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BEST CONSTANT AND EXTREMAL FUNCTIONS FOR A CLASS

HARDY-SOBOLEV-MAZ’YA INEQUALITIES

DAOWEN LIN AND XI-NAN MA

ABSTRACT. We derive an integral identity for a class p-Laplace equation, and then classify

all positive finite energy cylindrically symmetric solutions of the equation (1.2) for 3 ≤ k ≤
n − 1, with the help of some a prior estimates. Combining this with the result of Secchi-

Smets-Willem[22], as a consequence, we obtain the best constant and extremal functions for

the related Hardy-Sobolev-Maz’ya inequalities.

1. INTRODUCTION

In this paper, we study the positive extremals for the following Hardy-Sobolev-Maz’ya

inequalities when s = 1, k ≥ 3.

Theorem 1.1. [4] Let n ≥ 3, 2 ≤ k ≤ n, and p, s be real numbers satisfying 1 < p < n,

0 ≤ s ≤ p and s < k, There exists a positive constant Sp,s = S(p, s, n, k) such that for all

u ∈ D1,p(Rn), we have

(

∫

Rn

|u|
p(n−s)
n−p

|y|s dx

)

n−p
p(n−s)

≤ Sp,s

(
∫

Rn

|∇u|pdx
)

1
p

, (1.1)

where for p > 1, we define the space D1,p(Rn) as the closure of C∞
c (Rn) with respect to the

norm

||u||D1,p(Rn) =

(
∫

Rn

|∇u|pdx
)

1
p

.

For s = 1, the Euler-Lagrange equation associated to (1.1) is

−∆pu =
up

∗(1)−1

|y| in R
n,

u > 0,

u ∈ D1,p(Rn),

(1.2)

where p∗(1) = p(n−1)
n−p

, x = (y, z), Rn = R
k × R

n−k.

If s = p, (1.1) is an extension of the classical Hardy inequalities.

The case s = 0 corresponds to the classical Sobolev inequalities, whose finite energy

extremal functions have been classified by [21] and [26], or see [12] for the convex cone

case via integral by part method and a priori estimates.

In more general case 0 ≤ s < p and k = n, the best constant have been computed in [17],

their extremal functions are, up to dilations and translations,

U(x) = (1 + |x|
p−s
p−1 )−

n−p
p−s

1
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More general inequalities have been considered by Caffarelli-Kohn-Nirenberg[6]:
(
∫

Rd

|x|−bquqdx

)
1
q

≤ Ca,b

(
∫

Rd

|x|−ap|∇u|pdx
)

1
p

where p > 1, a < b < a + 1, q = dp

d−p(1+a−b)
, 0 ≤ a < d

p
− 1, Ca,b = Ca,b(d, p, a, b, q). They

turn out to be of the same form as in the case a = 0, for general, we refer to [14] and [11]

for the recent progress.

When k < n, extremal functions cannot be anymore radially symmetric. Cylindrical

symmetry of some extremal functions has been proved Secchi-Smets-Willem [22], by sym-

metrizations arguments.

For p = 2, s = 1, Mancini-Fabbri-Sandeep [19] classified all positive finite energy so-

lutions using moving plane method and a differential identity from [16] with some a prior

pointwise estimates.

Independently, Alvino-Ferone-Trombetti also investigated when s = 1 in [1], they have a

conjecture as follow in their article, but they could only address when n = 3, k = 2, p = 2.

Conjecture 1. [1] Let u0 be the function given by

u0(x) = u0(y, z) = Cp,n,k[(1 + |y|)2 + |z|2]−
n−p

2(p−1) , (1.3)

where Cp,n,k = (k− 1)
n−p

p(p−1) (n− p)
n−p
p (p− 1)−

n−p
p . Then u is an extremal function for (1.1)

if u(y, z) = λ
n−p
p u0(λy, λz + z0) for some λ > 0 and z0 ∈ R

n−k.

Invoking the cylindrical symmetry results in [22], we generalize the differential identity

in [16], which is motivated from the idea by Jerison-Lee [18]. But unfortunately, we can’t

get the similar a prior point estimates for p-Laplace equations. Since what we need to char-

acterize the cylindrically symmetric solutions of (1.2) are almost integral estimates, with the

help of sharp C0 estimate in [15], the gradient estimates using the ideas from Xiang [27] and

Antonini-Ciraolo-Farina[2] . We can tackle some cases:

Theorem 1.2. For s = 1, n ≥ 4, 3 ≤ k ≤ n − 1, u is a cylindrically symmetric solution of

(1.2) then u(y, z) = λ
n−p
p u0(λy, λz + z0) for some λ > 0 and z0 ∈ R

n−k.

From the above theorem, we can give a positive answer for the conjecture by Alvino-

Ferone-Trombetti[1] when k ≥ 3. Since we can’t get the a priori estimates, the case k = 2
is still open.

As we had remarked that the best constant of Hardy-Sobolev-Maz’ya inequalities (1.1)

achieve at some cylindrically symmetric functions [22].

We give some more reference for the best constant and extremal function on the Hardy-

Sobolev-Maz’ya inequalities on p = 2, please see the recent progress in [[5], [7], [8], [9],

[20], [25]] etc., they used the hyperbolic symmetry or the moving plane methods.

The paper is organized as follows. In section 2, we first review the cylindrically symmetric

for the extremal function by Secchi-Smets-Willem [22]. Then we give the sharp C0 estimate

by Dutta [15], the gradient estimates using the idea from Xiang [27] and Antonini-Ciraolo-

Farina[2]. In section 3, we give a generalization of the differential identity for a class p-

Laplace operator via the ideas from Serrin-Zou [23], [16] and [19], as we noted which is

motivated from the idea Jerison-Lee [18] for the Laplace operator case. Then, using this
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generalized differential identity and the integral estimates in section 2, we complete the

proof of Theorem 1.2.

