THE WEAK CONVERGENCE FOR A MEASURE RELATED TO A CLASS OF
CONFORMALLY INVARIANT FULLY NONLINEAR OPERATOR
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ABSTRACT. Trudinger-Wang introduced the notion of k-Hessian measure associated with
k-convex functions, not necessarily continuous, and proved the weak continuity of the asso-
ciated k-Hessian measure with respect to local L' convergence in 1999. In this paper we find
a special divergence structure for the o-Yamabe operator which is conformally invariant,
and prove the weak continuity of the ;- Yamabe operator with respect to local L' conver-
gence.

1. INTRODUCTION

Let (M, g) be a Riemannian manifold of dimension n > 3 with a metric g. The well-
known Yamabe problem states whether there exists metrics which are pointwise conformal
to g and have constant scalar curvature. The Yamabe problem was solved through the work
of Yamabe[25] , Trudinger[19] , Aubin[1] and Schoen[17]. Denote Ric and R as the Ricci
tensor and the scalar curvature, respectively. Then the Schouten tensor is

~ 1
19 — Ric?
U —9 1G5 —

R9g::| . 1
o(n—1) " 74 M
Now transform the (0, 2)-tensor flfj toa (1, 1)-tensor A;; by A9 = g~1 A9,

We are always interested in locally conformally flat (Icf) manifolds. We say a Riemannian
manifold (M, g) is lcf if the metric g can be locally written as g = v~2|dx|? for some smooth
v > 0, where |dz|? is the usual Euclidean metric. Then the (1, 1)-tensor A,; becomes

1
Aij(’l]) = VU — 5‘VU|2(SZJ (2)
For A = (A1, -+, \,) € R, we define
ar(N) = ) A A 3)
1<i1 << <n
Let A{A;;(v)} be the eigenvalues of A;;(v), then we define
Sk(v) = ar(MAij(v)}). ©)

We call Sy, the oj-Yamabe operator. For the related o;-Yamabe problem, there has been a
lot of work, for instance, Chang- Gursky- Yang [2, 4], Gursky- Viaclovsky [12], Li- Li [14],
Guan- Wang [11], Sheng- Trudinger- Wang [18], Ge-Wang[7].
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Trudinger - Wang [20] introduced the notion of k-Hessian measures, for k-convex func-
tions defined on domains in Euclidean space, and proved the weak continuity of k-Hessian
measures with respect to locally uniform convergence of functions. In the sequel paper,
Trudinger - Wang [21] introduced the notion of k-Hessian measure associated with k-convex
functions and proved the weak continuity of the associated k-Hessian measure with respect
to local L' convergence. In [22], Trudinger - Wang extended to the case of mixed k-Hessian
measures associated with k-tuples of k-convex functions on domains in Euclidean space, and
gave some applications of the k-Hessian measure theory to the Dirichlet problem. In Dai-
Trudinger-Wang [S5] and Dai-Wang-Zhou [6], they generalized the Hessian measure result
to higher order curvature operator with respect to almost everywhere convergence. For the
Hessian measure on Heisenberg group, Trudinger-Zhang [23] proved the weak continuity
of Hessian measures with respect to locally uniform convergence of functions through the
monotonicity formula for k-convex functions on Heisenberg group.

On the other hand, the o,-Yamabe operator Si(v) is conformally invariant, which comes
from the result of Chang- Gursky- Yang [3] :

Proposition 1.1 ([3] ). Let A be any real number. Then the tensor

T="T(g,f)
, n—2_, 1 n—2 n—2 9
2(n—1 n—1)(n—2

R+ 20Dy 2 DD g el ®

is a pointwise conformal invariant. More precisely,
T(e*g, [ +nw)=T(g,f). 6)
Letting A = —m, we define T := —-¢7'T; (g, nlogv) and Y;"(g,v) := ox(MT}).

If g = |dx|?, then

_ 1

T(g,v) = v v — §U_2|V’U|25Z'j. (7)

Thus in this case we have Y"*(|dx|?,v) = v=2*S(v) and for locally conformally flat mani-
folds, the operator Y, (g, v) is conformally invariant by Proposition 1.1 :

Y (e*|dx|?, evv) = e Y (|dx |, v). (8)

Our Corollary 4.1 will show Y;"*(|dz|?, v) is a measure when v is just continuous.
In this paper, we will introduce the oj-Yamabe measure Sy (v) and prove the weak conti-
nuity of the associated o,-Yamabe measure with respect to convergence in measure of v.
We recall that the Garding’s cone is defined as

T ={AeR" : g;(\) >0,V1 <i < k}. )
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0Sk
o,
PF(Q) = {u € C*(Q) :u >0, MA;(v)} € Fk},

ijo._
S =

(10)
dF(Q) = {u € LL () : u > 0, and there exists a sequence {u(™} € &*(Q)

such that 4™ converges to u in Llloc},

where () is a bounded domain in R". Corresponding to Theorem 1.1 in Trudinger-Wang
[21], we shall establish the following characterization of o;-Yamabe measure on ®F((2).

