? n On 81n
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Liouville theorem for elliptic equations

n+2 1
I U - —
- (O’n—Q n2)

1
< [— 2.8+ 0.051(2—q) +n(g—1) — 0.5\/§q] -
8v2 —11] 1
+ |5.5+2.84(2 — q) + ng(1 — ¢) + 1.41¢+ q(2 — q)%] =
13.5(2 — q) + 2.85
N ( ;1)
n
1
< [— 2.8+ 0.051(2—q) +n(g—1) — 0.5\/§q] -
8v2—11] 1
+ (5.5 +2.84(2 — ) + ng(l — q) + 1.41q + %] =

13.5(2 — q) + 2.85
+ .
9n?2

2 1
~1 (Uo,”+ ——)

n—2 n?

1
< o (69)

—2.8+0.051(2—¢q) +n(g—1) — 0.5¢§q]

- =

1
6+4.34(2—¢q)+ng(l —q) + 1.41q]

claim 9. When n = 7,8, the inequality (69) still holds.
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SincenZ?andl<q§1+%,weknow

n+ 2 1
I rre
<U0’n—2 nz)

1
< [ —28+0.051(2—¢q¢)+n(¢g—1) — O.5\/§q] —
n
+ |6 +4.34(2 — q) + 1.41q | —
n
2. —n —2. 14.
< <n—0.758— —93) ¢, —n—20% 1408
n Jn n n
2.93 2 —n—2.698 14.68
§<n—0.758— )"t + = +
n n n n
~ —0.758n% — 2.93n + 2n* — 1.516n — 5.86 — 2.698n” + 14.68n
= i~
—1.456n? + 10.234n — 5.86
= 5 < 0.
n
O
Lemma 6.3. If 1 < p < Z—J_rg,q = 1%, then there exists 0 < My < My, where M,

comes from Theorem[1.3, such that for any M > My, the conditions (60) and (67)) are
satisfied.

Proof. By Lemma [6.2] we know when 1 < p < Z—J_rg — #, we can choose P < 0, such
that
n -+ 2 1
_p= _
b n—2 n?’

and the conditions (66) and (G7) are satisfied. At this time, we can choose M, = 0 <
M.

claim 10. When 222 — L < p < 22 gnd n > 7, we have

n

1.9 2
1+7<q<1+—.
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Thus by (69) we get that

n+ 2 1
I rre -
~ <U0’n—2 n2)

1
< | —28+0.051(2—¢q¢)+n(¢g—1) — 0.5\/5(]] —
n

1

+ |6 +4.34(2 — ¢) + ng(1 — q) + 1.41q] 3

< [ —28+0.051(2—¢q¢)+n(¢g—1) — 0.5\/§q] %

1
_2.

1.9
+|6+4.322—¢)— 1.9 (1 + —) + 1.41q]
n n

—n —2.698  12.78
_I_

)
n n?

293\ ¢ n+2698 12.78 (70)
>—<n—0.758—— L+ - =
n n n n
By (67)), we get
q 2 N\ e q
P.—<J —) M 1< ——1_ 41,
2 2—q yY+q 0
q 2\ q -
er U2 () <,
2 2—q <7+q 0)
¢ (q\% 2\t q =
art (O (152 T (L vn) <u
2 2—q Y+ q 0
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=4 —-1r q

(n—1)%q n nn-1)]"
RHS = )|————-1 St S A
(p+1) in q n+2
w-vg [0t ]!
n—1)%g n n(n —
> )|—————1 —
(p+1) 4n n+2 n+2
i 1L i "
n+2 1 (n—1)%(n+2) n "
> ——+1 -1
(n—2 n2+ )[ An? n+ 2

(n—12(n+2) 1] - (z) o
4n? 9

(n—12m+2) |
4n? B 1]

(n—l—l )
> +1
n—2
%
7 1
> 2| =

> 1.7[(”_ Din+2) 1]_ .

4n?

claim 11. When n > 7, we have

n2

Uy > (4 —2V2) <%+l).

Besides we know that the function y = T7F is decreasing when z > 1. So we get
that
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Hence we obtain that:

LHS:P3-<g)%(

+ U
4+q Q

),
- () <wﬂ ()

q
2

[ SIS

2—q

n? n n

1 2, 2,
<—[—<n—0758—ﬁ>g+n+ 098 _
n

n2

12.78] T

2—gq
2 \ = 142 4-92v2 28
* * - 77/2_|_ \/7_‘_
2—q n—3+= n

- 14\/§>g

n2

n? n

2 n—3 n n?