2. CYLINDRICALLY SYMMETRY PROPERTIES AND A PRIORI ESTIMATES

In this sections, we first show briefly that the best constant of Hardy-Sobolev-Maz’ya in-

equalities achieve at some cylindrically symmetric functions in Secchi-Smets-Willem[22],

and we state the C0 estimates by Dutta [15]. Then we mainly obtain the integral gradi-

ent estimates in Lemma 2.4 and Lemma 2.5, where we use the ideas from Xiang [27] and

Antonini-Ciraolo-Farina[2]. These integral estimates will be used in next section to get the

proof of the main theorem.

As in [22], we consider the minimization problem

Sp,s = S(p, s, n, k) = inf

{
∫

Rn

|∇u|p|u ∈ D1,p(Rn),

∫

Rn

|u|p∗(1)
|y| = 1

}

. (2.1)

Let u ∈ L1(Rn) be a non-negative function. Let us denote by u∗(∗, z) the Schwarz sym-

metrization of u(∗, z) and u∗∗(y, ∗) the Schwarz symmetrization of u∗(y, ∗). It is clear that

u∗∗ depends only on (|y|, |z|). Let us define

D1,p
∗∗ (R

n) = {u ∈ D1,p(Rn)|u = u∗∗},
and

S∗∗
p,s = S∗∗(p, s, n, k) = inf

{
∫

Rn

|∇u|p|u ∈ D1,p
∗∗ (R

n),

∫

Rn

|u|p∗(1)
|y| = 1

}

. (2.2)

From [22], first we have the following property.

Proposition 2.1. [22] Sp,s = S∗∗
p,s.

Then we know the best constant of Hardy-Sobolev-Maz’ya inequalities (1.1) achieve at

some cylindrically symmetric functions.

Now we state a priori C0 estimates for the Euler-Lagrange equation (1.2) from Dutta [15].

Proposition 2.2. [15] Let u be a solution of (1.2), then for any x ∈ R
n, there are universal

constants c, C such that

c

1 + |x|
n−p
p−1

≤ u(x) ≤ C

1 + |x|
n−p
p−1

. (2.3)

We state a a priori gradient estimates for a class p-Laplace equation from Xiang [27].

Proposition 2.3. [27] Let Ω be a domain in R
n and f ∈ L∞

loc(Ω). Let w ∈ W
1,p
loc (Ω) be a

weak solution to equation

−∆pw = f

in Ω, that is,
∫

Ω

|∇w|p−2∇w · ∇ϕ =

∫

Ω

fϕ, ∀ϕ ∈ C∞
0 (Ω).

Then, for any ball B2δ(x0) ⊂ Ω, there holds

sup
B δ

2
(x0)

|∇w| ≤ C

(

δ−n

∫

Bδ(x0)

|∇w|p
)

1
p

+ Cδ
1

p−1 ||f ||
1

p−1

∞,Bδ(x0)
. (2.4)
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We shall use the Proposition 2.2 and Proposition 2.3 to get the following integral estimates

(2.6) when k > 2p.

Lemma 2.4. Let u be a solution of (1.2), for any z ∈ R
n−k, we have

|∇u(y, z)| ≤ C

|y| (2.5)

as |y| → 0 .

If k > 2p, then for any x ∈ R
n and any γ ∈ R, we have the following integral estimates.

∫

BR

|∇u|2puγdzdy ≤ C(1 +Rn−
2p(n−1)

p−1
−

γ(n−p)
p−1 ). (2.6)

Proof. For K ≥ 1 , we define v(y, z) = K
n−p
p−1 u(Ky,Kz), then v ∈ L∞(Rn\B1(0)) inde-

pendent of K by Proposition 2.3 and v satisfies

−∆pv =
v

n(p−1)
n−p

K|y| in {1 < |y| < 4} × {|z| < 2}. (2.7)

By standard regularity of p-Laplace equation [13] or [24], we have

|∇v| ≤ C in {2 < |y| < 3} × {|z| < 1},
where C is independent of K, which is

|∇u(Ky,Kz)| ≤ CK
−n−1

p−1 in {2 < |y| < 3} × {|z| < 1}.
And since

2K ≤ |(Ky,Kz)| ≤
√
10K,

in other word,

|∇u(x)| ≤ C

1 + |x|
n−1
p−1

,

for |y| > 2.

For 0 < |y0| ≤ 2, we consider (2.7) in {|y| < 3}×{1 < |z| < 4}.At x0 = (y0, z0), to use

Proposition 2.3 we take δ = |y0|
8

. By scaling the standard cut-off function, we have a smooth

function η(x) satisfies η = 1 in Bδ(x0), 0 ≤ η ≤ 1, η = 0 outside B2δ(x0) and |∇η| ≤ C
δ

.

By testing (2.7) with

ψ = vηp.

We have
∫

B2δ(x0)

|∇v|pηpdx ≤
∫

B2δ(x0)

v
p(n−1)
n−p ηp

|y| + p

∫

B2δ(x0)

|∇v|p−1ηp−1|∇η|v.

By Young’s inequality, we arrive at

∫

B2δ(x0)

|∇v|pηpdx ≤ C

[

∫

B2δ(x0)

v
p(n−1)
n−p ηp

|y| +

∫

B2δ(x0)

vp|∇η|p
]

≤ Cδn−p,
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Then from the estimates (2.3) and (2.4), we have

sup
B δ

2
(x0)

|∇v| ≤ Cδ−1,

which implies

|∇v(y0, z0)| ≤
C

|y0|
. (2.8)

Let K = 1, which is

|∇u(y, z)| ≤ C

|y| , as |y| → 0.

From (2.8), we get

|∇v|2p ≤ 1

|y|2p , if k > 2p.

We combine it with the estimates (2.3), for any γ ∈ R, and k > 2p, we have
∫

B2\B1

|∇v|2pvγ ≤ C,

up to scaling which is
∫

B2K\BK

|∇u|2puγdx ≤ CK
n− 2p(n−1)

p−1
−γ n−p

p−1 .