Theorem 1.1. For any u € ®*(Q2), there exists a Borel measure yu,[u] in  such that
o i [u] = Sk(u) for u € C*(Q).
o If {u'™} is a sequence in ®*(Q) converging locally in measure to a function u €
F(Q2), then the corresponding measure i [u™)] — pi.[u] weakly.

Note that from well known properties of subharmonic functions and the relation between
Sm(v) and v"0,,(Mwi;}) in Lemma 2.3, as Trudinger-Wang [21] mentioned, we have the
inclusion, ®*(Q) C ®*(Q) C L, .(Q) and convergence in measure is equivalent to conver-
gence in L} ().

loc

In order to prove the above theorem, we introduce a monotonicity formula with respect to
0k~ Yamabe operator.

Theorem 1.2. Let u,v € ®2(2) N C%(Q) satisfy u > v in Q and v = v on ). Then there
exists A < 0, such thar for any o > A, it follows that :

k k
/Zblua]Vu]mSkl(u)dxg/Zblvo‘]Vv\zlSkl(v)dx, (11)
L £ =0

=0

with
by = k, (12)
(a+n)a+n+1)---(a+n+l-1)
= . -1k
b [%+0a+MHQM] ) forl=1,--- k. (13)

This monotonicity formula is the most important tool to obtain Theorem 1.1. It is different
from the usual monotonicity formulas on k-Hessian measure by Trudinger-Wang in [20],
Dai-Wang-Zhou in [6]. In some sense, it is similar to the monotonicity formula for k-convex
functions on Heisenberg group by Trudinger-Zhang [23].

[16] The plan of this paper is as follows. In the next section we give various properties of
ok~ Yamabe operator, especially we obtain the relation between S, (v) and v™ o, (A{v;;}) in
Lemma 2.3. In Section 3, we first use the special divergence structure with respect to the -
Yamabe operator to get a differential identity in Lemma 3.1, which will be also used to get
the upper bound estimates via Moser iteration in Section 5. Then we prove the monotonicity
formulas i.e. Theorem 1.2. The new idea on this step is that we introduce the combination of
P(v) = YPg(v) == Zf:o b Vou|* Sk (v) to replace the usual term o, (A{v;;}) in Trudinger
- Wang in [20]. Then we give comparison principle as a consequence of the monotonicity
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formulas. In Section 4, we complete the proof of Theorem 1.1 for & > 2. In this case we use
the Holder estimate Theorem 2.7 and integral estimate Theorem 3.1 in Trudinger-Wang [20],
and we use the monotonicity formulas Theorem 1.2. The proof of the weak continuity result,
Theorem 1.1 is then completed for & > 7. In Section 5, we first obtain the interior > bound
with related to the - Yamabe operator for 1 < k < 5 via Moser iteration. As a consequence
we get a local uniform integral estimates from the differential identity Lemma 3.1. Finally,
in Section 6, we use the integral estimates to complete the proof the weak continuity result,
Theorem 1.1 for1 < k < g In this step we also follow that idea from Trudinger-Wang in
[20].

Acknowledgment: The first author would like to thank the helpful discussion and encour-
agement from Prof. X.-J. Wang on this subject. The authors were supported by the National
Natural Science Foundation of China (grants 12141105) and the first author also was sup-
ported by the National Key Research and Development Project (grants SQ2020YFA070080).

2. PROPERTIES OF ;- YAMABE OPERATOR

In this section, we will give some fundamental properties of o-Yamabe operator which
will be widely used in this paper. The first lemma appeared in Li-Nguyen-Wang [15], for
completeness we contain its proof. In this paper we always use the notation Sy := Sy (v) :=

o, (MA;;(v)}) and o, := ok (v) = op(M{vi;}).
Lemma 2.1. [15] If u,v € ®*(Q), then u + v € ®*(Q).
Proof of Lemma 2.1. Define w := u + v, then

1
Aij(w) = (uv)(ui; +vyy) = 5|Vu+ Volsy;

1
~(u+v)(u | Vul|?0;; + v Vul*6;)

= (u+v)(u " Ay(u) + v Ay (v)) + 5

1
— §|VU + VU|25Z‘]'

1
= (u+v)u" Ay (u) + (u+v)v Ay (v) + iéij(vu’1]Vu]2 +uv HVo|? — 2Vu - Vo).

Since
vu”H Vaul* + uv ™ Vol]? — 2Vu - Vo > 0, (14)
and I'; is convex , we get that
MAjj(w)) € Ty (15)
0

By Gonzidlez [8, 9, 10], we know that

Lemma 2.2. Ifv € @k(Q), then for any 0 < | < k, the matrices (Slij) defined in (10) is
nonnegative-definite and

Za Sy, = —(n—1)Swiv~ +nZS,”+1 . (16)

Here we give a different proof from the one in [8].
4
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Proof of Lemma 2.2. We prove the conclusion by induction. If [ = 0, since Sij = 0;; and
Sp = 1, the conclusion (16) holds. Then we suppose (16) holds for any 0 < [ < m with
0 <m < k — 1. At this time, we have

