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Abstract

This brief paper is concerned with the robust stabilization problem for a class of Markovian jump linear systems with uncertain switching
probabilities. The uncertain Markovian jump system under consideration involves parameter uncertainties both in the system matrices and
in the mode transition rate matrix. First, a new criterion for testing the robust stability of such systems is established in terms of linear
matrix inequalities. Then, a sufficient condition is proposed for the design of robust state-feedback controllers. A globally convergent
algorithm involving convex optimization is also presented to help construct such controllers effectively. Finally, a numerical simulation is
used to illustrate the developed theory.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction belong to the category of hybrid systems with finite opera-
tion modes. Each operation mode corresponds to some dy-
Markovian jump linear systems (MJLSs) have been inten- namic system, and the mode transitions from one to another
sively studied over the past decade. The reason is mainly thatare governed by a Markov process as well. The analysis and
MJLS is a suitable mathematical model to represent a classsynthesis problems have been extensively studied, such as
of dynamic systems subject to random abrupt variations in the controllability and observabilityJ{ & Chizeck, 1990,
their structures, and has many applications such as targektability and stabilization)j & Chizeck, 1990; Feng, Loparo,
tracking problems, manufactory processes, and fault-tolerantJi, & Chizeck, 1992; El Ghaoui & Rami, 1996; Boukas, Shi,
systemslariton, 199(. From a mathematical point of view, & Benjelloun, 1999; Mao, 2002 H» control (Costa, Val, &
MJLSs can be regarded as a special class of stochastic sysGeromel, 1999; do Val, Geromel, & Goncalves, 202,
tems with system matrices changed randomly at discretecontrol (de Farias, Geromel, do Val, & Costa, 20Q0filter-
time instances governed by a Markov process, and remaining (Xu, Chen, & Lam, 2008and model reductiorZhang,
linear time invariant between the random jumps. MJLSs also Huang, & Lam, 2008 In particular, for linear continuous-
time MJLSs with uncertainties only in system matrices, the
~ *This paper was not presented at any IFAC meeting. This paper was 'obust stability property can be tested by checking the ex-
recommended for publication in revised form by Associate Editor T. Chen istence of the solution to a set of coupled linear matrix in-
under the direction of Editor I. Petersen. equalities (LMIs) Ehi, Boukas, & Agarwal, 1999
*Corre_sponding al_Jtr_\or. Tel.: +852 285926445 fax: +85228585415. Unfortunately, almost all of the work done on robust
E-mail addressesjxiong@hkusua.nku.nkJ. Xiong). control of MJLSs is built upon the assumption that switch-

james.lam@hku.hkJ. Lam), hjgao@hit.edu.crfH. Gao), . e . . .
madaniel@cityu.edu.hO.W.C. Ho). ing probabilities are known precisely a priori. However, in
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practice, only estimated values of mode transition rates aren x n real symmetric positive definite matrices, respectively.
available, and estimation errors, referred to as switching The notationX >Y (respectively,X > Y) where X andY
probability uncertainties, may also lead to instability or at are real symmetric matrices, means tiat- Y is positive
least degraded performance of a system as the uncertaintiesemi-definite (respectively, positive-definité)is the iden-
in system matrices do. This point is demonstrated by the tity matrix with compatible dimensions. The superscript “T”
numerical simulation presented in this paper. Therefore, fur- denotes the transpose for vectors or matrices, and(tjace
ther work is needed to tackle the more realistic situation with stands for the trace of a square matijx. || refers to the
uncertain switching probabilities. In the literature, two dif- Euclidean norm for vectors. Moreover, l1&®, 7, P) be a
ferent types of descriptions about uncertain switching prob- complete probability space (g stands for the mathematical
abilities have been considered in the context of robust stabi-expectation operator.
lization. The first one is the polytopic description where the
mode transition rate matrix is assumed to be in a convex hull
with known vertices £l Ghaoui & Rami, 1996; Costaetal., 2. problem statement
1999. The other type is described in an element-wise way.
In this case, the elements of the mode transition rate matrix Consider the following MJLSs, defined on a complete
are measured in practice and error bounds are given at theyropability space®, 7, P):
same time Benjelloun, Boukas, & Shi, 1997; Boukas et al.,
1999. In many situations, the element-wise uncertainty de- x(;) = A(f(;))x([) + é(f(;))u(;), >0, (1)
scription can be more convenient as well as natural. On the
other hand, the element-wise description can be formulatedwhere x(r) € R" is the system state;(r) € R™ is the
into an equivalent polytopic description, but the total num- control input. The mode jumping proce§qr), >0} is a
ber of vertex matrices of the convex hull will be extremely continuous-time, discrete-state homogeneous Markov pro-
large when the total number of system modes is greater thancess on the probability space, takes values in a finite state
three In this paper, we consider the element-wise uncertain- space¥2{1, 2, ..., s}, and has the mode transition proba-
ties in the mode transition rate matrix and propose a new bilities
criterion for robust stability and a new approach for the ro- o ‘ L
bust stabilization of the uncertain MJLSs. PIG(t + 01) = jI7(t) = i) = | i O+ 0(00) it j#i,