Let K = 1, arguing as above in {|y| < 3} × {|z| < 4}. we get
∫

B1

|∇u|2puγdx ≤ C.

Combining these, it follows that
∫

BR

|∇u|2puγdx ≤ C(1 +Rn−
2p(n−1)

p−1
−γ

n−p
p−1 ). (2.9)

�

For the other case p ≥ k
2
≥ 3

2
, we shall use the technique from Antonini-Ciraolo-Farina[2]

to get the integral gradient estimates.

Lemma 2.5. Let u be a solution of (1.2), for p ≥ k
2
≥ 3

2
, we have |∇u|q ∈ L1

loc, and for any

q > 1, γ ∈ R, we have the following estimates.
∫

BR

|∇u|quγdx ≤ C(1 +Rn−
q(n−1)
p−1

−γ
n−p
p−1 ). (2.10)

Proof. We show it by iteration. As Lemma 3.1 in [2], we consider the following equation.

div((ε+ |∇uε|2)
p−2
2 ∇uε) = fε inB1,

uε = u on ∂B1,
(2.11)

where the boundary condition is to be intended as

uε − u ∈ W
1,p
0 (B1).
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Here f = u
p(n−1)
n−p

|y|
∈ Lk−ν(B1) for any k > ν > 0. Let fε = min{f, ε−1}, fε ∈

L∞(B1), |fε| ≤ |f |. Then fε → f in Lσ(B1), where

σ = 2, if p ≥ 2n

n+ 2
,

σ =
np

np− n + p
, if

k

2
≤ p <

2n

n+ 2
,

since np

np−n+p
< np

np−n
= p

p−1
≤ 3.

We apply [[2] Lemma 3.1] to our case, we have for ε ∈ [0, 1), there is a unique solution

in W 1,p
u (B1) = u+W

1,p
0 (B1) and

uε → u strongly inW 1,p(B1),

up to a subsequence, we have uε → u,∇uε → ∇u a.e.

Anagin by [[2] Lemma 3.2], we also have

uε ∈ H2
loc(B1) ∩ C1(B1), (2.12)

and

|∇uε|p−2∇uε ∈ H1
loc(B1;R

n). (2.13)

From (2.11), it follows that

−∂i(Aij(∇uε)∂jmuε) = ∂mfε

where Aij = (ε+ |∇uε|2)
p−2
2 δij + (p− 2)(ε+ |∇uε|2)

p−4
2 ∂iuε∂juε.

The above equation is understood in the sense that for all ψ ∈ C∞
0 (B1),

∫

B1

Aij(∇uε)∂jmuε∂iψ =

∫

B1

∂mfεψ. (2.14)

In (2.14), we shall set ψ = w
α
2 ∂muεη

2, where η ∈ C∞
0 (B1), α ≥ 0 and w = ε+ |∇uε|2.

From the regularity of uε (2.12) and (2.13), the above equality (2.14) also holds for ψ.

First we have

∂iψ = w
α
2 ∂imuεη

2 +
α

2
w

α
2
−1∂iw∂muεη

2 + 2w
α
2 ∂muεη∂iη. (2.15)

Since |∂mfε| ≤ |∂mf |, and

∂mf =
p(n− 1)

n− p

u
n(p−1)
n−p

|y| ∂mu+ u
p(n−1)
n−p ∂m

(

1

|y|

)

. (2.16)

We know u is bounded from (2.3), |∂mu| ≤ C
|y|

from (2.5) and |∂m(|y|−1)| ≤ C|y|−2. It

follows that

|∂mfεψ| ≤ C
w

α+1
2

|y|2 . (2.17)

From [[2] Proposition 4.3], for any ε ∈ (0, 1) and for any open ball B2r ⊂ B1, we have
∫

Br

||∇uε|p−2∇uε|2dx ≤ C

[

r−n

(
∫

B2r\Br

|∇uε|p−1

)2

+ r2
∫

B2r

f 2
ε

]

, (2.18)
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∫

B r
2

|∇(|∇uε|p−2∇uε)|2dx ≤ C

[

r−n−2

(
∫

B2r\Br

|∇uε|p−1dx

)2

+

∫

B2r

f 2
ε dx

]

, (2.19)

where C is only depending on n, p.

Since k ≥ 3, f ∈ L2
loc and ∇uε → ∇u in Lp, so from (2.18), (2.19) we have

|||∇uε|p−2∇uε||H1
loc

≤ C,

C is independent of ε. Therefore, by Hardy-Sobolev-Maz’ya inequalities (1.1) with p = 2
and s = 0 or s = 2 to |∇uε|p−2∇uε, we get

|∇uε|p−2∇uε ∈ L
2n
n−2

loc ∩ L
p

p−1

loc ,
|∇uε|2p−2

|y|2 ∈ L1
loc,

then

w ∈ L
n(p−1)
n−2

loc ∩ L
p
2
loc,

wp−1

|y|2 ∈ L1
loc, (2.20)

and the norms are independent of ε.

Summing up all m = 1, ..., n, we obtain

Aij(∇uε)∂jmuε∂iψ
=w

α+p−2
2 |∂imuε|2η2 + (p− 2)w

α+p−4
2 (∂imuε∂iuε)

2η2

+
α

2
w

α+p−4
2 ∂iw∂muε∂imuεη

2 +
α(p− 2)

2
w

α+p−6
2 ∂jmuε∂iw∂muε∂iuε∂juεη

2

+ 2w
α+p−2

2 ∂imuε∂muεη∂iη + 2(p− 2)w
α+p−4

2 ∂jmuε∂muεη∂iη∂iuε∂juε

=w
α+p−2

2 |∇2uε|2η2 +
α + p− 2

4
w

α+p−4
2 |∇w|2η2 + α(p− 2)

4
w

α+p−6
4 |∇w · ∇uε|2η2

+ 2w
α+p−2

2 ∂imuε∂muεη∂iη + 2(p− 2)w
α+p−4

2 ∂jmuε∂muεη∂iη∂iuε∂juε.