D 087 0 = 0i(Smbi; — SiAy)
J J
= SN0 Ajq — (95871 - Agi + S - 9;Ays)
= Sﬁ;ﬂaz‘qu — 0 Aqi) — 8J’S%1 - Agi
= Si1(Vivjq — Vpitpdiq — VjUqi + UpjVpdiq) — 0;ShT - Agi
= S (vivjq — vjvg) — (0 — M+ 1)Sp_1vp0, + Shvyv, — 05551 - Ay
= 574 |:U v; (qu + - |VU|25qj) — vjvq,} — (n—m+1)S,, 100, + STv,0,
+ [(n = m+1)S_1v0™" — nSHvv~'] Ay
1 .
=mv 1 S,v; + i(n —m+ D)o Vo2 Sy _1v; — iy,

— (n—m~+1)S, 100, + SHvpv, + (0 —m 4+ 1)S,, 1v,0 Ay — nv~ 1S9, Ay

=mv 1S, — nv’lsquj gi

—(n—m)Spvv™ +nSP2 vt (17)
where we used the fact that the matrix (S;”); ; is symmetric for any 1 < I < k which means
that

Z SJZ+1UJ = Z Szp+1vpa (18)

= (smaji -y ngAqi) vi=Y (smaip = sggAjp> Up, (19)
J p J
= Z SIA v; = Z S Aj,0p, (20)
= Z S7 qvqlvj = Z S”v]pvp (21)
O
Let A = (A1, -+, A,) be the eigenvalue vector of the matrix (v;;) and b := 1|Vv|?. Define
O .= O'k(vij) = Z >‘i1 )‘Zk (22)

1<i1 << <n

Next we will show A(v;;) € 'y if A(4;;(v)) € T'y.
Lemma 2.3. Ifv € ®*(Q), then we have

k
k+1
Sp(v) = vk — ) ﬁsk b, with b = |Vv|2. (23)
=1

5
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Therefore there exists C' = C(n,l,q) > 0, such that
vloy(v) > C|Vo|*1S,_,, with1 < q <1<k, (24)

and
S < vy, withl <m < k. (25)

Proof of Lemma 2.3 . Let i; = vA; — b. Then \; = v=!(p; + b) and
Uko-k = O-k:(ﬂl +ba Tty Mn +b)

k
—k +l
+Z i Sk 0. (26)

3. MONOTONICITY FORMULA

In this section, inspired by Lemma 3.3 in Gonzélez [8], we give a special divergence
structure with respect to the o-Yamabe operator.

Lemma 3.1. For any o € R, we have

k—1 k
> a0 VoS ) + ) b | Vo S = 0, (27)
1=0 =0
with
( Qg = —1,
bO =,
1)--- [
o — (a+n+ )21 l'(oz—i-n—i— >,f0rl: Lk,
b = (k+l)oz+lm+2kl] Jadmladntl)eladndl=b) oy g
L | — 2ll'(a+n) 9 - 9 9 TV
Proof. Writing S_; = 0. Using Lemma 2.2 and direct computation, we have
(Vo S i),
=(k + Dv*| Vo[ Sp + (a+n + 1+ Do Vol? Sy v, — 20| Vo 7287, v
1
— §(n + 141 = k)| Vo228,
(32)
Combining (28), (29),(30), (31) and (32), we get (27).
U
Remark 3.1. We find that when
kn + 2kl
> —n—-1,—— =\ 33
o> max{ n , T } (33)

it holds that b; > 0 and a; < 0. This A is the constant in Theorem 1.2.
6
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0~ Yamabe measure

From now on, let us define

d(w) = (w ZBzw“le Spi(w), (34)

1=0
where B; € R and w € ®*(Q).

Lemma 3.2. Let B; = b for | = 0,--- , k in (29) and (31). For any u,v € ®*(Q) N C?(Q)
and o € R, we have

P k-1

% (w) = lz_; by [wa+1|Vw|2lS,i];l(v - u)ZL
E @)
+ Z [Q(Z + by — (@a+n+1+ l)bl] [wa|Vw|mS,?_lwi(v —u)| ,
1=0 j
where
w=w(z,t) = (1 —t)u(z) + tv(zx). (36)

Proof of Lemma 3.2. By direct computation, we get

0
8t(

1
=(a+k — Dw* | Vw|*S_i(v — u) + §(n 141 — k) w* HVw[* 28,1 (v — )

°‘|Vw|2 Sk l)

+ 21w | Vw28, Vw - V(v —u) — (n+ 1+ 1 — k)w®|Vw|*S,_;_1 Vw - V(v — u)
+ w* T Vw|?SY (v — ).

; (37)
Firstly we deal with the term w* | Vw|*S)? (v — u);; in above formula.