V2 1+%+4—2\/§+28—14\/§>_2

T2
_1[ (n_ — 2.:33) nt2 n+2608 12.78]

2—q

—_2-g¢
1 V2 142
< —{ 1.456n — 8.334) : g <_ n o

n—2
~ 2n 2
2 1+
<p W (1 456n — 8. 334) . V2 (— 4

2

When n = 7, we have

RHS > 2.6,

and

n—2

2

T on 2
1. 2 1+ =
LHS <n =% <1.456n - 8.334) V2 <_ noy

< 0.8.
43

4-2v2 28—14v2)\ °
+
n—3 n n2
4—2v2 28 —14v2)\ °
_l_
n—3 n n?
_n+2
4-2v2 28—14v2) 7
+
n—3 n n2
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When n > 8, we have

1+%+1+28—14\/§

n—3 n n?
s lfw 1,82
n—3 n n?
—n? —2n+n?—3n+82n—24.6

- n?(n — 3)

3.2n — 24.6

- n?(n — 3) > 0.

Thus we deduce that

LHS <n™ =% (1 456n — 8.334

Lo 2 [(3—2v2)
<n—1——<1456n—833> g( f)
-1 <1.456n — 8.334)

Since the function y = nn is decreasing when n > e, we get that

l\.’)\»—l
oS
Y
w
.
)
v

2 [1456n—8334} 0.1
mnn .
(3 —2V2)n

m\»—t
=

_ T2 L
LHS <n~ (1456n—8334 V2 (3 2\/§> {1.456} 01

> 2 n 3—2v2 5T

) . 2 2
-1 (1.456n —8.334 ( f)

1

1.4 2
<nt (2= 22)
n

o
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Therefore, if n > 8, we need to show that

nl (0.24 - 1‘—43)_% < 1.7[(" —Vn+2) 1] _1,

n 4n?
r i 1
—1)2(n+2 143\ ?
NG ><2n+ ) 4 <1.7n(0.24——) ,
4n n
r i 1
—1)2(n+2 143\ 2
| i(;” ) 1 <1.7n(0.24—T3) ,
n
A ]
L i(zn+)_1<0'4”’
n

<0.6n> +4n®> +3n —2 > 0.

A. PROOF OF CLAIMS IN SECTION

Proof of claim[2. Denote

vV (n—2)(2n —6) —2

D, =
! n—4

5 ~2y/(n—2)(2n—6) +n*—5n+8
o (n—1)2

then

n n2 n-—2 n

4) y { 1 n—|—2+n—2—\/(n—2)(2n—6)}

H = 4(n—2)D1D2 (—n—i—?)— -

_{_(n+2)+"_2—"_2 (2\/(n—2)(2n—6)—n+4>}2

— 4(n— 2)D, Dy (n 4l 5) 4n? —n+2+n(n ;22()719 —2i->\/(n =221 —0))

_ {% (82 = 9n+ 2+ 2n(n — 2)y/(n — 2)(2n—6)]}2.
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=
n*H =4n?D, D, (n —3+ %) [6n2 —bn+2+n(n—2)(n—2)(2n— 6)]
- {8n2 9+ 2+ 2n(n —2)/(n — 2)(2n — 6)}2
<\/(n—2)(2n—6) —2) (2\/(71—2)(271—6) +n? —5n+8)
Dy x Dy =
(n—1)*(n —4)
_2(n?=5n+4)+ (n—1)(n— 4)y/(n —2)(2n —6)
(n—1)*(n—4)
:2+\/(n—2)(2n—6).

n—1
Let A" = (n —2)(2n — 6)
24+ VA n?—-3n+4
n—1 n

_ [8n2_9n+2+2n(n—2)\/§]2>

= n*H =4n?

[6712 —5n+2+n(n— 2)\/&]

SO

(n—1)n*H =4n(n® — 3n + 4)(2 + VA) [6712 —bn+2+n(n— 2)\/&]

—(n—1) [80* ~9n +2+ 2n(n — VA
=8n(n® — 3n + 4)(6n* — 5n + 2)
+4n*(n —2)*(n* —3n +4)(2n — 6) — 4n*(n — 2)*(2n — 6)(n — 1)
— (8n2 =9 +2)%(n — 1) + VA’ - 8n(8n? — 9n + 2)
=8n(n® — 3n + 4)(6n> — 5n + 2) + 8n*(n — 2)*(2n — 6)
— (802 —9n+2)%*(n — 1) + VA’ - 8n(8n* — 9n + 2)
= — 88nt +327n° — 251n% + 24n 4+ 4 + VA’ - 8n(8n® — 9In + 2).

Since we know when n > 7,

@>\/§{n—2.5—;}

6(n—2)
>\/§<n—2.5—3—10)
:ﬁ<n—§),
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then we get that

38
(n — 1)n*H > —88n* 4 327n® — 251n2 + 24n + 4 + 8V/2n (n - E) - (8n* — 9n + 2)

> 2.5n% — 4.2n% +29n% — 34n +4 > 0.