It is im i i i J 1+ 7;idt +0(0r) if j =i,

portant to point out that the feasible solution set i

to the robust stabilization problem in this paper is not con- . ) . R o
vex. Similar conditions also appear in thi, control prob- where 67 > 0, limg;_,0(r)/0t = 0, and 7;; >0 (i, j €
lem for linear time-invariant systems using reduced-order : S Zé ) denotes the switching rate from mobieo mode
output-feedback controllersE{ Ghaoui, Oustry, & Rami, and ;= — 37 ;. fuj foralli € .
1997; Leibfritz, 200}, and the robusH,, control problem In this paper, both system matrice = A7 (1) = i),
for linear time-delay systemd ée, Moon, Kwon, & Park,  Bi=B(i(t)=1),i € &, and the mode transition rate matrix
2004. Numerically, it is difficult to solve such non-convex IT2(#;) are not precisely known a priori, but belong to the
problem directly. However, the cone complementarity lin- following admissible uncertainty domains, respectively:
earization algorithmEl Ghaoui et al., 1997and the sequen-

tial linear programming matrix method (SLPMM)éibfritz, u=(Ai + EiFiHy : F] F;<I foralli € 7}, (2a)
200) have been developed for this purpose based on the
LMI machinery. Consequently, such problems can be solved Z»={Bi + Ei F; Hy; : F{ F;<I for all i € 7}, (2b)

systematically and effectively.

This paper considers the robust stabilization problem for Z=={II + AIl : |A;j| <eij, €20
MJLSs with uncertain switching probabilities. The aim is foralli,j e &, j #i}, (2¢)
to design a robust state-feedback controller such that the
closed-loop system is quadratically mean square stable ovewhere matrices\;, B;, E;, Hui, Hy; andIT=(w;;) are known
all admissible uncertainties both in system matrices and in constant real matrices of appropriate dimensions, while
the mode transition rate matrix. The analysis problem can andAII=(Ar;;) denote the uncertainties in the system ma-
be tackled in terms of the solvability of a set of coupled trices and the mode transition rate matrix, respectively. For
LMIs, and the associated synthesis problem can be dealtall i, j € &, j # i, 7;;(=0) denotes the estimated value
with using the SLPMM algorithm. A numerical example is Of 7;;, and the error between them is referred as\to;
used to demonstrate the usefulness and applicability of thewhich can take any value if¢;;, ¢;51; For alli € &,

developed theory. M= = gy My ANAATGS =3 Ay

Notation: The notations in this paper are standaR¥. Let x(z; xo, Fo) be the trajectory of the system state of (1)
andR™*" denote, respectively, thedimensional Euclidean  from initial system stateg=x(0) € R" and initial operation
space and the set of all x n real matricesR* and $"*" modero=7(0) € . We have the following definitions and

denote the set of all positive real numbers and the set of all proposition throughout the paper.
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Definition 1 (de Farias et al., 2000 The nominal Marko-
vian jump system of (1) (withk(r) = 0) is said to be mean
square stable if

i . AN2) —
Jim_ € (Ilx(t; x0. 7)) = 0
for any initial conditionsyg € R" andrg € .&.
Proposition 2 (de Farias et al., 2000 The nominal Marko-

vian jump system ofl) (with u(zr) = 0) is mean square
stable if and only if the coupled LMIs

N
AlPi+ PA +) mjPj<0 foralliey
j=1

@)

are feasible for a set of matricd®; : P, € S"*",i € &}.

Definition 3. The uncertain Markovian jump system (1)
(with u(r) = 0) is said to be quadratically mean square sta-
ble if there exists a set of matricés; : P; € S"*",i € &)}
such that

N
AlPi+ PA;+) #;P;j<0 forallies
j=1

(4)

hold over all admissible uncertainty domains in (2).

3. Robust stability analysis

The goal of this section is to develop a new analysis result
of robust stability for system (1) with uncertainty domains
(2). Here, we establish a new criterion for testing the robust
stability property in terms of LMIs.

