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Abstract

This brief paper is concerned with the robust stabilization problem for a class of Markovian jump linear systems with uncertain switching
probabilities. The uncertain Markovian jump system under consideration involves parameter uncertainties both in the system matrices and
in the mode transition rate matrix. First, a new criterion for testing the robust stability of such systems is established in terms of linear
matrix inequalities. Then, a sufficient condition is proposed for the design of robust state-feedback controllers. A globally convergent
algorithm involving convex optimization is also presented to help construct such controllers effectively. Finally, a numerical simulation is
used to illustrate the developed theory.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Markovian jump linear systems (MJLSs) have been inten-
sively studied over the past decade. The reason is mainly that
MJLS is a suitable mathematical model to represent a class
of dynamic systems subject to random abrupt variations in
their structures, and has many applications such as target
tracking problems, manufactory processes, and fault-tolerant
systems (Mariton, 1990). Fromamathematical point of view,
MJLSs can be regarded as a special class of stochastic sys-
tems with system matrices changed randomly at discrete
time instances governed by a Markov process, and remain
linear time invariant between the random jumps. MJLSs also
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belong to the category of hybrid systems with finite opera-
tion modes. Each operation mode corresponds to some dy-
namic system, and the mode transitions from one to another
are governed by a Markov process as well. The analysis and
synthesis problems have been extensively studied, such as
the controllability and observability (Ji & Chizeck, 1990),
stability and stabilization (Ji & Chizeck, 1990; Feng, Loparo,
Ji, & Chizeck, 1992; El Ghaoui & Rami, 1996; Boukas, Shi,
& Benjelloun, 1999; Mao, 2002), H2 control (Costa, Val, &
Geromel, 1999; do Val, Geromel, & Goncalves, 2002), H∞
control (de Farias, Geromel, do Val, & Costa, 2000), filter-
ing (Xu, Chen, & Lam, 2003) and model reduction (Zhang,
Huang, & Lam, 2003). In particular, for linear continuous-
time MJLSs with uncertainties only in system matrices, the
robust stability property can be tested by checking the ex-
istence of the solution to a set of coupled linear matrix in-
equalities (LMIs) (Shi, Boukas, & Agarwal, 1999).
Unfortunately, almost all of the work done on robust

control of MJLSs is built upon the assumption that switch-
ing probabilities are known precisely a priori. However, in
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practice, only estimated values of mode transition rates are
available, and estimation errors, referred to as switching
probability uncertainties, may also lead to instability or at
least degraded performance of a system as the uncertainties
in system matrices do. This point is demonstrated by the
numerical simulation presented in this paper. Therefore, fur-
ther work is needed to tackle the more realistic situation with
uncertain switching probabilities. In the literature, two dif-
ferent types of descriptions about uncertain switching prob-
abilities have been considered in the context of robust stabi-
lization. The first one is the polytopic description where the
mode transition rate matrix is assumed to be in a convex hull
with known vertices (El Ghaoui & Rami, 1996; Costa et al.,
1999). The other type is described in an element-wise way.
In this case, the elements of the mode transition rate matrix
are measured in practice and error bounds are given at the
same time (Benjelloun, Boukas, & Shi, 1997; Boukas et al.,
1999). In many situations, the element-wise uncertainty de-
scription can be more convenient as well as natural. On the
other hand, the element-wise description can be formulated
into an equivalent polytopic description, but the total num-
ber of vertex matrices of the convex hull will be extremely
large when the total number of system modes is greater than
three. In this paper, we consider the element-wise uncertain-
ties in the mode transition rate matrix and propose a new
criterion for robust stability and a new approach for the ro-
bust stabilization of the uncertain MJLSs.
It is important to point out that the feasible solution set

to the robust stabilization problem in this paper is not con-
vex. Similar conditions also appear in theH∞ control prob-
lem for linear time-invariant systems using reduced-order
output-feedback controllers (El Ghaoui, Oustry, & Rami,
1997; Leibfritz, 2001), and the robustH∞ control problem
for linear time-delay systems (Lee, Moon, Kwon, & Park,
2004). Numerically, it is difficult to solve such non-convex
problem directly. However, the cone complementarity lin-
earization algorithm (El Ghaoui et al., 1997) and the sequen-
tial linear programmingmatrix method (SLPMM) (Leibfritz,
2001) have been developed for this purpose based on the
LMI machinery. Consequently, such problems can be solved
systematically and effectively.
This paper considers the robust stabilization problem for