W V' SiLy (0 — )y
[ VS (0 ]~ (ot D VS o — ),
— 21wa+1|Vw\21725,i];lemwm(v —u);
w* ™ V(v — u); - [ —(n—k+1+D)w S, w; + nw 'SP w;
= [wa“\VwFlS,ij_l(v - u)l]j — (a+n+ Dw*|Vw|*SyY w;(v—u);
— 2w Vw|* 28 wjmwm (v — u); + (n — k + 14+ Dw*|[Vw|* Sy Vw - V(v — u).
Noting that
ij ij 1 im
WS Wim = Si’ (Ajm + §‘Vw’25jm) = Sk—10im — Sl + 5 ‘VUJPSk—z, (38)
we obtain

w T Vw S (v — u)y;
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[ PPISE (0 = )] = 0+t DTS 0= )

y 1 g
— 2lw*|Vw*w;(v — u); (Skléij - S+ §]Vw|25,?_l>
+(n—k+ 1+ Dw*|Vw|* Sk Vw - V(v — u)
- [wa“]Vw\QlSE_l(v — u)l]]

+ 2 Vw287 wi(v — u); — (a4 n+ 1+ Dw*[Vw|* ) jw; (v — ),
— 2w Vw|* 28, ;Vw - V(v —u) + (n — k + 1 + Dw*|Vw|* Sp_1_ 1 Vw - V(v — u).
(39)
Secondly we deal with the term w®|Vw|*S}” w;(v — u);. Using (32), we have
w | Vw|* Sy wi(v — u);
=W VPSP w0 = w)] = (k + Due ! Ve S (0 - w)
j
— (a+n+Dw* | Vwl?SY_waw; (v — u)

g 1
+ 2w Vw287 waw; (v — u) + §(n 141 = k)w* Vw28, 1 (v — u).

(40)
Substituting (39) and (40) into (37), we get forany 0 < [ < k,

0
a(w“WwFlSk_,)
= [wa+1|Vw|215,ij;l(v — u)z]] + 21 [wa|Vw|2l_QS,?_l+1wi(v - u)]]
—(a+n+1+1) [wa|Vw|2lS,ij_lwi(v — u)}

J
- [(a +k=0+Iln+l-k)+(a+n+1+1)(k+ l)]w“*1|Vw|”Sk,,(u — )
—2(k+1—Dw* Vw* 2 Sk_141(v — u)

1
- §(a +n+0)(n+14+1—kw* VoS 1(v —u)

—Al(a+n+ Dw* Vw287, waw;(v — u)
+20(21 — 2)w* Vw187 swaw; (v — u)
+(a+n+1+1D)(a+n+)wVw?S? waw;(v —u).

At last we obtain

J

k
%1/} = Z B, [wa+1|Vw|QZS,i];l(v — u)l]
1=0
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x>

-1

+ [2([ +1)Bi1 — (a+n+1+ 1)31] [wo‘\Vw]mS,ij_lwi(v — u)}

J

N

+ 9 By [a +k+(a+n+ 1)k] — 2k:Bl}w“_1Sk(v —u)

1
+ < By [a +kn —2k(a+n+k— 1)} + Bi—1(a + 5n+ kE)(a+n+k— 1)}w0‘1|vw’2k(v — )

—_—A —

e

-1
+ {Bl[a—l—k—l—l—l(n—l—l—k)—i—(a+n+l+1)(k+l) —2(l+ 1)(k+1)B11

1

~

(a+n+l—-1)(n+1— k)Bll}wo‘_1]Vw\2lSkl(v —u)

DO | —

Ba+n+l+D)(a+n+1)—4(l+D)(a+n+1+1)B

k—2
2

=0

+4(1 4 2)(I + 1) Byyo | w* Y Vw|*SY_jwiw; (v — ). (41)

Letting B, = b, for [ =0,--- ,kin (29) and (31) , we get

J

P k—1 y
S0 = Db [w VS (0 — )]
=0 42)

k—1
+ Z [2([ + Db — (a+n+1+ 1)bl} [wa|Vw\2lS,i{lwi(v - u)] .

1=0 j
Now we can get the following monotonicity formula:

Proof of Theorem 1.2. Using Lemma 3.2, Remark 3.1 and letting B; = b, for [ = 0,--- , k,
we get when

P k—1 B
— / Ydr = / > b V'S (v — u);dS > 0, (43)
ot Jo 02 =g

where v(x) = (v1,- -+ , ) is the outer normal vector of OS2 at x € 0f). O

Using monotonicity formula and (41) , we can get one comparison principle directly. But
the proof is different from the Hessian measure case in [20] and [21].

9
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Theorem 3.1. Let By = k and B; > 0 for 1 <1 < k. Suppose { B;}\_, satisfies:

(

Bo[a+k:+(a+n+1)k:] —2kB, <0, (44)

1
Bk[a+kn—2k(a+n+k—1)} +Bk_1(a+§n+k5)(a+n+k—1)SO, (45)

Bl[a+k—z+5(n+z—k)+(a+n+z+1)(k+z) — 21+ 1)(k + 1) Biuy
—%(a+n+l—1)(n+l—k)Bl_1§0 for1 <1 <k-1, (46)

Ba+n+l+D)(a+n+1)—4(l+1)(a+n+1+1)By,
(4l +2)(I+1)B2 <0 for0 <1 <k—2. 47)

Ifu,v € C?(Q) N OF(Q) satisfy

ZBlva]Vv| Sk—(v) <Y Bu®|Vul* Sp_y(u) in Q, (48)
=0 =0
v > u on 0S). (49)

Then v > win §).