Theorem 4. Uncertain Markovian jump systeifl) (with
u(t) = 0) is quadratically mean square stable if there exist
sets{P; : P, € S i e &}, {4 1 /i e RT,i e ¥} and
{dij: 2ij e RTi, j € &, j # i} such that

Qi PE M,

E'P -1 0 | <0 forallie?, (5)

M0 -4
where
Qi = Al P, + PiA, +Zn,,P + Z Jijell

Jj=1 / =1, j#i
+iiH;—[Hail

Mi=[Pi—Py -+ Pi—Pi_1 Pi—Piy1 -~ Pi—Py],
/1,' = diag(iill, e, /1,'(,'_1)1, )'i(i+1)15 . ),,'51).

Proof. Consider the uncertain system (1) witty) = 0 and
the admissible uncertainty domains (2), we haye= A; +
E;F;H,; and@;; = m;; + Am;; for all i, j € . According

899

to Definition 3, the uncertain Markovian jump system (1)
is quadratically mean square stable if there exists a set of
matrices{P; : P, € S"*",i ¢ &} such that

(Ai + Ei F;Hy)" P + Pi(A; + E; FiHy;)
S
+ Y (mij + Amij) P <0
Jj=1

for all i € . This inequality can be further written as

Pj+ Hy FTE[ P + P.E; Fi Hy
Pl')] <0

The above inequality holds for aMl.TF,- <7 and|Am;j| <ejj
if there existreal numbers € R*, 4;; e RY (i, j € &, j #
i) such that

AT P+ P A +Zn,j
j=1

5

1
|: Anl/(P Pi) + EATEU(Pj -
J=1j#i

N
1
AP+ PiAi + ) mij P+ /i Hy Hai + o P,E.E] P,
j=1 i
+ Z [’f el + — (P—P)] (6)

J=Lj#i

which is equivalent to inequality (5) in view of Schur com-
plement equivalence.[]

Remark 5. Although the uncertainty domain (2c) can be
formulated into a fix polytopeEl Ghaoui & Rami, 1996;
Costaetal., 199%y introducingL. 22561 vertex matrices,
the test for the robust stability of the uncertain system (1)
needs to check the solvability of @ + 1)sn x (L + 1)sn
(compared to(s + 1)sn x (s + 1)sn here) linear matrix
inequality system with respect ta(n + 1)/2)s (compared

to (n(n + 1)/2)s + s(s — 1) here) scalar variables based on
Theorem 3.3 oEl Ghaoui and Rami (1996for example,
consider the case=2, s =4, to test the robust stability, we
can translate the uncertainty domain (2c) into a fix polytopic
description by introducing 4096 vertex matrices, then we
need to test the solvability of a 327%82776 (compared to
40x 40 here) linear matrix inequality system with respect to
12 (compared to 24 here) scalar variables. On the other hand,
the literature Benjelloun et al., 1997; Boukas et al., 1999
have considered the robust stability problem with a similar
uncertainty domain to (2c), where they bounded; by the
upper bounds;; for all i, j € % in every LMI (Theorem
2.2 of Benjelloun et al. (1997)Theorem 3 oBoukas et al.
(1999). This approach may be more conservative than ours
in many cases based on numerical experiences.

4. Robust stability synthesis

This section deals with the robust stabilization problem
for MJLSs with uncertain switching probabilities. We aim
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to design a state-feedback controller such that the resultingTherefore, the closed-loop system (8) is quadratically mean
closed-loop system is quadratically mean square stable oveisquare stable if the above inequality holds foriak .¥.

all admissible uncertainty domains in (2).
Consider the state-feedback control law

u(t) = K (F(1)x (1), )

whereK; 2K (F(1) =i) € R™*" (i € &) is the controller to
be determined. The closed-loop system is

i) ={AG@) + BGF)KF@) + EG@)F (7 (1))
x [Hy(F(1)) + Hy(F (1)K (7 (1)1} x(2). (8)

The following result solves thebust stabilization problem
(RSP) for system (1) with uncertain switching probabilities.

Theorem 6. Consider uncertain Markovian jump system
(1),there exists a state-feedback control Igfysuch that the
closed-loop systerf8) is quadratically mean square stable
if there exist sets of matriceB2{P; : P; € S™",i € ¥},
XE2(X;: X; e SY"ie S}, VE(V; 1 V; e S i € ),
Z2(Z; Zi € SV i€ S}, YR, 1 Vi € R™ i e &),
Eé{ai Lo € R+,i € fy}, Aé{;»,’j . )Lij € R+,i,j €
S, j # i} satisfying the coupled LMIs

Q1 (HaiXi + HyuYD)T X
H,i X; + HpiY; —o; I 0 |[<0, 9
X; 0 —Z;
Q2 M,
[MI.T A ] <0 (20)
with equality constraints

for all i € &, where

01 = (AiX; + BiY)" + (A-X- + BiY;) + % EE],

Z ),]s”I

02 =-V; +ZTCIJP +

j=1 J =1,j#i
Mi=[Pi—Py -+ Pi—Pi_1 Pi— P41 -+ P;— Py,
A; =diag(Aial, .. ., ii(,'_l)l, )~i(i+1)], ooy AisT).