MJLSs with uncertain switching probabilities. The aim is
to design a robust state-feedback controller such that the
closed-loop system is quadratically mean square stable over
all admissible uncertainties both in system matrices and in
the mode transition rate matrix. The analysis problem can
be tackled in terms of the solvability of a set of coupled
LMIs, and the associated synthesis problem can be dealt
with using the SLPMM algorithm. A numerical example is
used to demonstrate the usefulness and applicability of the
developed theory.
Notation: The notations in this paper are standard.Rn

andRm×n denote, respectively, then-dimensional Euclidean
space and the set of allm× n real matrices.R+ andSn×n
denote the set of all positive real numbers and the set of all

n×n real symmetric positive definite matrices, respectively.
The notationX�Y (respectively,X>Y ) whereX andY
are real symmetric matrices, means thatX − Y is positive
semi-definite (respectively, positive-definite).I is the iden-
tity matrix with compatible dimensions. The superscript “T”
denotes the transpose for vectors or matrices, and trace(·)
stands for the trace of a square matrix.‖ · ‖2 refers to the
Euclidean norm for vectors. Moreover, let(�,F,P) be a
complete probability space. E(·) stands for the mathematical
expectation operator.

2. Problem statement

Consider the following MJLSs, defined on a complete
probability space (�,F,P):

ẋ(t)= Â(r̂(t))x(t)+ B̂(r̂(t))u(t), t�0, (1)

where x(t) ∈ Rn is the system state,u(t) ∈ Rm is the
control input. The mode jumping process{r̂(t), t�0} is a
continuous-time, discrete-state homogeneous Markov pro-
cess on the probability space, takes values in a finite state
spaceS�{1,2, . . . , s}, and has the mode transition proba-
bilities

Pr(r̂(t + �t)= j |r̂(t)= i)=
{

�̂ij�t + o(�t) if j �= i,

1+ �̂ii�t + o(�t) if j = i,

where �t >0, lim�t→0o(�t)/�t = 0, and �̂ij �0 (i, j ∈
S, j �= i) denotes the switching rate from modei to mode
j and�̂ii� − ∑s

j=1,j �=i �̂ij for all i ∈ S.

In this paper, both system matriceŝAi�Â(r̂(t) = i),
B̂i�B̂(r̂(t)= i), i ∈ S, and the mode transition rate matrix
�̂�(�̂ij ) are not precisely known a priori, but belong to the
following admissible uncertainty domains, respectively:

Da�{Ai + EiFiHai : F T
i Fi�I for all i ∈ S}, (2a)

Db�{Bi + EiFiHbi : F T
i Fi�I for all i ∈ S}, (2b)

D��{� + �� : |��ij |�εij , εij �0

for all i, j ∈ S, j �= i}, (2c)

where matricesAi ,Bi ,Ei ,Hai ,Hbi and��(�ij ) are known
constant real matrices of appropriate dimensions, whileFi
and���(��ij ) denote the uncertainties in the system ma-
trices and the mode transition rate matrix, respectively. For
all i, j ∈ S, j �= i, �ij (�0) denotes the estimated value
of �̂ij , and the error between them is referred as to��ij
which can take any value in[−εij , εij ]; For all i ∈ S,
�ii� − ∑s

j=1,j �=i �ij and��ii� − ∑s
j=1,j �=i ��ij .

Let x(t; x0, r̂0) be the trajectory of the system state of (1)
from initial system statex0�x(0) ∈ Rn and initial operation
moder̂0�r̂(0) ∈ S. We have the following definitions and
proposition throughout the paper.
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Definition 1 (de Farias et al., 2000). The nominal Marko-
vian jump system of (1) (withu(t) ≡ 0) is said to be mean
square stable if

lim
t→∞ E

(
‖x(t; x0, r̂0)‖22

)
= 0

for any initial conditionsx0 ∈ Rn and r̂0 ∈ S.

Proposition 2 (de Farias et al., 2000). The nominal Marko-
vian jump system of(1) (with u(t) ≡ 0) is mean square
stable if and only if the coupled LMIs

AT
i Pi + PiAi +

s∑
j=1

�ijPj <0 for all i ∈ S (3)

are feasible for a set of matrices{Pi : Pi ∈ Sn×n, i ∈ S}.

Definition 3. The uncertain Markovian jump system (1)
(with u(t) ≡ 0) is said to be quadratically mean square sta-
ble if there exists a set of matrices{Pi : Pi ∈ Sn×n, i ∈ S}
such that

ÂT
i Pi + PiÂi +

s∑
j=1

�̂ijPj <0 for all i ∈ S (4)

hold over all admissible uncertainty domains in (2).

