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ABSTRACT: Oscillatory flows over a flat plate are studied by using Large Eddy Simulation (LES) and Reynolds-Average Navier-Stokes (RANS) methods. A dynamic subgrid scale (SGS) model is employed in LES, while
the Saffman’s turbulence model in RANS. The mean velocity profile, the turbulence intensity, and the wall shear
stress are computed and compared with earlier experimental and numerical works. The results indicate that the
flow behaviors are quite different during the accelerating and decelerating phases of the oscillating cycle. The
transition from laminar to turbulent is also investigated as a function of the Reynolds number, R, which represents
the square of the ratio of the oscillation amplitude at free stream to the thickness of the Stokes layer at the
plate. The present results both from LES and RANS show that the transition occurs in the range of 5 ⫻ 104 <
R < 5 ⫻ 105. The evolution of the flow structure in the Stokes layer during the transition from laminar to
turbulent is clearly demonstrated from the numerical results. The friction coefficient of the amplitude of oscillatory surface shear stress varies as R⫺0.5 with a phase angle of 45⬚ in laminar regime and transition to R⫺0.23
with a phase angle of about 10⬚ in turbulence regime. These variations in the surface shear stress with the
Reynolds number are in excellent agreement with the earlier experimental results of Kamphuis and the numerical
results of Blondeaux. The excellent agreement between the LES and RANS demonstrated that Saffman’s turbulence model, as originally intended by Saffman, is applicable for unsteady flows.

INTRODUCTION
An oscillatory flow over a flat plate has its theoretical and
practical significance. One relevant problem is the interaction
between surface gravity waves and sea bottom for the understanding of wave damping and sediment transport in shallow
waters. As the waves propagate from the generating area (usually deep water) towards the coast, the flow near the bottom
develops into an oscillatory boundary layer and transition from
laminar to turbulent. The characteristics of turbulence in such
an oscillatory flow is quite different from that of wall turbulence in steady mean flow. Therefore, investigations are
needed to understand the behaviors of oscillatory flows, such
as the mean velocity profiles, the turbulence intensities, and
the surface shear stress, especially during the accelerating and
decelerating phases.
Although there were a few experimental investigations by
Hino et al. (1983), Sato et al. (1987), and others, little numerical simulation works were done for oscillatory turbulent
flows over a flat wall. Blondeaux (1987) studied numerically
the turbulent Stokes layer generated by an oscillating flat plate
of infinite extent in a fluid at rest by using the ReynoldsAverage Navier-Stokes (RANS) method based on Saffman’s
(1970) turbulence model. However, he reported little information on the phase of flow oscillation, especially the oscillatory wall shear stress. As a result, there remain some open
questions on the evolution of phase angle of the oscillatory
flow in the Stokes layer during the transition from laminar to
turbulence. More recently, large eddy simulation (LES) has
been developed to become one of the most powerful computational tools available for the calculation of turbulent flows.
Most of the LES works were done for studying flows with
steady mean velocity of simple geometry (Galperin and Orszag 1993). Lu et al. (1997), however, employed LES method
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to calculate oscillating flows past a circular cylinder, which
demonstrated the applicability of LES method to flows with
unsteady mean velocity.
In this study, oscillatory flows over a flat plate are studied
by using both LES and RANS methods. In LES method, the
spatially filtered time-dependent three-dimensional incompressible Navier-Stokes equations were solved by using the
non-staggered-grid, fractional time step scheme (Zang et al.
1994) and by employing a dynamic subgrid scale model of
Germano et al. (1991). The advantage of adapting the Germano et al. (1991) dynamic subgrid scale model lays on the
continuous update of eddy viscosity during simulation, which
renders the model feasible for studying the flow transition. In
RANS simulation, we employed Saffman’s turbulence model
(Saffman 1970; Saffman and Wilcox 1974) as that used by
Blondeaux (1987). Therefore, the comparison to and the extension of Blondeaux’s (1987) work can be adequately done.
Another advantage of using Saffman’s turbulence model is the
model’s capability to simulate both oscillatory laminar and turbulent flows as demonstrated by Blondeaux (1987). Therefore,
the comparison of LES and RANS results becomes feasible.
Due to much cost and long real time required for LES, only
three runs of different Reynolds numbers were computed in
the present study. Hence, the results from LES were unable to
cover a wide range of Reynolds number to reveal the detail
on the evolution of the oscillating flows from laminar to turbulence. However, the LES can provide more details on the
flow-fields at each Reynolds number. On the other end, it is
relatively inexpensive to perform the RANS model, as many
runs as required to cover a wide range of oscillating flows
from laminar to turbulence. Therefore, a more complete picture of oscillating flows over a flat plate, especially the evolution of velocity and the wall shear stress during transition,
can be delineated by RANS.
MATHEMATICAL FORMULATION
LES Formulation
The spatially filtered time-dependent three-dimensional incompressible Navier-Stokes equations as used for LES are
given by
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with i, j = 1–3, where ūi represents the filtered Cartesian velocities; p̄ the filtered pressure divided by fluid density;  the
viscosity; and ij the unresolved subgrid scale (SGS) stress
term defined as
ij = ūi ūj ⫺ ūi ūj