Since ∂iw = 2∂juε∂ijuε, |∇w|2 = 4|∂juε∂ijuε|2 ≤ 4|∇uε|2|∇2uε|2 ≤ 4w|∇2uε|2. And for

α ≥ 0, p ≥ 3
2
, using Cauchy inequality we get

α

8
w

α+p−4
2 |∇w|2η2 + α(p− 2)

4
w

α+p−4
2 |∇w · ∇uε|2η2 ≥

α(p− 3
2
)

4
|∇w · ∇uε|2η2 ≥ 0,

and

1

2
w

α+p−2
2 |∇2uε|2η2 +

p− 2

4
w

α+p−4
2 |∇w|2η2 ≥ p− 3

2

4
w

α+p−4
2 |∇w|2η2 ≥ 0.

It follows that there exist c1, c2 > 0 depend on p such that

Σn
m=1A

ij(∇uε)∂jmuε∂iψ ≥ c1w
α+p−2

2 |∇2uε|2η2 + c2w
α+p−4

2 |∇w|2η2 − Cw
α+p
2 |∇η|2

(2.21)

Then we get
∫

B1

|∇(ηw
α+p
4 )|2 ≤ C

(
∫

B1

w
α+p
2 |∇η|2 +

∫

B1

w
α+1
2

|y|2
)

(2.22)
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For α1 = 0, then from (2.20), w
p
2 , w

1
2

|y|2
∈ L1(B 3

4
), applying (1.1) with p = 2, s = 2 to

ηw
p
4 , we have

w
p
2

|y|2 ∈ L1(B 1
2
),

and applying (1.1) with p = 2, s = 0 to ηw
p
4 , we also have

w
np

2(n−2) ∈ L1(B 1
2
).

Then if w
α+p
2 , w

α+1
2

|y|2
∈ L1(Br), we have w

(α+p)n
2(n−2) , w

α+p
2

|y|2
∈ L1(Bσr), where r, σ < 1.

Let αi+1 = min{ nαi

n−2
+ 2p

n−2
, αi + p− 1}, then

αi+1 − αi ≥ min

{

2p

n− 2
, p− 1

}

(2.23)

Then αi → ∞ as i→ ∞, after scaling we have w
q
2 ∈ L1(B1) for any q > 1.

By Fatou Lemma,

∫

B1

|∇u|quγ =

∫

B1

lim
ε→0

(|∇uε|2 + ε)
q
2uγ ≤ lim

ε→0

∫

B1

w
q
2uγ < C.

A scaling argument completes our proof.

�

From the second estimates for the p-Laplace equation in [3] and [10], we have the follow-

ing regularity result.

Lemma 2.6. Let u be a solution of (1.2), then for k ≥ 3, |∇u|p−2∇u ∈ W
1,2
loc (R

n).

Proof. For k ≥ 3, we have up∗(1)−1

|y|
∈ L2

loc(R
n). Using the standard result in [3] or [10], we

have done.

�

Lemma 2.7. Let u be a solution of (1.2), and Z := {x ∈ R
n : ∇u(x) = 0} and Wε := {x ∈

R
n : |y| > ε}, then |Z ∩Wε| = 0 and u ∈ C∞(Wε\Z).

Proof. We have up∗(1)−1

|y|
∈ L∞(Wε), so from [2], u ∈ C1,β(Wε) and Z has zero measure

since up∗(1)−1

|y|
> 0. By a bootstrap argument, u ∈ C∞(Wε\Z).

�

3. CLASSIFICATION OF CYLINDRICALLY SYMMETRIC SOLUTIONS

In this section, we prove Theorem 1.2. First, we derive an identity.

Let u be a cylindrically symmetric solution of (1.2), r = |y|, t = |z| and we define

u(y, z) = κφ(r, t)−
n−p
p ,
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where κ is constant to be determined later. Then φ shares the regularities with u. In the

coordinate r, s, then

∆pu = (p−2)|∇u|p−4[u2rurr+2urusurs+u
2
suss]+|∇u|p−2[urr+

k − 1

r
ur+u

2
ss+

n− k − 1

s
us].

(3.1)

It follows that

∆pφ+
k − 1

r
|∇φ|p−2φr +

n− k − 1

t
|∇φ|p−2φt =

n(p− 1)

p

|∇φ|p
φ

+
a

r
. (3.2)

where a = κ
p(p−1)
n−p pp−1

(n−p)p−1 , and we will compute κ by a.

We define X i = |∇φ|p−2φi, X
i
j = (|∇φ|p−2φi)j , E

i
j = X i

j −
tr(Xi

j )

2
δij , i, j = r, t,

h = rk−1tn−k−1, hr =
k − 1

r
h, ht =

n− k − 1

t
h.

For ε > 0, we do the following calculations in Wε\Z since φ is smooth in Wε\Z. Now,

we begin to compute,

(Ei
jX

jφ1−nh)i =E
i
jE

j
i φ

1−nh+ (Ei
j)i|∇φ|p−2φjφ

1−nh+

(1− n)Ei
j |∇φ|p−2φjφiφ

−nh+ Ei
j |∇φ|p−2φjφ

1−nhi

=I + II + III + IV.

To deal with II , we note that

(Ei
j)i =

1

2
(∆pφ)j.

Let

∆pφ =
n(p− 1)

p

|∇φ|p
φ

+ f,

where

f =
a

r
− k − 1

r
|∇φ|p−2φr −

n− k − 1

t
|∇φ|p−2φt.

Then

(∆pφ)j |∇φ|p−2φjφ
1−nh =n(p− 1)|∇φ|2p−4φiφjφijφ

−nh− n(p− 1)

p
|∇φ|2pφ−1−nh+

fj |∇φ|p−2φjφ
1−nh.