3. Robust stability analysis

The goal of this section is to develop a new analysis result
of robust stability for system (1) with uncertainty domains
(2). Here, we establish a new criterion for testing the robust
stability property in terms of LMIs.

Theorem 4. Uncertain Markovian jump system(1) (with
u(t) ≡ 0) is quadratically mean square stable if there exist
sets: {Pi : Pi ∈ Sn×n, i ∈ S}, {�i : �i ∈ R+, i ∈ S} and
{�ij : �ij ∈ R+, i, j ∈ S, j �= i} such that
 Qi PiEi Mi

ET
i Pi −�iI 0
MT
i 0 −�i


<0 for all i ∈ S, (5)

where

Qi = AT
i Pi + PiAi +

s∑
j=1

�ijPj + 1

4

s∑
j=1,j �=i

�ij ε2ij I

+ �iHT
aiHai ,

Mi = [
Pi − P1 · · · Pi − Pi−1 Pi − Pi+1 · · · Pi − Ps

]
,

�i = diag(�i1I, . . . , �i(i−1)I, �i(i+1)I, . . . , �isI ).

Proof. Consider the uncertain system (1) withu(t) ≡ 0 and
the admissible uncertainty domains (2), we haveÂi =Ai +
EiFiHai and �̂ij = �ij + ��ij for all i, j ∈ S. According

to Definition 3, the uncertain Markovian jump system (1)
is quadratically mean square stable if there exists a set of
matrices{Pi : Pi ∈ Sn×n, i ∈ S} such that

(Ai + EiFiHai)
TPi + Pi(Ai + EiFiHai)

+
s∑
j=1

(�ij + ��ij )Pj <0

for all i ∈ S. This inequality can be further written as

AT
i Pi + PiAi +

s∑
j=1

�ijPj +HT
aiF

T
i E

T
i Pi + PiEiFiHai

+
s∑

j=1,j �=i

[
1

2
��ij (Pj − Pi)+ 1

2
��ij (Pj − Pi)

]
<0.

The above inequality holds for allF T
i Fi�I and|��ij |�εij

if there exist real numbers�i ∈ R+, �ij ∈ R+(i, j ∈ S, j �=
i) such that

AT
i Pi + PiAi +

s∑
j=1

�ijPj + �iHT
aiHai + 1

�i
PiEiE

T
i Pi

+
s∑

j=1,j �=i

[
�ij
4
ε2ij I + 1

�ij
(Pj − Pi)

2
]
<0, (6)

which is equivalent to inequality (5) in view of Schur com-
plement equivalence.�

Remark 5. Although the uncertainty domain (2c) can be
formulated into a fix polytope (El Ghaoui & Rami, 1996;
Costa et al., 1999) by introducingL�2s(s−1) vertexmatrices,
the test for the robust stability of the uncertain system (1)
needs to check the solvability of a(L + 1)sn × (L + 1)sn
(compared to(s + 1)sn × (s + 1)sn here) linear matrix
inequality system with respect to(n(n+ 1)/2)s (compared
to (n(n+ 1)/2)s + s(s − 1) here) scalar variables based on
Theorem 3.3 ofEl Ghaoui and Rami (1996). For example,
consider the casen=2, s=4, to test the robust stability, we
can translate the uncertainty domain (2c) into a fix polytopic
description by introducing 4096 vertex matrices, then we
need to test the solvability of a 32776×32776 (compared to
40×40 here) linear matrix inequality system with respect to
12 (compared to 24 here) scalar variables. On the other hand,
the literature (Benjelloun et al., 1997; Boukas et al., 1999)
have considered the robust stability problem with a similar
uncertainty domain to (2c), where they bounded��ij by the
upper boundεij for all i, j ∈ S in every LMI (Theorem
2.2 ofBenjelloun et al. (1997), Theorem 3 ofBoukas et al.
(1999)). This approach may be more conservative than ours
in many cases based on numerical experiences.

4. Robust stability synthesis

This section deals with the robust stabilization problem
for MJLSs with uncertain switching probabilities. We aim
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to design a state-feedback controller such that the resulting
closed-loop system is quadratically mean square stable over
all admissible uncertainty domains in (2).
Consider the state-feedback control law

u(t)=K(r̂(t))x(t), (7)

whereKi�K(r̂(t)= i) ∈ Rm×n (i ∈ S) is the controller to
be determined. The closed-loop system is

ẋ(t)= {A(r̂(t))+ B(r̂(t))K(r̂(t))+ E(r̂(t))F (r̂(t))

× [Ha(r̂(t))+Hb(r̂(t))K(r̂(t))]}x(t). (8)

The following result solves therobust stabilization problem
(RSP) for system (1) with uncertain switching probabilities.