Proof of Theorem 3.1. Define Q := {z € Q : u(z) > v(z)} and ¢ (u) = Y7, Biu®|Vu|?Sp_i(u).
Suppose the set €2, is not empty. Then we know that

{u>vian, (50)
v = on o). (51

Let w := (1 — t)u + tv. Then combining (41) and (48) and using conditions (45), (46), (47),
we get

Pz — | s
o o)
1
0
2/ g Qlw(w)dxdt

> [ [ S lutvus o - w]
=g !

+ Z [ DB — (a+n+1+ 1)B] [wo‘|Vw|QZS,ij_lwi(v —u)

J
+ {Bo [a +Ek+ (a+n+ 1)k] — 2kBl}(v — w)w*  Spdxdt

/ / ZBwaH\valsgl( W)ivsdSadt
0

Q1 —o

+ / / BD a +Ek+(a+n+ 1)1{:} — 2kBl}(v — u)w* ' Syddt
Q1
10



0~ Yamabe measure

> /01 /Ql {Bo [a +k+(a+n+ 1)kz] — QkBl}(v — w)w* ' Spdadt.

By condition (44) , we obtain

1
/ / (v — u)w* ' Spdwdt = 0. (52)
o Jou

Since w,u — v > 0 in §2, we deduce that S(w) = 0 in §2;. By the proof of Lemma 2.1 and
1

the fact that o) is concave, we get

vu” | Vaul* + uv™ | Vol]? — 2Vu - Vo = 0in €, (53)

=|Vlogu — Vlogv| = 0in €, (54)

=u = vin Qy, (55)

which is impossible. Therefore the set ), is empty. 0

Such {Bi}fzo exists for some special a. For example, letting By = k, B, =0for1 <[ <
k, k < 5 and a = —n, then the conditions (44) - (47) are all satisfied.

Corollary 3.1. Ifn > 2k and u,v € C%(Q) N ®*(Q) satisfy
{ v "Sp(v) < uT"Sk(u) in Q, (56)
v > u on 0f). 57
Then v > win §).

4. LOCALLY UNIFORM CONVERGENCE FOR n < 2k

In this section, we will prove Theorem 1.1 for the case n < 2k. Firstly by Lemma 2.3 and
Theorem 2.7 in [21], we get:

Lemma 4.1. For n < 2k, we have ®*(Q) C C%*(Q) for o« = 2 — %, and for any Q, CC
0 CC Qwithu € O*(Q),

|ullco.e () < C/ udzx. (58)

1951

So in this case, u(™ converges to u in L}, (€2) means that u{™ converges to u in C?_(€2).
Then we have the following result:

Theorem 4.1. For any u € ®* (), there exists a Borel measure ji;[u] in ) such that
o (g olu] = u*Sy(u) foru € C*(Q).
o If {u™} is a sequence in ®*(Y) converging to u locally uniformly in ), then the
corresponding measure i [u™] — p[u] weakly.

Recalling the identity (23) and Lemma 2.3, together with the Lemma 2.2 in [20] and

Theorem 3.1 in [21], we get:
11
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Lemma 4.2. Let u € <I>"”(Q) N C%(Q) satisfy that |u| < M in Q, CC Q. Then

/ Z |Vul?Sy_idx < Closcq, u)** if Qs CC Q. (59)
v

2 1=0
Next, let us introduce a special convex function in By := {x € R™ : |z| < 2}. Define
n=C, if |z| <1,
n=(r—-17°+C if1<|zr] <2,
where C' > 0 is a constant, we know n € C*(R").

(60)

Lemma 4.3. There exists Cy depending only on n, such that the matrix

Aij(n) = nmij — !VTIIQ% (6D
is nonnegative-definite in By for any C' > C,.
Proof of Lemma 4.3. Recall that

Z;
Ty = —,
’
T;T
rij = —0ij — r—gj,
with r = |z|. Then we know that when r > 1
x;
n = 3(r—1)°=,
(r— 122
TiT; 1 TiTj
=6l = 252 4 30— 12 (2o, - 251
3(r—1)(r+1) 1
= T3 {EZ[L'] + 3(7" — 1)2;5”,
and
3(r—1 1 1 9
Aij(ﬁ) = [(7" — 1)3 + C] : [ (r )3(T il )l'z'l'j +3(r — 1)2_5ij:| - 5(7‘ — 1)451‘]‘
r r
3(r—1 1 -1°+C 3
- [(r 1) 4 c] 3 )3(7’ Y e, [ HC - 1)2]3<7~ —1)%,;.
r r
So if we let C' > 3, then the matrix (A;;(n)) is always nonnegative-definite in B. 0

Now we can give the proof for n < 2k:

Proof of Theorem 4.1. We divide this proof into two steps.

e Stepl: Firstly we can follow the idea in [20] and [24] to prove the weak convergence
of /¢, which is defined by (34). Suppose u € ®*(Q), {u(™} C ®*(Q) N C?() and
u(™ — 1y locally uniformly in Q. By Lemma 4.2 and letting B; = b; , the integrals