For the second term II,

II =n(p− 1)|∇φ|2p−4φiφjφijφ
−nh− n(p− 1)

p
|∇φ|2pφ−1−nh+

fj |∇φ|p−2φjφ
1−nh− 1

2
(∆pφ)j|∇φ|p−2φjφ

1−nh.

And for the third term III,

III =(1− n)(|∇φ|p−2φi)jφiφj |∇φ|p−2φ−nh− 1− n

2
∆pφ|∇φ|pφ−nh
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=(|∇φ|p−2φi)jφiφj|∇φ|p−2φ−nh− n(p− 1)|∇φ|2p−4φiφjφijφ
−nh

− 1− n

2
∆pφ|∇φ|pφ−nh.

Since

(|∇φ|p−2φi)jφiφj = (p− 2)|∇φ|p−4φlφljφiφiφj + |∇φ|p−2φijφiφj

= (p− 1)|∇φ|p−2φijφiφj ,

and

IV = (|∇φ|p−2φi)j|∇φ|p−2φjhiφ
1−n − 1

2
∆pφ|∇φ|p−2φihiφ

1−n.

It follows that we have

(Ei
jX

jφ1−nh)i =E
i
jE

j
i φ

1−nh− n(p− 1)

p
|∇φ|2pφ−1−nh+ fj |∇φ|p−2φjφ

1−nh

− 1

2
(∆pφ)j|∇φ|p−2φjφ

1−nh+ (|∇φ|p−2φi)jφiφj |∇φ|p−2φ−nh

− 1− n

2
∆pφ|∇φ|pφ−nh

+ (|∇φ|p−2φi)j |∇φ|p−2φjhiφ
1−n − 1

2
∆pφ|∇φ|p−2φihiφ

1−n

=Ei
jE

j
i φ

1−nh− n(p− 1)

p
|∇φ|2pφ−1−nh+ fj |∇φ|p−2φjφ

1−nh

+ (|∇φ|p−2φi)jφiφj|∇φ|p−2φ−nh + (|∇φ|p−2φi)j|∇φ|p−2φjhiφ
1−n

− 1

2
[∆pφ|∇φ|p−2φiφ

1−nh]i +
1

2
(∆pφ)

2φ1−nh,

since

− 1

2
(∆pφ)i|∇φ|p−2φiφ

1−nh

=− 1

2
[(∆pφ)|∇φ|p−2φiφ

1−nh]i +
1

2
(∆pφ)

2φ1−nh

+
1− n

2
∆pφ|∇φ|pφ−nh +

1

2
∆pφ|∇φ|p−2φihiφ

1−n.

Observe that
[

p− 1

p
|∇φ|p(|∇φ|p−2φi)φ

−nh

]

i

=
p− 1

p
(p|∇φ|2p−4φijφjφiφ

−nh + |∇φ|p∆pφφ
−nh

+ |∇φ|2p−2φihiφ
−n − n|∇φ|2pφ−1−nh),

then

(|∇φ|p−2φi)jφiφj|∇φ|p−2φ−nh =(p− 1)|∇φ|2p−4φiφjφijφ
−nh

=[
p− 1

p
|∇φ|p(|∇φ|p−2φi)φ

−nh]i −
p− 1

p
|∇φ|p∆pφφ

−nh
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− p− 1

p
|∇φ|2p−2hiφiφ

−n +
n(p− 1)

p
|∇φ|2pφ−1−nh.

No we get

(Ei
jX

jφ1−nh)i

=Ei
jE

j
i φ

1−nh− 1

2
(∆pφ|∇φ|p−2φiφ

1−nh)i +
p− 1

p
[|∇φ|p(|∇φ|p−2φi)φ

−nh]i

+
1

2
(∆pφ)

2φ1−nh− p− 1

p
∆pφ|∇φ|pφ−nh+ A,

(3.3)

where,

A =− p− 1

p
|∇φ|2p−2hiφiφ

−n + (|∇φ|p−2φi)j|∇φ|p−2hiφjφ
1−n + fiφi|∇φ|p−2φ1−nh

=− p− 1

p

k − 1

r
|∇φ|p|∇φ|p−2φrφ

−nh− p− 1

p

n− k − 1

t
|∇φ|p|∇φ|p−2φtφ

−nh

+
k − 1

r2
|∇φ|2p−4φ2

rφ
1−nh− a

r2
|∇φ|p−2φrφ

1−nh+
n− k − 1

t2
|∇φ|2p−4φ2

tφ
1−nh.

If we multiply (3.2) with |∇φ|pφ1−nh, then

1

2
(∆pφ)

2φ1−nh− p− 1

p
∆pφ|∇φ|pφ−nh+ A

=
1

2
(∆pφ)

2φ1−nh− n(p− 1)2

p2
|∇φ|2pφ−1−nh− p− 1

p

a

r
|∇φ|pφ−nh

+
k − 1

r2
|∇φ|2p−4φ2

rφ
1−nh− a

r2
|∇φ|p−2φrφ

1−nh+
n− k − 1

t2
|∇φ|2p−4φ2

tφ
1−nh.