Theorem 6. Consider uncertain Markovian jump system
(1), there exists a state-feedback control law(7)such that the
closed-loop system(8) is quadratically mean square stable
if there exist sets of matricesP�{Pi : Pi ∈ Sn×n, i ∈ S},
X�{Xi : Xi ∈ Sn×n, i ∈ S}, V�{Vi : Vi ∈ Sn×n, i ∈ S},
Z�{Zi : Zi ∈ Sn×n, i ∈ S}, Y�{Yi : Yi ∈ Rm×n, i ∈ S},
��{�i : �i ∈ R+, i ∈ S}, ��{�ij : �ij ∈ R+, i, j ∈
S, j �= i} satisfying the coupled LMIs[

Q1i (HaiXi +HbiYi)
T Xi

HaiXi +HbiYi −�iI 0
Xi 0 −Zi

]
<0, (9)

[
Q2i Mi

MT
i −�i

]
�0 (10)

with equality constraints

PiXi = I, ViZi = I (11)

for all i ∈ S, where

Q1i = (AiXi + BiYi)
T + (AiXi + BiYi)+ �iEiET

i ,

Q2i = −Vi +
s∑
j=1

�ijPj + 1

4

s∑
j=1,j �=i

�ij ε2ij I ,

Mi = [
Pi − P1 · · · Pi − Pi−1 Pi − Pi+1 · · · Pi − Ps

]
,

�i = diag(�i1I, . . . , �i(i−1)I, �i(i+1)I, . . . , �isI ).

In this case, controller (7) is given byKi = YiPi , i ∈ S.

Proof. Consider inequality (6), letVi�Z−1
i ∈ Sn×n for all

i ∈ S such that

s∑
j=1

�ijPj +
s∑

j=1,j �=i

[
�ij
4
ε2ij I + 1

�ij
(Pi − Pj )

2
]

�Vi

which is equivalent to (10) in view of Schur complement
equivalence. ReplacingAi andHai in (6) with Ai + BiKi
andHai +HbiKi , respectively, yields

(Ai + BiKi)
TPi + Pi(Ai + BiKi)+ 1

�i
PiEiE

T
i Pi

+ �i (Hai +HbiKi)
T(Hai +HbiKi)+ Vi <0.

Therefore, the closed-loop system (8) is quadratically mean
square stable if the above inequality holds for alli ∈ S.
Now, pre- and post-multiply both sides of the above inequal-
ity by P−1

i and apply the changes of variablesXi�P−1
i ,

Yi�KiXi , �i��−1
i , we have

(AiXi + BiYi)
T + (AiXi + BiYi)+ �iEiET

i

+ �−1
i (HaiXi +HbiYi)

T(HaiXi +HbiYi)+XiViXi <0

which is equivalent to (9) by Schur complement equivalence
again. �

4.1. Computational method

Define the solution set of Theorem 6 as

X�{(P,X, V,Z, Y,�,�) : (9), (10), (11) are satisfied}.
Although the setX is not convex due to equality constraints
(11), SLPMM (Leibfritz, 2001) can be used to solve such
non-convex problems.
Firstly, for computational purpose, we introduce a suffi-

ciently small scalar	 ∈ R+ and replaceQ1i by Q1i + 	I
for all i ∈ S, then inequality (9) becomes[

Q1i + 	I (HaiXi +HbiYi)
T Xi

HaiXi +HbiYi −�iI 0
Xi 0 −Zi

]
�0. (12)

Secondly, to find a solution inX, the equality constraints
(11) can be weakened to the semi-definite programming con-
ditions[
Pi I

I Xi

]
�0,

[
Vi I

I Zi

]
�0 for all i ∈ S (13)

Notice that the equality constraints in (11) correspond to the
boundaries of the convex sets in (13). Finally, let