Proof of claim[3 . In fact, we know

<1+%) (n—3+%) (n —2)*(n—1)

and

2¢/(n —2)(2n — 6) +n* — 5n + 8

> 2v2(n —3) +n% —5n+8
=n?—23n+ (2V2 - 2.7)n +8 — 62
> n? —2.3n.

Then we get that

(14 2)(n—342)(n—2)*(n—1)

A>1-—
(ﬁ+n—4)(2n—6)[2\/(n—2)(2n—6)+n2—5n+8
(n?* —3n)(n—2)(n—1)

T T3 D) @n —6)(nf — 2.30)

1 (n—2)(n—1)
2(n— 3+ —5)(n—2.3)

_q_ (n—2)(n—-1)
2(n? —5.3n+7.9 - 12

o1 (n—2)(n—1)

2(n? —5.3n+17.6)
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Then

A>0.5—g+%,
n n
n—2)(n—1 2 2
2(512 - 5)Z(’>n n 7?6) > 05 =0t
(n—2)(n—1) <n2—|—4n—4
(n? —5.3n 4+ 7.6) n? ’
& hi(n) = —1.7n* +19.6n* — 51.6n 4+ 30.4 < 0

&1 —

Since n > 9, we know
B'(n) = —5.1n* + 39.2n — 51.6 < h/'(9) < 0.
So we deduce that

h(n) < h(9) < 0.

U
Proof of claim[]) .
V2-1 1 n—4 ( 4 1)
LHS = +—-1- 1+ - —
2 n n_g_m_ﬁ n—9 n2
B \/§—1+1+2f—2 4 V2—-1 1 n—4
B 2 n n—2 n(n —2) 2n? n? n—g—m—\/ﬁ
_ V2-1 1 2V2-2 4 V2-1 1 n—4
2 n n—2 n(n —2) 2n? ) n-53-L_\2
V2 -1 1+2\/§—2+2f—2 2¢/2 — 2 4 V2—-1 1
2 n n n—2 n n(n —2) 2n? n3
Thus we get that
2—1 2v2-1 4v/2
LHS<\/_ + V2 + V2
2 n n(n — 2)
2—1 2v/2—-1 442
_VE-1 2/2-1 4y
2 n on
<\/§_1+§.
2 n
U
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Proof of claim[3 .

38

A

LHS:2\/§<n—
2 _
>2\/§(n—3+ 1) n2 —2.2n +0.83 (n— 36)

3+

n—1/) (n—1)(n—2)%(n—4)
1 n? —2.2n+0.83
2v/2 — - 3.
>2v2(n 3+n) (n—l)(n—2)2(n—4)(n 3.6)
n—3.6
(n—1)(n—2)%(n—4)
3 2 _ _
2\/5.71 5.2n° + 8.43n 4.69.71 3.6.
n3 — 8n? 4+ 20n — 16 n—1

>2v/2 (n® — 5.2n% 4 8.43n — 4.69)

So we only need to show that

n® —5.2n? +8.43n —4.69 n— 3.6 - n—+ 0.2
n3 — 8n? + 20n — 16 n—1 n
en(n —3.6)(n® — 5.2n* +8.43n — 4.69) — (n — 1)(n + 0.2)(n® — 8n* + 20n — 16) > 0.

Actually, we know

LHS =n® —8.8n* 4+ 27.15n — 35.038n2 + 16.884n — (n° — 8.8n" + 26.2n* — 30.4n* + 8.8n + 3.2)
= 0.95n% — 4.638n? + 8.084n — 3.2
> 0.95- 7% —4.638 - 7> +8.084 -7 — 3.2 > 0.

Proof of claim[@ . When n = 7, we have
LHS <0.96 < RHS.

When n = 8, we have

LHS <09 < RHS.
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When n > 9, we have

2 1 2 4 2—2 2
= (2x/§—1)n+4—5x/§—£ (125 ) V2, V2
in| n n n?2 n-—2 2 n
< 2\/5_1+4_5\/§_£ : 1_|_g_|_i.g . 2_\/§+Q
n 4n? n n? 7 2 n
2—2 2 — — 10+/2 2 144 — 1 2 2
LHS = |2vV2 -1+ f+7f 0,8 0\[—£+ﬂ—£
n Tn? n? 4n? Tn3 2n3
o] (2-vE V2
Tn4 2 n
2—42 291 16.5 2—/2 2
<<2\/§—1+ \[+ — - 3>< \[+£>
n n n 2 n
2—V2 4—+2 3-2v2 2v2-2 291(2—-+2 2.91/2
=(2v2-1) V2 4-VD V2, W2 2910 -V3) | 291V3
2 n n n? 2n? n3
C1652-v2) 1652
2n3 n4
2—+vV2 T7-=—3v2 091 +0.545v2 11.16/2—16.5 16.5v/2
=(2v2-1) vz, V2, V2, v2 _165v2
2 n n? ns nt
2—+2 T7-—3v2 091+ 0.545v/2
< (2v2-1) \f+ \[+ +2 V2
2 n n
2—2 276 1.7
< (2v2-1) \[+ + =
2 n n