(3.4)

To eliminate a
r
|∇φ|pφ−nh, we introduce

B =

{

p− 1

p

|∇φ|p
φ

φ1−nh− (|∇φ|p−2φr)rφ
1−nh

}

r

− {(|∇φ|p−2φt)rφ
1−nh}t (3.5)

Differentiating (3.2) with respect to r, we get

B =

(

p− 1

p

|∇φ|p
φ

)

r

φ1−nh+
p− 1

p

k − 1

r
|∇φ|pφ−nh +

p− 1

p
(1− n)

|∇φ|p
φ

φr

φ
φ1−nh

+

{

−k − 1

r2
|∇φ|p−2φr −

n(p− 1)

p
(
|∇φ|p
φ

)r +
a

r2

}

φ1−nh

− (1− n){(|∇φ|p−2φr)r
φr

φ
+ (|∇φ|p−2φt)r

φt

φ
}φ1−nh

=
p− 1

p

k − 1

r
|∇φ|pφ−nh− k − 1

r2
|∇φ|p−2φrφ

1−nh+
a

r2
φ1−nh,

(3.6)

if we show

p− 1

p

( |∇φ|p
φ

)

r

+
p− 1

p

|∇φ|p
φ

φr

φ
− (|∇φ|p−2φr)r

φr

φ
− (|∇φ|p−2φt)r

φt

φ
= 0.
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Indeed, note that
( |∇φ|p

φ

)

r

=
p|∇φ|p−2(φrφrr + φtφtr)

φ
− |∇φ|p

φ

φr

φ
,

it is equivalent to verify that

(p− 1)|∇φ|p−2(φrφrr + φtφtr) = (|∇φ|p−2φr)rφr + (∇φ|p−2φt)rφt,

which is correct by direct computation.

So we combine (3.3) and (3.6), (3.3) + a
k−1

B gives

(Ei
jX

jφ1−nh)i +
1

2
[∆pφ|∇φ|p−2φiφ

1−nh]i −
p− 1

p
(|∇φ|p|∇φ|p−2φiφ

−nh)i

+
a

k − 1

{[

p− 1

p

|∇φ|p
φ

φ1−nh− (|∇φ|p−2φr)rφ
1−nh

]

r

− [(|∇φ|p−2φt)rφ
1−nh]t

}

= Ei
jE

j
i φ

1−nh+
n

2(n− 2)

(

∆pφ− 2(p− 1)

p

|∇φ|p
φ

)2

φ1−nh

+
(k − 1)(n− k − 1)

n− 2

[ |∇φ|p−2φt

t
− |∇φ|p−2φr

r
+

a

(k − 1)r

]2

φ1−nh,

(3.7)

by

1

n− 2

(

∆pφ− n(p− 1)

p

|∇φ|p
φ

)2

+
1

2
(∆pφ)

2 − n(p− 1)2

p2
|∇φ|2p
φ2

=
n

2(n− 2)

(

∆pφ− 2(p− 1)

p

|∇φ|p
φ

)2

,

and

− 1

n− 2

[

(n− k − 1)
|∇φ|p−2φt

t
+ (k − 1)

|∇φ|p−2φr

r
− a

r

]2

+
k − 1

r2
|∇φ|2p−4φ2

r −
2a

r2
|∇φ|p−2φr +

n− k − 1

t2
|∇φ|2p−4φ2

t +
a2

(k − 1)r2

=
(k − 1)(n− k − 1)

(n− 2)

[ |∇φ|p−2φt

t
− |∇φ|p−2φr

r
+

a

(k − 1)r

]2

.

Therefore, if we define

F = Xr
rX

r +Xr
tX

t − p− 1

p

|∇φ|p
φ

Xr +
a

k − 1

(

p− 1

p

|∇φ|p
φ

−Xr
r

)

, (3.8)

and

G = X t
rX

r +X t
tX

t − p− 1

p

|∇φ|p
φ

X t − a

k − 1
X t

r, (3.9)

and let Y be vector field

Y = (Fφ1−nh,Gφ1−nh) =

(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)(

Xj − a

k − 1
δrj

)

φ1−nh. (3.10)
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We have the following key differential identity.

Proposition 3.1. For any ε > 0, the following identity holds in Wε\Z.

divY =Ei
jE

j
i φ

1−nh+
n

2(n− 2)

(

∆pφ− 2(p− 1)

p

|∇φ|p
φ

)2

φ1−nh

+
(k − 1)(n− k − 1)

n− 2

[ |∇φ|p−2φt

t
− |∇φ|p−2φr

r
+

a

(k − 1)r

]2

φ1−nh

=

(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)(

X
j
i −

p− 1

p

|∇φ|p
φ

δij

)

φ1−nh

+
n

2(n− 2)

(

∆pφ− 2(p− 1)

p

|∇φ|p
φ

)2

φ1−nh

+
(k − 1)(n− k − 1)

n− 2

[ |∇φ|p−2φt

t
− |∇φ|p−2φr

r
+

a

(k − 1)r

]2

φ1−nh ≥ 0

(3.11)

Proof. From (3.7), we get the differential identity in (3.11), in order to prove the right of

(3.11) is nonnegative, it suffices to show
(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)(

X
j
i −

p− 1

p

|∇φ|p
φ

δij

)

≥ c

(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)2

,

for some c > 0. From the Lemma 4.5 in [10], we only need to show that

X i
j −

p− 1

p

|∇φ|p
φ

δij = (N1N2)ij , (3.12)

where N1 is positive define and N2 is symmetric.

First,

X i
j −

p− 1

p

|∇φ|p
φ

δij = N3N4 +N5,

where N4 = |∇φ|p−2φij , N3 = (p− 2)
φiφj

|∇φ|2
+ δij and N5 =

p−1
p

|∇φ|p

φ
δij . Then N3 is positive

define with eigenvalues 1 and p− 1. N−1
3 = δij − p−2

p−1

φiφj

|∇φ|2
.

It follows that

X i
j −

p− 1

p

|∇φ|p
φ

δij = N3(N4 +N−1
3 N5)

where N4 +N−1
3 N5 is symmetric.

Setting N1 = N3, N2 = N4 +N−1
3 N5, we have done. �

In order to get the integral estimates, we need the following estimates.