X	�{(P,X, V,Z, Y,�,�) : (10), (12), (13), are satisfied}.
Now, X	 is a closed and convex set. The SLPMM algo-
rithm can be employed to find a solution of Theorem 6. The
solution of RSP is summarized below.
Algorithm RSP. For a given precision� ∈ R+, let N

be the maximum number of iterations, a sufficiently small
number	 ∈ R+ be given andX	 �= �.
(1) Determine(P 0, X0, V 0, Z0, Y 0,�0,�0) ∈ X	, let

k := 0.
(2) Solve the following convex optimization problem for

the variables(P,X, V,Z, Y,�,�) ∈ X	:

min
X	

s∑
i=1

trace(PiX
k
i + P ki Xi + ViZ

k
i + V ki Zi),

whereP ki ∈ P k, Xki ∈ Xk, V ki ∈ V k, Zki ∈ Zk, i ∈ S.
(3) Let T ki := Pi , Lki := Xi , Uki := Vi , Rki := Zi for all

i ∈ S.
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(4) If∣∣∣∣∣
s∑
i=1

trace(T ki X
k
i + P ki L

k
i + Uki Z

k
i + V ki R

k
i )

−2
s∑
i=1

trace(P ki X
k
i + V ki Z

k
i )

∣∣∣∣∣< �

then go to step (7), else go to step (5).
(5) Compute
∗ ∈ [0,1] by solving

min

∈[0,1]

g(
)

where

g(
)�
s∑
i=1

trace([P ki + 
(T ki − P ki )][Xki + 
(Lki −Xki )]

+ [V ki + 
(Uki − V ki )][Zki + 
(Rki − Zki )])
(6) LetP k+1

i := P ki +
∗(T ki −P ki ),Xk+1
i := Xki +
∗(Lki−

Xki ),V
k+1
i := V ki +
∗(Uki −V ki ),Zk+1

i := Zki +
∗(Rki −Zki )
for all i ∈ S, andk := k + 1. If k <N , then go to step (2),
else go to step (7).

(7) If
s∑
i=1

trace(P ki X
k
i + V ki Z

k
i ) = 2sn, then a solution is

found successfully, else a solution cannot be found.

5. Numerical example

To illustrate the usefulness and flexibility of the theory
developed in the paper, we present a simulation example.At-
tention is focused on the design of a robust stabilizing con-
troller for a Markovian jump system with uncertain switch-
ing probabilities.
Consider a uncertain Markovian jump system (1) with two

operation modes. The system data and the initial conditions
of (1) are as follows:

A1 =
[
0.1769 0.7843
0.9266 0.1363

]
, A2 =

[
0.5478 0.1279
0.6160 0.9657

]
,

B1 =
[
0.2995
0.4471

]
, B2 =

[
0.7417
0.7957

]
,

� =
[−6.7000 6.7000
6.9180 −6.9180

]
, x0 =

[
1

−1

]
, r̂0 = 1.

The uncertainties in the mode transition rate matrix� are
such that|��12|�ε12 with ε12��12/2, |��21|�ε21 with
ε21��21/2. The open-loop system is unstable.
If no uncertainties exist, a stabilizing controller for the

nominal system can be obtained by Theorem 6 of (Shi et al.,
1999) as

K1 = [−5.8205− 7.1201] , K2 = [−2.7969− 3.7968] .

Applying this controller makes the resulting closed-loop sys-
tem become mean square stable (seeFig. 1). However, the

0 5 10 15 20 25 30 35 40 45 50
time (second)

– 0.5

0

0.5

1

1.5

–1

Fig. 1. Closed-loop system without uncertainties.
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– 6

– 4

– 2

0

2

4

6

8
x 1013

time (second)

Fig. 2. Closed-loop system with uncertainties.

closed-loop system turns out to be unstable (seeFig. 2) if
there exist switching probability uncertainties, say,��12 =
ε12 and��21= −ε21. Hence, it is necessary to consider the
uncertainties in� when designing controller (7).
Using Algorithm RSP, a robust controller (7) could be

achieved such that the closed-loop system is robustly mean
square stable over all admissible uncertainties|��12|�ε12
and |��21|�ε21 (seeFig. 3). To compute with Algorithm
RSP for this example, it is chosen that� = 10−10, N = 100
and	 = 0.01. The controller obtained is

K1 = [−1.6077− 1.4896] , K2 = [−0.3103− 2.6795] .
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0 5 10 15 20 25 30 35 40 45 50
– 1

– 0.5

0

0.5

1

1.5

time (second)

Fig. 3. Closed-loop system with uncertainties.

6. Conclusion

This paper has proposed a robust stabilization method for
a class of Markovian jump linear systems with uncertain
switching probabilities. The robust stability of such systems
can be tested based on the feasibility of a set of coupled lin-
ear matrix inequalities. An algorithm involving convex op-
timization was also proposed to construct a controller such
that the uncertain system can be stabilized over all admis-
sible uncertainties in the system matrices as well as in the
mode transition rate matrix. A numerical example illustrated
that the constructed controller could tolerate the uncertain-
ties in the switching probabilities.
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