(3)

These SGS quantities are modeled by using the dynamic subgrid scale eddy viscosity model (Germano et al. 1991; Zang
et al. 1993). This is different from a classical eddy viscosity
model (Smagorinsky 1963) for the subgrid scale stress which
has a prescribed constant model coefficient. Instead, the dynamic SGS eddy viscosity model calculates the model coefficient using the resolved variables by filtering the governing
equations at two different scales. This allows for the determination of the eddy viscosity dynamically to cover the range
from laminar to turbulent. Therefore, the dynamic subgrid
scale eddy viscosity model is most suitable for the investigation of flow transition (Piomelli and Zang 1991; Kleiser and
Zang 1991).
To render an LES code applicable for various types of geometry, the code was constructed in a curvilinear coordinate
system,  m, m = 1–3 (Yuan et al. 1999). In simulating oscillating flows, here we use the velocity amplitude U⬁ and the
displacement amplitude A⬁ of the flow oscillation at the free
stream as the velocity and length scales, respectively. Note that
U⬁ = 2 f A⬁ with f being the frequency of the oscillation. Eqs.
(1) and (2) are then transformed through the curvilinear coordinate system into the following nondimensional conservation equations:
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where the symbol 具 典 denotes the ensemble average. In order
to close (7), Saffman’s (1970) turbulence model for 具u⬘v⬘典 is
used. In the Saffman’s model, the Reynolds stress tensor is
expressed in terms of an eddy viscosity T and an averaged
strain tensor, which for parallel mean flow reduces to
⫺具u⬘v⬘典 = T

⭸u
⭸y

(8)

FIG. 1. Mean-Velocity in Wall Coordinates for Fully Developed
Turbulent Channel Flow at R = 3,300, Computed by LES: —— =
Computed Result; ● = Eckelmann (1974); – – – – – = Law of Wall
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where t = dimensionless time normalized by 1/2 f; R = Reynolds number defined as R = 2 fA 2⬁ /; and RT = Reynolds
number of the turbulent eddy viscosity calculated from the
dynamic subgrid scale eddy viscosity model (Germano et al.
1991; Zang et al. 1993). In (4) and (5), J⫺1 is the inverse of
Jacobian, Um is the contra-variant velocity along  m multiplied
by J⫺1, and G mn is the ‘‘mesh skewness tensor’’; they are defined, respectively, by
J ⫺1 = det
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In the present calculation, we use periodic boundary conditions
in streamwise and lateral directions and no-slip boundary condition on the plate surface. At upper boundary far away from
the plate, nondimensional velocity along streamwise direction
is set as ū⬁ = sin(t).
RANS Formulation
We define a Cartesian coordinate system (x, y, z), with the
x-axis being along the flow oscillation direction lying on the
plate and the y- and z-axes in the normal and lateral directions.
By decomposing the velocity into an ensemble-averaged velocity (u v, w) and a turbulent fluctuation velocity (u⬘, v⬘, w⬘),
the Reynolds-Average Navier-Stokes (RANS) equations reduce to the following simple one-dimensional form:
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FIG. 2. Resolvable Turbulence Intensities for Channel Flow at
R = 3,300, Computed by LES. Computed Result: —— = u ⴕrms;
– – – – – = v ⴕrms; – ⭈ – ⭈ – ⭈ – ⭈ – = w ⴕrms. Experimental Data of Kreplin
and Eckelmann (1979): 䡩 = u ⴕrms; 䉮 = v ⴕrms; 䉭 = w ⴕrms
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The eddy viscosity is assumed to be a function of local properties of turbulence, namely, a pseudo-energy e and a pseudovorticity , which satisfy, respectively, the following nonlinear
diffusion equations:
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where ␥ is another model constant. The values of these constants had been determined by Saffman and Wilcox (1974) on
the basis of theoretical arguments. In the present computation,
we followed Jacobs (1984) to use ␣e = 0.3, ␣ = 0.18, ␤e =
0.09, ␤ = 0.15, e = 0.5,  = 0.5, and ␥ = 1.0.
Substituting (8) and (11) into (7), (9), and (10), and using the
length, velocity, and time scales as described in LES formulation,
the nondimensional forms of the resultant equations become