Ui (ut™)dz (62)
Q/

are uniformly bounded for any subdomain )’ CC €2 (the bound also depends on
). Hence there is a subsequnce {¢¢(u(™»))} that converges weakly to a Borel
12
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measure uf[u]. Firstly we need to prove that the measure pf[u] is uniquely de-
termined by the function u. Assume there exist two sequences {u(™}, {v(™} C
dF(Q2) N C?(Q2) which both converge to u locally uniformly, but the corresponding
sequences {1 (u™)} and {1¢(v™)} weakly converge to Borel measure fi; and i,
respectively. Let Bp = Br(zo) € Q and fix some ¢ € (0, 1). Define

= C, if |z — z9| < oR,

(r—oR)® = (63)

C,ifoR < |z| < R.
"= R—orp T¢I < af <

Then by Lemma 4.3, we know that when C is large enough, then the matrix
1
Aig(m) = s = 5|Vl (64)

is nonnegative-definite in Bg. So ) € ®*(Bg). For fixed & > 0, it then follows from
the uniform convergence of {u(™} and {v(™} on By, that

— S <l ) < S in By, (65)
2 2
for sufficiently large m. Hence
1
u<m>+g(2+c> < 0™ 4 en on OBp. (66)
Define
1 -
Q,, = {3: € Bp:u™ 4 ¢ (5 + C) > o™ 4 577} ) (67)

Without loss of generality, we may assume that 0, is sufficiently smooth so that
from Lemma 1.2, when o > 0,

/ i (u<m> +e (3 + C)) dr < / Y2 (v™ 4 en)d. (68)
Q 2 Q

Using o > 0 and Lemma 2.3, and expanding S <um +e <% + C’)) as the sum of
mixed k-Hessian operators, we get that

/ Y2 (u™)dx < / P2 (u<m> +e (% + C)) dz. (69)

Recalling Lemma 4.2 and expanding ¢ (v(™) + en) as the sum of mixed k-Hessian
operators,

/ Y (0™ 4+ en)dr < / (™) dx 4 €C, (70)
Q Q

where the constant C' depends on n, k,o,u, R,«. Since = C in B,g, by the
definition of €2,,,, we have B, C (2,, and hence

/ Y (u™)dx S/ Y2 (v™)dx + £C. (71)
Bor Bsr
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Letting ¢ — 0 and m — oo, we then obtain

fi1(Bor) < fi2(Bor).- (72)

By interchanging {u(™} and {v(™}, we have fi;(Byg) = fi2(Bsr).
e Step2: By the conclusions of Step 1, we get the weak convergence of the Borel
measure

k
Upu) = bie)u®|Vul* Sp_i(u). (73)
=0

By the locally uniform convergence of u(™, we get the weak convergence of the
Borel measure

k
P () == bi(a)|Vul*Ski(u). (74)
1=0
Using (31), we find that for any 0 < [ < k, b; ~ Cja! when « > 0 is large enough.
So there always exist g, a1, - - -, a > 0, such that
where
Hz‘j = bj(ozi), with Z,] = 0, s ,k. (76)
So for any 0 <1 < k, we get the weak convergence of the Borel measure
Vul* Sgi(u). (77)

U
By the above proof, in fact we have already got:
Corollary 4.1. For any u € CIJk(Q) a€R,0<I[<Ekandn < 2k, there exists a Borel
measure [iy, .o |u] in S such that
o i ialu] = u¥|Vul? Sy (u) for u € C*(Q).

o If {u™} is a sequence in ®*(Q) converging locally in measure to a function u €
®*(Q), then the corresponding measure ji o [u™] = jiy.; o [u] weakly.

Define
TH(Q) = {u € C°(Q) : u > 0,and there exists a sequence {u™} € ®*(Q) ,
_ (78)
such that «™ converges to « uniformly in Q) }
Then using Corollary 4.1, we can extend the result in Corollary 3.1 to U*((2).
Corollary 4.2. Ifn > 2k and u,v € V*(Q) satisfy

{ v "Sk(v) < uT"Sk(u) in Q, (79)
v > u on Of). (80)

Then v > win §).
14
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5. L°° ESTIMATE

In this section, we will give interior L* bound with respect to the o;-Yamabe operator
and prove Lemma 5.1. We use the idea from Gonzalez [10] to use the Moser iteration, see
also Li-Nguyen-Wang [15] the related works.

Lemma 5.1. Ifv € ®%(B3), for1 <k < 5 there exists a positive constant C' which only
depends on n, k , such that we have
supv < C|v||L1(,)- (81)
By
Proof of Lemma 5.1. By Lemma 4.1, we only need to consider the case that n > 2k. The
proof is based on standard Moser iteration. It is similar to the ones in [9] and [10] by
Gonzélez. By Remark 3.1 , we know that when o > A,

by >0, forany 0 <1 < k. (82)
By Lemma 3.1, we get
k-1 - k
Z CL[(UQ+1‘VU|QIS;J_ZUi)j + Z bﬂ}a‘V’UFISk,l = 0,
1=0 1=0
k k—1 - (83)
=3 bt (VoS = = 3 @ VoS v);.