In this casecontroller (7) is given byK; = Y; P;, i € .
Proof. Consider inequality (6), Iet/,-ézlfl e §™" for all
i € & such that

[ﬂu 2,

Z TCsz + Z
J=Lj#i

which is equivalent to (10) in view of Schur complement

equivalence. Replacing; and H,; in (6) with A; + B; K;

and H,; + Hp; K;, respectively, yields

1 5
I+ —(P —P)°| <V
/Lij

1
(Ai + BiK))"P; + P;(A; + BiK;) + IPiEiEzTPi
1

+ 4 (Hai + Hpi K1) (Hai + Hpi Ki) + Vi <0.

Now, pre- and post-multiply both sides of the above inequal-
ity by P and apply the changes of variabl&s= P, *,
Yi2K,X;, ;27 %, we have

(AiXi + BiY)" + (AiXi + BY)) + % E E]

+ Ofi_l(HaiXi + Hyi Y1) (Hai Xi + Hpi Vi) + X;ViX; <0
which is equivalent to (9) by Schur complement equivalence
again. [

4.1. Computational method

Define the solution set of Theorem 6 as
XE(P,X,V,Z,Y, 5, A :(9), (10), (11) are satisfiefl

Although the set?" is not convex due to equality constraints
(11), SLPMM (eibfritz, 2007 can be used to solve such
non-convex problems.

Firstly, for computational purpose, we introduce a suffi-
ciently small scalap € R* and replaceQy; by Q1; + BI
for all i € &, then inequality (9) becomes

Q1 + pI (Hoi Xi + HuiY)T X,
H,i X; + Hp; Y; —o; 1 0 <0. (12)
X; 0 —7

Secondly, to find a solution i, the equality constraints
(11) can be weakened to the semi-definite programming con-
ditions

P, Vi I L
[1 X,}>0’ [1 Z,~]>0 foralli ¢ &

Notice that the equality constraints in (11) correspond to the
boundaries of the convex sets in (13). Finally, let

(13)

XpE((P, X, V,Z,Y,E, A): (10), (12), (13), are satisfie}

Now, Z's is a closed and convex set. The SLPMM algo-
rithm can be employed to find a solution of Theorem 6. The
solution of RSP is summarized below.

Algorithm RSP. For a given precisio € R™, let N
be the maximum number of iterations, a sufficiently small
numberf € R* be given and?’y # .

(1) Determine(P?, X%, v0, z0, v0 2% A% e 2, let
k:=0.

(2) Solve the following convex optimization problem for
the variables P, X, V, Z, Y, &, A) € Z4:

N
min > trace P X} + PEXi + ViZF + VEZy),
,”,ﬁ o1

wherePf e Pk Xk e Xk, Vi e vk zk e ZF i e 5.
(3) LetTF := P;, LY := X;, UF := V;, RF := Z; for all
ied.
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(4) If

N
> traca T} X} + PFLY + Ufzf + VIR
i=1

)
—2) " tracea PF X} + VFzh)| <o
i=1
then go to step (7), else go to step (5).

(5) Computef* € [0, 1] by solving

g(0)

min
0e[0,1]

where
g(0)= Z trace([ PF + O(T} — POIXE + O(Lf — X))

=1
+ [VE+0UF — vOIZE 4 0RE — Z5))

(6)LetP!th:= Plyg* (T —PF), X1 = XF40* (LF-
X5, vt = viporwuk-vh, zH = ZF 07 (RE- 25
foralli € &, andk :=k+ 1. If k < N, then go to step (2),
else go to step (7).

S

kyk k 7k ion i
(7) If Z tracg P X + V;*Z7) = 2sn, then a solution is

i=1
found successfully, else a solution cannot be found.

5. Numerical example

To illustrate the usefulness and flexibility of the theory

developed in the paper, we present a simulation example. At-
tention is focused on the design of a robust stabilizing con- -2 t ",}-

troller for a Markovian jump system with uncertain switch-
ing probabilities.
Consider a uncertain Markovian jump system (1) with two

operation modes. The system data and the initial conditions -s

of (1) are as follows:

0.9266 01363|’

4 _[0.1769 07843
1= 0.6160 0Q9657|’

|:0.5478 01279i|
Ar =

5, _[02995] . _[07417

1= 0.4471|° 7?7 | 07957’

17 [—6:7000 67000 1 4
~| 69180 -—69180|° 0T | -1 0T~

The uncertainties in the mode transition rate mafiixare
such that|Anio| <e12 with 512én12/2, |[ATto1] < e21 With
821én21/2. The open-loop system is unstable.