FIG. 3. Velocity Profiles during Half-Cycle of Oscillation as
Predicted by RANS at R = 1,000. 䡩 = Number of Grids = 201, ⌬t /
2 = 0.0005; ⴙ = Number of Grids = 401, ⌬t /2 = 0.00025; —— =
Laminar Closed-Form Solution
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The proper boundary conditions for (12)–(14) are

where ␣e, ␣, ␤e, ␤, e, and  are assumed to be universal
constants. A dimensional analysis of (9) and (10) leads to
T = ␥
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and
u = u⬁ = sin(t);

e → 0;

where S = a constant that takes the value of 100 according to
Blondeaux (1987).
NUMERICAL PROCEDURE
Numerical solutions to the equation system (4) and (5) for
LES are obtained by the non-staggered-grid, fractional step

FIG. 4. Amplitude and Phase-Angle Distributions of Oscillating Velocity as Predicted by RANS at R = 1,000. ● = Computed
Result; 䡩 = Liu et al. (1996); —— = Laminar Closed-Form Solution

method. Following Zang et al. (1994), a semi-implicit timeadvancement scheme is adopted with the Adams-Bashforth
method for the explicit terms and the Crank-Nicolson method
for the implicit terms. The discretized equations are
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⌬t
2
2

⫹ Ri (p̄ n ⫹1) ⫹

1
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where ␦/␦ m represents discrete finite-difference operator in
computational domain with the superscript being the time step
and and the subscript the grid index. In (18), Ci is the convective term, Ri is the discrete operator for the pressure gradient terms, and DE and DI are the discrete operators for the
explicitly treated off-diagonal viscous terms and the implicitly
treated diagonal viscous terms, respectively. These terms have
the following forms:
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Except for the convective terms, all the spatial derivatives are
approximated with second-order center differences. The convective terms are discretized by a variation of QUICK scheme
given in Perng and Street (1989). Using the fractional step
method, the time advancement in (18) is solved with a predictor-corrector solution procedure. The pressure is then obtained by solving the pressure Poisson’s equation using the
multigrid method (Perng and Street 1989). In comparison to
LES, the numerical procedure for RANS is relatively simple.
However, the spatial derivatives in (12)–(14) of RANS for-