=0 l

Suppose % < r < R < 2. Let cut-off function » = 1 in B, and n = 0 in R"\ Bg. When
o > A and 6 > 4k, we have b; > 0 and

I
o

k—1

k
/waﬂVu]ngk_ﬂfdx < C/Zaw‘””Vv]Ql ‘S,?_lvi(n‘;)j‘ dx. (84)

=0 1=0

Since S,’j_ ; 1s nonnegative-definite, it follows that forany 0 < [ < £ — 1,

/aw““|Vv|2lSli];lvi(775)jda:

(85)
§/C’|al\(R — ) VP8, i’ .
By Cauchy-Schwarz inequality, we have
/(R . T)flvaJrl|V,U‘2l+1skil71n5fldx
(86)

< / [C(R — 1) 20| Vo|2 S i_1n’ 2 + O | Vo228, -1’ da.

Because we are using the method of Moser iteration, it is necessary to explain the case when
« tends to +o00. There are two different cases depending on «.

e When A < o < 2n, substitute (85) and (86) into (84):

k k-1
/ZUO‘|VU|QZSk_l775dx < Z C(R— r)_2/va+2|VU|QISk_l_m‘S_2dx. (87)
=0 =0
15
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IA

So by induction, we finally get

k
/ZUO‘|VU|QZSk_l775d:B <C(R- r)_Qk/va+2k775_2kd:U. (88)
1=0

e When o > 2n, we have o + n + 1 < 2« and

(a+n+1)---(a+n+l) %
20! l"

forl=0,1,--- k—1, (39)

| =
and
(k+1)a!

20!
In this case, the same as above argument , by (84) we get

k
/ Z v Vo * Sy_m’da

=0

b > , forl =0,1,--- k. (90)

k—1

<C / > aw Vol ST () jda

=0

k—1
ZC’|al|/ — )TV A S e
1=0

k—1

Cal /(R o T)—lva—i-l|vv|2l+lsk_l_1,'75—1dx
=0
k—1

[Calfl /(R o 7,)72voz+2|VU|21‘5vkil7177672d.r + CflOél+1 /Ualvv|2l+2skl1n6dx]’

oD
the last inequality follows from Cauchy-Schwarz inequality. Then we deduce that

/Zalvo‘|VU|2lSk mldr < ZC’O/ 1/ )20 Vo2 Sk’ 2de. (92)

By induction, we finally get that

=0

k
/Zalva|Vv\215kln6dx <Ca* /(R — ) 2Rt k0 =2k gy (93)
it folows that
azk/v“]Vv|2k775dx <C(R- r)_zk/va+2k775_2kdx. (94)
Let 6 = 4k, then

/‘V ,U“;,f’“nz < C(R_T)—Qk/va—i-%n?k’

a+2k a+2k

= V(v 2 9%)|p2riy) < C(R—71) v 2 || Lok (p)-
16
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By Sobolev inequality, it holds that

a+2k at2k _ at2k
lomll g ) < CLlIVO0S W) per(sry < C(R=1)7 v = [| 2 gy,

Sl oy < O3 (R — )~ 555 [|0]| poson (-

T

Following the proof of Theorem 4.1 in [13] and using the fact that

[vllzer sy < CllvllLez(sy), i p2 > p1 >0, 95)

we finally get that
Sup < ClJv|| L1 (sy)- (96)
O

Now we can give the locally uniform bound:

Lemma 5.2. Let u € ®*(B3) N C?(Bs) and n > 2k. Then for « > A and o > —2k , there
exists a positive constant C which only depends on n, k, « such that

k
/ > u|\Vul'Syide < Cllull3its,)- (97)
B

L 1=0

Proof of Lemma 5.2. Let cut-off function 7 = 1 in B; and = 0 in B3\ B>. By Lemma 3.1

k
/ Z bluo‘]VuWSk,m‘sdx
1=0
k-1

= — / ap(u™™ |Vu|215,i{lui)j775dx

=0

k-1
= [ Y aut TS )
=0

k-1
<C / Z VS’ lda
1=0

Using Cauchy-Schwarz inequality and Lemma 2.3, we get

K k—1
j/Zbl“a’VU’mSkmédx < C/Zuo‘“]Vu\QlSkz17752dx,
=0 1=0

k
= / u“Fopn’dr + / Z biu®|Vu|*Sy_n’de < C / u e 1’ 2dx 4+ C / w2k =2k gy,
1=0
By iteration and Lemma 5.1 , we get if § = 4k,

k
- /Zuayvu’ﬂsklné < C/ua+k+20_k2n54d$+0/u04+2k7762kd1,
=0

<.
17
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f; (:vd/qua-F2k775——2k(Lx

< CllulZiis,)-

6. WEAK CONTINUITY FOR n > 2k.

In this section, we will prove Theorem 1.1 when n > 2k.

Proof of Theorem 1.1. We divide the proof into two steps. Letting B; = b;, suppose u €
®F(Q), {ul™} C ®*(Q) N C2(Q2) and u™ converge locally in measure to .

e Stepl: In this step, we will show that for any v > 1— 2k , it follows that ¢ (u(™) —
Y (u) weakly. Our proof follows the idea of Trudinger-Wang in [21]. Define

w=w(z,t) = (1 —t)u™ () + tu™ (), (98)

and let n = 1 in B,.(y) and n = 0 in Q\ By,.(y) with Bs,(y) CC . Letting B; = b,
and using Lemma 3.2:

/B 72 (™)) — (™)

27(y)

1 0
/ /B g
Bzr(y) z 0 !