Proof of claim[7 . When n =7,
LHS >0.05> RHS.
When n = 8,

LHS >0.04 > RHS.
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When n > 9
LHS > . . —
n—2 n—g—\/§ n—2 2 n
1 ‘2—2\/§n_%+\/§‘2\/§[n—g—é}—n+4 2_\/§+£
“n-—2 n—g_\/i n—2 2 n
2— /2 2 — /2 - 3. —1.72 4.
N \/(2\@_1). V2 (n—=38)(n—1.72) n+48
2 2 (n —2)%(n —3.9) n
~8V2—-11 (n—38)(n—172) n+48
B 2 (n—2)%(n—3.9) n

So we only need to check that

(n—3.8)(n —1.72)(n + 4.8) . +7
(n —2)%(n —3.9) n
sn(n —3.8)(n—1.72)(n +4.8) — (n+ 7)(n — 2)*(n — 3.9) > 0,
<n(n —1.72)(n 4+ 4.8) — (n + 7)(n — 2)* = 0.08n? + 15.744n — 28 > 0.

Proof of claim[§ .
n—44 4% 4 A\ X [4—q\"
S TR B I
) R (5
k=0
4 4 4—q (4-q)? 1
<(1-=+=) (1 :
( n+n2>< + n + n2 1—4%‘1
4 4 4—q (4-q)* 1
<(1-2+2) (1 :
_< n+n2>< * n * n? 1—%
4 4 4 — 1.5(4 — q)?
:(1——+—2) <1+ 74 (2(’))
n o n n n
1.5(4—¢)*—16+4¢+4 4-— 6(4 —
_ 9, 154-9) : ¢t+4 3q{_6(4_q>+4+( q)
n n n n
2 _
1_ngl.Sq §q+12
n n
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Proof of claim[9. Recall that we have already known (G8]) :

2  n?
2 2 2 2 — 2—1 3
VB VI VI 2-g(VEi-1 3
2 n 2n2 n-—3 2 n
n—4+1 0.84 +04v/2 0.9 8v/2—-11/1 7
— 1—qg—0.5 - — +(2—q)— -+ =] .
n—4+q 1 V2 n n2+( 2 2 <n+n2)]
Whennz?and1<q§%,
n+ 2 1
I|U
(0’71—2 n2)
< —0.894+0.16(2 — q) — —q+0.47 4 0.044(2 —
(2—4q) TrEE ( q)]

25
< ~0.89 4 0.16(2 — g) — 72

— g+ 0.47 +0.044(2 — q)]
< 0.773¢ — 1.068.

and

1
—28+40.051(2—¢) +nlg—1) — 0.5\/§q] -

1
6+4.34(2—¢q)+nqg(l —q) + 1.41q] =

1
> —?(f +0.974g — 1.086 > 0.773¢ — 1.068.

Whenn:8and1<q§%

4.5

— ¢+ 0.45+0.036(2 — q)]

45
< —087T+012(2~q) ~ +

— ¢+ 0.45 + 0.036(2 — q)]

< 0.8124q — 1.0998,
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and

1
n

—2840.051(2—¢) +n(g—1) — 0.5@;]

+

1
6+4.34(2—¢q)+nqg(l —q)+ 1.41q] o

1
>>—-§q2—+(l98q-—-1.108 > 0.8124¢ — 1.0998.

Proof of claim Q. If ¢ > 1+ %2, then

. q - n+1.9
b=y "1y
So we only need to check that
n—+2 _ 1 n+1.9

n—2 (n—22 n-19
(:)n2—5 _n+1.9>0

n—22 n—-19" "
s(n?—=5)(n—1.9) — (n+1.9)(n—2)*>0,
&0.2n% — 1.4n 4+ 1.9 > 0.

The last inequality follows from n > 7.

Proof of claim[11 . By claim [5 we know

_ 2By(1+~S+¢5S)? 2—¢§+X§
a (v +4q)? 2 n

:2&u+ms+@9< 1 +S><2—¢§+X§>

v +q v +q 2 n

04v2\ V2(n—2)-15 (22 2
><2\/§+ n ) (n—2)(n—4) ( 2 +7>

SR () e ()
~2) (14 5) ot (140
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We only need to show that
(n+0.2)(n —3.6)(n + 4.8) n +7
n%(n —2)(n —4) n? ’
<(n+0.2)(n—3.6)(n+48)— (n+7)(n—2)(n—4) > 0.

LHS = 0.4n% + 16.96n — 59.456 > 0.
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