mulation are discretized using a central difference scheme,
while the time derivative is discretized by a second-order Adams-Bashforth scheme.
In the present computation, the number of mesh points for
LES calculations was 65 ⫻ 65 ⫻ 65 in streamwise, spanwise,
and wall-normal directions, respectively, with a time step of
0.001. The computational grid is nonuniform in the wall normal direction, but is uniform in the streamwise and spanwise
directions. In order to increase the resolution of mesh near the
wall, stretching transformation is used along the wall-normal
direction. This mesh number is comparable to those used by
Zang et al. (1993) with 64 ⫻ 64 ⫻ 32 and by Germano et al.
(1991) with 48 ⫻ 65 ⫻ 64. They also demonstrated the adequacy of using such mesh points by examining the dependency
of the LES code on the mesh size. As our LES code is inherent
from the Stanford’s LES code and the Reynolds numbers of
this study are of the same order as those of Germano et al.
(1991) and Zang et al. (1993), it is anticipated that the mesh
size used in the present calculation is adequate. This LES mesh
number is also the maximum number that can be handled by
our current computing power. The mesh number for RANS
was 201 in wall-normal direction with a time step of 0.0005.
Again, the mesh was stretched along the wall-normal direction
to increase the resolution near the wall. As to be shown later,
the computed results are verified to be independent of the time
steps and the grid sizes.
The LES and RANS codes were executed with prescribed
initial condition and the results were extracted after the code
had been executed for more than 10 oscillation periods, when
the periodically oscillatory flow has reached a steady state, i.e.,
when the initial transient effect becomes negligible.
CODE VALIDATION
To validate the LES code, we first calculated a fully developed turbulent channel flow at R = 3,300, based on the mean
centerline velocity and channel half-width, using a grid number of 65 ⫻ 65 ⫻ 65 in the streamwise, spanwise, and wallnormal directions and a time step of 0.001. The mean velocity
profile is calculated by taking time average and then spatial
average over x–z-planes (homogeneous directions). The mean

FIG. 5. Velocity Profiles Predicted by RANS at R = 4 ⴛ 105 at Different Phases during Half Oscillating Cycle: —— = Number of Grids
= 201, ⌬t /2 = 0.0005; – – – – – , Number of Grids = 401, ⌬t /2 = 0.00025 [Symbols, Hino et al. (1983)]
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velocity profile in terms of wall coordinate (u⫹, y⫹) as normalized by the friction velocity u* and the viscous sublayer
thickness v/u* is shown in Fig. 1. Also shown in Fig. 1 are
the experimental data obtained by Eckelmann (1974). The two
dashed lines represent the linear law and the semilog law of
the wall. Within the viscous sublayer, y⫹ < 5, both the experimental and computational results follow the linear law of
the wall. For y⫹ > 40, the computed mean-velocity profile
shows the semilogarithmic relation and is in good agreement
with the experimental results. From the mean velocity profile,
the Reynolds number, based on the friction velocity and channel half-width, is R = 180, which is in excellent agreement
with the DNS result by Kim et al. (1987). The turbulence
intensities normalized by the friction velocity are shown in
Fig. 2(a), and their close-up near the wall in terms of wall
coordinate y⫹ are shown in Fig. 2(b). The comparison of
the present calculated results with the experimental data by
Kreplin and Eckelmann (1979) at Reynolds number R = 194
shows that they are in good agreement.
To validate the RANS code, we implement the code directly
to the problem of oscillating flows over the flat plate at the
Reynolds number equals to 1,000, which is below the transition. If the RANS code performs adequately, it will automatically yield the solution for laminar oscillating flow, which has
an exact closed-form solution given in real form by
u = sin t ⫺ exp
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t⫺

ys
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冊

perimental data of Hino et al. (1983) for comparison, the profiles in Fig. 5 are presented in dimensional form. From Fig.
5, it is seen that the accuracy of numerical results due to different mesh sizes and the time steps is within an acceptable
level of 5%. Good agreements between the predictions and the
experimental data are also found in Fig. 5.
Fig. 6 shows the profiles of amplitude [Fig. 6(a)] and phaseangle [Fig. 6(b)] of velocity oscillation at R = 103, 105, and
106. As to be seen later, they correspond to the cases of laminar, transition, and turbulent oscillatory flows. The evolution
of the oscillatory flow structure from laminar to turbulent is
clearly demonstrated in Fig. 6. The effect of turbulence apparently has increased the shear stress at the wall and thickened the Stokes layer. Turbulence also reduces the phase lead
of the oscillation in the Stokes layer to that in the free stream.
Fig. 6 clearly shows that the oscillating flows are indeed scaled
with the Stokes layer thickness ␦s, but not the free stream
oscillation amplitude A⬁.
LES Results
The mean velocity profiles obtained by space-averaging
over the x, z-plane parallel to the wall, as calculated by LES