+ Z [ L4+ Dbas — (@ +n+1+ 1)b,} [wﬂvw\ﬂs,?_lwi(u(mﬂ . u(ml))L}dxdt

- sz - wTuSE ) () — )
Bar(y)

- [(z+1)bl+l—(a+n+z+1)b,}m W Vw28 jwy(u™) — um)) Y dadt.

??‘
H

FN
Il
o

99)

By Lemma 2.2, we have

(S )| < Cw™ |\ Vw|Se_i_1. (100)

18
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Then by direct cpmputation , we find that
wa+1|vw|2151ij_mj]i
=(a+ Dw®|Vw[*S7 njw; + 20w Vw28 njwimwn, +w [ Vw|*SP n,;
+w | Vwl'n; - 0(S)

=(a + Dw®|Vw[*SY_myw; + 20w Vw281 0 Aimwn, + 1w®|Vw(* S nw; +w* T Vw| Sy mi;
+w T Vwl'n; - 0(S)

=(a + Dw*[Vwl*'S._njw; + 20w Vol 0w (Se—idm; — Si) + bt [Vl S nw;
+ w M Vw|* S ny + w T Vw| Py, - 0;(S7)

<Cw*|Vw|* ™Sy + Clw®|Vw[* S,y + Cw*™ | Vw|* Si_i_1,

(101)
and

w | Vw|* Sy wm; < Cw®|Vw* 1S, (102)
So by Cauchy-Schwarz inequality, we get that

/ g (ut™)) — g (u))
SH Yl
= -

Fix ¢ € (0,1) and N so that for
O. = {z € By (y)||ul™ —ul™)| > ¢}, (103)

we have |O,| < ¢ if my, my > N. Besides, we can suppose

Owa|Vw|2l+1Sk_l_1(u(m2) _ u(m1)>+ + Cwa+lva|2lsk_l_l(u(m2) _ u(m1))+] dxdt

2r(y) L

Cw* MV Sy (u™) — u™) " + Cuw Vw2 Sy (ul™?) — U(ml))+] dadt.

sup / u™ < K, (104)
BSr(y)

m

for some fixed constant K. We then have

/ T (™) — (™)) e

k—1 1
<> / / [Cw T Vw8 _y (u™2) — ul™) — 2)F 4 Cew™ | Vw|*Sp_i_,
1=0 0 B

2r(y)

+ Cw* Vw2 g (ul™) — u™) — e)t 4 Cew® ! [Vw[* 28—y 1]dadt. (105)

Since n > 2k and o > 1 — 2k, we get @« > A — 1. So using Lemma 5.2, we have

1
/ / wa+1|vw|215k_l_1d$dt S Cr}(?k:—i-a—l7
0 Bary)

19
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and

1
/ / WV Sy () —u™) — &) dudt
0 B

2r(y)

1
§/ / w T V| Sy__y (u'™) — u™) — &)t dadt
0 B

1
§CK/ / w* T Vw|? Sy_;_1dadt.
0 B

Then it follows that for m,,my > N’ > N, for a further constant N/ depending on
57 /r7

1
/ / w T Vw|? Sy_i_y (™ — u™) — e)tdzdt < Ce. (106)
0 Bar(y)

So far, we obtain that
/ i (™)) — g (u™))dz < Ce. (107)

This means that 1% (u(™)) converges weakly to a Borel measure in (2.
e Step2: Note that

/B (™Y (™) — (Y72 ()] d
27(y)

1
9
= — w7 (w) | dxdt
/O/BW”at[ Ui (w)]

1
= [ [ w g+ e ) - ()~ u)dade.
0/ Bar(y) ot

H; H2

Choose v > —2k — « + 1, then by (33) we know that v > A — a + 1. Using the
same arguments as Stepl, we deal with the term H; similar to (99) and the term H
similar to (105) So we get (u™)7¢2(u(™) converges weakly to a Borel measure in
2. Soforany 4 > 1 —2k and o > 1 — 2k, we get the weak convergence of the Borel
measure

k
o (w) ==Y by(a)u|Vul* Sy (u). (108)

1=0
Since forany 0 <[ < k, b; = C,al, there always exist ay, aq, - - -, ag > 0, such that
det(H,;;) # 0, (109)

where
Hij = bj(a;), withi,j =0,--- k. (110)
20
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Soforany 0 < [ < kand 5 > 1 — 2k, we get the weak convergence of the Borel
measure

| Vu|* Sy (u). (111)
O

By the above proof and combining Corollary 4.1 , in fact we have already got:

Corollary 6.1. For any u € ®*(Q), « > 1 — 2k, 0 < I < k, there exists a Borel measure
Pie.alu] in S such that
o iy ialu] = u¥|Vul?Si_i(u) for u € C*(Q).
o If {u'™} is a sequence in ®*(Q) converging locally in measure to a function v €
k(Q), then the corresponding measure [y, o[u™] = ig1.o[u] weakly.
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