Lemma 3.2. For any ǫ > 0, we have
(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)(

Xj − a

k − 1
δrj

)

ζj ≤ǫ
(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)(

X
j
i −

p− 1

p

|∇φ|p
φ

δij

)

+ C(ǫ)|ζj|2(|X i|2 + 1).
(3.13)
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Proof. The same notations as above, from (3.12), we have

X i
j −

p− 1

p

|∇φ|p
φ

δij = ACTBC,

where C is a orthogonal matrix,

C−1 = CT ,

A is a symmetric matrix, (B)ij = (p − 2)
φiφj

|∇φ|2
+ δij where B is positive define with

eigenvalues 1 and p− 1, and (BC)ij = λiδij , λ1 = p− 1, λi = 1, i = 2, ..., n. It follows that

tr(ACTBCD)

=(ACT )ij(BC)jkDki

=(ACT )ijλjDji

≤ǫ(ACT )2ij + C(ǫ)D2
ij

≤ǫtr(ACT (ACT )T ) + C(ǫ)tr(D2)

and

tr(ACTBCACTBC) = (ACT )ijλj(AC
T )jiλi ≥ λ2tr(ACT (ACT )T )

where λ = min{1, p− 1}. Then we have

tr(ACTBCD) ≤ ǫtr(ACTBCACTBC) + C(ǫ)tr(D2) (3.14)

Substituting (D)ij = (Xj − a
k−1

δrj)ζi and using

tr(D2) = (X i − a

k − 1
δir)ζj(X

j − a

k − 1
δjr)ζi ≤ C(|X i|2 + 1)|ζj|2,

we have completed the proof. �

Now we begin the proof of the main Theorem 1.2, as in the paper by Mancini-Fabbri-

Sandeep [19], we shall use the key differential identity (3.11) , the C0 estimates (2.3) , the

integral gradient estimates in (2.6) and (2.10).

Proof of Theorem 1.2. Let R > 0 and define

ΩR = {(r, t) : 0 < r2 + t2 < 4R2}.

Let ζ(r, t) be cut-off function in R
2 with ζ = 1 in (r2 + t2)

1
2 ≤ R, ζ = 0 in (r2 + t2)

1
2 ≥ 2R

and |∇ζ | ≤ C
R

.

Tε = {(r, t) : 0 < r < ε},

Let ϕ(r, t) be a smooth function in R
2 with ϕ = 0 in Tε, ϕ = 1 outside T2ε and ϕt = 0,

|ϕr| ≤ C
ε

.

Since Z has zero measure, for the vector field Y in (3.10), integration by parts gives
∫

ΩR

ϕlζmdivY =

∫

∂ΩR

ϕlζmY · νdH1 −
∫

ΩR

∇(ϕlζm) · Y, (3.15)
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where m, l > 2 are big, and ν is the outward normal to ∂ΩR and dH1 is the surface measure

on the boundary.
∫

∂ΩR

ϕlζmY · νdH1 =−
∫

Γ1

ϕlζmGφ1−nhdH1 −
∫

Γ2

ϕlζmFφ1−nhdH1

+

∫

r2+t2=4R2

ϕlζmY · νdH1,

(3.16)

where Γ1 = ∂ΩR ∩ {t = 0}, Γ2 = ∂ΩR ∩ {r = 0}.

From the symmetry of φ, we have φt(r, 0) = 0. We observe that G = 0 on Γ1 since

|∇φ|p−2φt = (|∇φ|p−2φt)r = 0 on Γ1, ϕ = 0 on Γ2 and ζ = 0 on r2 + t2 = 4R2, therefore
∫

∂ΩR

ϕlζmY · νdH1 = 0. (3.17)

Now we need to deal with

−
∫

ΩR

∇(ϕlζm) · Y = −l
∫

ΩR

ϕl−1ζm∇ϕ · Y −m

∫

ΩR

ϕlζm−1∇ζ · Y. (3.18)

By the definition of Y =
(

X i
j − p−1

p

|∇φ|p

φ
δij

)

(

Xj − a
k−1

δrj
)

φ1−nh and using Lemma 3.2

we have,

mϕlζm−1|∇ζ · Y | ≤0.1

(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)(

X
j
i −

p− 1

p

|∇φ|p
φ

δij

)

ϕlζmφ1−nh

+
C

R2
(|∇φ|p−1 + 1)2φ1−nhϕlζm−2,

(3.19)

in the support set of ∇ζ ⊂ ΩR\ΩR
2

.

Using Lemma 2.4 and Lemma 2.5 (with q = 2p) we have

∫

BR

|∇u|2p−2uγ ≤
(
∫

BR

|∇u|2puγ
)

p−1
p
(
∫

BR

uγ
)

1
p

≤ C(1 +R
n−2(n−1)− γ(n−p)

p−1 ). (3.20)

Then
∫

ΩR

|∇φ|2p−2φ1−nrk−1tn−k−1 = C

∫

B2R

|∇u|2p−2u
p(n−1)
n−p

− (2p−2)n
n−p ≤ C(1 +R

2−n−p
p−1 ),

(3.21)

Besides, by Proposition 2.2 we have c1(1 + r2 + t2)
p

2(p−1) ≤ φ ≤ c2(1 + r2 + t2)
p

2(p−1) , then
∫

ΩR

φ1−nrk−1tn−k−1 ≤ C(1 +R−n−p
p−1 ). (3.22)

So by (3.21) and (3.22), we get

1

R2

∫

ΩR\ΩR
2

ϕlζm−2(|∇φ|p−1 + C)2φ1−nh ≤ CR−τ , (3.23)

where τ = min{n−p

p−1
, 2}.
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Let

Qε = ΩR ∩ {T2ε\Tε} ⊂ ΩR (3.24)

Next, we estimate
∫

ΩR

ϕl−1ζm∇ζ · Y =

∫

Qε

ϕl−1ζmϕrFφ
1−nrk−1tn−k−1. (3.25)

For k ≥ 3, the same as (3.19),

ϕl−1ζm|ϕrF |φ1−nh ≤0.01

(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)(

X
j
i −

p− 1

p

|∇φ|p
φ

δij

)

ϕlζmφ1−nh

+
C

ε2
(|∇φ|p−1 + 1)2ϕl−2ζmφ1−nh,

(3.26)

in the support set of ϕr ⊂ Qε.