(21)

where ys = y(R)1/2 represents the dimensionless coordinate normalized by the Stokes layer thickness ␦s = (/2 f )1/2. The
validation results are given in the next section when the numerical results of RANS simulation are presented.
RESULTS AND DISCUSSION
RANS Results
Fig. 3 shows the RANS predictions of the oscillatory velocity profiles during the acceleration [Fig. 3(a)] and deceleration [Fig. 3(b)] phases of the half-cycle oscillation at R =
1,000. Two sets of RANS results for different mesh numbers
of 201 and 401 and different time steps of ⌬t/2 = 0.0005
and 0.00025, respectively, are presented in Fig. 3. For comparison the exact close solution calculated from (21) is also
plotted as the solid-line curve in Fig. 3. From Fig. 3, it is clear
that the RANS model based on Saffman’s turbulence closure
predicts excellently the laminar oscillating flows. The results
shown in Fig. 3 also indicate that the RANS code is independent of the mesh size and time step used in the present study
if the oscillating flow is laminar. For a better understanding of
the flow structure, the oscillatory velocity profiles are plotted
as the distributions of amplitude and phase-angle as shown in
Fig. 4 and compared with the experimental data obtained recently by Liu et al. (1996). Only amplitude data of Liu et al.
(1996) were plotted in Fig. 4 since they did not report the data
of phase-angle distribution. Hereafter, the phase-angle refers
as the phase lead to the phase-angle of velocity oscillation in
free stream. Excellent agreement is found among the RANS
predictions, the closed-form results and the experimental data.
With the above code validation, the RANS code is then
executed for oscillating flows at higher Reynolds number. The
case at R = 4 ⫻ 105 was simulated since it corresponds to one
experimental run of Hino et al. (1983). To examine the dependence of code on mesh size and time step on oscillating
turbulent flows, two sets of numerical results for different
mesh sizes and time steps as in laminar flow case are computed. Fig. 5 shows the velocity profiles as predicted by the
RANS method during the acceleration [Fig. 5(a)] and deceleration [Fig. 5(b)] phases of the half-cycle. To plot the ex190 / JOURNAL OF ENGINEERING MECHANICS / FEBRUARY 2000

FIG. 6. Amplitude and Phase-Angle Distributions of Oscillating Velocity as Predicted by RANS at Different R to Signify Difference among Laminar, Transition, and Turbulent Stokes
Layers: —— , R = 1 ⴛ 103; – – – – – , R = 1 ⴛ 105; – ⭈ – ⭈ – ⭈ – ⭈ – ,
R = 1 ⴛ 106

method at R = 4 ⫻ 105, are plotted in Fig. 7 for the acceleration [Fig. 7(a)] and deceleration [Fig. 7(b)] phases of oscillation. For comparison, the numerical results as obtained by
the RANS code are also plotted in Fig. 7. It is seen that the
LES and RANS results agree very well. During the oscillation
cycle, a layer that obeys the semilogarithmic law exists above
the viscous sublayer where the velocity increases linearly from
the wall. These phenomena are similar to those of the turbulent boundary layer of steady turbulent flows. However, the
semilog law regions in the accelerating phase are narrower and
closer to the wall, while those in the decelerating phase are
broader and more far away from the wall. This behavior reveals the difference in turbulence characteristics between the
accelerating and decelerating phase. This difference is also
confirmed by the experimental results of Hino et al. (1983).
Fig. 8 shows the x, z-plane space-averaged turbulence intensities calculated by LES at R = 4 ⫻ 105 during the acceleration (solid curves) and deceleration (dashed curves) phases.
The intensity of u⬘rms [Fig. 8(a)] near the wall in the streamwise
direction is generally one order higher than those of other two
components v⬘rms [Fig. 8(b)] and w⬘rms [Fig. 8(c)] in the wallnormal and spanwise directions, a behavior similar to that of
a steady turbulent flow as shown in Fig. 2(b). However, the
maximum values of u⬘rms in the decelerating phase are higher
than those in accelerating phase, i.e., turbulence is generated
during deceleration and suppressed during acceleration.