If no uncertainties exist, a stabilizing controller for the
nominal system can be obtained by Theorem &b ¢t al.,

1999 as
K1 =[-5.8205—7.120], K,=[—-2.7969— 3.7969.

Applying this controller makes the resulting closed-loop sys-
tem become mean square stable (B&ege 1). However, the
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-05Fy

20 25 30 35 40 45
time (second)

0 5 10 15 50

Fig. 1. Closed-loop system without uncertainties.

x 10"

0 ..

L |

200 250 300 350
time (second)

0 50 100 150 400 450 500

Fig. 2. Closed-loop system with uncertainties.

closed-loop system turns out to be unstable (Siee 2) if
there exist switching probability uncertainties, sAy;o =

£12 andAmp1 = —g21. Hence, it is necessary to consider the
uncertainties il when designing controller (7).

Using Algorithm RSP, a robust controller (7) could be
achieved such that the closed-loop system is robustly mean
square stable over all admissible uncertainti®s;o| <e12
and |Ano1| < e21 (seeFig. 3). To compute with Algorithm
RSP for this example, it is chosen thiae 1019, N = 100
andff = 0.01. The controller obtained is

K1=[-16077—1.489§, K,=[-0.3103— 2.6799.
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0.5

—-05 F 4

-1 L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50
time (second)

Fig. 3. Closed-loop system with uncertainties.

6. Conclusion

This paper has proposed a robust stabilization method forgp;  p-
a class of Markovian jump linear systems with uncertain
switching probabilities. The robust stability of such systems
can be tested based on the feasibility of a set of coupled lin-

ear matrix inequalities. An algorithm involving convex op-

timization was also proposed to construct a controller such

Xiong et al. / Automatica 41 (2005) 897—-903

do Val, J. B. R., Geromel, J. C., & Goncalves, A. P. C. (2002). Hhe
control for jump linear systems: cluster observations of the Markov
state.Automatica 38, 343—349.

El Ghaoui, L., Oustry, F., & Rami, M. A. (1997). A cone complementarity
linearization algorithm for static output-feedback and related problems.
IEEE Transactions on Automatic Conty@l2(8), 1171-1176.

El Ghaoui, L., & Rami, M. A. (1996). Robust state-feedback stabilization
of jump linear systems via LMIdnternational Journal of Robust and
Nonlinear Contro} 6(9-10), 1015-1022.

Feng, X., Loparo, K. A,, Ji, Y., & Chizeck, H. J. (1992). Stochastic stability
properties of jump linear systemdEEE Transactions on Automatic
Control, 37(1), 38-53.

Ji, Y., & Chizeck, H. J. (1990). Controllability, stabilizability, and
continuous-time Markovian jump linear quadratic contréEEE
Transactions on Automatic Contyd35(7), 777—788.

Leibfritz, F. (2001). An LMI-based algorithm for designing suboptimal
static Ho/ Hxo output feedback controller§IAM Journal on Control
and Optimization 39(6), 1711-1735.

Lee, Y. S., Moon, Y. S., Kwon, W. H., & Park, P. G. (2004). Delay-
dependent robudti,, control for uncertain systems with a state-delay.
Automatica 40, 65-72.

Mao, X. (2002). Exponential stability of stochastic delay interval systems
with Markovian switching.|[EEE Transactions on Automatic Contyol
47(10), 1604-1612.

Mariton, M. (1990).Jump linear systems in automatic contriblew York:
Marcel Dekker.

Boukas, E. K., & Agarwal, R. K. (1999). Kalman
filtering for continuous-time uncertain systems with Markovian
jumping parameterdEEE Transactions on Automatic Contyal4(8),
1592-1597.

Xu, S., Chen, T., & Lam, J. (2003). Robusty, filtering for uncertain
Markovian jump systems with mode-dependent time deld¢&E
Transactions on Automatic Contrat8(5), 900-907.

that the uncertain system can be stabilized over all admis-zhang, L., Huang, B., & Lam, J. (2003)Hs model reduction of

Markovian jump linear systemsSystems & Control Letters50,
103-118.

sible uncertainties in the system matrices as well as in the
mode transition rate matrix. A numerical example illustrated
that the constructed controller could tolerate the uncertain-

ties in the switching probabilities.
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