We have

1

ε2

∫

Qε

φ1−nh ≤ C

ε2

∫ 2ε

ε

∫ 2R

0

(1 + r2 + t2)
p(1−n)
2(p−1) tn−k−1dtrk−1dr

≤C

ε2

∫ 2ε

ε

∫ 2R

0

(1 + t2)−
(n−1)p
2(p−1) tn−k−1dtrk−1dr ≤ C

ε2

∫ 2ε

ε

rk−1dr ≤ Cεk−2.

(3.27)

Here we use − (n−1)p
p−1

+ n− k − 1 = −n−1
p−1

− k, so
∫∞

0
(1 + t2)−

(n−1)p
2(p−1) tn−k−1dt ≤ C. And

by Holder’s inequality, we have

1

ε2

∫

Qε

|∇φ|2p−2φ1−nh ≤ C

ε2

(
∫

Qε

|∇φ|qφ1−nh

)
2p−2

q
(
∫

Qε

φ1−nh

)
q−2p+2

q

. (3.28)

For k > 2p, we set q = 2p, if k ≤ 2p, we set q = 2(p−1)k
k−2.1

, by Lemma 2.4 and Lemma 2.5

it follows that

∫

Qε

|∇φ|qφ1−nh ≤
∫

ΩR

|∇φ|qφ1−nrk−1tn−k−1 = C

∫

B2R

|∇u|qu
p(n−1)
n−p

− qn
n−pdx ≤ C(R).

(3.29)

Thus, by (3.28) and (3.27),

1

ε2

∫

Qε

|∇φ|2p−2φ1−nh ≤ C(R)

ε2

(
∫

Qε

φ1−nh

)
q−2p+2

q

≤ C(R)

ε2
ε

k(q−2p+2)
q = C(R)εµ,

(3.30)

where

µ =
k(q − 2p+ 2)

q
− 2. (3.31)

For k > 2p, q = 2p, then µ = k
p
− 2 > 0. For k ≤ 2p, q = 2(p−1)k

k−2.1
, then

µ =
k(2pk−2k

k−2.1
− 2pk−4.2p

k−2.1
+ 2k−4.2

k−2.1
)

2(p−1)k
k−2.1

− 2 =

4.2(p−1)k
k−2.1

2(p−1)k
k−2.1

− 2 = 2.1− 2 = 0.1,
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we have µ > 0 in both cases.

Combing (3.30) and (3.27),

C

ε2

∫

Qε

(|∇φ|p−1 + 1)2φ1−nh ≤ C(R)εµ, (3.32)

Using the fact (3.24), then we arrive at
∫

ΩR

ϕlζmdivY

=

∫

ΩR

ϕlζm
(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)(

X
j
i −

p− 1

p

|∇φ|p
φ

δij

)

φ1−nh

+
1

n− 2
ϕlζm

(

∆pφ− 2(p− 1)

p

|∇φ|p
φ

)2

φ1−nh

+
(k − 1)(n− k − 1)

n− 2
ϕlζm

[ |∇φ|p−2φt

t
− |∇φ|p−2φr

r
+

a

(k − 1)r

]2

φ1−nh

=−
∫

ΩR

∇(ϕlζm) · Y = −m
∫

ΩR

ϕlζm−1∇ζ · Y − l

∫

Qε

ϕl−1ζmϕrF

≤0.11

∫

ΩR

(

X i
j −

p− 1

p

|∇φ|p
φ

δij

)(

X
j
i −

p− 1

p

|∇φ|p
φ

δij

)

ϕlζmφ1−nh

+
C

R2

∫

ΩR

(|∇φ|p−1 + 1)2φ1−nhϕlζm−2 +
C

ε2

∫

Qε

(|∇φ|p−1 + 1)2φ1−nhϕl−2ζm.

(3.33)

From (3.23), (3.32), we have

1

2

∫

ΩR

ϕlζmdivY ≤ CR−τ + C(R)εµ. (3.34)

For any R > 0, let ε → 0, we have

1

2

∫

ΩR

ζmdivY ≤ CR−τ , (3.35)

then let R → ∞,

1

2

∫

r>0,t>0

divY = 0. (3.36)

Therefore by Proposition 3.1,

divY = 0, (3.37)

which means

Ei
j = 0, (3.38)

∆pφ =
2(p− 1)

p

|∇φ|p
φ

. (3.39)
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Now we focus on Zc since φ ∈ C∞(Zc ∩ {(r, t) : r > 0, t > 0}). From (3.38), we have

(|∇φ|p−2φr)t = 0, (|∇φ|p−2φt)r = 0, (3.40)

and

(|∇φ|p−2φr)r = (|∇φ|p−2φt)t =
1

2
∆pφ. (3.41)

If we differentiate (3.40), then there is a constant b such that

(|∇φ|p−2φr)r = (|∇φ|p−2φt)t := b,

then

|∇φ|p−2φr = br + d1, |∇φ|p−2φt = bt + d2,

for some constants d1, d2.

By (3.39) and (3.2),

d1 =
a

k − 1
, d2 = 0,

which is

|∇φ|p−2φr = br +
a

k − 1
, |∇φ|p−2φt = bt. (3.42)

By (3.39)

φ =
p− 1

pb
|∇φ|p.

If we take a = (k − 1)( p

p−1
)p−1, then

φ =
p− 1

pb
[(bt)2 + (br + (

p

p− 1
)p−1)2)]

p
2(p−1)

= λ−1[(λt)2 + (λr + 1)2]
p

2(p−1) ,

where λ = b(p−1
p
)p−1. And

κ = (k − 1)
n−p

p(p−1) (n− p)
n−p
p (p− 1)−

n−p
p ,

then

u(y, z) = λ
n−p
p u0(λy, λz),

where u0 is as in Theorem1.2 in Zc. Since u is continuous and Z has zero measure, then

u(y, z) = λ
n−p
p u0(λy, λz) in R

n.
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