FIG. 7. x-z Plane Space-Averaged Velocity Profiles Calculated
by LES at R = 4 ⴛ 105: —— = LES; – – – – – = RANS

Wall Shear Stress
Fig. 9 shows the oscillations of the wall shear stress with
time, as calculated by LES, RANS, and laminar prediction,
respectively, at R = 4 ⫻ 105. Here the wall shear stress w is

FIG. 8. x-z Plane Space-Averaged Profiles of Resolvable Turbulence Intensities Calculated by LES at R = 4 ⴛ 105 at Different
Phases when t /2 Equals: (A) 1/16; (B) 2/16; (C) 3/16; (D) 5/16;
(E) 6/16; and (F) 7/16 (—— = Acceleration Phase; – – – – – = Deceleration Phase)
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calculated by taking the y-derivative of the velocity profile at
the wall, i.e., w = (⭸u/⭸y)w and then expressed in term of
the friction coefficient CF = w /U ⬁2 . It is seen from Fig. 9 that
the results of LES and RANS are in very good agreement in
terms of both amplitude and phase angle. The phase angle of
the surface shear stress for the turbulent oscillating flow however is quite different from that of the laminar one, with a
phase lag of about 35⬚. The amplitude of surface shear stress
oscillation for turbulent oscillating flows is also observed to
be higher than the laminar prediction by about 30%.
The variations of the surface shear stress as a function of
the Reynolds number, as calculated by RANS and LES meth-

ods, are shown in Figs. 10 and 11, in terms of the amplitude
and phase angle, respectively. For comparison, the experimental data of Kamphuis (1975) are also plotted in Fig. 10. It
is observed that the present calculated results are in good
agreement with the experimental data of Kamphuis (1975),
except for the minor discrepancy in the transition regime. In
Fig. 10, the two lines represent the friction coefficients in laminar regime, CFmax = 2R⫺0.5 as calculated by the analytic formula and in turbulent regime, CFmax = 0.1R⫺0.23 according to
Blondeaux (1987). Excellent agreements among the theory, experiment, and computation are found in Fig. 10. However, the
comparison is incomplete since the no phase-angle data were
reported by Kamphuis (1975), nor Blondeaux (1987). To complete the characterization of surface shear stress, the variation
of the phase angle with the Reynolds number is presented in
Fig. 11. From Fig. 11, the transition from laminar to turbulent
is clearly identified as to occur in the range of 5 ⫻ 104 < R
< 5 ⫻ 105. The phase angle is 45⬚ in laminar regime, which
decreases to about 10⬚ in turbulent regime. The excellent
agreement between the LES and RANS results is also found
in Fig. 11.
CONCLUDING REMARKS

FIG. 9. Time-Varying Surface Shear Stress at R = 4 ⴛ 105, as
Expressed in Terms of Friction Coefficient CF : – – – – – = RANS;
—— = LES; – ⭈ – ⭈ – ⭈ – ⭈ – = Laminar Solution

FIG. 10. Amplitude of Friction Coefficient CFmax versus Reynolds Number R: 䡲 = RANS; ● = LES; 䉭 = Kamphuis (1975);
– ⭈ – ⭈ – ⭈ – ⭈ – = Blondeaux (1987); – – – – – = Laminar Solution

Oscillatory flows over a flat plate area studied by LES and
RANS methods for the Reynolds numbers ranging from laminar to turbulence regime. In LES, the spatially filtered timedependent three-dimensional incompressible Navier-Stokes
equations are solved using the non-staggered-grid, fractional
step method, coupled with a dynamic subgrid-scale model. In
RANS, the Reynolds-averaged Navier-Stokes equations are
calculated with the Saffman’s turbulence model. Based on our
calculated results from both LES and RANS methods, the
completely different features of turbulence structures, in term
of viscous sublayer and the semilogarithmic profile, between
the accelerating and decelerating phases can be identified. The
variations of the amplitude and phase angle of the oscillatory
surface shear stress with Reynolds numbers are also investigated. Excellent agreement among theoretical prediction, experimental data and the LES and RANS computations are
found. The shifting of the phase angle from 45⬚ to about 10⬚
clearly identifies the transition from laminar to turbulent regime in the range of 5 ⫻ 104 < R < 5 ⫻ 105. These excellent
agreements between LES and RANS results in the oscillating
flow structures as well as the wall shear stress suggest that
Saffman’s (1970) turbulence model is applicable for unsteady
flows.
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APPENDIX.

FIG. 11. Phase-Angle of Friction Coefficient versus Reynolds
Number R: – – 䡲 – – = RANS; ● = LES
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